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SCHWARZ METHODS FOR A PRECONDITIONED WOPSIP
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ABSTRACT. We construct and analyze non-overlapping Schwarz methods for
a preconditioned weakly over-penalized symmetric interior penalty (WOPSIP)
method for elliptic problems.
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The weakly over-penalized symmetric interior penalty (WOPSIP) method was
introduced in [10] (and extended to higher order elements in [11]) for the Poisson

problem: find u € H*(2) N Hy () such that
—Au=f in ),

(1) u=>0 in 0€) |
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were ) C R? is a polygonal domain and f a given source term in L?(Q2). The
WOPSIP method is stable for any positive penalty parameter and satisfies quasi-
optimal error estimates in both the energy and the L? norms. Moreover, its
simplicity renders the method particularly suitable for parallel computations (cf.
[8]). However, due to the over-penalization, the condition number of the stiffness
matrix is of order O(h™*), h being the mesh-size. A simple block preconditioner
was proposed in [10] that reduces the condition number of the preconditioned
system to O(h™2). A nice feature of the preconditioner is that by construction it is
well suited for parallel computations since it retains the intrinsic parallelism of the
WOPSIP method. The goal of this paper is to further improve the performance
of the preconditioned WOPSIP method and to develop additive Schwarz methods
for the resulting preconditioned WOPSIP approximation, without destroying the
parallel properties of the final linear algebraic system. We note that overlapping
additive Schwarz preconditioners for the unpreconditioned WOPSIP method was
investigated in [6], where the condition number of the subdomain problems remain
O(h™%).

An outline of the paper is as follows. In the next section, we recall the precon-
ditioned WOPSIP discretization for the Poisson problem. Then, we introduce
the Schwarz methods for the preconditioned WOPSIP discretization and discuss
some computational issues. The convergence analysis is carried out in Section 4
and validated through numerical experiments in Section 5. Finally, the proof of
some technical results needed in our theoretical analysis is shown in the Appen-
dix.

Throughout the paper, we shall use standard notation for Sobolev spaces
(cf. [1]), and = <y will mean that there exists a generic constant C' > 0
(that may not be the same at different occurrences but is always mesh indepen-
dent) so that x < C'y. Analogously, r ~ y will mean that C~'y < x < Cy, for
a constant C' > 0.

2. PROBLEM SETTING AND WOPSIP DISCRETIZATION

In this section, we introduce some notation, recall the WOPSIP approximation
and present some of the properties of the formulation.

Let {73 }n>0 be a family of quasi-uniform triangulations of 2. The mesh size
is defined by h := maxpez, diam 7. We denote by V}, the first order DG finite
element space associated to 7j, defined by

Vi={veL*Q) : vl cPY(T) VT T},

where P'(T") is the space of linear polynomials in 7. The set of all the edges in
7, is denoted by &; the set of internal edges by &£; and the set of boundary edges
by &7, so that &, := U EY. For any e € &, h. will denote the length of the
edge e.
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We use standard notation for trace operators [4] to define the jumps [v], [7] and
averages {v}}, {7} of (sufficiently regular) scalar and vector—valued functions v
and 7. For each interior edge e € & such that e = 9T N IT~ we define

[v] =vinf +uvn,, [r]=7"-nf+7] n_,

ol == +o)/20 {rhi= (o +70)/2,
where v (respectively v_ ) denotes the trace of v on e taken within the interior of
T (respectively T7), and n} (respectively n_) is the unit normal of e pointing
towards the outside of T (respectively T7). For e € £Z, we define

{7} =7, [v] =0 n.
We do not need either [7] or {v}} on boundary edges, and we leave them unde-
fined.

The WOPSIP approximation to the solution of (1) reads: Find u;, € V}, such
that

(2) Ap(up,v) = /vadx Yo eV,

where Ap(+,-) : Vi, x V3, — R is the bilinear form defined by [10, 8]:
(3)

Ap(w,v) := Z /TVw~Vde+Z

Q@
w3 /HS([[w]]) (o)) ds Yw,v € Vi,
TET, ec&, €v€
Here, o denotes the penalty parameter which we assume to be > 1 and IIY :
L?(e) — PY(e) is the L?-orthogonal projection onto the space P(e) of constant
functions on e:
1

(4) (v) = > /'Uds =v(m.) Vee&, YveV,,
where in the last step we have used the mid-point rule for integration and m,
is the midpoint of the edge e € &,. For vector valued functions I1%(-) is defined
componentwise.

By considering the energy norm:

1
lolli = > IVollgr + SIT(DIG. Yo eV,

TET, ec&, €

e

(observe that ||v]|? = Ap(v,v) for @ = 1), it can be shown that the bilinear form
defining the WOPSIP method is coercive and continuous in Vj:

An(v,v) > ||z Yo € Vp,
An(v,w) S [lollallwlln Yo, w € V.

Also, optimal rates of convergence in the || - ||, and L*norms can be proved for
the WOPSIP approximation to problem (1) (i.e., the solution of (2)). For details
see [9, 10].
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2.1. An efficient preconditioner for the WOPSIP method. We recall that,
given a basis of V}, any function v € V}, is uniquely determined by a set of degrees
of freedom (dofs). If Ay is the stiffness matrix associated with the bilinear form
Ap(-, ) and the given basis, problem (2) can be rewritten as the linear system of
equations

Ahu = f,

with A, symmetric and positive definite. Due to the over-penalization of the
method, it can be easily seen that the condition number of A, is of order k(A;) =
O(h™). To effectively compute the approximation with the WOPSIP method,
the bilinear form

Bu(w,v) ==Y > wr(me)vr(me)+ Y %/Hg([[w]]) T0([w])ds Vw, v € Vi,

TeT;, eCOT e€&y

was introduced in [10], where wy := w|r for all T" € 7. Denoting by By, the
matrix associated to the above bilinear form and the given basis, the authors
proved in [10] that

(5) VvIByv <SvIAV S B VIBv Vv eR™,
where n := dim(V}). From (5), it immediately follows that
k(B A) = O(h™2).

The issue of the efficiency of the preconditioner B;, was further explored in [8],
where the authors showed that if a suitable ordering of the dofs is employed the
resulting matrix By, (and so its action) turns out to be block diagonal with 1 x 1
and 2 x 2 blocks and therefore can be computed in parallel.

The aim of this paper is to design a Schwarz method for the efficient solution
of the linear system

B, 'Aju =B, 'f.

Note that, although A, is a symmetric and positive definite (s.p.d.) matrix,
B, ' Ay, is no longer symmetric in general. Hence, to avoid the non-symmetry and
the resulting difficulties, we consider the equivalent linear system of equations

(6) Dy = B, /°f,

where y := ]B%}:l/zu and
D), := B, *A,B, /*
which is well-defined since By, is s.p.d. and so it admits a unique s.p.d. square

root IB%}L/ ?. From now on, we focus on the construction of Schwarz preconditioners
for s.p.d. system of equations (6). Clearly, it still holds that

K(B,,2AB, %) = O(h™?),

—-1/2
R

since we can take v =B, '“w in (5) for any w € R" .
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FIGURE 1. Sample of elementwise (left) and edgewise (right) or-
dering of the degrees of freedom.

So far, we have not said anything about the selection of the basis or the location
of the dofs of V3. In [8], it was shown that the use of the Crouziex-Raviart basis
for P}(T') on each T' € 7, and the choice of the dofs at the midpoints of the edges
in each T" has some advantages. More precisely, the authors showed that by using
an edgewise ordering of dofs (that is, the dofs associated to the midpoints of an
interior edge are always consecutive, cf. Figure 1 for an example), the matrix
B, and consequently B;l, turn out to be block diagonal with 1 x 1 and 2 x 2
blocks, and therefore the preconditioned WOPSIP method has an intrinsic highly
parallel structure. In the next section we show that by using the same special
ordering, also the action of ]B%;l/ ? retains the same highly parallel structure and
can be efficiently computed. Moreover, we shall also show that this ordering
facilitates our analysis of the Schwarz methods for the preconditioned WOPSIP
discretization. Hence, throughout the rest of the paper it is assumed that the
edgewise ordering is employed (see Section 3.2 for details on the implementation).

