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Sampling for Remote Estimation of an
Ornstein-Uhlenbeck Process through Channel with
Unknown Delay Statistics

Yuchao Chen*, Haoyue Tang*, Jintao Wang, Pengkun Yang, and Leandros Tassiulas

Abstract—In this paper, we consider sampling an Ornstein-
Uhlenbeck (OU) process through a channel for remote estimation.
The goal is to minimize the mean square error (MSE) at
the estimator under a sampling frequency constraint when
the channel delay statistics is unknown. Sampling for MSE
minimization is reformulated into an optimal stopping problem.
By revisiting the threshold structure of the optimal stopping
policy when the delay statistics is known, we propose an online
sampling algorithm to learn the optimum threshold using stochas-
tic approximation algorithm and the virtual queue method. We
prove that with probability 1, the MSE of the proposed online
algorithm converges to the minimum MSE that is achieved when
the channel delay statistics is known. The cumulative MSE gap
of our proposed algorithm compared with the minimum MSE
up to the (k+ 1)th sample grows with rate at most O(In k). Our
proposed online algorithm can satisfy the sampling frequency
constraint theoretically. Finally, simulation results are provided
to demonstrate the performance of the proposed algorithm.

Index Terms—Online learning, Ornstein-Uhlenbeck process,
stochastic approximation

I. INTRODUCTION

ITH the rapid development of the autonomous vehi-
cles [1] and intelligent machine communications [2],
status update information (e.g., the speed of the vehicles) is
becoming a major part in future communication networks [3].
Those status information are delivered to the destination
through communication channels, and to guarantee the system
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safety and efficient control, it is necessary to ensure that the
controller has an accurate estimation of the system state.

To measure the information freshness at the destination,
the metric, age of information (Aol), has been proposed
in [4]. According to the definition, Aol measures the difference
between the current time and the generation time of the latest
information received at the destination. Previous work [5], [6]
have shown that Aol minimization is different from the
traditional throughput and delay optimization. Specifically in
the data generation procedure, a new data sample should be
made only when the data stored at the destination is old.
Numerous research have been conducted to minimize the Aol
in various networks [4]-[11]. The average Aol optimization
in the queueing system is studied in [4], [7]. Age-optimal
scheduling policies in a multi-user wireless network are also
investigated in [9]-[12]. For minimizing the more general non-
linear age function, [6], [8] also design the optimal sampling
strategies.

However, when the signal model is known, Aol itself cannot
reflect the different signal evolution. As an alternative, a better
metric to capture information freshness at the destination is the
mean square error (MSE) [13]-[21]. The sampling strategy
to minimize the estimation MSE of a Wiener process is
studied in [14], [15], [20]. Sampling strategy to minimize an
Ornstein-Uhlenbeck (OU) process is investigated in [14], [21].
It is revealed that the optimum sampling threshold depends
on signal evolution and channel delay statistics. When the
channel delay statistics is known, the aforementioned optimum
sampling thresholds can be computed numerically by fixed-
point iteration [19] or bi-section search [20], [21].

When the channel statistics of the communication link
is unknown, finding the optimum policy (i.e., the optimum
Aol [6] or signal difference threshold [20], [21]) is chal-
lenging. Designing an adaptive sampling and transmission
strategy under unknown channel statistics for data freshness
optimization can be formulated into a sequential decision-
making process [22]-[29]. Based on the stochastic multi-
armed bandit, [22]-[24] design online channel selection al-
gorithms to minimize average Aol performance for the ON-
OFF channel with unknown transition probability. For chan-
nels with more efficient communication protocols, [30]-[32]
use reinforcement learning to minimize the Aol performance
under unknown channel statistics. For communication chan-
nels with random delay, [28], [29], [33] apply the stochastic
approximation method to design adaptive sampling algorithms
to optimize Aol performance. The stochastic approximation
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method can also be extended to online estimation of the signals
with simple evolution model, i.e., the Wiener process [34].

Notice that the Wiener process is the simplest time-varying
signal model, and we are interested in extending the results
to handle more general and complex signal models. In this
paper, we consider a point-to-point link with a sensor sampling
an OU process and transmitting the sampled packet to the
destination through a channel with random delay for remote
estimation. Our goal is to design an online sampling policy to
minimize the average MSE under a frequency constraint when
the channel statistics is unknown. The main contributions of
the work are listed as follows:

e We reformulated the MSE minimum sampling problem
under the unknown channel statistics as an optimal
stopping problem by providing a novel frame division
algorithm that is different from [21]. This novel ap-
proach of frame division enables us to propose an online
sampling algorithm to learn the optimal threshold adap-
tively through stochastic approximation and virtual queue
method.

o« When there is no sampling frequency constraint, we
proved that the expected average MSE of the proposed
algorithm can converge to the minimum MSE almost
surely. Specifically, we first utilized the property of the
OU process to bound the threshold parameter (Lemma 2
and Lemma 6), and then we proved the cumulative MSE
regret grows at the speed of O(ln K), where K is the
number of samples (Theorem 2) we have taken.

o When there exists a sampling frequency constraint, by
viewing the sampling frequency debt as a virtual queue,
we proved that the sampling frequency constraint can
be satisfied in the sense that the virtual queue is stable
(Theorem 3).

The rest of the paper is organized as follows. In Section
I, we introduce the system model and formulate the MSE
minimization problem. In Section III, we reformulate the prob-
lem into an optimal stopping optimization and then propose
an online sampling algorithm. The theoretical analysis of the
proposed algorithm is provided in Section IV. In Section V, we
present the simulation results. Finally, conclusions are drawn
in Section VI

II. PROBLEM FORMULATION
A. System Model

As depicted in Fig. 1, we study a status update system
similar to [21], where a sensor observes a time-varying process
and sends the sampled data to the remote estimator through
a channel. Let X; € R,Vt > 0 denote the value of the
time-varying process at time ¢. To model these time-varying
first-order auto-regressive processes, we assume X; to be an
OU process in this work. This general process is the only
nontrivial continuous-time process that is stationary, Gaussian,
and Markovian [35]. The OU process evolution parameterized
by p,0,0 € RT can be modeled by the following stochastic
differential equation (SDE) [35]:

dXt = 9([14 - Xt)dt + O'th,
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Fig. 1. A point-to-point status update system.

where W; is a Wiener process.

Suppose the sensor can sample the process at any time
t € RT at his own will. Let S;, be the sampling time-stamp
of the kth sample. Once sample k is transmitted over the
channel, it will experience a random delay D) € [0,00)
to reach the destination. We assume the transmission delay
is independent and identically distributed (i.i.d.) following a
probability measure Pp.

Due to the interference constraint, only one sample can be
transmitted over the channel at one time. Once the transmis-
sion of an update finishes, an ACK signal will be sent to the
sensor without error immediately. Let R, be the reception time
of the kth sample. Then we can compute Ry iteratively by

Ry = HlaX{S]€7 R}c71} + Dy. €))

B. Minimum Mean Squared Error (MMSE) Estimation

The receiver attempts to estimate the value of X; based
on the received packets and the transmission results before
time ¢. Let i(t) = maxgen{k|R; < t} be the index of the
latest received sample at time ¢. The evolution of X; can be
rewritten using the strong Markov property of the OU process
[21, equation (8)] as follows.

X, =Xg e~ 0t=Sw) 4 {1 _ o= 0(t=Siw)

i(t)

g _0(t—S.
Jrﬁe ot S"(t))We%(t—Si(t)Ll )

Let H; := {Sk,Dk,XSk}z(i)l,t) be the historical in-
formation up to time ¢. Then, the MMSE estimator at the
destination is the conditional expectation [36]:

Xi = E[X[Hi] = X, 72050 4 pu [1 - e—e“—sﬂwjj
)

Combined with (2), the instant estimation error at time t,
denoted by A; can be computed as

Ay = Xy — Xt = \;%—eeie(tisim)We""’(t—si(t))fla 4

which can be viewed as an OU process starting at time
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Fig. 2. Illustration of the OU process and the estimation error.

To better demonstrate the MMSE estimation, we draw Fig. 2
as an example. The blue line is a sample path of an OU
process, and the orange line is the MMSE estimator computed
by (3). Then the difference between these two lines, i.e., the
shaded area, is the cumulative estimation error between the
two samples.

