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Optimum Trajectory Planning for Multi-Rotor UAV Relays with Tilt
and Antenna Orientation Variations

Daniel Bonilla Licea!, Giuseppe Silano',

Abstract—Multi-rotor Unmanned Aerial Vehicles (UAVs) need
to tilt in order to move; this modifies the UAV’s antenna
orientation. We consider the scenario where a multi-rotor UAV
serves as a communication relay between a Base Station (BS)
and another UAV. We propose a framework to generate feasible
trajectories for the multi-rotor UAV relay while considering its
motion dynamics and the motion-induced changes of the antenna
orientation. The UAV relay’s trajectory is optimized to maximize
the end-to-end number of bits transmitted. Numerical simulations
in MATLAB and Gazebo show the benefits of accounting for the
antenna orientation variations due to the UAV tilt.

Index Terms—relay, multi-rotor system, UAV, communication-
aware robotics

I. INTRODUCTION

Communications-aware robotics is gaining momentum as
evidenced by the steady increase in publications by the
robotics [[1]]-[4] and the communications [5]—[/7] communities
dealing with mobile robots and communications issues. One
reason behind this growing interest is the emergence of the 5G
technology that aims to integrate Unmanned Aerial Vehicles
(UAVs5) in the cellular communications network [8]], [9].

It is in this context that we encounter the problem of
robotic relay trajectory planning where mobile robots, acting
as communications relays, have their trajectories optimized
according to some communications criteria. One popular type
of robots used as relays is the multi-rotor UAV which requires
to tilt in order to move [|10]]. Thus, when two multi-rotor UAVs,
equipped with a single fixed antenna each, communicate while
moving, the resulting Signal-to-Noise Ratio (SNR) will depend
not only on their positions but also on their tilt. As the tilt
of the receiver UAV changes, the Angle of Arrival (AoA),
measured w.r.t. the antenna reference frame, also changes and
so does the antenna gain experienced by the received signal. In
other words, in the case of multi-rotor UAVs communications,
the quality of the channel depends not only on the UAV’s
position but also on its orientation (called attitude in the
robotics literature).

In some cases, multi-rotor UAV's hover while relaying data;
the UAV’s orientation remains constant, and so there are no
changes in the communications channel induced by the UAV’s
orientation. For instance, in [11], we studied the scenario
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where a quad-rotor hovers to collect data from ground sensors;
although the UAV antenna’s radiation pattern was taken into
account, the antenna orientation remained constant.

In other applications the multi-rotor UAVs relay commu-
nicates on the move. The existing studies however disregard
the effect of the UAV tilt on the antenna orientation. In [6],
the authors consider a multi UAV communications system,
but the UAV dynamics are oversimplified, and the antenna
radiation pattern is disregarded. In [12], the authors consider
a UAV relay between ground users, but the effect of the
antenna radiation pattern is overlooked. In [4], [[13]], we consid-
ered scenarios where the multi-rotor UAV communicates while
moving; we considered more realistic dynamic models for the
multi-rotor UAVs, but we disregarded the antenna radiation
pattern.

Works similar to ours involving multi-rotor UAVSs relays are
found in [14], [15]]. However, these papers do not consider the
effect of the antenna radiation pattern and use oversimplified
dynamic models for the UAVs. In [[16]], the authors consider
the problem of trajectory planning for a ground robotic relay in
an indoor scenario, and do take into consideration the antenna
radiation pattern of a mobile end-target.

In this paper, we optimize the trajectory of a multi-
rotor UAV relay between a ground Base Station (BS) and
another moving multi-rotor UAV. We consider the antennas’
orientation changes, due to the UAVs changing tilt, on the
communications channel. This is done by simultaneously con-
sidering the UAV dynamical model and its antenna radiation
pattern. To the authors’ best knowledge, this is the first time
that, in the context of multi-rotor of UAVs communications,
the UAV tilt-induced changes in the antenna orientation is
accounted for in the trajectory design.

A. Organization

In Sec. we describe the quad-rotor’s dynamics and
the communications system. Sec. presents and analyses
the communications-aware trajectory planning problem to be
solved. Simulations results are presented in Sec. Finally,
conclusions are drawn in Sec.