2.2. Construction of B,:l/ ®. As shown in [8], by ordering the dofs in an edge-
wise manner (cf. Figure 1 (right)) the matrix representing By, is block diagonal,
with either 2 x 2 blocks (corresponding to an interior edge) or 1 x 1 blocks (cor-
responding to a boundary edge). Denoting by Bf the block of the matrix B,
corresponding to the dofs associated to the edge e € &, we have

146, -1

ifeeé&;,
—1 1486, h

1
Oc

B, =
ei[lwe] if e € £,

e
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where 6, = h?/a for all edges e € &,. Observe that for any e € &5, since B, is
s.p.d. it can be diagonalized as follows:

.1 11 1 1 0 11
Bh:iQAQTzﬁ{l—l]'{o 25—96}'[1—1]‘

And so, we obtain an explicit expression for (B)~1/2,

o 1 171 1 L0 1 1
(B) ™ = 5QA WQT:EL —1}'[0 5 ]{1 _1}

1[1+ﬁe 1—@}

:i 1_/36 1+ﬁe

where we have set

Be = o Ve € &.
For e € €2, we simply have
0.
(B;) =021, B= g Veed
We define 3 := {f}ecee U {/368}665,? with
ﬁe = 2+9€ 1f€65h, h2
(8) B|e = 0. := Ee Ve €&, .
0
o . _ e . 0
Be = 150, ifeeé&y,

Observe now that

(6]
() (Bl o =

e [0 1 1 . 9
h_6(204+h2)§2—he 1f€€5h7

since 2a+h? > a+h? > a. Furthermore, rewriting (8) as 3? = (fjr/gi ) with k=1
k

(resp. 2) if e is a boundary (resp. an interior) edge, and assuming that 0, /k < 1,

we have A
0, — 0.\" 6 0
- _Z) =21 ze
#=52 (1) =% (e (%))

and therefore, by using 6, = h?/a, we obtain

j@a(l L O(he)v/@)),

B &=
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and hence, by the quasi-uniformity of the mesh,

(10) 5% Z=(1+0(1)

Having found an explicit expression for each block (B§)~/2, we look at its
action on the vector of degrees of freedom associated to an edge e € &,. Let
e € & be an arbitrary edge shared by the elements 7" and 7, e =TT NT™,
and let u, := [u",u~]’ denote the nodal values of the trace ul. of u at the
midpoint of the edge e. It follows from (7) that

(]Be) /24 — [ {{u}}—i_ﬁetné ’ [[u]] ]
6 + .
fu} - 8.7 - [u]
If e € &7 is a boundary edge, we have
(BZ)_l/Que = |: 1_?_696 ] Ue = ﬁ?ua

Next, we define the discrete operator By, : V, — V] associated with the
bilinear form B (-, -):

< Bpw,v >:= Bp(w,v) Yw,v €V,

where < -,- > is the canonical bilinear form. Since the bilinear form By (-, ) is
symmetric and coercive, we can define the operator B;Ll/ 2V — V. According
to the previous discussion, for any u € Vj, B,:l/ uis given by

+
{{u}—i—ﬁene [u] on T Ne
11) (B, V). = 2 Vee &,

nt
{u} — 5. 26 “Ju] onT™nNe
(12)  (B,"*u)le = B7ul. Vee&l.
Finally, we introduce the bilinear form Dy(+,-) : Vj, X Vj, — R defined by

(13) Dhu(u,v) := An(B, B2, u, —1/2 Z/ —1/2 (Bgl/2v)dx

TeT;,
+ Z /HO B, /*u]) - I°([B, /*v]) ds ,
e€&y
and the norm
(14) [ullbe = Z ||VU||0T + Z _HHO DIe Yu € Vi
TeT, ecly, e

The next result shows that D (-, ) is continuous and coercive in Vj, with respect
to the above DG norm, provided h is small enough (see Remark 2.2).
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Lemma 2.1. The bilinear form Dy(-,-) defined by (13) is continuous in the
DG norm (14), and it is also coercive for all h < hy with

. 1 / 2x
(15) h() = 1min <%, m),

where Cy is the trace inequality constant. More precisely, there exist C.,Cys > 0
such that

(16) Continuity: Dp(u,w) < Ce||ullpe|lwlpe Vu,we Vi
(17) Coercivity: Dy(u,u) > Csllullpg Vu eV,

The proof of Lemma 2.1 can be found in Appendix A.
We also define the following bilinear forms

Sh(', ) Vh X Vh E— R,

Sp(w,v) ==Y /TVw-Vvdx—i—Zh%/e[w]]-ﬂv]]ds,

TeT), e€&y

SZ(, ) Vh X Vh — R,
S (w,v) = Z /TVw -Vudz + Z h% /Hg([[w]]) -T2([v]) ds.

TETh eegh

(18)

Remark 2.2. The restriction on h in Lemma 2.1 is necessary for guaranteeing
the coercivity in the DG norm || - || pg. Note however that taking into account our
assumption « > 1 together with the fact that for piecewise linear polynomials on
triangles C? =~ 3 (see for instance [17]), the above restriction on h is a very mild
one.

Remark 2.3. Notice that since Dy(-,-) is symmetric, Lemma 2.1 implies in
particular that Dy(-,-), Sp(-,-) and S;(-,-) are spectrally equivalent.

3. SCHWARZ METHODS FOR THE PRECONDITIONED WOPSIP
DISCRETIZATION

In this section we introduce the Schwarz methods and provide some technical
tools needed in the analysis.

We denote by 7y a partition of {2 into N non-overlapping subdomains, i.e., {2 =
U, Q, and by {7y} =0 and {7}, }4=0 two families of coarse and fine partitions,
respectively, with mesh sizes H > 0 and h > 0. All the partitions are assumed to
be regular and quasi-uniform and we shall always proceed under the assumption
that 7, 7y and 7y are nested:

In €Ty C Ty,
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i.e., each Q;,i=1,..., N, can be written as the union of some elements D € Ty,
each of which is the union of elements of the finer partition 7j; that is

D= U T, VD e Ty.

TiETh
TiCD

For each subdomain €; € Ty, ¢ = 1,..., N, we define the local DG spaces V!
as

Vi={ue L*() : vlr eP(T) VT €T, TC},
and denote by R : V}! — V}, the standard inclusion operator from V}' to V3, and
by R; its transpose with respect to the canonical bilinear form. We observe that

Vi=RIV}@.. ¢ RYVY.

Finally, we define

N
(19) .= U Iy Tyj:={e€ &, such that e C 0 NOQy, 1 # j} .

ij=1

We now introduce the local solvers, for which we consider two classes: ex-
act local solvers (as those proposed in [15]) and inezact local solvers (as those
introduced in [2, 3]).

(i) Exact local solvers:: For each subdomain Q; € Ty, i = 1,..., N, the
local bilinear form DE(-,-) : Vi x V! — R is defined as the restriction of
the (preconditioned) WOPSIP bilinear form (13) to the space RT Vi

(20) DE(u;, v;) := Du(R us, RMv;) = An(B, /"R us, B, V*RTv;) Vg, v; € V.

(ii) Inexact local solvers:: Following [2], we first consider the model
problem (1) set in the subdomain €;:

(21) —Au; = flo, in €, u; =0 on 09 .

The i**-local solver (that is associated to the subdomain ;) is defined as
the (preconditioned) WOPSIP approximation to (21). Hence, the local
bilinear form D} (-,-) : Vi x V/ — R is given by:

(22) ID;[ (UZ', ’Ui) = Ai(Bfl/QuZ-, B-ﬁl/zvi) Vui, v; € V}f y

K3 3

where A, (-, -) is given by:

(23) A (w;, v;) = Z /TVwi - Vo, dx + Z % /eﬂg(ﬂwz]]) -2([vs]) ds.

TETh eegh €
TCQi eCQi
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and B; : V;' — (V}!)’ refers to the operator associated to the bilinear form
B;(-,-) defined by

Bz‘(wiavi) = E : E :wiT(me)viT(me)
TGTh eC@T
TCQ;

P /HS([[wZ-]]) O([ui])ds Vs, v € VL

eeéh e Je

eC8;
Note that, the edges e € & such that e C 0€2; although interior edges in
the global partition 7j,, are however boundary edges with respect to the
local partitioning induced in the subdomain €2;. On these edges the defi-
nition of the jump operator on boundary edges applies, i.e., [w;] = w;l. n.
Consequently the action of B, Y2 on the functions restricted to these edges
is given by (12).