C. Optimization Problem

The goal of the sampler is to find a sampling policy repre-
sented by a series of sampling times, i.e., 7 := {57, 52, -}
to minimize the estimation MSE of the OU process at the
destination. We assume that the sampler knows the statistical
information of the OU process, i.e., parameters 6, u, o, while
the channel delay statistics Pp is unknown. Here we focus
on the set of causal sampling policies denoted by II. The
sampling time S}, selected by each policy 7 € II is determined
only by the historical information. No future information
can be used for the sampling decision. Moreover, due to
the hardware constraint and energy conservation, the average
sampling frequency during the transmission should be below
a certain threshold fy,x. Then, the optimization problem can
be formulated as

Problem 1 (MSE minimization):

A . .
mmse = inf limsup —E
mell 7400

T A~
/ (X, —Xt)zdt] , (5a)
0

(5b)

T—o0

(T
s.t. limsupE [l(T)} < fimax-

III. PROBLEM RESOLUTION

In this section, we first reformulate the Problem 1 into an
optimal stopping problem. Then, an online sampling algorithm
is proposed to approach the optimal mmse.

A. Optimal Stopping Problem Reformulation

Notice that Problem 1 is a constrained continuous-time
Markov decision process (MDP) with a continuous state space.

It has been proven in [21, Lemma 6] that it is sub-optimal to
take a new sample before the last packet is received by the
receiver. In other words, to achieve the optimal mmse, the
sampling time-stamp S}, should be larger than Rj_;. Then
(1) can be simplified as Ry = Sk + Dy. Let Wy, = Sk11 — Ry
be the waiting time before taking the (k + 1)th sample. Then,
designing a sampling policy m = {S7,Sa,---} is equivalent
to choosing a sequence of waiting time {Wy, W, --}. To
facilitate further analysis, define frame k to be the time interval
between Sy and Siy;. Then, we introduce the following
lemma to reformulate the Problem 1 into the packet-level
MDP.

Lemma 1: Define 7, = (Dy,{X:}i>s,) to be the in-
formation in frame k, and II,. to be the set of stationary
sampling policies whose W}, only depends on Zj. Let D be
the random delay following distribution Pp. Then Problem 1
can be reformulated into the following MDP:

Problem 2 (Packet-level MDP reformulation):

K
- E[O?
o 2 sup | lim Z[];*l OD, 1w, ) (6a)
well, K—o0 Zk:lE[Dk +Wk]
1 & 1
st liminf — ’;E (Wi + Dy] > . (6b)

where O, is an OU process with initial state O, = 0 and
parameter p = 0, which is the solution to the SDE:

dOt = —HOtdt + O'th. (7)

Moreover, the optimum value a* satisfies:

o2 20
* = _— — .
« (20 mmse) ]E[e—QeD] >0 (8)

The proof of Lemma 1 is provided in Appendix B.
Assumption 1: The expectation of delay Dy, is bounded and
known to the transmitter, i.e.,

0< Dy < D £ E]}DD [Dk] < Dy < 0. (9)

Lemma 2: Define W = 1 /fmax + ¢, where ¢ > 0 is an
arbitrary constant. If Assumption 1 is satisfied, then we can
bound a* as

ap < o < ag, (10)
where oy, and oy, can be chosen as
2(1 _ —20W
om="U=C") g (11)
2Q(Dub + W)
awp = 0°. (12)

The proof of Lemma 2 is provided in Appendix C. The
lower bound is obtained by constructing a feasible and con-
stant sampling policy whose waiting time is always W and
then using (6a). The constant c is introduced to ensure W >0
when there is no frequency constraint. The upper bound is
obtained by using (8) and the fact mmse > o2 /20E[1—e20P].
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B. Optimal Sampling with Known Pp

In the sequel, we will derive the optimum policy 7* that
achieves optimal mmse when Pp is known. The structure of
the optimal policy can help us design the algorithm under
unknown channel statistics, and the average MSE obtained by
7 will be used to measure the performance of the proposed
online learning algorithm in Section III-C

According to (6a), the cost obtained by any policy = that
satisfies the sampling constraint (6b) is less or equal to a*. In
other words, we have

1 K 2
LS RO
~ [lim k k=1 ElOD, 1w, > —a*. (13)
— 00 —

K f:l ]E[Dk + Wk] -

Multiplying (1/K) S, E[Dy.+Wj] on both sides of (13)
and then adding o* lim g, (1/K)E[Dy + W] on both sides,
we are able to solve Problem 2 by minimizing the following
objective function:

Problem 3:

K
e 1 2
p* = inf limsup 7 Z (—E[OD,+w]

mell, K 0o

k=1
+ a*E[Dy + Wi)), (14a)
1 & 1
t liminf — >
s.t lﬁlng;E[Wk—i—Dk] > 5= (14b)

Similar to Dinkelbach’s method [37] for the non-linear
fractional programming, we can deduce that the optimal value
p* of Problem 3 equals 0, and the optimum policy that
achieves mmse in Problem 1 and p* in Problem 3 are identical.
Therefore, we proceed to solve Problem 3 using the Lagrange
multiplier approach. Let A > 0 be the Lagrange multiplier of
the sampling frequency constraint (14b), the Lagrange function
for Problem 3 is as follows:

K
. 1
L(m, A) =limsup e Z ( - E[Osz+Wk}
K—oo b1
1
+(a*—A)E[Dk+Wk]+Af ). 15)

Notice that the transmission delay Dy, is i.i.d., and O is an
OU process starting at time ¢ = 0. Then for fixed A, selecting
the optimum waiting time Wj, to minimize (15) becomes a
per-sample optimal stopping problem by finding the optimum
stop time w to minimize the following expectation:

minE [-03, ., + (" = Nw|Op, , Dy] . (16)

For simplicity, let V,, = Op,1., be the value of the OU
process at time Dy + w and Vo = Op, by definition. Then
problem (16) is one instance of the following optimal stopping
problem when 8 = a* — A:

A7)

T

sup E,, [VZ — BT] ,

where E,, is the conditional expectation given Vy = vg. The
optimum policy to (17) is obtained in the following Lemma:
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Lemma 3: If 0 < B < o2, then the solution to minimize
(17) has a threshold property, i.e.,

Wi =w(Op,;B) :=inf{t >0:|0p, ++| > v(B)}, (18)
where )
o o
= —G! () , 19
and G71(-) is the inverse function of
G(z) = L/ e~"dt, x € 0,00). (20)
T Jo

The proof of Lemma 3 is provided in Appendix D.

Since [21, Theorem 6] has proven the strong duality of
Problem 3, ie., p* = max,min/L(m, A). For notational
simplicity, let o(83) and I(S) denote the expected estimation
error and frame length by using threshold £, i.e.,

O(ﬂ) ::E[O%—&-w(OD;ﬁ)]?
1(B)

:=E[D + w(Op; B)].
by substituting Op, 4, With (Xg, 10 — XRk+w) in (18), the
optimal sampling time Si41 = Ry + W), to Problem 3 is as
follows:
Lemma 4: [21, Theorem 2 Restated] The optimal solution
to Problem 1 is:

(21a)
21b)

Spp1 = inf{t > Ry ¢ | X — Xo| > v(a* — M)},

where v(-) is defined in (19), A\* = argsup, £(m, \) is
the dual optimizer, and «* is the solution to the following
equation:

0 =gx«(a) :=o(a — X*) — al(a — \), (22)

v&zhere we recall that o(f) = E[O%JFM(OD;B)] =E[(Xs,,, —
Xs, +1)2] is the expected squared estimation error by using
threshold 8, and I(8) = E[D 4+ w(Op; B)] is the expected
framelength.

Remark 1: If the frequency constraint is inactive, then
according to the complementary slackness, we have \* = 0,
and the threshold becomes v(a*). Otherwise, the optimal
o — A* < o*. Then according to (19), the sampling threshold
is larger than v(a*) to satisfy the sampling frequency con-
straint.

Remark 2: In [21, Theorem 2], the optimum sampling
threshold to minimize the MSE is

, o 1 {mses —msep
=—=G _— 23
'U(/B ) \/é ( msen, — /B/ ) ) ( )
where
2 o’
o = E[OZ.] = —; 24
mse [0Z] o7 (242)
o2
msep = B[03,] = TE[1 e P (4b)
The optimum sampling threshold 1is taken when

B’ = mmse + X, ie.,

o(#) = 26! -
\/5 (%; - mmse) E[eggeD] - )\/]E[eggé’D]
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Algorithm 1 Online learning sampling algorithm

1: Parameters: V.

