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Adaptive Minimal Control Synthesis for Satellite Attitude Control in
Presence of Propellant Sloshing and Flexible Appendices*

Mario Cassaro1, Jean-Marc Biannic1 and Hélène Evain2

Abstract— In a scenario of always more complex and de-
manding space missions, enhanced attitude control systems play
a key role for satellite design and capabilities improvement. In
this paper, an adaptive and robust solution to the pointing
angle tracking problem under mixed sources of disturbances
is presented. A valid simplified parametric model, of a single
axis satellite dynamics, is firstly introduced and discussed, to
the objective of effectively accounting for propellant slosh and
flexible appendices torque perturbations. The control problem
is subsequently solved with a model reference adaptive control
approach, namely the Minimal Control Synthesis (MCS). The-
oretical fundamentals, architecture implementation and final
tuning are reported. A subset of the extensive validation
campaign performed is presented and discussed to demonstrate
the impressive robustness and performance level reached by the
proposed scheme. Limitations and future perspective to tackle
them conclude the paper.

I. INTRODUCTION

Among the multiple sources of disturbance that can
possibly compromise a geostationary satellite stability
or jeopardize an interplanetary mission integrity, those
generated by the propellant sloshing, together with the
flexible appendices oscillations and their eventual mutual
interaction remain the most critical, especially when dealing
with active attitude control [1]. Propellant mass can reach
up to approximately 40% of the entire satellite, [2], and
to prevent its dangerous high-amplitude/slow-frequency
motion, different passive physical solutions, such as baffles,
compartmentalization or bladders are commonly employed
[3]. However, physical suppression techniques increase
mass, complexity, and cost of the overall system. For these
reasons, novel active control system solutions are of great
interest and remain an active research field, having fostered
in the last decades multiple experiments aimed to obtain a
more accurate understanding of the slosh phenomenon in
zero gravity conditions [4], [5]. Based on recent advances
in slosh modeling [6], CNES is funding, for few years now,
a joint research program* in collaboration with the French
Aerospace Lab (ONERA) in the attempt of investigating
novel active control architecture capable of rejecting
important amount of disturbances, while maintaining
optimal tracking performances in terms of attitude control.
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In this framework, while preliminary results on Low
Earth Orbit (LEO) small-sized satellites were very promis-
ing, reaction wheels saturation and coupling dynamics with
flexible appendices remain unresolved issues [7], [8]. These
dynamics can no longer be neglected in the case of geo-
stationary (GEO) or interplanetary mission satellites, which
are typically equipped with significantly larger solar arrays
structures and propellant tanks.
The purpose of the proposed paper is twofold: integrating
sloshing and flexible modes dynamics in a unique, low
complexity but accurate, satellite mathematical model; and
derive an efficient control law solution, responding to dis-
turbance rejection and tracking performance specifications
while meeting saturation constraints.
The authors propose here to build a new single-axis satellite
model, easily configurable, by integrating slosh and flexible
modes, similar to what has been proposed in the Demeter
benchmark, [9]. From a control perspective, justified by the
intrinsic nonlinear and time varying nature of the system, the
authors decide to investigate the potentiality of an adaptive
control scheme in the attempt of deriving a single architec-
ture capable of meeting performance and robustness criteria
for the wide range of working conditions characterizing the
problem at hand. In particular, an adaptive scheme, based
on the Minimal Control Synthesis (MCS) theory, is derived,
implemented and validated in simulation environment. MCS,
firstly proposed by Stoten and Benchoubane [10], [11], is
a significant extension to model reference adaptive control
(MRAC) [12], which working principle is to regulate the
error between a nonlinear, possibly unstable, time variant,
partially or fully unknown plant with respect to a desired, lin-
ear time-invariant stable dynamics, namely reference model.
What attracted the authors attention to the MCS techniques
is: the absence of need for plant model identification, apart
from the general structure of the state-space representation;
the capability for compensating for a large bandwidth of
external disturbances; the low computational burden; and
the easy parallelization with other control laws. All these
properties perfectly respond to the requirements of the
control objective under analysis, and are investigated in
detail. The article is organized as follows. In Section II, the
flexible satellite model is fully described. Next, the control
problem is presented in Section III and solved in Section
IV with the MCS approach which is first briefly described.
In section V the obtained results are commented. Finally,
some concluding comments and research perspectives end
the paper.