A key issue in the analysis of the non-overlapping Schwarz methods is the
relation between the global bilinear form Dy, (-, -) and the sum of the local solvers.
To study such a relation, we need first to introduce some additional notation.
Recalling the definition (19) of the interface I', we define the strip Qr as

N

(24) Qp = U Qr,,, Qr,, ={T €7, | T hasone edgeinI';;}.
ij=1

Now following [15, 2] we have the following result:

Lemma 3.1. For any u € Vj,, let u; € Vi, i =1,..., N, be the unique functions
such that u = Zf\; RTu;. Then the following identities hold:

(25) Dp(u,u) = i DF (ug, ug) + I (u,u) ,
i;l
(26) Dp(u,u) = Z D (us, u;) + I (u,u) ,
where a
(27) IE(u,u) = 2{ > /TV(B,;”?RZ.TUZ-) V(B "*Rlu;) dr

TEQF

(28) S [, ds] ,

(29) I (u,u) = IF(u, u) + Gy (u, u),
with B, defined as in (8), and



CRM Preprint Series number 1057

SCHWARZ METHODS FOR A PRECONDITIONED WOPSIP 11

Z/v B, "’RTu;) - V(B "*RT ;) du

TeQr
- / ) V(8 ) de

TeQr

(30) G(u,u) [

1=

TCQ;
=Yt [ (R + ) s
ecl e
Here, 1. is defined as:
0

(31) e = =B + B2 = >0, 60.=h/a.

(1406, )22+06)

Proof. For simplicity we present the proof in the case of N = 2 subdomains, that
is (2 = Q,UQ,. The extension to the case of N subdomains is straightforward and
we omit the details. We first show (25). Taking into account the definition (13)
of Dy(+,-), the linearity and symmetry of Dy(-,-) and of the exact local solvers
DE(-, ) (cf. (20)), it is easy to see that

[fEL:(ua U) = Dh(u7 u) - D]i:(ula ul) - Dg(u% Uz)
= Dp(RTuy, R uy) + Dy(RIug, RTuy)
= QDh(R Ul,R UQ)
=2 A,(B;*RTuy, B, /*RTuy)
=23 / V(B; *RTuy) - V(B /*RYuy) da

TETh

+23) / (1B, *Ri wil) - T([B, Ry wa]) ds

e€5h

To give a more explicit expression of the last two terms on the right hand side,
we take a closer look at the support of the terms involved. We first observe that
supp(RTu;) Nsupp(RYvy) C T, so it is enough to consider the action of B;l/Q on
e € I'. Fix an edge e € T" shared by the elements 77 C €y and T3 C €2y, and
recall that (see Figure 1(a)),

- up = ulg, in O, T 0 in Q,

0 in €, us = ulg, in s,
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(a) dofs of Ruy (b) dofs of B;1/2R1Tu1
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(c) dofs of V(B;l/QRlTul) (d) dofs of [[B;l/QRlTul]]

L] L) (o) o] L] L) (o) o]
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[e]le)
O|0

e 6o o6 o9 o0 o0 OO0 OO0 O e oo ee o9 e OO OO OO0 O

FIGURE 2. Degrees of freedom of RTu;, B,:l/QRF{ul, V(B;l/QR{ul)
and [B,:l/ 2R1Tu1]], respectively, on a N = 2 subdomain partition.
The dofs marked with e are different from zero; those marked with
o are equal to zero.

Taking into account the action of B,_Ll/ ? on internal edges (sincee € I'soe € &)
we have

L [ ixs
—1/2 —1/2 | U 1

(By, / Riw)l. = B, / 01 =11 —2@“ ;
L _ 5 1

2 - Z
(32) o 15

~1/2 —1721 0 U2

B R =8| =] g |
L . 2 u2

where [, is defined as in (8). Therefore, under the action of B,;l/ 2, the support
of RTuy (resp. RYuy) expands into the Qs (resp. Q1) across I', with an additional
dof at the midpoint of the edge e (see Figure 1(b)). Next, we have to further

consider the actions of the operators V and [-] on B;l/ ’RTu;. For the gradient
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term, it is clear that the resulting support expands along the strip of elements
that touch I' (see Figure 1(c)), that is:

(33) supp(VB; "*RTu1) Nsupp(VB; "*RIuy) C Qr

where the set Qp is defined in (24). For the penalty term, it can be seen that
(cf. Figure 1(d)),

(34) supp(I1;([B,*R{'wa])) N supp(IT([B,*Ryw])) € T
Using the definition of the jump operator on interior edges and (32) we have
(35) [B,*Rlw] = B[R{w] = Baunl, [B,"*Rius] = B[RYus] = Beusm?,

and taking into account the definition (4) we obtain

Z /HO B, "’RTu]) - °([B, "/*RYus]) ds

eel’
= > B, R i) [B, R ] (m.)

ecl’ €

= Z (B2u1 (me)ug(me)n -m))

eel e

-y /HO ) - Tuy) ds

eel e

Therefore, we finally have

Z / 1/2R1Tu1) . V(B;UQRQTUQ) dz

TeQr
- Zﬁe h3 /HO ul) 0(U2) ds],

ecl’

I} (u, u) _2[

which establishes (28) and hence (25).

We now turn to the case of inexact local solvers and the proof of (26). We
first note that, when acting on (the restriction of the functions to) interior edges
e € & that do not belong to the interface I', we have that B;lﬂ = B;l/Q. Hence,
we can write:

I (u, u) = Dy (u, u) — Di(ur, ur) — Di(ug, ug) = Wy + W,

where
W= Y [ Ve, v, ZZ/V B, us) - V(B ) d,
TeQr i=1 TeQr
TCO,

and
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a —-1/2 —-1/2 1/2 1/2
Waim 305 [ MO8 ) - To([B; ) — (BT ) - (BT ]
ecl € VE

—12(([B; uz]) - TI2([B; el | s

We first observe that the main difference with respect to the case of ezact solvers
is that the action of B;l/ ? on a function restricted to an edge e € I' differs from

the action of the local operator B;l/Q entering in the definition of D;(-,-). In the
former case e € I" is an interior edge, while for the latter e is a boundary edge.
In fact, in view of (12) we have

: [ ] [ B
el =8 || =[]

_ _ 0 0
(B, 1/2u2)|e =B, v [ U2 } N [ Beam } ’

and so in this case the support of Bi_l/2uz~ remains in ;. For W, (33) together
with (36) gives

(36)

(37) Wi=2)Y" /v (B, "*RTuy) - V(B "*RYuy) da

TeQr

5>

=1

Z/V B, '*RTu;) - V(B;,"*RT ;) dx

TEQF
- Z/v B, /u;) - (B;lﬂui)dx].
TEQF
TCQ,;

For the term W5, using (36) and (34) we have
[B:*ui] = 5lus,

where (37 is defined in (8). Hence, taking into account the above identity together
with (35) and (34) we find,

(18, ) - 12([B,, 2ul) = (87 ([10(u)]” + [1E(u2)]” = 2002112 ()
(B, ) - (B, Pudd) = (07 M) i =1,2.
Thus we have

(38) =2 Z / 10 (11 )TIO (u5) ds

ecl e

30 7 (B = () [ () + M ua)P) s

ecl’ €
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(39) :_2§:h3@ /Homﬂp@gds

ecl €

o / (0 ()2 + [M2(wa)]?) ds,

eGF e
where 7, is defined as in (31). Putting together (37) and (??) we finally obtain
IF(u,u) = IF(u,u) — 3776/ (M2 (w)]? + 2 (u2)]?) ds
eel’ e

i: TeQr
- > [ VE ) e ).
TEQF
TCQ;
which is (29), and concludes the proof. O

The last ingredient in the construction of the Schwarz methods is the coarse
solver. We consider a coarse partition 7y and we take for £ =0, 1

V=V :={vel*Q) : v|lp e PYT) VD € Ty}.
We denote by Rl : V! — V}, the standard inclusion operator from V2 to Vj,

by Rg its transpose with respect to the canonical bilinear forms, and define the
following three coarse solvers:

(40) Do(UQ, UQ) = Dh(Rguo, Rgvo) \V/U(), Vo € V}?,
(41) SO(”O, Uo) = Sh(R,(J;Uo, Rgvo) VUO, Vo € Vho,
(42) Sp (ug, vg) = S,’;(Rguo, Rgvo) Yug, vg € V2,

where Sp(+, ), Si(+,+) : Vi x Vi, — R are defined in (18).