2: Imitialization: o; =0, Uy = 0.

3: for k=1,2,---, K do

4: Set A\, = %U k-

5: According to the last sampling generation time Sy and
delay Dy, choose the waiting time W, as

Wi

=inf{w > 0: | XRg, 4w — XRk+w| > v((ag — )\k)+)}-

6:  Update ay:

Qb

a1 = (o + (07, — ceLy)) o,

where
OLk = Xsk+1 - XSk+17 (26)
Ly = D + Wy 27
7. Update Uy:
1 +
Uk+1 = <Uk + [ Lk) .
max
8: end for
@ 9 o1 0—2 (25)
\/a ar — )\’E[egigw] ’

where (a) holds by (8). Comparing (25) with (19), we find the
conclusions coincide.

C. Online Algorithm

Notice that the optimal sampling in Section III-B is deter-
mined by a* — A* through (19). However, when the channel
statistics Pp is unknown, o* and A\* are unknown, making
direct computation of v(a* — A*) impossible. To overcome
the challenge, we propose an online learning algorithm to
approximate these two parameters a* and A\* respectively.

Notice that «o* is the solution to (22) when A\ = \*.
This motivates us to approximate a* using the Robbins-
Monro algorithm [38] for stochastic approximation. For A\*, we
construct a virtual queue Uy, to record the cumulative sampling
constraint violation up to frame k.

As concluded in Algorithm 1, the proposed algorithm con-
sists of two parts: Sampling (step 5) and updating (step 6
and 7). For the sampling step, the algorithm uses the current
estimation «y and A to compute the threshold, i.e.,

Wi = inf{w > 0: | XR, 4w — Xrptw| > v((ax — M) ")}
(28)

where (-)T = max{-,0}. After sample (k + 1) is taken at
time Ry + Wi, we can compute the instant estimation error
Or, = Xs,., _XSk+1 and the frame length L, := D +W;.
According to (4), Oy, is an instance of Op y(0p;a—x) When
A=A, and o = ay,.

We then update ayjy; according to the Robbins-Monro
algorithm:

apr1 = (ag + (07, — o Ly))ow, (29)

where (z)% is the projection of z onto the interval [a, b]; ajp

and oy are the lower and upper bound of a* defined in (11)
and (12); ny is the step size, which can be chosen as

L

— ) 2Dy’

e = 1b1
(k+2)Dy,?

For estimating \*, we construct a virtual queue U which
evolves as

k=1
k>2.

1 +
U1 = (Uk 4+ — - Lk) .
f max

Then Ay = Ug/V, where V > 0 is the hyper-parameter.
Notice that 1/ fmax — Ly, is the violation of sampling constraint
in frame k. Therefore U}, can be interpreted as the cumulative
violation up to frame k. The Algorithm 1 attempts to stabilize
U to satisfy the sampling frequency constraint.

Remark 3: In (28), we choose (ay — A\i)" to ensure the
positive input for v(-). We should also avoid the estimation
oy, — A\, to be zero, which will make the threshold v to be
infinite. This requires the algorithm cannot choose V' to be too
small. Also in practice one can set an arbitrarily small positive
value 7 > 0 as a lower bound for o, — Ag to avoid the infinite
threshold.

IV. THEORETICAL ANALYSIS

In this section, we analyze the convergence and optimality
of Algorithm 1.

Assumption 2: The second moment of delay Dy, is bounded,
fa 1
ie.,

0 < My, <Ep,[D}] < My, < 0. (30a)

First, we assume that there is no sampling frequency con-
straint, i.e., fynax = 00 and thus A = 0. Finally, we will prove
that in general case fmax < 00, Algorithm 1 will still satisty
the constraint. Sr1 o

Theorem 1: The time average MSE W of the
proposed online learning algorithm converges "to mmse with
probability 1, i.e.,

Sk+1 > \2
X; — X;)“dt
fo ( i t) L mmse.

31
Skt1 1)

0
E[Sk+1] denote the expected cumulative MSE regret up to the

(k + 1)th sample. We can upper bound R, as follows:
E[e=2¢P] C
20 D}
where C' is a constant independent of & and is defined (42).
The proof of Theorem 1 and Theorem 2 are provided in
Appendix E and Appendix F, respectively.

Now we consider the sampling frequency constraint. Here
we assume that the constraint is feasible, i.e.,

Theorem 2: Let Ry, := E [fs’““(Xt — Xt)2dt} — mmse -

Ink, (32)

IThe assumptions is presented here mainly for theoretical analysis. In
fact the proposed algorithm discussed in Section III-C does not need the
assumption.
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Assumption 3: There exists a constant ¢ > 0, and a
stationary sampling policy 7. satisfies

E [Dk + W; ] > 1
fmax
where the expectation is taken over the channel statistics and
the policy ..
Theorem 3: Under Algorithm 1, the sampling frequency
constraint can be satisfied, i.e.,

+e (33)

K

% Z(Dk + Wk)

k=1

>

lim infE (34)
K—oo

max

The proof of Theorem 3 is provided in Appendix H.

V. SIMULATION RESULTS

In this section, we provide some simulation results to
demonstrate the performance of our proposed algorithm. The
parameters of the monitored OU process are 0 = 1,0 = 0.2,
and i = 3. The channel delay follows the log-normal distri-
bution with up = op = 1. The expected MSE is computed
by taking the average of 100 simulation runs for K = 10%
packet transmission frames.

A. Without a Sampling Frequency Constraint

First, we consider the case with no frequency constraint,
i.e., fmax = 00. We compare the MSE performance using the
following policies:

o Zero-Wait Policy 7,,: Take a new sample immediately
after the reception of the ACK of the last sample, i.e.,
Wy = 0.

« Signal-Aware MSE Optimum Policy 7*: Signal aware
MSE optimum policy when Pp is known [21].

« Signal-Agnostic Aol Minimum Policy 7a.r: Signal
agnostic sampling policy for Aol minimization [6].

o Proposed Online Policy 7 njine: Described in Algo-
rithm 1.

The estimation performance is depicted in Fig. 3. From
Fig. 3, we can verify that the expected MSE performance
of the proposed policy 7Tonline converges to the optimum
policy 7*, and achieves a smaller MSE performance compared
with the signal-agnostic Aol minimum sampling and zero-wait
policy. Previous work [21] has shown that the zero-wait policy
is far from optimality when the channel delay is heavy tail.
For the Aol optimal policy, while [20] reveals the relationship
between average Aol and estimation error for the Wiener
process, it is sub-optimal for MSE optimization of the OU
process, even worse than the zero-wait policy.

Next, we consider the estimation of the threshold
v(a* — A\*). Obviously, the fast and accurate estimation of the
threshold is the necessary condition for the convergence of
MSE performance. As depicted in Fig. 4, the proposed algo-
rithm can approximate the optimal threshold as the time goes
to infinity. Besides, the variance of the threshold estimation
will also become small, which guarantees the convergence of
MSE.
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B. With A Sampling Frequency Constraint

In this part, we depict the simulation results when a sam-
pling constraint exists. The parameters of the system are the
same as in Fig. 3, and we set finax = 0.02. In other words, the
minimum average frame length 1/ fi.x = 50. Notice that now
the zero-wait policy does not satisfy the sampling constraint.
Therefore, we consider a frequency conservative policy Treq,
which selects W, as

k k—1
W = max - Ly — Dy, 05 .
{fmax Z }

k'=1

We set the parameter V' = 500 and depict the MSE
performance and average frame length in Fig. 5 and Fig. 6.
These two figures verify that the proposed algorithm can also
approximate the lower bound while satisfying the frequency
constraint.