B. Notation

ce and s, are short notations for cos(e) and sin(e), *x is

the value of function x at discrete time k, kp(”) is the n entry
of vector p evaluated at time instant k.

II. PRELIMINARIES
A. Quad-rotor dynamics

As mentioned above, in this work, UAVs are taken to be
multi-rotors, and especially quad-rotors. These UAVs have



the particularity that they can either stay still in the air by
hovering, or move towards any desired destination, as long
as their dynamics constraints are not violated. In order to
move, the quad-rotor needs to tilt; its direction of movement
(p), velocity (v) and acceleration (a) depend on its Euler
angles [[17]: roll (), pitch (9) and yaw ().

We consider a discrete-time dynamic model for the quad-
rotor; let Ty € Ryp and T' € Ry( denote the UAV
sampling period and trajectory time, respectively, and let
t = [0,Ts,...,NT,]T € RN+ with *t = kT, k € N>,
and NT, = T. We also define the state x and control u
sequences as Fx = [Fp(D) ky(D) kp(®) ky(2) kp(®) ky@)7]T
and Fu = [Fa®) ka?) ka@)T where ¥pl¥), Fv(4) and *al?),
with j = {1,2, 3}, represent the vehicle’s position, velocity,
and acceleration at time instant k£ along the j-axis of the
inertial frame Oy, respectively.

In [[18]], the authors present motion primitives to design
trajectories that satisfy the UAV’s dynamic constraints. This
method allows to generate feasible quad-rotor motion primi-
tives. This method provide the following splines that we will
use to account for the dynamics of the quad-rotor UAV:
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where o, § and  are design parameters that determine the
behaviour at the start and end points [[I8, Appx. A].

B. Communications System

The communications system consists of two communica-
tions links: UAV-2 —UAV-1 and UAV-1 —BS. Both UAVs
are equipped with a single antenna; we arbitrarily choose the
half-wave dipol but the proposed method apply to other
types of antennas. The g-th UAV antenna is located at its center
of mass py, and is aligned to its zg, axis, see Fig.|I} The gain
experienced by the wave transmitted by the g-th UAV’s is [19]]:

G- Do)

where D is the half-wave dipole’s directivity (= 1.64), 9 is
the Angle of Departure (AoD) of the radiated wave measured
w.rt. the antenna’s axis zp, . Note that (Z) also describes
the gain experienced by the received wave, in which case 9
becomes the Angle of Arrival (AoA).

To highlight the effect of the coupling between the UAVs’
tilt and its antenna orientation, we perform the following
simplifications: we assume Line of Sight (LoS) for both
communications links, we neglect small-scale fading, and we
assume that the BS tracks UAV-1 using beamforming. Then,
we model the communications channels by using the free
space model and including the effect of the antennas’ radiation
pattern. Thus, the UAV-2 —UAV-1 channel is modeled as:

D A
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Half-wave dipole is a common type of antenna.
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Fig. 1: Multi-rotor UAV-1 as a communications relay between
the multi-rotor UAV-2 and the BS.

where 71 and sy are the signals received and transmitted by
the UAV-1 and UAV-2, respectively; nq is the zero-mean
complex Additive White Gaussian Noise (AWGN) with power
of generated at the UAV-1’s receiver; 9%, and 93, are
the AoD and AoA measured w.rt. the axes zp, and zp,,

respectively. Using simple geometry, we have that:

L) -
1951 = arctan - 2,1 - 5 4)
(A2 + ()2
53
94, = arctan 1.2 —g, (5)

(RS2 + (n{))?

where hq(f,)q is the r-element of the vector WRBQ (Pw — Pg)
with VR B, the rotation matrix from the global (Ow) to the
g-th UAV coordinate system [17]. The UAV-1 —BS channel
is obtained by performing the following changes on the UAV-
2 —UAV-1 channel equations: (i) exchanging the subindexes
as follows 2 — 1 and 1 — 0; (ii) setting Go(ﬂﬁo) = Dp
for all 19{170 (to model the beamforming implemented by
the BS) where Dp is the directivity of the main beam tracking
the UAV-1. Finally, we denote {1 and &; ¢ the SNRs of
the UAV-2 —UAV-1 and UAV-1 —BS channels, respectively.