Remark 3.2. As in [15, 2], the coarse solver Dy(-,-) is defined as the restriction
of the original method to the coarse finite element space V. However, it should
be noted that

Do(UQ, UQ) = Dh(Rguo, Rgvo) 7é DH(UQ, UQ) \V/UQ, Vo € VH .

In particular to ensure the performance of the resulting Schwarz method it turns
out to be essential to choose the penalty parameter ay in the definition of Ag(-,-)

as ag = a(H/h)3.

Remark 3.3. Since the coarse solvers (40), (41) and (42) are defined as the
restriction of Dy(-,+), Su(-,+) and S;(-,-), respectively, to the coarse space V;,
we can immediately conclude that all the coarse solvers are spectrally equivalent
thanks to Remark 2.3.
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3.1. Schwarz operators. We now define the Schwarz operators and show that
they can be viewed as preconditioners for the original (preconditioned) system of
equations (6).

For the ezact local solvers, let P¥ : V,, — RTV} be defined as

(43)  Dy(PPu, RTv;) := Dy (u, RMv;) = Au(B, *u, B, '*RIv;) Vu; € V.

For the inezact local solvers we set P! := RTPI : V, — RITV}i C Vj, where

PV, — V) is defined as
(44)  DNPlu,v;) := Dp(u, RTv;) = An(B;, ?u, B, *RIv;) Vo, € V.

We observe that the operators P¥ and P} are well-defined since the local bilinear
forms DE(-,-) and D}(-,-) are coercive. We also define the operators Py, Qq, Ty :
Vi, — RIVY as follows:

Dy (Pou, REvo) := Dy (u, REvp)
(45) Sn(Qou, ROTUO) = Dy (u, ROTUO)
SZ(T()U, Rgvo) = Dh(u, Rg’ljo)

An(B, *u, B, PRYv) Yoy € VY,
An(B, *u, B, PRTvg) Vg € VP,
An(B, u, B, PRYvg) Vo, € V2.

Since the coarse bilinear forms D (-, -), Si(+,-) and S;(+,-) are coercive, the op-
erators Py, Qo and Ty are well defined.
We are now ready to define the following additive Schwarz operators:

N N N
(46)  PE:=) PF4P;,  Q%:i=) Pi4+Qp  TE:i=) PP,
i=1 i=1 i=1

N N N
(47)  PL:=) PI+P;, Q=) Pi4+Qp  Th:=) Pi4To
1=1 i=1 1=1

In the case of exact local solvers, the matrix representation of the additive Schwarz
operators P, QF and TE is given by

N
Pt = (Z RI(DEY'R; + R§D01R0> Dy, := MED,,

=1

N
QE = <Z RT(DF)'R; + RgSglR()) Dy, := M5Dy,

=1

N
T = (Z RT(DF)"'R; + R0T<83>-1Ro> Dy, := MEDy,
i=1

where Sj, and S} are the matrix representations of the bilinear forms Sy, (-, -) and
Sy (-, ), respectively. We observe that the preconditioners differ by the choice
of the coarse solver (cf. Table 1). ME employs as coarse solver the restriction
of the preconditioned WOPSIP bilinear form to the finite element coarse space
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whereas for M5 and M5 the coarse solver is defined as the restriction to the
coarse space of the bilinear form Sy (-, -) and S;i(+, -), respectively. The same kind
of representation holds for inexact local solvers. Details are given in Table 1.

Preconditioner Coarse Component Local Components (i =1,...,N)
ME := >N RT(DF)~'R; + RTD; ' Ro Do := RoD,RY DF := R;D,RT

ME := >N RT(DF)~'R; + RSy 'Ro So := RoSKRT DF := R;D,RT

ME := N RT(DF)"'R; + RT(S§)"'Ro S := RoS;RY DF := R,D,RT

MI =N RT(AD™IR; + RID; 'Ro Do := RoDyRY see (22)

ML =N RT(AD™IR; + RISy 'Ro So := RoSKRY see (22)

M =YL, RT(AD 'R, + RE(S5) "' Ro S5 := RoS;RY see (22)

TABLE 1. Coarse and local components for the preconditioners
MF — M5 — M5 and M} — MJ — M.

3.2. Computational issues. Let v be a vector representing a finite element
function v in the edgewise ordering, and let P be the permutation matrix so that
Pv becomes the vector representing v in the elementwise ordering. We define J
to be the matrix representing the jumps term

Wiy =3 5 / T([w]) - (o] ds.

ec&y,

and G to be the matrix representing the volume term

w Gv = Z/Vw-Vvdx.
T

TeT),

We remark that in the elementwise ordering the matrix G is block diagonal with
3 x 3 blocks, whereas in the edgewise ordering the matrix J is block diagonal
and therefore the preconditioner B, = I+ J is block diagonal, with T the identity
matrix. Therefore, ]B%;l/ ? is block diagonal as well and the 2 x 2 blocks can be
computed directly with (7). Algorithm 1 computes the action of the stiffness

matrix of the WOPSIP method and the action of the preconditioner ]B%;l/ >on a
vector (cf. [8]).

Next, we also describe the action of the additive Schwarz preconditioner Mj on
a vector v edgewise ordered (cf. Algorithm 2). The routines for the other precon-
ditioners can be written exactly in the same way with only notational changes
involved. Note that, for the application of the preconditioner, it is more conve-
nient to employ the elementwise ordering of the dofs, and to number first the dofs
corresponding to elements in the first subdomain, then the dofs corresponding to
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elements in the second subdomain and so on. With such an ordering, the local
solvers turn out to be a block Jacobi preconditioner where each block corresponds
to the dofs in a subdomain.

Algorithm 1 Compute z = B, '/*A,B;, "/*v

Solve B}L/zz =v
Compute x := Jz
Compute y := PTGPz
Solve B,ll/zz =X+y

Algorithm 2 Compute z = M5v

Solve z = RID, 'RIPv
fori=1,...,N do

z <z+RID; 'Rz
end for
z < Pz

4. CONVERGENCE ANALYSIS

In this section we present the convergence analysis of the proposed Schwarz
methods for the preconditioned WOPSIP scheme. We start by stating the main
result of this section:

Theorem 4.1. Let P be any of the Schwarz operators defined in (46) and (47).
Then, the condition number of P satisfies

H
K(P) < Chwr(Na+1) S 1+ - r=Eorl

where N, is the maximum number of adjacent subdomains that a given subdomain
might have and w, is a positive constant independent of H,h and the number of
subdomains.

The rest of the section is devoted to the proof of the above theorem. We follow
the classical abstract convergence theory of Schwarz methods [14, 13] (cf. also
[16, Chapter 2] and [12, Chapter 7]), and therefore, we only have to verify the
following three assumptions.

Assumption A1 (Stable decomposition). There exists Cy > 0 such that every

u € Vi, admits a decomposition u = 3 RTu;, with uy € V), and u; € V},
1=1,..., N, that satisfies

N
ZDE(UhUi) + Yo(ug, o) < C§ Dp(u,u), r=Eorl,
=1

where Yo(+, ) is one of the coarse bilinear forms defined in (40)—(42).
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Assumption A 2 (Strengthened Cauchy—Schwarz inequalities). There exist
0<¢;<1,1<14,5 <N, such that

| Dn(RTus, R uy)| < e Dn(RTuy, R wi) Dy (RTuy, RTwy)?

for allv; €V}, u; € V). Define p(E) to be the spectral radius of € = {eijtijmr N

Assumption A3 (Local stability). There exists wy > 0 such that
(48) Dy(RY w;, RTu) < w,DF (ug,u;) Y u; € V), r={E 1}

We start by verifying Assumption A2. Following [15, 2], it is straightforward
to see that e = 1 for i = 1,...,N. For i # j, we note that Dj,(R]u;, Rju;) =
Ah(Bi_lﬂRiTui, Bj_l/2RJTuj) # 0 only if 9Q; N0, # 0, so ;; = 1 in those cases,
and &;; = 0 otherwise. Then, p(€) can be bounded by p(€) < max; Y, |e;;| <
1 4+ N,, where N, is the maximum number of adjacent subdomains that a given

subdomain might have.
In the next sections we verify Assumptions A3 and Al.