Finally, we investigate the impact of V on the MSE
performance and average frame length. We choose three
different values of V' = {300,500,800} and compare the
MSE performance and average frame length, as depicted in
Figs. 7(a) and 7(b) respectively. Generally speaking, the MSE
performance of proposed algorithm with different V' can all
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Fig. 6. Average frame length under frequency constraint fmax = 0.02.

converge to the optimal MMSE, and the average inter-update
interval of the proposed algorithms are near the frequency
constraint. Notice that V' is a hyper parameter controlling the
estimation of the Lagrange multiplier. A larger V indicates
less emphasis on the frequency constraint. By using a larger
V' = 800, the algorithm will take a longer time to converge
to the sampling frequency constraint. Since for ¢ < 8000
the sampling frequency of the algorithm slightly violates the
sampling frequency constraint, the MSE is smaller.

VI. CONCLUSION

In this work, we studied the sampling policy for remote esti-
mation of an OU process through a channel with transmission
delay. We aim at designing an online sampling policy that can
minimize the mean square error when the delay distribution is
unknown. Finding the MSE minimum sampling policy can be
reformulated into an optimal stopping problem, we proposed
a stochastic approximation algorithm to learn the optimum
stopping threshold adaptively. We prove that, after taking k
samples, the cumulative MSE regret of our proposed algorithm
grows with rate O(In k), and the expected time-averaged MSE
of our proposed algorithm converges to the minimum MSE
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Fig. 7. MSE performance and average frame length with different parameter

almost surely. Numerical simulation validates the superiority
and convergence performance of the proposed algorithm.
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APPENDIX A
LEMMAS AND NOTATIONS

First, we state the auxiliary lemmas and corollaries that will
be used in the following proofs. Proofs for these lemmas and
corollaries are provided in

Lemma 5: [21, Lemma 1 Restated]
E[Dk + Wk}
= E[Dy] + E[max{R; (v((ar — Ax)™)) = R1(|Op, ), 0}],
(35)
where
2 3 0
R]_(U) = 22F2 (17172727 2U2) ) (368')
3 > 2™"nln! 2"
2F2 (1’ L 272“) =2 CESNIC EE IR TR

Moreover, since R;(-) is a monotonically increasing function,
v(B) = o/VIGT' (0?/8) and G(z) = €* Jx [y eV dt
is monotonic increasing, we have R;(v(«)) is monotically
decreasing.

Corollary 1: Recall that function I(3) = E[D + w(Op; B)]
is the expected framelength when using sampling threshold
v(3). When there is no sampling frequency constraint and
A = 0, function [(«) has the following property:

l(e) — ()| < Nla —a”], (37)

where N = maxX,efay,ay] [R1(v(@))v ()| is a constant
independent of a.
The proof is provided in Appendix I-A

Lemma 6: Recall that E[D] < Dy, and E[D?] < M,; and
«ay, is truncated into interval oy, aup] using Lemma 2, when
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there is no sampling frequency constraint and A; = 0, we have
the following bounds for each frame k:

0.2

<E[0} ] <—;
0< [OLk] <20, (38a)
30
4 .
0 <E[OL,] <702 (38b)
2
0 < E[Lg] <Dy + (315) eatvem)” & L, (38¢)

( b)2 9v(a1h)2
0 < E[L2] <My + 2Dy o) 28

2v(
* U:?’lb V 5672”(%)2 2 Lu.  (38d)

The proof of Lemma 6 is provided in Appendix I-B.

Lemma 7: For fixed A, function gy(a) = olaw — A) —
al(a—A) is continuous, monotonically decreasing and convex.
Moreover, there exists a constant N so that function go(«)

gola) > —l(a®)(a — a*) + N(a — a*)?, (392)
lgo(@)] < ()| — a¥. (39b)
Proof for Lemma 7 is provided in Appendix I-C.

Theorem 4: The estimation oy, computed in Algorithm 1
can converge to o* with probability 1, and we have

C 1
E[(ar —a*)?] < —5 ~O | = 40
(-0 < o ~0(3). @0
where C' is a constant independent of k, i.e.,
0_492 o2, (Muy + 2Dy (O‘“’) e @)
2 3
How) \/j st rien) )- “2)

The proof of Theorem 4 is the same as [39, Lemma 6].

APPENDIX B
PROOF OF LEMMA 1

The ultimate goal is to rewrite the averaged MMSE (5a)
obtained by a stationary policy as the time-averaged cost of
each frame. The waiting time W}, set by any stationary policy
7 can be viewed as a stopping time. The information, i.e., tuple
{(Dg,As,,,)} is a regenerative sequence as the instant esti-
mation error Ay, t > Si + Dy, is an OU process starting from
time ¢t = Sj. Therefore, for stationary pohcy, the cumulative
estimation error in frame k, i.e., Ej := fsk“ (X; — Xt)zdt
and Ly := Sky1 — Sj are generative random processes. Then
according the renewal-reward theory [40], both the average

cumulative MSE in each frame {+E {ZkK:I Ek}} and the

average frame-length {+E {Zszl Lk] } have limits. Then
according to the renewal reward theory [40], the time averaged
MMSE can be computed by:

T N2
/t:O (thxt) dt]
ZszlE[ SX, - Xt)th}
S E[(Skr1 — Sk)]

1
limsup =E

T—o0

=lim sup
K—oo

(43)

Then to compute the average cost in each frame k, we
introduce the following properties of the stopping time of an
OU process:

Lemma 8 (Lemma 5, [21] Restated): Let O; be an OU
process with initial state zero and parameter p = 0, and 7
is a stopping time with E[7] < oo, the integral of O? from 0
to ¢t can be computed by

E /TOth =K o _702
o T 297

We then proceed to compute the expected cumulative error
of stationary policy 7 using Lemma 8. Notice that the interval
[Sk, Sk+1) can then be divided into two intervals [Sy, Sk +Dy)
and [Sk+ Dg, S+ Dy +Wy). The cumulative estimation error
during [Sk, Sk + Dy) can be computed as follows:

Sk+Dy .
/ (X; — Xy)%dt
Sk

Sk—1+Dg—1+Wg_1+Dg .
_E / (X, — X,)2dt
S

(44)

E

k—1
[ Sk—1+Dr—1+Wi_1 R

—-FE / (X, — X;)%dt
|/ Sk—1
2

(a) (o} 1

E |:29 (Dk*1 + Wi + Dk) - 2902Dk1+Wk1+Dk:|
0'2 2

-E % (D1 4+ Wg_1) — 290D,€71+W,€,1 ; (45)

where (a) is because during interval [Sy, Si, + Dy ), the instant
X, — X, from (4) is equivalent to an OU process starting from
time ¢ = Si_1, and the cumulative MSE can be computed by
Lemma 8. Notice that the delay distribution Dy, is independent
of Op, _,+w,_,. Therefore,

E |:O2Dk—1+wk—1+Dk:|

2
(ODlierleeDk + \;;foEODkWezepk_l> ‘|

2
2 —20D o —20D
= E[ODk71+Wk71]E[6 k] + %E [1 — € k} . (46)
Plugging (46) into (45), we have:
Sk+Dk R
E / (X; — X;)2dt
Sk
2
=K [29 (D1 + Wiy +Dk):|
ElO E[e—20Dk o? E[1 —20D;,
_%[Dkl-i-wkl] [6 ]_@ [—6 ]
2
_E|:29 (Dg—1 + Wi_q) — 290Dk W 1:|, @7
Similarly, the second part of the cumulative MSE, i.e., the

cumulative MSE during interval [Sy + Dy, Sk + Dy + Wy)
can be computed by

Sk+Dp+Wy R
E / (X, — X,)%dt
Sk+Dy,
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Sk+Dp+Wjg .
=FE / (X; — X;)%dt
Sk

Sk+Dy, R
/ (X; — Xy)%dt
Sk

(®)
=E [20 (Dr + Wy) — 2002Dk+Wk:|

o2
—E | =Dy O
{20 20 Dk] ’
where (b) is obtained because the instant estimation error X;—
X, t > Sk+Dy is an OU process starting at time Sy, according
to (4).
By summing up (47) and (48), we are able to compute the
expected cumulative error for stationary policy 7:

E[Ey] =E l/jw (X, — Xt)th]

o2
E[ (Dg—1 + Wi 1+Dk)}

—-E

(48)