II. SATELLITE MODEL INCLUDING SLOSHING
AND FLEXIBLE APPENDICES

To the objective of deriving satellite’s attitude control
laws tolerant to multiple sources of perturbations a suitable
modeling formulation is hereafter proposed integrating pro-
pellant sloshing and flexible solar panels dynamics to the
rigid body satellite equations with actuation constraints. With
reference to Fig. 1, considering, as a start, the sloshing mode
parameters fixed over time (implicit temporal variations will
be introduced subsequently) the satellite main rotational
equilibrium equation about a single-axis is simply given by:

Jθ̈ = TW +TF +TS +TD (1)

where, as from standard nomenclature, θ is the satellite
attitude in [rad], J the satellite inertia about the axis in
[Kg ·m2] and the external torque, acting on the system, is
expressed as a summation of the four components, respec-
tively the reaction wheel (TW ), the flexible appendices (TF ),
the propellant slosh (TS) and a generic external disturbance
(TD). TW represents the control torque, exerted by a single
reaction wheel and modeled as a simple first order dynamics
with a time constant of τ = 0.5[s], expressed as

HW = satTmax(TC)/s (2)

TW = satHmax(HW )
s

1+ τs
. (3)

The reaction wheel actuation device is physically lim-
ited in acceleration, bounding the torque generation range,
and velocity, constraining the maximum reachable kinetic
momentum. Both limitations are modeled as simple signal
saturation in (2) and (3), however, while constraining |TC|<
Tmax simply reduces the control authority to a certain value,
imposing |HW | < Hmax causes a sudden fall of the control
torque to zero when the wheel maximum rotational speed
is reached since no extra acceleration is possible. This is
mathematically expressed in equation (3) by the derivative
of a constant term (±Hmax) which clearly equals zero.

Fig. 1. Complete satellite block model

A. Sloshing and Flexible Dynamics Modeling

Based on outcomes of previous researches summarized in
[7], the sloshing propellant torque can be modeled as the
superposition of nonlinear, time-varying, poorly damped and
low-frequency second order dynamics.

Assuming the fluid initially at rest, and considering its
mass variation negligible during a single maneuver [13], a
unique, more classical formulation, based on the Cantilever
Hybrid Model analogy, proposed in [14], can be employed
both for slosh and flexible appendices dynamics description

Tsi =
s2

s2 +2ξSiωSis+ω2
Si

LSi θ̈ (4)

TFi =
s2

s2 +2ξFiωFis+ω2
Fi

LFi θ̈ (5)

where LS/Fi , ωS/Fi =
√cS/Fi and ξS/Fi =

kS/Fi
2
√

cS/Fi
respectively

denote the slosh/flexible modal contribution, the pulsation
and the damping coefficient of the ith slosh/flexible mode.
From available experimental data analysis, [15], the three
different slosh modes are chosen as fixed parameters in the
following intervals: ωSi ∈ [0.1,0.3], ξSi ∈ [0.001,0.03] and
LSi ∈ [30,50]. While flexible proper frequencies and damping
ratio are chosen as: ωFi ∈ [0.6,10], ξFi ∈ [10−4,10−3] and
LFi ∈ [50,300]. This representation allows for easily manipu-
lating the slosh/flexible frequency characteristics and analyze
the control law robustness against modeling uncertainties.

Remark 1: Usual values for the first flexible mode proper
frequency, of a similar configuration satellite, are often
in the range ωF ∈ [1,3][rad/s]. Here, a slightly smaller
lower-bound is considered to trigger and analyze potential
interactions between the two phenomena.

B. Implementation and Open-Loop Analysis

The second order transfer functions describing the per-
turbations’ dynamics have been manipulated and rearranged
to be uniform in terms of input/output configuration to
the objective of applying superposition principle and lump
the entire set of external torque effects in a single state-
space representation, namely Sys-Pert in Fig.1. Following
standard nomenclature, Sys-Pert has input u = θ̈ ∈ R1×1,
output y = TS,F ∈ R1×1, state matrix AS,F ∈ R14×14, which
eigenvalues correspond to the 2× 7 roots of the defined
transfer function denominators, control matrix BS,F ∈R14×1,
observation matrix CS,F ∈R1×14 and the feedthrough matrix
DS,F ∈ R1×1. The general equation of the complete satellite
(1), respecting the systems interconnection reported in Fig.
1, is hence rewritten including the perturbations effect in the
following state-space form:

ẋsat(t) = Asat(Λ)xsat(t)+Bsat,S,F,W [TW (t),TS,F(t),TD(t)]T

(6)
ysat(t) =Csatxsat(t) (7)

where xsat = [θ , θ̇ ,xS,F ,xW ]T ∈R17×1 is the complete satellite
state vector including the 2 rigid body, the 14 Sys-Pert
and the single actuation states; Asat(Λ) ∈ R17×17, is the
extended state matrix depending on the chosen values of
Λ = [ωS,Fi ,ξS,Fi ,LS,Fi ], Bsat ∈ R17×3, is the extended control



matrix and Csat = [I2×2|02×15] the extended output matrix.
The satellite inertia is fixed at J = 1000[Kg · m2]. The
maximum torque attainable by the reaction wheel is fixed
at Tmax = 0.5[N] and its maximum angular momentum is
Hmax = 10[N ·m · s].
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Fig. 2. Model Open-Loop Analysis

The frequency domain characteristics of the so modeled
Rigid Satellite and Complete Satellite open-loops, for a single
configuration of Sys-Pert, are reported in Fig. 2, in the form
of a bode diagram. While the dynamic response remains
unchanged at very low frequencies, where the two integrators
represent the dominant poles, the rigid dynamics is modified
by the presence of the sloshing modes, for frequencies com-
prise in 0.1<ωSi < 0.3[rad/s], and by the flexible modes, for
frequencies comprise in 0.6<ωFi < 10[rad/s]. As previously
discussed, the small gap between the two extremes resonant
peak has been chosen to induce interactions between the
modes and evaluate the controller robustness in such critical
conditions.

III. CONTROL OBJECTIVE AND PROBLEM
FORMULATION

The control objective is to drive the satellite attitude angle
θ to any constant set point, while suppressing oscillatory mo-
tion induced by propellant sloshing and flexible appendices
modes, and adaptively compensating for uncertainties in Sys-
Pert parameters and model’s nonlinearities. In this particular
development, it is assumed that the only system’s measure-
ments available for feedback are ysat = xmeas = [θ , θ̇ ]T , where
perfect sensors hypothesis holds. Performance specifications,
which are considerably demanding for space application,
set a maximum stationary residual tracking error of θe ≤
0.04[deg], and a steady-state velocity error of θ̇ ≤ 0.1[deg/s].
Actuation saturation should be avoided or at least should not
jeopardize performances.

As discussed in Sec. II, the physical system under analysis
can be modeled as multiple LTI system for different Λ values
leading to the formulation reported in Eqs. (6) and (7). To the
objective of designing a model reference control law, both

representations can be considered as sub-classes of a more
general continuous-time, nonlinear and eventually unknown
plant description, which can be expressed in an amenable
form as:

ẋ(t) = Ax(t)+Bu(t)+d(t) (8)

where x(t) is the state vector, x∈Rn, u(t) is the control input,
u∈Rm, A and B are the state and control linear time invariant
(LTI) components of the complete plant dynamics, A ∈
Rn×n and B ∈ Rn×m, and d(t) gathers all the nonlinearities,
parameters variations, unknown/unmodeled dynamics and
disturbances. For a general model reference control scheme,
the control problem lies in choosing u(t) such that all the
states x(t) in the closed-loop system are uniformly bounded
and track the state vector of a desired reference model, both
in transient and in steady-state for any bounded reference
signal r(t).

ẋm(t) = Amxm(t)+Bmr(t) (9)

where xm(t) and r(t) are congruent in dimension with x(t)
and u(t) respectively.

IV. MINIMAL CONTROL SYNTHESIS

A. Theoretical Preliminaries

The general architecture of a direct adaptive control
scheme for a tracking control problem is reported in Fig.
3 and serves as reference for the following discussion as it
is valid both for MRAC and MCS control algorithms. As a
matter of fact, the MCS formulation consists in a variation
of an MRAC formulation reported in [12].

Fig. 3. General Direct Adaptive Control Scheme for tracking control
problem

The control signal u(t), in the direct adaptive MRAC
algorithm, is obtained as a function of the plant states and
the reference signal

u(t) =−(Kx− kx(t))x(t)+(Kr + kr(t))r(t) (10)

where Kx and Kr are constant feedback and feedforward gain
matrices, which can be computed by matrix inversion in their
closed form; while kx(t) and kr(t) are the so called adaptive
gains, which specific but not unique solution respecting
hyper-stability criterion is obtained in [12], and written as:



kx(t) =
∫ t

0
αye(τ)xT (τ)dτ +βye(t)xT (t) (11)

kr(t) =
∫ t

0
αye(τ)rT (τ)dτ +βye(t)rT (t) (12)

where the first integral terms assure the memory of the
adaptive system, while the second terms characterize the
transient response vanishing for ye(t) and r(t) going to zero.
The integral terms are also stabilizing solutions, obtained
solving the adaptive problem with a, strictly positive real,
SPR-Lyapunov approach, as reported in [11]. In Eq. 11 and
12 α and β are tuning parameters, and ye(t) is the output
error signal, defined as

ye(t) =Cexe(t) (13)

where
Ce = BT P (14)

and P is the positive definite solution of the Lyapunov
equation, for guaranteeing stability, which depends only on
the chosen reference dynamics:

AT
mP+PAm =−Q; Q > 0 (15)

This formulation however implies a knowledge of the
B matrix, and A matrix for the constant gains calculation,
recalling to be the linear parts of the unknown nonlin-
ear system control matrices, and so forth requires some
equations manipulation. Based on these results, Stoten and
Benchoubane in [10], proposed to assume null constant gains
components, i.e. Kx = Kr = 0, and that everything except the
general structure of the plant (i.e. the number of degrees of
freedom and state dimension) are unknown.

Thus, eq. (10), becomes

u(t) = kx(t)x(t)+ kr(t)r(t) (16)

and the Ce matrix in the output error equation (13), is
modified by employing the horizontal companion form of
Am and obtained as

Ce =CP (17)

where P remains the positive definite solution of the Lya-
punov equation and C = [0...0 1]T . This conceptually frees
the designer from any plant knowledge and equation manip-
ulation, while maintaining convergence guaranties. Proofs of
stability can be found in related literature, and omitted here
for sake of brevity.

Another improvement is proposed with the aim of reject-
ing constant disturbances and plant biases leading to static
error of the Eq.(16) control law. It consists of enriching the
control signal by another adaptive gain, reproducing some
sort of integral action into the adaptive algorithm. The new
control law is written as

u(t) = kx(t)x(t)+ kr(t)r(t)+ ki(t)xi(t) (18)

where

ki(t) =
∫ t

0
αye(τ)xT

i (τ)dτ +βye(t)xi(t) (19)

and

xi(t) =
∫ t

0
[r(τ)− y(τ)]dτ; y(t) =Cx(t) (20)

The so written control law still verify Popov hyperstabil-
ity criterion and guarantees convergence with and without
locked gains as reported in the relative literature.

B. Implementation

The first step for the implementation of a model refer-
ence control technique is the choice of a suitable reference
dynamics, which is of critical importance depending on the
system’s nature. A typical example concerns the demanded
level of performance, which if unrealistic and unattainable
could jeopardize the dynamic response of the overall system
if not accounted for in the early steps of the reference model
design. As described in Sec. II and III, for the problem
under investigation major limitations are imparted by the
actuation system and its critical behavior when the wheel’s
maximum acceleration is reached and the supplied torque
falls to zero. For this reason, to guarantee reachability of the
demanded performances, the reference model is chosen to be
a stable closed-loop dynamics of the equivalent rigid satellite,
with the same physical characteristics, controlled by a H∞

tuned PID. The resulting state and control matrices, reported
in Eq.(21), describe a reference dynamics characterized by
a damping ratio at ζ = 0.75 and a proper frequency of
ωn = 0.5 [rad/s]. It is worth mentioning that including the
actuator filter, for the reference model computation, would
only have produced a minor right shift of the dominant poles,
which justifies its negligibility without loss of generality nor
performances. The use of a second order reference model to
control a higher order plant (17 for the case being) is com-
mon practice. It depends on the control problem formulation
and the observability and controllability characteristics of
the system. Here, only the dominant observable dynamics is
being imposed, i.e. x= [θ , θ̇ ], hence a second order reference
model suffices to the desired control purpose.

The final design parameters are obtained and hereafter
reported for the Reference Model

Am =

(
0 1

−0.0025 −0.075

)
; Bm =

(
0

0.0025

)
; (21)

and the Adaptation Mechanism

α = 0.01 β = 100 (22)

and choosing Q = I(2× 2) the solution of the Lyapunov
equation, AT

mP+PAm =−Q returns Ce = [200 2673].



