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NUMERICAL SOLUTION OF SYSTEMS OF SINGULARLY

PERTURBED DIFFERENTIAL EQUATIONS
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Abstract — A survey is given of current research into the numerical solution of time-
independent systems of second-order differential equations whose diffusion coefficients
are small parameters. Such problems are in general singularly perturbed. The equa-
tions in these systems may be coupled through their reaction and/or convection terms.
Only numerical methods whose accuracy is guaranteed for all values of the diffusion
parameters are considered here. Some new unifying results are also presented.
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1. Introduction

Systems of linear reaction — convection — diffusion equations (where reaction or convection
terms, but not both, may be absent) appear in various applications. For example, the
Oseen equations, which arise when using a fixed-point iteration to solve the Navier-Stokes
equations written in velocity-pressure form, are a convection — diffusion system; while a
linearization of the Navier-Stokes equations written in rotation form will yield a reaction —
diffusion system. For large Reynolds number (i.e., small viscosity coefficient) these systems
are singularly perturbed.

A search of the research literature shows that since 2003 there has been a surge of interest
in numerical methods for reaction — convection — diffusion systems. Several papers prove
convergence results that are uniform in the singular perturbation parameter(s). Convergence
results of this type are the focus of this survey. Only stationary problems are considered
here. As well as summarizing the current state of knowledge in this area, we also prove some
new results that unify previously published analyses.

Let ℓ > 2 be an integer. Let Ω be a domain in R or R
2. Let εi, for i = 1, . . . , ℓ, be a set

of parameters that satisfy 0 < εi ≪ 1 for all i. (In some cases below we shall take εi = ε for
all i.) Consider the system of ℓ reaction — convection — diffusion problems

Lu := −diag (ε)∆u−B · ∇u+Au = f in Ω, u|∂Ω = g. (1.1)

where B = (B1,B2) with matrix-valued functions A,B1,B2 : Ω̄ → R
ℓ,ℓ, and vector-valued

f ,u : Ω̄ → R
ℓ. Here A,B,f and g are given while u is unknown.
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We divide (1.1) into three subclasses:
(i) reaction — diffusion: −diag (ε)∆u +Au = f ;
(ii) weakly coupled convection — reaction — diffusion: −diag (ε)∆u − diag (b) · ∇u +

Au = f ;
(iii) strongly coupled convection — diffusion: −diag (ε)∆u−B · ∇u+Au = f .
It will be seen later that each subclass has its own peculiarities. Further assumptions on

the data will of course be required; these will be stated as needed later.
We restrict our considerations to linear problems. Using standard linearization techniques

the results can be generalized to certain classes of quasilinear and semilinear problems.
All published convergence results that are uniform in the perturbation parameters are

at present confined to methods that apply special layer-adapted meshes — e.g., those of
Bakhvalov and Shishkin types — to these problems. Thus we shall confine our attention to
methods that use such meshes.

Our focus is on robust numerical methods that converge in the discrete maximum norm,
uniformly in the parameters ε1, . . . , εℓ. Such methods are said to be uniformly convergent in
this paper.

Notation. Vectors are assumed to be columns. The superscript ⊤ means transpose.
We write ‖ · ‖∞ for the maximum norm on C(Ω̄). If v = (v1, v2, . . . , vℓ)

⊤ is any vector
function in C(Ω̄)ℓ, set ‖v‖∞ := max

i=1,...,ℓ
‖vi‖∞. On any mesh ω, the discrete analogues of these

norms are denoted by ‖ · ‖∞,ω.
Let ω̄N : 0 = x0 < x1 < x2 · · · < xN = 1 be an arbitrary mesh on the interval [0, 1].

The set of interior mesh points is ωN := {x1, x2, . . . , xN−1}. Set hi = xi − xi−1 and ~i =
(hi + hi+1)/2 for each xi. Given an arbitrary mesh function {vi}

N
i=0, define the difference

operators

vx;i =
vi+1 − vi

hi+1
, vx̄;i =

vi − vi−1

hi
, vx̂;i =

vi+1 − vi

~i
.

Let R
N+1
0 denote the set of all mesh functions that vanish at x0 and xN .

For any function g ∈ C[0, 1] and each xi ∈ ωN we set gi = g(xi); if g ∈ C[0, 1]ℓ then set
gi = g(xi) = (g1,i, . . . , gℓ,i)

⊤.
Finally, C denotes a generic constant that is independent of all small diffusion parameters

and of any mesh; it can take different values at different places in the paper.