20
1 —20Dy, o’ —20Dy,
29 [ODk 1+ Wi 1]E[e } — @E [1 —e ]
2
_E _29 (Dg—1 +Wi—q) — 290123k1+Wk1]
2 2
+E |55 (De+Wi) - QQODIH-Wk
:02 )
—E 2—0Dk — O%k:|
(o)
=F {QG(D’“ 1+ Wi 1)} 29]]5 (03, ]
1 2 —20Dy, o’ —20Dy,
o %]E[ODk71+Wk71]E[e ] - @]E [1 —e ]
@ . [o? 1 .
D8 (2 (Ds+ Wa)] - OB, o B
49)

where equality (c) is obtained because the transmission delay
Dy, is i.1.d., and therefore

1
E |:29 (Dk 1+ Wk 1) 2902Dk1+Wk1:|

2
-k {26 (Dy, + Wy) — o O%k +Wk} . (50)

and equality (d) is because:

E 02 — 0-72]E 1— —260Dy,
(0%, = ZE[L - e 2024

Finally, plugging (49) into (43), we have, with probability
1, the time-averaged MSE can be computed by:

/t :(Xt - Xt)2dt1

Zzlle (E {%;(Dk—l + kal)}>

S E[Dy + Wil
Zk 1 216E[0Dk Wi 1]E[€720D'“]
Yoien E[Dx + Wi]

1
limsup =E

T—o0

= lim sup
K—oo

679

Ele—20Dk K mio2 2
- _ [e } « lim Zk 1 [ Dk+Wk:| + 1 (51)
26 K—00 Zk LE[Dy, + W] 20

Notice that optimal value of LHS of (51) is indeed mmse.
Therefore, the problem is equivalent to

mmse
— . K 2
= inf _L[e 0] X lim L1 [OD’“+W’“] 0—2
well, 20 K—o00 Zk . [Dk +Wk] 20

Denote o* = (0%/20 — mmse) 26 /E[e~20P*]. Rearranging
the terms yields

£ bl
[Dk + Wk]

a* =

K
sup lim Lt

52
rell, K—oo E ( )

According to [21], we have mmse < o2 /20. Therefore,
a* > 0.

APPENDIX C
PROOF OF LEMMA 2
Notice that
1

E[Dk + W] > f .

+c>

1
fmax

This means W is a fixed and feasible waiting solution to
the problem. Then according to (6a), we have

2
o > [OD—&-W]
TED+W]
First we bound E[D + W] < Dy, + W. Next we bound
2
E[02, ] as
2
2 1_9" —20(D+W)
E[0%, ] =25 (1 - El )
@q? 20W
Yo’ _
=20 (1 ‘ ) ’

where (a) holds since D > 0 and e~ 7 is decreasing. Combin-
ing the above two terms we have

02(1 . 6—29W)

N 29<l)ub + W)

*

= p-

For the upper bound, according to [21], we have

2

o
> = —E[l —
mmse > msep T [

729D]. (53)

Plugging (53) into (8) yields
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APPENDIX D
PROOF OF LEMMA 3

To solve the problem, From general optimal stopping theory
[41, Chapter 1], we know that the following stopping time
should be optimal:

T =1inf{t > 0: V3] > v}, (54)

where v, is the optimal stopping threshold to be found.
We solve (17) by the free-boundary approach [41]. To find
the v,, we solve the following free boundary problem:

2
TH'(0) = 0uH'(v) = B, v e (—vv),  (55)
H(+v,) = v2, (55b)
H'(+v,) = +2v,. (55¢)
where H (v) is the value function of (17).
Let S(v) = H'(v), (55a) implies:
20v 273
S'(v) = ?S(U) =3 (56)
Multiplying e=9°/* on both sides of (56), we have:
7i’[)2 2ﬂ 7*’U2
[Sw)e™ "] = —5e7 = (57)
Then
Y2
S@k*%fzca+/jiz‘%fmh (58)
o O

where C is a constant so that S(+v,) satisfy (55c). Denote

2 r 2
erf(x :—/ et dt. (59)
(=) VT Jo
Then,
07 268 |7 o Vo
S(v)e o Cl“!‘? Zﬁerf <07}>
—o 4 ﬂmf<V@v> (60)
0 o
Therefore, we have:
o) = S(0) = Cree? 1+ B [T otevterg (VP
H'(v) = S(v) = Che- Jra\/;ea erf<0v>
0,2 25 Vo
=(Ches?V + —F | —v|, ve(~v,v,), (61
1 i (U > (0., 0), (6D

where F(z) = e’ Iy e~ dt. Consider that H'(v) is odd but
/0% s even, we have C7 = 0. Therefore:

2 (Vo
= U—\/gF (UU>.

Plugging (62) into the boundary condition (55c), we have:

ﬁF (ﬂv ) = 20,.

H'(v) (62)

7 U (63)

Multiplying v/6/o on both sides of (63), we have:

EF (ﬂv*> = ?v*. (64)

o2 o

Finally, denote G(z) = F'(x)/z. the optimum threshold v,
can be obtained by:
0
2 <f> .
o

Therefore, we have

(65)

APPENDIX E
PROOF OF THEOREM 1

According to Lemma 6, since «y and E[L] is bounded
by a function of «, to show that the average MSE
(1/Sk+1) OS’““(Xt — X,)2dt converges to mmse, it is then
suffice to show that sequence

1 Sk+1 R
gk = % / (Xt — Xt)2dt — mmse X Sk+1 (66)
0

converges to 0 almost surely.

Our proof is based on the perturbed ODE approach [42,
Chapter 7] for analyzing stochastic approximation. To use the
ODE approach, first we need to rewrite & in recursive form
as follows:

S K
& =— (/ (X; — X;)?dt — mmse x Sy,
0

Sk41 .
+/ (X; — X;)?dt — mmse x Ly,
s

k

@l
= k(k ék—1

1 Sk41 .
+ T / (X — Xt)th — mmse X L
S

k

1 Sk+1 N
=&k—1+ T k1 +/ (X — Xt)zdt —mmse X Ly |,
Sk

=:Gyg
(67)

where (a) is from the definition of £_; in (66). In (67), 1/k
can be viewed as a step-size of updating £, and Gy, is the
updating direction. We can further decompose G, as follows:

Gy

Sk+Dy ~
:7&4+/ (X — Xy)%dt
S

k

Sk+Drp+Wy R
—|—/ (X — Xt)th — mmse X Ly,
Sk+Dy,

Sk+Dk R
:_@4+/ (X, — X;)%dt
s

k
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Sk+Dr+Wy 2 —20D
; o? Ele ]
L

Sk+Dk )
= &1 +/S OLk—nL(t*Sk)dt

k

=G

20 20

OZ*) X Lk

1-— E[e’ZeD] .
- —gk_1 + T (O%k71 — l(Oék_l))
1

~ 5 (0lar) — axl(ax)) + % (a*l(ok—1) — arl(ow))
E[efz()D]

+ Ta*(l(ak) — l(ak—l))

Sk41 0_2 E 6—29D _ . i B
+[5 D O%H(t(skwk))dt_( Ha*) x Ly = ~8k=1 5 (o) —awl(aw))
k+Dp

=G 2 =:Gg,3

(68)

Let Eix[] £ E[|Hx_1] be the conditional probabil-
ity given historical information Hj_;. Then according to

(47), since the transmission delay Dj is independent of

Orn,_, =Xs, — ng, the conditional expectation E[G 1] can
be computed by:

Sk+Dyg R
Eg[Gra] = E / (X, — X)2dt| My
S

k

=E ka L Lo (1 —E[e "))
20 20 Frt

0.2

462
Similarly, through (48), the conditional expectation of the
G2 can be computed by:

E[1-e?P], (69)

Sk+Dp+Wj .
Ex[Gro] = E V (X, — Xt)2dt|Hk1]
S

k+Di
o? 1, 1 5
=E; {%Wk — 290Lk:| + Eg {%ODJ . (70)

And the conditional expectation of G, 3 can be computed
by:
0.2 E[e—ZQD]

Ei[Gr3] = ( -

2 2 Oz*> Ek[Lk}. (71)

From (69)—(71), we can compute the conditional expectation
of Ek [Gk] byZ

Ex[Gi]
b 2 1 _
L +%+ %O%k_l (1 —E[e "))
Bt 2D

o? 1 1
+Ek{ 7 kﬁoik} +E/k%
o E[e—20P
- (i% - [29]04*> B[ L]