III. PROBLEM STATEMENT & SOLUTION

While UAV-2 follows a trajectory 72 it must transmit data
to the BS. To improve the communications and extend UAV-
2’s range of action, another UAV (i.e., UAV-1) acting as a
relay is integrated to the system. We assume that UAV-2
communicates only with UAV-1 which simultaneously relayf]
the data to the BS located at pg. The end-to-end channel
capacity of this system corresponds to the capacity of the
channel having the poorest SNR. Now, given 73, we want
to optimize the predetermined UAV-1 trajectory so as to
maximize the number of bits transmitted from UAV-2 to

2This can be achieved by using Frequency-Division Duplexing (FDD).



the BS via UAV-1. This can be achieved by solving:

zN: min(10g2 (1 + k€170) ,log, (1 + k§2)1))
k=0

DL GR(*0P,)P
~ I*p1 = pol?a3”
e, CHC0 GAC R P
' [kp2 — Fp1]]? oF
VO < vl [FaP| < afl),,
eq. (@, for 7 ={1,2,3},
vk ={0,1,...,N — 1},

maximize
Pi1,Vi,a1

k
S.t. 5170

(6)

where P is the power of the transmitted signal,
min(logy (1 + *€10),logy(1 + *€51)) is the normalized
upper bound for the end-to-end data bit rate at discrete time
k. The angles 93, and ¥, are calculated with (@)-().
while 19{?0 is also calculated in a similar manner. We want
the optimum trajectory (i.e., pj, v}, and aj) obtained after
solving the optimization problem (6) to be feasible. We
ensure this with the last two lines of constraints in (6) that
take into account the dynamics of UAV-1 and its physical
constraints, i.e., maximum velocity and acceleration.

Now, we transform the maximization problem @ into a
more standard minimization proble We achieve this by
first replacing the maximize with minimize action and then
changing the cost function in (@) to:

. 1 1
J = ; .
kzzomax <log2(1 +%€10) logy (1 +"¢a1)

After transforming (6) into a minimization problem we note
that the max function in makes the optimization problem
NP-hard: to evaluate the max function in J for a single
candidate trajectory, the optimization algorithm must compare
k§170 with k‘fg’l for all k. To solve this, we approximate
the max function with a smooth function to ensure that
the optimization problem is no longer NP-hard. We use the

following approximation, see Appendix

N
T~y ! + !

k=0 (logg(l + k£1,o))p (log2(1 + k§2,1))p

From (2)-@) we observe that G3(9%;) is a highly nonlinear
function of p;; this adds local minima to the optimization
problem. We alleviate this by approximating the antenna power
gains as follows, see Appendix [B}

G%(ﬁéﬂ) ~ D2g(a,02) Va1, (8

1/p

where 95 and s are the roll and pitch angles for UAV-2,

: _ 2 2 2 2 2
respectively, g(v2, @2) = [1, —s5,, —Cj,50,, —CoyCi,
3After many simulations and numerical analysis we observed that, in
this particular case, the maximization problem was difficult to solve and
produced erratic trajectories; the minimization formulation produces coherent

trajectories. More analysis is required to understand this issue.

20192519289027 _2019209025192’ 20129209028902]T’ (p2 - pl)/HPQ -
1 2 3 1 2
pu| = [dy} di?) di}] T, and vay = [, ()%, (d8)?,

(dé?})z, délidfi, dglid(;’i, dﬁd?i]T In a similar manner:

G%(%ﬁ) ~ D?j gV, 801)TV2,1,
G%(ﬂfo) ~ D?i gV, @1)TV1,0~

Note that the antenna gains (9)) depend not only on the position
of the UAV-1 (i.e., p1) but also on its roll (1) and pitch
(Y1) angles. Now, we are optimizing the UAV-1 trajectory
w.r.t. its position (p;), velocity (v1) and acceleration (a;);
these variables implicitly determine the roll and pitch angles
throughout the full UAV-1 trajectory [17], [[18]. Nevertheless,
considering such nonlinear relation would significantly com-
plicate the optimization problem and thus for simplicity, during
the optimization, we will evaluate () at ©; = ¢ = 0 which
corresponds to the hovering position.