V. RESULTS AND DISCUSSION

An extensive validation campaign, (≈ 10000) runs, is
performed in different simulation scenarii to the objective of
evaluating general performances and robustness of the pro-
posed adaptive control scheme in nominal and off-nominal
conditions, analyzing the overall system behavior, if inertial
wheel saturation is reached or not. Only the most meaningful
are reported in the article for the sake of space. The two
types of maneuvers for which a satellite attitude controller
is designed are a step, single rotation to reach a certain
pointing angle, and a square wave, back and forward rotation
around the axis to track varying orientation commands. The
amplitude of the demanded rotation could eventually lead
to wheel saturation and consequent instability, this justifies
the need of verifying the system behavior for small and
large amplitude angle demand. Perturbations of different
nature are considered, separately and jointly, to initially in-
vestigate the rejection performances of the proposed control
law. Robustness is verified against propellant mass variation
and structural uncertainties. This translates in modeling a
random, uncorrelated, normally distributed, zero mean, fre-
quency shift of the resonant peaks both for the slosh and the
flexible modes. Standard deviations varies accordingly with
test-defined level of uncertainties (i.e. 25−50%).

Only results for the most challenging test setup are
presented here in Fig.4, with the objective of giving an
insight of the robustness and adaptive capabilities of the
proposed control scheme. A set of 50 simulations, for the
tracking problem of a square wave, with randomly varying
uncertainties on ωSi and ωFi in the range of ±50% is
reported. Fig.4 displays, from the top: the states response
time histories; the control action, in terms of commanded vs.
executed torque, and the reaction wheel momentum, where
different colors refer to different simulation runs as for the
following; the evolution of the adaptive gains; and finally the
separated contributions of the perturbation torques. From this
last, the changing frequencies content of the disturbances and
the random nature of their combination can be appreciated.
Despite the conditions’ severity, the designed control law
remains capable of compensating for all nonlinearities and
varying dynamics thanks to the sufficiently fast dynamics
of the adaptive gains. While Kx and Kr, drastically converge
after 260[s], when θc returns to zero, the integral gain Ki con-
tinues to vary guaranteeing steady-state performance while
compensating for residual slosh and flexible perturbations.
This confirms the need of an integral action.

The actuator, reveals an extremely intense activity, which
should be evaluated in terms of energy consumption. How-
ever, saturation is only reached once, for a very limited
period of time, in the first maneuver without compromising
nor performance nor stability. Finally, but most importantly,
the strong potentiality of the control scheme can be appre-
ciated looking at the satellite states, which are practically
overlapped for the entire set of simulation, excepted for
small differences in θ̈ . Performance and robustness can be
considered verified and very satisfactory.

Fig. 4. Closed-loop analysis



To the objective of seeking for closed-loop system limi-
tations, the control law is exposed to long lasting actuator
saturation by demanding increasingly high attitude set points.
Results reported in Fig. 5. In contrast with the previously
investigated control solutions, [7] and [8], where the closed-
loop system resulted incapable of recovering from instability
consequent to actuation torque saturation, starting at tar-
get angle θc ≈ 10[deg]; obtained results, for the proposed
adaptive control strategy, confirm that even for long lasting
saturation of the wheel, system convergence is still guar-
anteed both for large step and square wave, omitted here,
tracking signal. However, a larger overshoot, and longer
settling time, impossible to counteract due to the actuation
system limitations, characterize the time response leading to
unacceptable performances, starting at θc = 25[deg]. An easy
overcome to this issue is a discretization of the trajectory, as
subsequent step of 20[deg] maximum, which will allow to
rotate the satellite indefinitely maintaining the optimal level
of performance, robustness and adaptation. A more elegant
solution, will consist in coupling the proposed control law
with an input shaping scheme, which is part of the research
future perspectives.

Fig. 5. Test setup: C.4.I, Large Pointing Error Behavior

VI. CONCLUSIONS

Based on recent advances in propellant slosh modeling a
valid, simple parametric LTI model, of a single axis satellite
dynamics, accounting for both slosh and flexible appendices
has been derived and implemented. An adaptive and robust
control solution, based on Minimal Control Synthesis theory,
for the pointing error tracking control problem has been
proposed and implementation details are given to the reader.
The extensive validation campaign performed, of which only
the most meaningful results have been reported, demon-
strated impressive robustness and performance level. Mutual
combination and interaction of propellant slosh and flexible
appendices dynamics have been successfully damped out
while maintaining demanded pointing angle accuracy. The
unique drawback of the proposed control scheme lies in the
impossibility of accounting for saturation constraints other
than reducing model reference dynamics performance, which

de facto limits the amplitude of the maximum demanded
rotation. The apparently severe limitation can be overcome
by taking advantage of the decentralized MCS properties
[16], which allows to implement the adaptive control scheme
in parallel to any other conventional controller. A coupling
with an input shaping control strategy is hence foreseen by
the authors as future perspective.
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