= &1+ ! E2[69720D] o1, , - ]E2[69720D]04*l(04k—1)
— 55 (BL[0F,] — oy [Ly))
#jgmav(%_l)
- 2*1004191["3/@@1@] + E%ZGD]Q*E% [L4]

_ —260D
+ 1 ]E[S } (02

— o(ak_1)>

(72)

B.5

where (b) is obtained because E [5;0%, | = 2 E[1—e20D)
by (24b). Terms fj 1, - - -, Bk,5 can be viewed as the bias terms
in the ODE. Denote d M}, := Gj, — Ex[G}] be the difference
between the actual update and the conditional expectation, and
define function:

1
f(60) = =€ = 35 (o(@) —al(@)).  (73)
Plugging (72) into (67), we have:
1 5
=81+ | fE-non) +)_ Bry+ My | (74)

j=1

Denote top = 0 and ¢, := Zf;& (1/4) to be the cumulative
step-size sequences. Select m(t) € N7 to be the largest integer
so that t,,4) < t. To show that the ODE (74) converges
to 0 with almost surely, we will then verify the following
statements, whose proof are provided in Appendix G:

Lemma 9: The updating steps {G} and the difference
sequence {dM},} have the following properties:

(a) For each constant N, the expectation E[|G I (¢, <]
is bounded for each £, i.e.,

Sup B[ G,y <)) < oo (75)
(b) Function f(, «) is continuous in ¢ for each a.
(¢) For any running time 7', the following limit holds for
all £ and > O:

m(jT+t)—1 1
. ! ) — Y| >
i Pr | sup ma | ;T) S(f(& ) = f(&,a7)| 2 p
= i=m(j

=0.
(d) The difference sequence My, = Gy — Ei[Gy] satisfies:

>u> =0..

J

> %5MZ~

i=k

lim Pr | sup max
k—o0 >k 0<t<T
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(e) The sum of the bias terms defined in (72) satisfies:

m(jT+t)—1 5

> }: ~Bip| Z i) =0. (76)

zm]T)bl

lim Pr

Sup max
k—o0

>k 0<t<T

(f) Function f(£, «) can be decomposed into the sum of
function of £ and a function of «, i.e.,

f(6.0) = €~ 5500(0). )
Since go(a*) = 0, we have —¢ = f(€, o*). Moreover,
mT) =1
leIEOPr 5121171) ig(:ﬁ) |290(04i)| >z up) =0 (78)
(g) For each &, &', function f(&, «) satisfies:
[f(&a) = f( ) =[E=¢ (79

Finally, according to [42, p. 166, Theorem 1.1], sequence {&;}
converges to some limits of the ODE:

£=f(&a*) =-¢

Since function f(-,«*) is monotonically decreasing, £ = 0
is the unique equilibrium point of the ODE (80). Therefore,
&, converges to 0 almost surely, and the time-averaged MSE
converges to the mmse with probability 1.

(80)

APPENDIX F
PROOF OF THEOREM 2

The cumulative regret, i.e., the difference between the ex-
pected cumulative MSE using the online algorithm compared
with the MSE optimum sampling up to sample (K + 1) can
be upper bounded as follows:

Sk+41 .
Ry =E / (X; — X;)?dt| — mmse x E[Sk1]
0

6—20Dk
@ _ Ele " <ZE Obysw] >
+ (mses — mmse) x (Z E[Lk]>
k=1

F[e—20D K
(:b)% X <_ Z (E[OQDk‘f'Wk] - OfE[Lk])) ’
k=1 81

where (a) is obtained by (51) and mse., = 02/26, and (b)
is obtained by substituting mse,, — mmse = o*E[e~2/P] /20
from (8).

Then to further bound the cumulative regret computed by
(81), let W7 be the waiting time selected by using parameter
a* (i.e., the MSE minimum sampling policy). Then it is suffice
to upper bound each term —E[O3, ;. | + o*E[L;] for each
k as follows:

E[O%k-,Jer - a*Lk}

= —E[0}, 1w, — arLi] — E[(as, — o*)Ly]

(0) N
o Ly

o L)

— E[(ar — o) Ly]
= “E[0%, ;w: — a*Li] — El(a — a*)(I(ar) — (a"))]
D _E[(ar — a*)(U(ax) — U(a*)]

| Ry (v(a))v' ()] %

[OD +WrE

(e)
< max
€ o, o]

lag — ™. (82)
where (c) is because Wj, is the optimum policy that mini-
mizes —E[O%, ] + axE[Dy + w] and therefore we have
—-E[0}, +w, oszk] < E[Opk+w* a*L7]; (d) is because
[O%kJrW* —a*Li] =0 by (22); (e ) is from Corollary 1.
Finally, pluggmg (82) into (81) for each term k, the cumu-
lative regret R x can be bounded, i.e.,

() E[e~2¢P
Ry DEE

max

K
C
— - X R
29 <k‘z_:l D12b OéE[alb,Oéub]
E[6720D] C
<=
- 20

|R;<v<a>>v'<a>|,1€>

| R (v(a))v' ()| In(K + 1),
(83)

max
le a€laup, o)

where (f) is obtained by Theorem 4.

APPENDIX G
PROOF OF LEMMA 9

We will verify each statement in Lemma 9 respectively:
(a) By substituting Gj, with (68), we can upper bound
E[|Gk|L(je,_,j<n)] as follows:

E[lGrlLje,_, 1<)

E“&V*l UI(\Ek—ﬂSN] +E

Sk+1 .
/ (X; — X;)%dt
t=Sk

The first term E[|§k*1|ﬂ(|fk71\§N] < N < oo is
bounded. Then notice that E[Lj] is bounded by Lemma 6
and mmse < mse,,, the third term mmseE[L;] is also
bounded. It then remains to show that the second term
E [fsk“ (X: — Xt)th} is bounded. According to (49), the
expectation of the second term can be computed by:

+ mmseE[Ly]. (84)

Sk+1 R
E / (X — X;)%dt
S

k

:E{;Lk_l} SGEOF, JEeP. (8s)

Since ay c [cup, yy] is  bounded and function
l(ag—1) = E[Lg_1], o(ag_1) = E[O} _ ] are both bounded
for « € [ap, aup), the expectation of the second term
E[fsik“(Xt — X,)2dt] is also bounded. This verifies
statement (a).

(b) Function f({,a) <can be decoupled into
=—-£—1/20 X go(a) and is thus continuous in & for
each a.

To proceed with the proof of statement (c) — (f), we
re-state the following lemma, whose proof is provided in
[34, Appendix G]
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Let {vrp} be a
limg o0 Pr (suijk ‘Zg:k %wzl > M) =
of the following condition is satisfied:

Lemma  10: sequence. Then

0 holds if one

(1) 1 is a martingale sequence and its second order moment
is bounded, i.e., Egx[tx] = 0,sup, E[¢)7] < oco. The
correlation between each (k,k’),k # k' pair satisfies:
E[rtpp] = 0.

(2) E[lyx|] = O(k™¢),e > 0.

(c) According to Lemma 7, since go(«) is monotonic decreas-

ing and convex, the difference |go() — go(’)| < Ni|a—d/|.

Therefore,
1
I£(& ar) = (& ™)l = olg0(ar) — gola”)]
Ny
< Lag — a*|.
< g lon — o’ (86)
Therefore, the expectation of f(&, ax) — f(§,a*) can be
upper bounded by:
[f(£7ak) f(f,a* ] <E |ak —aF
(a) N,

VEl(r, — a7 2 Nl 20\| D2 \/7 (87)
Ib

where equality (a) is by Cauchy-Schwartz inequality and
equality (b) is from Theorem 4. Since term f(&, ax)— f (€, ™)
satisfies condition 2 in Lemma 10, statement (c) is verified.

(d) Denote 6 My, ; := Gy, j — E;[Gy ;]. Since G, = G 1 +
Gj,2 — Gi,3, the difference term dM) = dMy 1 + My 2 —
0 My, 5 also consists of three parts. By the union bound,

71

> Lo ZM)
i—k ) 1
;g(le}p

Therefore, to show that statement (d) is satisfied, it is suffice
to show that each term 6 M, ,,, p = 1, 2, 3 satisfies condition (1)
in Lemma 10.