4.1. Local stability. We now prove that the local solvers satisfy a local stability
property. Observe that for the exact local solvers defined in (20), it follows
from their definition that (48) holds true with wg = 1. Before showing that
Assumption A3 holds true also for the inexact local solvers, we define the norm
| - llpc.q, according to (14) but at the subdomain level, i.e.,

luillba, = D IVulldr+ > - HHO (AN

TeT, e€5h
TCQ; eC;
0 %
£ Y ) Ve v
e€Ey
eCOQ;

and observe that the coercivity (17) holds also at the subdomain level for h < hy
with hg given in (15), by the definition of D} (-, ).

The next result shows that the local stability property holds also for the inexact
local solvers defined in (22).

Lemma 4.2. Fori=1,...N, let D} : Vi x V;i — R be the bilinear form defined
by (22). Then, there exists wr > 0 such that the following local stability property
holds:

D(RYwi, R uy) < wiDF (ug, us) Yu; €V Vi=1,...,N .
Proof. Observe that

||RzTui||2DG = ||Uz||2DGQ
It then follows from (16) and (17) (for Df(-,-)) that

Du(Ri ui, Riwi) < Cel|[Ri ullpe < Celluillbe.n, < CDF (ui, us) - O
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4.2. Stable decomposition. In this section we finally show that the decompo-
sition underlying the definition of the additive Schwarz operator is indeed stable
with respect to the energy norm defined by Dy,(-, ).

We first state an auxiliary result needed in the proof of Proposition 4.5. This
result provides an estimate for the interface bilinear forms IE(-,-) and (-, ).

Lemma 4.3. For any u € Vy, it holds that

(49) Rl S e+t Y S JulEs r=Eort.

DeTy ECOD

Proof. We start by proving the bound for I}(-,-). From the definition (28) of I}
given in Lemma 3.1 and the standard triangle inequality, we have |I}(u,u)| <
2|Fy| + 2 |Fy|, where

F o= Z/v B, *RTw;) - V(B,, "R ;) du,

TEQF
Fy = Zﬁe & /HO (u)TT2 (uy) ds.
ecl

We next estimate the two terms separately, starting with F5. By recalling the
definition (8) of B, on e € & and using (9), the Cauchy-Schwarz inequality, the
arithmetic-geometric inequality and the stability of the projection IT2(+), we find

1/2 1/2
1 1
2|Fp <2 (Z h—HHS(ui)Hﬁ,e> (Z h—HHS(uj)Hﬁ,e>

eel’  ° ecl  °
0 0 1 2 1 2
<) —IIH ()l + > —IIH ulge <30 lluillde + —llusliz, ) -
he he he
ecl’ eel’ eel’

Observe that each subdomain €2; is the union of some elements D € Ty and the
mesh is quasi-uniform. Denoting by F the edges of D, we have

(50)  20R[ <) (M ullse + kT wliE) S BT Y D ulli e

eel DeTy ECOD

Next, we estimate the term | F;|. Using the Cauchy-Schwarz inequality we have

[Py = Z Z / 1/2R?ui)-V(B;1/2RJTuj)dx
1,j= 1T€QF
i#]
(51) = Z( > IVB R wlor VB, R ulor ).

ij=1 TeQr,
i#]



CRM Preprint Series number 1057

SCHWARZ METHODS FOR A PRECONDITIONED WOPSIP 21

Next, observe that for any fixed j # i and T' € §p,, with T" C €, the Diver-
gence theorem, the Cauchy-Schwarz and the trace inequalities together with the
stability of the projection IT°(-) give

VB Rl = — [ AR w) BRI da

+ [ V(B,"*Rlu;) - nB, " *RTu; ds
or

= /BTV(Bh”zRJTuj) -nI0(B, *RTu;) ds
—1/2 —1/2
< IV (B, "*RTuy)o.or T (B, *REwj) 0,01
S IVBL PR ) o b VIR uslloe (e =0T NTy),

where in the last step we have used that HS(B,:U 2R]Tuj) # 0 only on the edge
e =0T NI due to (32) (see also Figure 2). Hence,

(52) ||VB;1/2R?UJ‘H07T 5 he_l/QHUjHO’e e = aT N Fij T C QZ N Qpij 1 7& j

Therefore, inserting the above estimate into (51) and using the continuity (16)
of Dy(+,+) given in Lemma 2.1, we finally obtain

N
IS < > IVB, R willo.rhs | uslo.c

i,jz'l TeQFij
i#j TCQ;

+ ||VBZI/2R¢TU]'||0,The_1/2||uz‘||o,e> (e =0T NTy)

TeQFij
TCQj
S (IVulde+ 3 Ia(uDIz.) + 27 > S uls
TeQr eCOT DeTy ECOD
S lullde + 070 D2 D ulld
DeTy ECOD

The above estimate together with (50) concludes the proof for I} (-,-). To
bound I}(-,-) we observe that, thanks to Lemma 3.1

IFu,u) = IF(u,u) + Gi (u,u)  Yu eV,
and so it is enough to bound G7 (-, ) which we recall is defined as

N
Giwu) =3 /T V(B,*Ru) - V(B, "Rlu)de  (F3)

i=1 T€Qr
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Yy [ VB Ve ) ar (F4)

i=1 TeQr
TCQ,

—ZZ 3776/ ([0 ()2 + 110 (1w )]?) s . (F5)

i=1 e€l’ e

We start with the last term F5. Recalling the definition (31) of 7, and using the
fact that o?/(a + h?)(2a + h?) < 1, we have

a o, o« 0. 1 a? < 1
B T (100240,  he(a+hd)(a+h?) = h
Then, taking into account the stability of the projection I1%(-) and arguing as we
did for F5, we obtain
al Q@
IESYY 5 le (lwillg.e + llwllo.)
i=1 eel’ '€
222 ||ul||Oe SEEY D Ml
i=1 ecl’ DeTy ECOD

We now estimate the other terms. The estimate for Fj is similar to the estimate
for |F|:

N N
B <3 ST IV, PRI Ry + >0 IV(B, AR w) R

i=1 TeQp i=1 TeOr
TCQ; TZQ;
S (IVulde+ 3 e Io(uhIz) + 27 > S uls
TeQr eCOT DeTy ECOD
S lullbe+h7 32 > lulld e
DeTy ECOD

Finally, the term F} is readily estimated by the continuity of the bilinear form
DzI (7 )

N
F <> IV )Ry

i=1 TeQr
TCQ;
N
S Ml S lulbe+27" Y > llulfs - O
=1 DeTy ECOD

The last preliminary result concerns the coarse solver.
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Lemma 4.4. For any u € Vj, let ug € V) = Vi be defined as

1
(53) uo|p == —/ u dx VD € Ty.
1Dl Jp

Then it holds that
(54) Yo(ug, ug) S (1 + Hh_l) Dy (u,u),
where Yo(+, ) is one of the coarse bilinear forms defined in (40)—(42).

Proof. 1t is sufficient to show the bound in the case vy(-,-) = S;(-,+); the other
two cases follow from the observation made in Remark 3.3. Let u € V}, and let ug
be defined as in (53). Note that ug is piecewise constant (by definition) on 7.
Then it follows from the definition of Sj(-,-), adding and subtracting v and the
stability of the projection IT°(-) that

Situovun) = 3 3+ [ MRS waD)|” ds

ec&y,
1 1
S [ A v — D[ as+ 30 [0 as
ecly e€ép
1
S Xg: h—e/}ﬂRoTuo—u]]f ds + Dy (u, u) ,
ecly, €

where in the last step we have also used the coercivity of Dy(-,-) (cf. (17)).
We now observe that last term can be estimated exactly following [15] and
2, Lemma 4.3]:

1
D / [[RYuo — u]|* ds < Hh Yl < Hh ' Dy(u, u) . O

ec&y,

We close the section with the proof of Assumption Al.

Proposition 4.5 (Stable decomposition). For any u € Vj,, let u = > 0 R u;,
u, € Vi, i=0,...,N, where ug € V} is defined by
1
u0|D::—/udx VD € Ty,
1Dl Jp
and uy, ..., uy are (uniquely) determined by u — R¥ug = Rfuy + - + Ruy.