Thus, after all the elements discussed in this section we
reformulate the optimization problem (6)) as:

(©))

N 1/p
. 1 1
minimize Z . s .
e (55 \logh (14 610) Togh(1+ M2 )
st Feg= D}, D*g(¥1,¢1) "vioP
' [*p1 — pol|?cd ’
Ky = Dig(91, 1) "va18(02,p2) Tva 1 P

[¥p2 — #p1]]2 o7
V] < v a0 < al),,
eq. (I),vk ={0,1,...,N — 1},
with 91,1 = 0.
(10
IV. SIMULATIONS

In this section, we test the trajectory of UAV-1 optimized
using the proposed method. The trajectory of UAV-2, T, is
taken from [20]; it was designed for a power tower inspection
task, and was experimentally validated. The position of the
BS is [1.00,3.00,1.50] 7 and the initial positions for UAV-
1 and UAV-2 are [0.00,3.00,1.50] " and [4.00,3.00,1.50] T,
respectively.

The optimization problem (T0) is solved using the CasADi
libraryﬂ and NLFE] as solver. The maximum number of itera-
tions is set to 2000, with acceptable tolerance of 1.0 x 1074,
Simulations were carried out using the 2019b release of
MATLAB on a laptop with an i7-8565U processor (1.80
GHz) and 32GB of RAM running on Ubuntu 18.04. Videos
with the experiments and numerical simulations in MAT-
LAB and Gazebo are available at http://mrs.felk.cvut.cz/
optimum-trajectory-relay.

To show the advantages of considering the antenna orienta-
tion changes, due to the UAV tilt in the trajectory optimization
we compare two different trajectories: the first trajectory is
obtained after solving (10), see Fig. [2} the second trajectory

4https://web.casadi.org
Shttp://cvxr.com
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Fig. 2: First UAV-1 trajectory (red) and UAV-2 trajectory
(cyan). The BS, UAV-1 and UAV-2 starting points are reported
in blue, green and magenta boxes, respectively.
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Fig. 3: Second UAV-1 trajectory (red) and UAV-2 trajectory

(cyan).
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Fig. 4: Roll angle (p) for the UAV-2 and both UAV-1
trajectories (i.e., UAV-1(;; and UAV-2.5).
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Fig. 5: Pitch angle (J) for the UAV-2 and both UAV-1
trajectories.
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Fig. 6: Instantaneous bit rates of both links for both trajec-
tories: first UAV-1 trajectory (left), second UAV-1 trajectory
(right).

Time [s]

is obtained after solving (IO) but disregarding the antenna
radiation patternﬂ see Fi The time taken by the solver
for the first and second trajectories are 154 s and 63 s, respec-
tively. Both trajectories are optimized using the same UAV-2
trajectory 75 and the following parameter values: p = 10,
D'P/y2 = 10°, DED*Plo2 = 10%, Vipaxy = 2ms™L, apax =
2ms~2, sampling time 7, = 0.05s and trajectory duration
T = 18.0s, and «, B, and ~ from [18l eq. (63)]. After
obtaining the trajectories in MATLAB we execute them in
Gazeb(ﬂ to verify their feasibility and to measure the cor-
responding realistic roll and pitch angles for both UAV-1
trajectories and for UAV-2 trajectory 7, see Figs. f] and [3]
These angles provide the reader with an idea about the UAVs
antenna orientation.

From Figs. [2] and [3] we note that the first UAV-1 trajectory
seems to get away from the UAV-2 and the BS to align itself
with the the UAV-2’s antenna; the second UAV-1 trajectory
simply mimics 7> in a scaled manner.