Notice that for fixed Op, ,, the first difference term
OMg1 = Gri1 — Eg[Gk,1] depends only on Dy and the
OU process evolution during [S,Sr + D). Therefore,
E[6My 1] = 0 and E[d My 10My 1] = 0,Vk # k' due to the
independence of Dy, and Dy. Then, notice that Var(0 M}, 1) <
E[éM,il] < E[G%)l}. To show that Var(6Mj 1) < oo is
bounded, it is suffice to show E[Gi,ﬁ is bounded, which is
shown as follows:

B[G2,
Sk+Dk ) 2
/tS OLk—lJr(t*Sk)dt
=Sk

(b) Sk+Dy
t=S5}

Sk+Dy o2 2
Dk/ 3 (29(1 — 629(Lk_1+(t5k)))> dt
t=Sk

_29

lim Pr | sup max
k—o0 j>k 0<t<T

> u/3) . (88)

3
< E nn Pr | sup max
— ]>k0 t<T

683

o2\

<3D .
3Dup (29> (39)
where (b) is by Cauchy-Schwartz inequality; inequality (c)
is from (103). Since dMjy; meets the first condition in

Lemma 10, we have:
J
1 1
D Z0Miy > op ) =0. (90
Pl 3

sequence 6Mjyo and 6Mj 3 only

transmission delay Dy and the
OU process evolution in frame k. Using similar
methods, it can be shown that sequences {0Mj 2}
and {0Mj 3} satisfy condition 1 in Lemma 10. Since

limy, o Pr (sup;> ), maxo<i<r ‘Zz kg 6M > 3”’) =0
holds for p = 1, 2, 3, plugging into (88) verlﬁes statement (d).
(e) Through the union bound, we have:
)

J 1 5
Zk =D Bip
> u/5> 1)

hm Pr [ sup max
—00 i>k 0<t<T

The
depends on

difference
the

Pr (Sup max
0<t<T
j>k b:1

<> (s [ 192

To show that statement (e) holds, it is suffice to show that
each of the bias term satisfy:

m(jT+t)—1

>

i=m(jT)

1

lim Pr =6Bip| > p/5 ] =0,
i

Sup max
k—o0

>k 0<t<T
Vp. (92)

the second condition in Lemma 10. We will then upper bound
the expectation of each bias term E[5y ,], respectively.

The first bias term satisfies E[8;1] = 0 and is hence a
martingale sequence. We can bound E[37 ] by:

E[; 1] = Var[By.1]
= Var [(1 — E;;QQD] 07, , - O(Oék—l))ﬂ

B 1 — E[e=2%P)

<2 (1_%6929[)}>2E [O%kfl + o(ak_l)ﬂ .

Then according to Lemma 6, E[Li_l] < oo and
Elo(ar-1)*] = E[O7, > < oo, term [ satisfies Con-
dition 1, Lemma 10. Therefore, (92) holds for p = 1. The
expectation of the second bias term ) 2 can be upper bounded
by:

93)

E [ B,2]]
_ E[e—20D
- %EHO(O%*I) — " l(o—-1)]]
_ R[e—20D
- #0] (Eflo(ak—1) — ag—1l(ar-1)|]

+ E[(ag—1 — a)l(ag_1)])

< Y E[Nl X

k-1 — 7]
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1 —E[e20D

%l(alb)ﬁ,ﬂak_l —a”]. (94)
Recall that by Theorem 4, E[lar—; — a*]] <
E[(ar_1 — a*)?] = O(1/vVk), (94) implies

E[|Br.1]] = O(1/Vk) and satisfies Lemma 10 condition 2.
Equation (92) holds for p = 2.

We then proceed to upper bound the expectation of of the
third bias term by:

Ellall = E | 350*tloar) = o)

< Lo (Elak) ~ 1"} + E[l(os) ~ La")])

@ 1
< 55" N (Ellogr - *[| + Efla — o*)
1
< 550N (VE[ar—1 = a*P] + VE[oi - o*7])
= O(k~?). (95)

where inequality (d) is obtained by Corollary 1. Therefore,
Br,2 also satisfies the Condition 2 in Lemma 10 and (92) holds
for p = 2. Since term oy € [, Qup), We can show that
Bk,3, Bk,4, Br,5 satisfy Condition 2 Lemma 10 and thus (92)
also holds for p = 3 ~ 5. Considering that (92) holds for
p = 1 ~ 5, through the union bound (91), we show that
statement (e) holds.

(f) According to the convexity of function go(-) from (39b)
Lemma 7, we have |go(c) —go(a*)| < Ni|a—a*|. Therefore,

we can upper bound the expected value of %:GD] go(ax)
as follows:
1 — E[e=20P]
E H TQO (ak)

<E Hl_]E;%D}Nl(a* ~ )

<O(1/Vk). }

This verifies Condition 2 in Lemma 10 and therefore verifies
statement (f).

(96)

APPENDIX H
PROOF OF THEOREM 3

Recall that the sampling debt queue U}, evolves as

1 +
— Ly, .
fmax k>

According to [43], in order to satisfy the sampling constraint,
it is sufficient to prove that

Uk+1 = (Uk +

K
lim sup % ZE[Uk] < 00.

K—oo 1

Here we adopt the Lyapunov drift-plus-penalty method to
prove the stability of Uj. Define the Lyapunov function as

1
L(Uy) = iU,f, (97)
and the Lyapunov drift is defined by
A(Uk) = E[L(Uk+1) — L(Uk)|Ug]- (98)

First we upper bound UZ_ :

1 2
Ui, = {max{Uk + —— — Ly, o}}

max

1 2
<\ Uk +——— Lk) -
< fmax
Plugging the above inequality into (97) yields
L(Uk41) — L(Uy)

1 2
<Uk +— = Lk) — U}
fmax

1 1/ 1 2
ERTYERIAL
f max) 2 (f max
Plugging the above equation into (98) and then take the

expectation on both sides of (98) yields
A(Uy)

1
<z
-2

:_Uk(Lk—

(a)
< —UigE [Lk —

1/ 1
+5 (7

max

1
fmax Uk:|

+ E[D?) + E[W2|Ux] + 2]E[DkaUk])

1

< -UiyE [Lk -

y

1 1
D) (f? + My, + E[WZ|Ux] + 2E[Dka|Uk]> :
max (99)

where (a) holds since Dy, is independent of Uy,. Similar to the
proof of Lemma 6, we can bound E[DyW}|Uy] and E[W?|Uy]
as

2
E[Dy Wi, |Ux] < Dub”ETLQ)ez—sz

20 3 T 30, 2
BvEIU) < 200 2 e

Therefore, we have

1
T U’“}

1 1 2’[)(77)3 s ﬁ( 2
_ Mu _ (,21777)
T3 (fn%ax+ " Ve

2
+2Dubv(7l) 3{;1)(77)2> )

—F €
o2

A(Uk) < —UigE |:Wk + Dy —

Now we upper bound the first term of the RHS of (99).
According to (16), the waiting time W}, is the optimal solution
to

supE [0%, 1., — (ar — A\) w|Op,, Dy] . (100)

For simplicity, we denote the historical information
Op,, Dy to be M;,_1.
Let W, be the waiting time under policy .. According to

(100), we have

E[OD, 1w, [Mr-1] = E[(ox — Ap) Wi | My 1]
> E[O%k_,'_we Mi_1] — E[(ag — M) We| Mg—1].
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Adding U, (D - fi) on both sides yields

— ]E[(Oék — lUk)VVkL/\/lk_l]

E[OQDk-‘rW;JMk—l] V

1 1
U | D — —
+V k( g fmax)

[ Dyp+We |Mk 1]

1
—U D — .
% ’f( . fmax>

Rearranging the terms yields

1
E[(ax — VUk)WJMk—ﬂ

- U,E |:Dk+Wk —

Mk1:|

max

< - UiE [DkJrWs

fmax M- 1:|
— apWe|Mj_1]

— o Wi |[Mp_1]

— VE[O}, 1.

(a)
< — Ure + VE[O}, 1w, + arxWe|My_1]

(b) o2
< —Upe+V < + aubWub)
26
where (a) holds by Assumption 3; (b) holds by Lemma 6 and
Wb = 1/ fimax + Dy for sufficiently small e.
Now we have
o2

A(Uy) < — Uke+v< o

+ aubWub>
2v( )3

1 1
“a (e
U(U)Q ez—gv(n)z
g2

é—Uké—‘rCl,

0.2
Ch =V <29 + aubWub)

\/j oS u(n)?