Then, there exists C2 = O(Hh™') such that

N
> D5 (ui, ui) + v0(uo, uo) < CF Du(u,u), r={E I},

i=1

where Yo(+, ) is one of the coarse bilinear forms defined in (40)—(42).
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Proof. The proof follows those given in [15, 2]. We set yo(+,-) = Do(+,). Given
u € Vj, we decompose u — REuy uniquely as Ziil R7u,;. Taking into account
Lemma 3.1 we can write

Do(uo, uo) + ZDf(ui, ;) = Do(uo, uo) + Dr(u — Ry ug, u — Ry ug)

=1

(55)
— IF(u— Rguo,u — Rguo) ,

then we just need to estimate each term on the right hand side.
The first term is readily estimated by using Lemma 4.4:

(56) Do(uo,uo) S (1+ Hh™) Dy(u, ).

For the second term on the right hand side of (55), triangle inequality, the con-
tinuity of Dy (-,-) (cf. (16)) together with (56) and the definition of the coarse
solver gives,

Dy (u — Ryug, u — Ryug) < Dy (u, u) + Dp(RYuo, Ry uo)
(57) = Dp(u,u) + Do(ug, ug) < (1 +Hh™ ) Dy(u,u).
For the last term, it follows from (17), Lemma 4.3 and (57) that
| I (w — R, u — Ryuo)| Sllu— Ryuollpg + > Y b lu— Rjuellf

DeTy ECOD

<1+ Hh ") Dp(u,u)+h Z Z ||u—RTu0||OE

DeTy ECOD

Noting now that the trace inequality together with a Poincaré-Friedrichs inequal-
ity [7] gives

> > hMlu— Riuolli

DeTy ECOD
S Hy b~ Rl + Hoh |V~ Rjuo)
DETH
S HE ullpe + HR™' Y (Vg e S Hh ™ Dalu,u)

TeT),
we finally obtain the estimate
}I;(U—Rguo, Rouo)} (1+Hh )Dh(u,u)

for the last term in (55). Substituting this estimate together with (57) and (56)
into (55), the proof is completed. For the other coarse solvers, the proof follows
exactly the same steps, replacing the bound in (56) by the corresponding one. [
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5. NUMERICAL RESULTS

In this section we present a series of numerical experiments to highlight the
practical performance of our non-overlapping Schwarz preconditioners.

We restrict ourselves to two-dimensional model problems: we let 2 = (0, 1) x
(0,1) and choose f such that the analytical solution of the model problem (1) is
given by u(z,y) = exp(zy)(z — 2°)(y — y?).

Throughout Sections 5.1 and 5.2 we take the stability constant o appearing in the
formulation of the WOPSIP method (3) to be 1; numerical results with different
choices of the penalty parameter are discussed in Section 5.3.

We employ a uniform subdomain partition consisting of N = 4,16 squares,
and consider initial coarse and fine refinements as depicted in Figure 3 (for N =
4 (top) and N = 16 (bottom)). We denote by H, and hg the corresponding
initial coarse and fine mesh sizes, respectively, and consider j = 1,2, 3, successive
uniform refinements of the initial grids.

FIGURE 3. Initial coarse and fine refinements, respectively, on N =
4 subdomain partitions (top) and N = 16 subdomain partitions.

We solved the preconditioned linear systems of equations by the conjugate gra-
dient (CG) iterative solver with a (relative) tolerance set equal to 10~ allowing a
maximum of 100 iterations. For the solution of the linear system (6) we employed
the CG iterative solver with the same relative tolerance but allowing a maximum
of 1100 iterates.

5.1. Exact local solvers. In this section we test the performance of the Schwarz
preconditioners

N
M§ =) R (Df)"'R; + R Dy 'Ry,

i=1
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N
M5 =) R (Df)"'R; + R{Sy 'Ry,

=1

N
Mg = Y R/ (DF)'R; +R{ (S;) ' Ro,

=1

applied to the original symmetric (preconditioned) systems of equations (6). In
the first set of experiments we have considered a coarse space constructed from
piecewise linear discontinuous elements. The condition number estimates to-
gether with the corresponding iteration counts needed to reach convergence (be-

Preconditioner M

Hl h — ho h0/2 h0/4 h0/8
Ho 51315 (23) 5.0422 (25) 9.0724 (33) 17.1532 (45)
Ho/2 - 5.2452 (23) 5.9113 (26) 8.9409 (33)
Hy/4 - - 5.3608 (23) 5.9822 (26)
Ho/8 ; ; - 5.4379 (23)
Preconditioner ME
H| h— ho ho/2 ho/4 ho/8
H, 6.6250 (27) 7.6977 (30) 11.6106 (37) 21.7983 (49)
Ho/2 - 7.5231 (29) 8.0398 (31) 11.9791 (39)
Hy /4 - - 7.9609 (30) 8.3793 (32)
Ho/8 - - - 8.2273 (31)
Preconditioner Mj
Hl h — ho h0/2 h0/4 h0/8
Ho 6.6450 (27) 77096 (30) 116134 (37) 51.7993 (49)
Ho/2 - 7.5603 (29) 8.0511 (31) 11.9826 (39)
Hy/4 - - 7.9947 (30) 8.3903 (32)
Ho/8 - - - 8.2664 (31)
B, '/2A,B; /7 12220042 (52) 4.7212e+2 (100) 1.8726e+3 (202) 7.4752e+3 ( 410)
An 2.5173c+4 (115) 3.9949¢+5 (229) 6.3800e+6 (486) 1.0309¢-+-8 (1040)

TABLE 2. Preconditioners Mf, M5 and M5 (N = 16, a = 1):
condition number estimates and iteration counts. Piecewise linear
discontinuous coarse space.

tween parenthesis) for all the considered preconditioners are reported in Table 2
on a partition with 16 subdomains. For the sake of comparison, we also re-
port (last but one row of Table 2) the condition number estimate of the matrix

B;l/ QAhIB%;U 2 together with the iteration counts needed for the solution of the lin-
ear system of equations (6). The last row of Table 2 shows the condition number
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and the corresponding iteration counts of the original unpreconditioned system
of equations Apx = f. The numerical results confirm the theoretical estimates
provided in Theorem 4.1: the condition number of the preconditioned system
behaves asymptotically as H/h, and, consequently, the iteration counts behaves
asymptotically as /H/h. By a comparison with the computed condition number
of the matrix Ay, it is clear that the application of all the preconditioners drasti-
cally reduce the condition number of the system, and consequently, the iteration
counts needed for convergence.

Next, we investigate the scalability of the preconditioners, i.e., the indepen-
dence of the performance on the number of subdomains. To this end we repeated
the same set of experiments decreasing the number of subdomains from N = 16
to N = 4: the results are reported in Table 3. As predicted from our theoretical
estimates, the condition number of the preconditioned system is independent of
the number of subdomains.

Preconditioner MF

H| h— ho ho/2 ho/4 ho/8
H, 1.8722 (21) 5.7042 (24) 8.9088 (30) 16.5838 (40)
Ho/2 - 5.0710 (22) 5.8873 (25) 9.0200 (32)
Ho/4 ; - 5.3561 (23) 5.9792 (26)
Hy/8 - - - 5.4471 (23)
Preconditioner ME
Hl h — ho h0/2 h0/4 h0/8
, 6.8843 (27) 7.7219 (29) 11.8249 (37) 21.5324 (50)
Ho/2 - 7.4641 (29) 8.2226 (31) 12.1736 (38)
Ho /4 ; - 8.0459 (30) 8.4641 (32)
Ho/8 ; ; - 8.2667 (31)
Preconditioner M5
H| h— ho ho/2 ho/4 ho/8
H, 6.9179 (27) 7.7294 (29) 11.8275 (37) 21.5322 (50)
Ho/2 - 7.5241 (29) 8.2336 (31) 12.1763 (38)
Ho/4 ; - 8.0865 (30) 8.4768 (32)
Hy/8 ; ; - 8.3095 (31)
B, '2A;B; "7 1.2229e+2 (52) 4.7212e+2 (100) 1.8726e+3 (202) 7.4752¢+3 ( 410)
An 2.5173e-+4 (115) 3.9949¢+5 (229) 6.3800+6 (486) 1.0309¢-+8 (1040)

TABLE 3. Preconditioners M, ME and M§ (N =4, o = 1): con-
dition number estimates and iteration counts. Piecewise linear dis-
continuous coarse space.