The number of bits that can be transmitted, calculated with
the optimization target of (I0)), using the first UAV-1 trajectory
is 6.4% higher than that for the second UAV-1 trajectory. In
Fig. [6] we see the instantaneous normalized bit rate of both
links for both trajectories: the minimum instantaneous bit rate
for the first UAV-1 trajectory is 17.3% higher than that for the
second UAV-1 trajectory.

Higher gain antennas have lower half-power bandwidth;
as the antenna gain increases the UAV relay performance
becomes more sensitive to the antenna orientation changes.
Additionally, as the multi-rotor UAV moves faster its tilt (and
that of its antenna) increases. Hence, higher gain antennas
and/or higher UAV speeds increase the relevance of our
proposed technique.

V. CONCLUSIONS

We presented a framework to design a multi-rotor trajectory
considering a realistic dynamic model of the aircraft and the
antenna orientation changes due to the UAV tilt. Initial results
show that considering the antenna orientation changes during
the trajectory optimization can increase the overall number of

SThis is done by exchanging g(¥9;, ;) T v, ; with 1.

7Gazebo is a robotics simulator that uses complex and realistic models
for the UAVs; we exploit the advantages of Software-in-the-loop (SIL)
simulations [21] by generating the trajectories in MATLAB and then testing
them in Gazebo.
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Fig. 7: Half-wave dipole power radiation pattern and its
approximation.

bits transmitted and the minimum instantaneous bit rate. The
actual benefit derived from this consideration depends on the
type of antenna and on the UAV trajectories. Future research
will determine the characteristics of the trajectories that benefit
the most from this approach and also will evaluate the energy
efficiency of the resulting trajectories.

APPENDIX A
SMOOTH APPROXIMATION FOR min FUNCTION

In this appendix we present a smooth approximation for
max;(¢;). From the definition of the H,, norm we have:

Y

EN|le =  max ;.

||517527" je{1,2,...,N}

Now, it is well known that p-norm — H,, norm as p —
0o [22]]. In other words, ||ul|s = 1™ ||lul|,, and thus:

p—ro0

1
.
lev ez venlloo & lleszz, ovewlly = (20 28) 70 (12)

where the r.h.s. of (I12) gets closer to the Lh.s. as p € NT in-
1

. ~ N p\P
creases. Finally, we have max;c(1 2 .. N} €5 & (ijl gj) .

APPENDIX B
ANTENNA RADIATION PATTERN APPROXIMATION

Let us consider the UAV-2 —UAV-1 channel and define the
vector a1 2 (p2—p1)/||p2—p1 | = [dy). dy). ds)]T, where
da; is expressed within the global coordinate system Oyy.
Then let us define d, 4 L2 WR Bqd271 with the rotation matrix
WRBq given as in [17)]. Since ||d21|| = 1 and the rotation
matrix is unitary then ||d, ;|| = 1. Let QQJ be the projection
of dy; on the plane H, spanned by Op xp, and Op,yp,.
Now, since we are working on an Euclidean space [23|] the
inner product between QQJ and d, ; is:

<Q2,17Q2,1>/||§2,1|| = cos(p2,1),

where 9 1 is the angle formed between d2,1 and d, ; that
corresponds to the AoD measured w.r.t. H,, and J2 1 in @) is
the AoD measured w.r.t. OquBq. Thus, we have cos(y2,1) =

13)

N AT
cos(pa,1 + 7/2). (dy1,dy ;) =dydy is the inner product
of both vectors in the Euclidean space. After some algebra:

<d2,1aQ2,1> = Hdm”2 =g(V2,92) Va1, (14)

_ 2 2 2 2 2
where g(U2, p2) = [1, =55, —C5, 55, —C,Co,s 2C0,59,50,

_201920@23192’ 26129209925<P2]T and V2,1 = [1a (d(zﬂ)zv ( 2?2)27

(déi)’})z, délidfi, dgli d(;’i, d(;i dg?]T It can be observed from

Fig. [7|that G3 (921 +7/2) ~ D? cos?(d2,1); then, considering

and we obtain G3(02,1+7/2) ~ D%g(¥2, p2) 'va 1.
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