+2Dub

where

1/ 1
+2<2+Mub+

2
2, 0 o)
g

/7T 3% v(n)?

is a constant. Summing up from k = 1 to K yields

K
1 1
E [QU,fH - ZUE] < fG;E[Uk} + KCj.
Notice that U; = 0 and Uy > 0. Thus we have

K
€Y E[Ui] < KCh.
k=1

Rearranging the terms yields

C
limsup — Z E[U;] < =1
€

K—o0 k: 1
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APPENDIX I
PROOF OF AUXILIARY LEMMAS AND COROLLARIES
A. Proof of Corollary 1
Proof:
[l(e) —I(a”)]
= |[E[Dy] + E[max{R; (v(e)) = R1(|Op,[), 0}]
— (E[D] + E[max{R; (v(a”)) = R1(|Op, ), 0}])]
< [R1(v(@)) — Ry (v(a”))]
S Jmax | By (v())v' ()| X Jog — o] (101)
|

B. Proof of Lemma 6

Since OQk is an instance of ODHWk, we just bound
E[O? Praw, ] and E[O} Dr+w, |- Therefore we have

2

g —20(Dy,+Wy) o
E[OD, 1w,] = 5Bl — e 2/PeHWI]) < e (102)
ElO 3K o’ o—20( Dk+Wk
[ Dk—O—Wk] 29( — 4927
(103)
which verifies (38a) and (38b).
For Ly, according to Lemma 5 we can bound
E[Lk] = E[Di] 4+ E[max{R1(v(ax)) — R1(|Op,|),0}]

< Dy, + E[Ry (v(ow))].

Since v(ay,) is decreasing function with respect to o, v(ay,)
can be bounded

0 < v(aw) < vlag) < vlap) (2 00, (104)

where (a) holds by Lemma 2.
Next, we bound R;(v) as

v? 3 0 5
:?2F2 <1, 1; 572§ pol >

ik 2" (9
S o2 = (n+1)(2n+ 1)

R1 (11)

71}2)’”
o

where (a) holds by n! < (2n + 1)!I. Then we have

) < —”(i‘;)Q

Therefore, we can bound E[Lj,

0 < Ry (v(ay oz v(am)?, (105)

] as
(Oélb) v(aw)” 2

U(Oélb)2
)

0 < E[Ly] <Dw +

which verifies (38¢).
Finally, we rewrite E[L?] as

E[L}] =E[(Dy, + Wy)?]
—E[D}] + 2E[DWy] + E[W?]
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=E[D?] + 2E[D,E[W}|Dy]] + E[W? Since t( ) () is even, we only need to consider x € [—v,0].
k k o
<My, + 2E[DyE[Wy |Dy]] + E[W2]. (106) When = € [ v, 0], () is increasing and s(x) > 0.
. Therefore, we have
Next we bound E[D,E[W}|Dy]] and E[W?], respectively. .
(@) 0<s(z) <Ce>2" | x€[-v,0]. (110)
E[Wk|Dy] <E[W|Dx, Op, < v(ow)] Then for = € [—wv, 0]
b b)
YE[R (v(ar)) — Ri(0p, )| D, |0, | < v(aw)] @ @
<E[Ry (v(cr)) Dy, [0, | < v(e)] W= [ st
<E[R:(v(oup)) (a) [
() [ 2 | < / Ces" du
< ’U(O[] ) 2—21; ap)? —v
> o2 ) 0 e
2
where (a) holds because Wy, = 0 if |Op, | > v(ax); (b) holds S Y Cer>" du
by Lemma 5; (c) holds by (105). Therefore, we have o) 0 4t(1) (u)
b 0 .2 u 0 .2
(a) 2 =v / e 2% du
E[DkE[Wk|DkH SE[Dk]Mil;)e%U(alb)z v o2
(on)? Qo Ryo)es? [ Lt
<DUbv Qg o Zvlom)? (107) <wvR;y(v)e- /_” ;e 2% du
where (a) holds because 1’((27'2")607”(@“’)2 is a constant. le(v)e;)?mQQ\/?erf <\/§v>
Now we bound E[W?] as o\ o g
(d) 2
E[W2] =E[E[W2| Dy, o] 2Ry (0)e \/; .
o
E[E[W}|Dg, ax, [Op,| < v(ow)]] where (a) holds by (110); (b) holds by (109); (c) holds by

where (a) holds because Wy = 0 if |Op, | > v(ay). Now we  (108); (d) holds since erf(z) < 1. Since t) () is even for
just need to bound E[W?2|Dy, a, |Op, | < v(ai)]. According % € [—v,v], we have
to (28), Wy is the stopping time that an OU process exits

. e (2) 2 ™ in
a bounded set [—v(ay),v(ay)] with the initial state Op,. ty () < p 50R1(U)6"2 , @ € [-v,v].
Denote ., )( ) and tqu)(a:) to be the first and second moment .
of W}, with initial state = and bounded set [—v, v]. According This means

to [44, Theorem 6.1], we have E[W3|Dk7 an, |Op, | < v(ow)]

o2 Y (x) dt(2)(ac) 2 Ir 0 2
5 (;)172 —Ox Udz = —thl)(.%'), HAS [—7), 1}] SU\/;U(OZk)Rl (U(ak))e?v(ak)
i a 2
where according to Lemma 5 ( )2\/>U(alb) (o) 2 oen)? , yv(on?
t(x) = Ri(v) — Ra(a). (108) ~o o2
20(ap)® [m
Let s(z) = & d>($) and we have :¥ T eatvlom)®
g
2
U—s’(x) — Oxs(x) = _thl)(m)_ where (a) holds by (105). Therefore we have
2
2 3
Multiplying -2 =e =227 on both sides yields E[W?] < U(UOgb) \/jegg‘”(a"’)z. (111)
1
o2y 5 272%8(58)67}2:1:2 _ —4t52)(x) ey Plugging (107) and (111) into (106) yields
o o )
This is equivalent to E[L2] <My + 2Dgy— 22 (O‘lb) o 25 v(om)?
_0 .2\’ —4t£}1)(x) _ 0 g2 21} alb 39 4 (cmy)?
(s(m)e - ) = Te pe +T 5602 )"
Therefore, we have which verifies (38d).
z 44(1)
s(x) = Cez™ — ea%xz/ Ay 2(u)e_a%“2du,
s O C. Proof of Lemma 7
where C is a constant. Since tgz)(x) is even and takes the Proof: For notational simglicity, for each stoppipg rule w,
maximum when x = 0. Therefore, we have denote L(w, o —A) := E[_OD+w + (@ — A)w], which equals

(16) before taking the infimum. Recall that the selection rule
0 4t ) o 2
2 ¢ - du (109) w(Op;a—\) =inf{t > D : | X, — X;| > v(a — A}

C:

—v
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is chosen to minimize function (16). We have

—gx(a) :igff,(w,a—)\). (112)
For each policy w, function L(w,a — \) is a linear increas-
ing function of «. Then by taking the infimum, function
inf,, L(w, a—\) is continuous, concave and increasing. There-
fore, function g («) is convex and monotonic decreasing.
When A\* = 0, according to Lemma 4, (22), we have
go(a*) = 0. The derivative at a* can be computed by:

ghla™) = o(a") = a"U'(") ~ I(a") & ~i(a"),

where (a) is obtained because v(a*) is the optimum threshold
the minimizes E[—-O0%,_, + o*(D + w)] so that o'(a) —
a*l'(or) = 0. Then according to the convexity of go(-), the
Taylor expansion at o* implies:

go(a) Zgo(a™) —l(a")(a —a”)

min g (a’)(a — a*)% (114)

2 o’ €[oup, )

(113)

Since function go(«) is monotically decreasing and convex,
by taking N = 1 miny/c(ay, 0 96 (¢), we have:

go(a) > —l(a*)(a — a*) + N(a — a*)?. (115)
From the convexity of go(-), we have:
go(a) > go(a®) = l(a®)(a — a¥). (116)

Then notice that go(«) is monotonic decreasing, gj(a*) <
0, for @« > a*, go(a) < 0 and for @ < a*, go(a) > 0.
Therefore we have

[90(a)| < U(a”)|a — 7. (117
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