Next, we investigate the effect of the coarse space on the performance of our
preconditioners. To this end, we ran the same set of experiments as before (on
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a partition with 16 subdomains) employing a piecewise constant coarse space.
Table 4 reports the condition number estimates and the corresponding iteration
counts. Note that whenever we employ a piecewise constant coarse space the
bilinear forms S(-,-) and S;(-,-) turn out to be identical, and therefore the
preconditioners M5 and ME coincide. For this reason, in Table 4 we only report
the results obtained with the preconditioners M§ and ME. We observe that the
performance of the preconditioners are consistently poorer. On the other hand
with this choice of coarse space only one degree of freedom per coarse element is
required.

Preconditioner M

Hl h% h,() h()/2 h,()/4 h()/8
H, 9.1821 (27) 19.1929 (38) 39.5807 (50) 80.6716 (70)
Hy/2 - 10.6855 (31) 22.1790 (44) 45.2087 (64)
Hy/4 - - 11.8751 (36) 24.4631 (50)
Hy/8 - - - 12.7832 (38)
Preconditioner ME
H| h— ho ho/2 ho/4 ho/8
H, 9.4006 (29) 20.2353 (40) 427406 (54) 88.3442 (76)
Hy/2 - 11.6003 (35) 23.9082 (48) 49.1192 (68)
Ho/4 - - 13.2304 (38) 26.8473 (55)
Hy/8 - - - 14.4078 (41)
B, '?A,B; "7 12220042 (52) 4.7212e+2 (100) 1.8726e+3 (202) 7.4752e+3 ( 410)
Ap 2.5173¢+4 (115)  3.9949¢+5 (229) 6.3800e+6 (486) 1.0309¢+8 (1040)

TABLE 4. Preconditioners M§ and ME (N = 16, o = 1): condi-
tion number estimates and iteration counts. Piecewise constant
discontinuous coarse space.

5.2. Inexact local solvers. In this section we test the performance of the
Schwarz preconditioners (with inexact local solvers)

N

M} =) RI(AD)'R; + RiD; 'Ry,
=1
N

M} =) RI(A))™'R; + RSy 'Ry,
=1
N

M} =) RY(AD)'R; + R{(S;)™'Ro,
=1

applied to the original symmetric (preconditioned) systems of equations (6).
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Preconditioner M}

29

Hl h — ho h0/2 h0/4 h0/8
H, 1.2990 (21) 7.3572 (28) 14.3928 (40) 205718 (57)
Ho/2 - 47076 (22) 7.7532 (30) 14.4282 (41)
Hy/4 - - 4.9095 (23) 8.1509 (30)
Hy/8 - - - 5.0121 (23)
Preconditioner M3
Hl h — ho h0/2 h0/4 h0/8
H, 55519 (25) 9.4431 (32) 18.7975 (45) 38.8577 (64)
Ho/2 - 6.2441 (26) 10.1556 (34) 18.7271 (47)
Hy/4 - - 6.5799 (28) 10.6361 (35)
Hy/8 ; ; - 6.6286 (29)
Preconditioner M3}
Hl h — ho h0/2 h0/4 h0/8
Ho 5.5855 (25) 9.4545 (32) 18.8013 (45) 38.8591 (64)
Hy/2 - 6.2788 (27) 10.1688 (35) 18.7303 (47)
Hy/4 - - 6.6139 (28) 10.6507 (35)
Hy/8 ; ; - 6.6689 (29)
B, '/2A,B; /7 12229042 (52) 4.7212e+2 (100) 1.8726e+3 (202) 7.4752e+3 ( 410)
An 2.5173e+4 (115) 3.9949¢+5 (229) 6.3800c+6 (486) 1.0309¢-+8 (1040)

TABLE 5. Preconditioners M, MJ and Mi (N = 16, o = 1):
condition number estimates and iteration counts. Piecewise linear
discontinuous coarse space.

We ran the same set of experiments as before. More precisely, in Table 5 and
Table 6 we compare the condition number estimates and the iteration counts
obtained on a subdomain partition made of N = 16 and N = 4 subdomains,
respectively, employing a piecewise linear discontinuous coarse space. As ex-
pected, the preconditioners with inexact local solvers are also scalable, and the
condition number estimates of the preconditioned system are in agreement with
Theorem 4.1: the computed condition number seems to behave as O(H/h).

Finally, we test again the performance of the preconditioners where the coarse
spaces are constructed from piecewise constant polynomials. The computed con-
dition number estimates and the corresponding iteration counts obtained by em-
ploying the preconditioners Mj and M3 are shown in Table 7. By comparing
the results with the analogous ones presented in the previous Section 5.1 it can
been inferred that employing exact local solvers improves the performance of the
preconditioner slightly.
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Preconditioner M}

H| h— ho h0/2 ho /4 ho/8
Ho 4.4817 (20) 7.3013 (26) 13.8371 (36) 27.7972 (51)
Ho/2 : 4.7381 (21) 7.8524 (28) 14.4631 (38)
Ho/4 - - 4.7748 (22) 8.1640 (29)
Ho/8 . - - 4.9653 (23)
Preconditioner M}
H| h— ho ho/2 ho /4 ho/8
Ho 5.9734 (24) 9.7880 (31) 18.2750 (42) 36.4445 (58)
Ho /2 - 6.4031 (26) 10.4022 (34) 18.9555 (45)
Ho/4 . - 6.6069 (28) 10.7379 (35)
Ho/8 - - - 6.5152 (28)
Preconditioner MY
H| h— ho h0/2 ho/4 ho/8
Ho 6.0084 (24) 9.8017 (31) 18.2784 (42) 36.4448 (58)
Ho/2 : 6.4362 (27) 10.4172 (34) 18.9593 (45)
Ho/4 - - 6.6491 (28) 10.7544 (34)
Ho/8 - - - 6.5739 (28)
B Y2A,B Y2 1.2229e42 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752e+3 ( 410
h h
Ay, 2.5173¢+4 (115)  3.9949e+5 (229) 6.3800e+6 (486) 1.0309e+8 (1040)

TABLE 6. Preconditioners M}, Mj and M3 (N =4, a=1): condi-

tion number estimates and iteration counts.

continuous coarse Space.

Preconditioner M}

Piecewise linear dis-

H| h— ho ho/2 ho /4 ho/8

Ho 10.6099 (29) 24.6977(43) 54.5351 (63) 114.8625 (91)

Ho /2 - 12.2398 (34) 26.7205 (49) 56.2146 (71)

Ho /4 . - 13.2809 (37) 28.0078 (51)

Ho/8 - - - 14.0256 (38)

Preconditioner M}

H| h— ho h0/2 ho /4 ho/8

Ho 12.0117 (31) 28.4619 (46) 62.7619 (67) 132.3684 (95)

Ho/2 : 14.0306 (36) 30.7275 (52) 64.7140 (74)

Ho/4 - - 15.1082 (40) 31.8235 (55)

Ho/8 . - . 15.8052 (42)

B Y2A,B Y2 1.2229e42 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752e+3 ( 410
h h

Ay, 2.5173e+4 (115)  3.9949e+5 (229)  6.3800e+6 (486) 1.0309e+8 (1040)

TABLE 7. Preconditioners M} and M} (N = 16, o« = 1): condi-

tion number estimates and iteration counts.

discontinuous coarse space.

Piecewise constant
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5.3. Variable penalty parameter. The aim of this section is to validate the in-
dependence on the penalty parameter « of the estimates for the condition number
of the preconditioned system proved in Theorem 4.1.

For the sake of brevity we focus only on the performance of the preconditioners
ME and M, additionally throughout this section we employ a piecewise constant
coarse solver. In Figure 5.3 we report the condition number estimates of the
preconditioned system for different values of a. Although our theory requires
a > 1 for the sake of completeness we report here the results obtained with
a = 1072,...,10%, and different mesh configurations. Results obtained with
exact local solvers, i.e., the preconditioner Mf, are shown in Figure 3(a), whereas
Figure 3(b) shows the analogous results obtained with inexact local solvers, i.e.,
the preconditioner M. As expected, our preconditioner is fairly insensitive on
the choice of the penalization constant.

(a) Preconditioner ME (exact local solvers)

10 T T T T T 10 T T T T T
10°h 4 0 E
[—Y
Ky —— no/s HDIQ
el o 2 2L —— e, H/a
10°H 4 10 /8 Hyf ]
——h /4, H /4
T g8, H/8
—a—«(@; A, B @, 1)
[ A A .
i
10k a S A A 10 4
s s . s . . » » *
100 2 ‘l ‘D ‘l ‘2 ‘3 4 100 2 ‘l ‘ﬂ ‘1 ‘2 ‘3 4
10 10 10f 10 10 10 10° 10 10 10 10 10 10 10
el I /-
(b) Preconditioner M7 (inexact local solvers
10* T T T T T 10* T T T T T
10°F 4 0 E
[ —Y)
Ky —— no/s HDIQ
el o 2 2L —— e, H/a
10°H 4 10 /8. Hy 1
% h 4 He
T g8, H/8
—a—«(@; A, B @, 1)
. A A a
[
— A A A —
A T L e
10— 1 10 ]
e g * * * *
S
- * * * * i
10° I I I I I 10° I I I I I

FIGURE 4. Preconditioners ME and M (N = 16): condition num-
ber estimates as a function of the penalty parameter a. Piecewise
constant coarse solver.



CRM Preprint Series number 1057

32 P. F. ANTONIETTI, B. AYUSO DE DIOS, S. C. BRENNER, AND L.-Y SUNG

ACKNOWLEDGMENTS

The work of P.F. Antonietti and B. Ayuso de Dios was partially supported by
Azioni Integrate Italia—Spagna through the projects IT097ABB10 and HI2008-
0173. B. Ayuso de Dios was also partially supported by MEC through the grant
MTM2008 — 03541. The work of S.C. Brenner and L.-Y. Sung was supported in
part by the National Science Foundation under Grant DMS-10-16332.

APPENDIX A. APPENDIX

The aim of this section is to show Lemma 2.1. For that purpose, we first recall
a result that provides a natural splitting of the DG linear functions.

Proposition A.1. [5, Proposition 3.1] For any u € Vj, there exist a unique
v € V. and a unique z € Z;, such that w = v+ z. That is: V,, = V,’E & Z,,,
where V,¢F is the classical Crouziez-Raviart space defined by

ViR ={ve*(Q) : v, € P(T) VT €T, and N[v]) =0 Veeé&}.
and the space Z, is defined by:
Z,={vel*Q):v,cP(T) VI'€T, and I (fo})=0 Veec&}.

A natural set of basis functions associated to midpoints of edges can be given
for both spaces V,°% and Zy,, i.e.,

(58) VCR = Span{‘PSR}eeg,‘; Zy = span{wf%}eegg &) span{@bf{;}eeg}? )

Therefore, an edgewise ordering of the dofs of any u € V), facilitates the use of
the above splitting.

For any u € V3, let v € V,°® and 2 € Z;, such that u = v + 2. Now, we fix an
interior edge e = 7T NIT~, e € & and, we denote by v, (resp. z.) the vector
containing the degrees of freedom of v|.~p+ and v|.nr— (resp. z|ear+ and z|qr-).
Using the definition of the spaces V,°® and Z,, it follows that,

_ | Ve _ || _ u’t _ Ve + | 2] _
ve_{ve], ze—{_‘%‘}, ue_[u]_[ve—\ze\ -

Therefore, we have that
e\—1/2 _ Ue+ﬁe|ze| — o
(B;) /", [ oo — Bzl Ve + BeZe Ve € &,

where (3, is defined as in (8). Therefore, with such a decomposition the action of
the operator (Bf)~!/2 can be read as the one that, on each interior edge, leaves
untouched the Crouziex-Raviart part of the DG function and acts only on its
highly oscillatory component z. Analogously, on each boundary edge e € &7, we
have

(B)~12Q"u, = Bz, Ve € &7,
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where, following [5], we have assigned the dofs corresponding to the boundary
edges (of the Dirichlet problem) in Zj, (or, analogously, the Dirichlet boundary
conditions with Crouzeix-Raviart elements are imposed strongly). Summarizing,
we have

Ve + Bez. ifee &y,

B.z. if e € £,

(59) (Bf,)*u, = {

where (3, is defined in (8).
We also recall the following result from [5]. We report the proof for the sake
of completeness.

Lemma A.2. For any z € Z, it holds that

(60) S IelRr < €2 3 I (EEDI, |

TET, ecE, ¢

where Cy is the constant in the trace inequality (and so depends only on the shape
reqularity of the mesh).

Proof. Integrating by parts, recalling that since z € Z, is piecewise linear then
Az =0 on each T € Tp,, and the definition (4) of the operator II§(-) yield

> IValSr = (Vz, Va)or

TETh
= — Z / Azzdzr + Z {vz} - [z]ds + Z [Vz] - L=} ds
TeT, VT ce&y V€ cegp e
= [V -O5(lDds + ) [ [V] - M5({=}) ds
ec&, V€ ecEp v ¢
=Y [ 49 e as
e€ly €
<Y 0PIV ER loe b2 IS LD loe-
e€Ey
The thesis follows by employing the standard trace inequality. U

Finally, we are ready to prove Lemma 2.1.

Proof of Lemma 2.1. From the decomposition of the space V}, given in Proposi-
tion A.1, any u € V}, can be decomposed uniquely as u = u" +u?, with u®" € V,%

and u® € Z;,. Recalling now that B;Ll/Qu = u“" + fu?, with 3|, = . defined as in
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(8), we find
- or o
Z—IIHO([[ )2, = Z—IIHO(HU + B))|2, = Zﬁz—gnm D2,
ecéy ecéy ecly
< Z—HHO DI2.,
e€Ey

where the last bound follows from estimate (9). We now show the continuity (16).
For any u,w € V;, we write u = v + v* and w = w” + w?* with u ,w € V¢
and u®, w*® € Zj. Then, the Cauchy-Schwarz inequality and the above inequality,
gives

1/2 1/2
(61)  Dp(u,w) (Z IV (u + Bu” )Hw) (Z HV(w"”"Jrﬁwz)!\ﬁ,T)

1/2 1/2
+<Z;hiellﬂo([[U]])H§,e> (Z; T ([w ]])H&) :

We now estimate each term on the right hand side separately (it is enough to do
this for u = u“" 4u*). The triangle inequality, the arithmetic-geometric inequality
together with Lemma A.2, and the definition (8) of 3 yield the estimate

DIV +8a)Er S Y (Ve o + BVl )

TeTy, TeT,
= IV + v = )37 + B VUl (5 1)
TeET,
cr z (1 + /662) e z
DN GERI T I ([u DI,
TET, ec&y ¢
(62) S IVulie+ > —HHe DIIGe-
TeT, eGEh

which yields (16).

We now prove the coercivity. Cauchy-Schwarz inequality, the arithmetic-
geometric inequality and estimate (60) from Lemma A.2 imply

2 /ﬁvhu" . thZ dx S QHBV;LUCTHO,QHthZHQQ
Q

< 80352||thcr||3,9 + |thz||g,ﬂ ;

! |

57
cr 1 1 z

< 8CTAIViu|f o + 3 E h—||H0([[U Dils.e s

e€ly, ¢
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where C; denotes the constant for the trace inequality. The above estimate to-
gether with the scaling of B, given in (9) and the assumption a > 1 yield

o} 1 a 1 1 1
> = )2 ) 255 =
h ¢ h3 he \ ka + h? he \ ka +1 2khe — 4he
with k = 1 if e € & and k = 2 if e € Y. The above observations together with

Lemma A.2 finally give
Di(u,u) > [[Vau[§q + 821 Viu® [ q

2B S ([ DI~ TV da
ecly,
2 (1=8C28%) IVaullgn + B2 Va5 q

1 1 1
I 1T z 2

+(3-3) 5 g Imb IR,

2 (1=8C;8%) IVau 50 + B2 I Vau o + ) —H o([uD)[I5.c.
eegh
Hence, by taking h so that 1 —8C23%* > 1/2 > 0, we have
Dh(u,u) = —thucrﬂog + B3, + Z o ([ul)[5.¢:

e€5h

and therefore, discarding the low order terms we finally obtain (because of line-
break Lemma A.2)

Di(u,u) 2 [[Vaullia + Y o 3 |!Ho([[U]])H3,e 2 lullbe

e€ly
for all h <,/ 1602 7 and the proof is complete. U
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