2. Reaction — diffusion problems in one dimension

2.1. Scalar problems. Before investigating systems of reaction — diffusion equations that
are posed in one dimension, we remind the reader of the main properties of a single equation
of this type. Consider the singularly perturbed reaction — diffusion two-point boundary
value problem

Lu := −ε2u′′ + ru = f in (0, 1), u(0) = u(1) = 0, (2.1)

where 0 < ε ≪ 1, and r, f ∈ C2[0, 1] with r(x) > ̺2, ̺ > 0 for x ∈ [0, 1]. Note how here and
subsequently we use ε2 instead of ε as the diffusion coefficient when discussing reaction —
diffusion problems; this is to simplify the notation, since the analysis of such problems
is expressed most naturally in terms of the square root of the diffusion coefficient. The
solution of (2.1) typically exhibits a boundary layer of width O (ε ln 1/ε) at each endpoint of
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the domain. More precisely, the following bounds for u and its lower-order derivatives can
be shown using the techniques from [27, Chapter 6]:

∣

∣u(ℓ)(x)
∣

∣ 6 C
{

εmin{0,2−ℓ} + ε−ℓe−̺x/ε + ε−ℓe−̺(1−x)/ε
}

for ℓ = 0, . . . , 4. (2.2)

Let (2.1) be discretized on the arbitrary mesh ω̄N by the central difference scheme

[

LuN
]

i
:= −ε2uN

x̄x̂;i + r(xi)u
N
i = f(xi) for i = 1, . . . , N − 1, uN

0 = uN
N = 0, (2.3)

where the discrete solution is uN
0 , u

N
1 , . . . , u

N
N .

2.1.1. Stability. It is well known (see, e.g., [31, 32]) that (2.1) satisfies the following
comparison principle:

Lemma 2.1. Let v, w ∈ C2(0, 1) ∩ C[0, 1]. Then

Lv > Lw in (0, 1),

v(0) > w(0), v(1) > w(1)

}

=⇒ v > w on [0, 1].

As the matrix associated with (2.3) is easily seen to be an M-matrix, it follows that the
discrete problem enjoys a similar property:

Lemma 2.2. Let v, w ∈ R
N+1 Then

[Lv]i > [Lw]i for i = 1, . . . , N − 1,

v0 > w0, vN > wN

}

=⇒ vi > wi for i = 0, . . . , N.

To investigate the numerical method, the most effective approach is to work with con-
tinuous and discrete Green’s functions. Let G be the Green’s function associated with the
differential operator L and the point ξ ∈ (0, 1). Then — see [4, 12, 15] for a detailed deriva-
tion — one has

G > 0,

1
∫

0

|(rG) (x)| dx 6 1,

1
∫

0

|G′(x)| dx 6
1

ε̺
,

1
∫

0

|G′′(x)| dx 6
2

ε2
. (2.4)

For the discrete analogue G of G that is associated with the difference operator L and a mesh
node ξ ∈ ωN , one has

Gi > 0,
N−1
∑

i=1

~i |riGi| 6 1,
N
∑

i=1

|Gx;i| 6
1

ε̺
,

N−1
∑

i=1

|Gx̂x̄;i| 6
2

ε2
. (2.5)

These bounds imply for example that

‖v‖∞ 6 ‖Lv/r‖∞ for all v ∈ C2[0, 1] with v(0) = v(1) = 0 (2.6)

and
‖v‖∞,ω̄N

6 ‖Lv/r‖∞,ωN
for all v ∈ R

N+1
0 .

2.1.2. Error bounds. Various error bounds are given in the literature for the solution of
(2.3). The most general of these [15] invokes (2.5) to prove that

∥

∥u− uN
∥

∥

∞,ω̄N
6 Cϑrd,ε(ωN)2 (2.7)
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where

ϑrd,ε(ωN) := max
k=1,...,N−1

xk
∫

xk−1

[

1 + ε−1e−̺x/(2ε) + ε−1e−̺(1−x)/(2ε)
]

dx.

Furthermore, one can derive an a posteriori bound [12, 19] by appealing to (2.4):

∥

∥u− uN
∥

∥

∞
6 2 max

i=1,...,N

h2
i

4ε2
|qi| + max

i=1,...,N

hi

2̺ε
|qi − qi−1| +

1

̺2

∥

∥q − qI
∥

∥

∞,ω̄

where q := f − ruN .

2.1.3. Mesh construction. We now concentrate on special meshes that are designed
specifically for (2.1). Such meshes will — partly or completely — resolve the boundary
layers appearing in u in order to attain convergence bounds for (2.3) that are uniform in
the singular perturbation parameter ε. Our exposition begins with the Bakhvalov mesh
then continues with the more recent Shishkin mesh, which is simpler but yields less accurate
computed solutions.

Bakhvalov meshes [7] for the discretization of (2.1) are constructed as follows. Choose
parameters q ∈ (0, 1/2) and σ > 0; here q is (roughly) the ratio of the number mesh points
used to resolve a single layer to the total number of mesh points, while σ determines the
grading of the mesh inside the layer. Away from the layer an equidistant mesh in x is
used. The transition point τ between the graded and equidistant portions of the mesh is
determined by the requirement that the resulting mesh generating function ϕ is C1[0, 1].
That is, define

ϕ(ξ) =























χ(ξ) := −
σε

β
ln

(

1 −
ξ

q

)

for ξ ∈ [0, τ ],

π(ξ) := χ(τ) + χ′(τ)(ξ − τ) for ξ ∈ [τ, 1/2],

1 − ϕ(1 − ξ) for ξ ∈ (1/2, 1],

where the transition point τ must satisfy the nonlinear equation

χ′(τ) =
1 − 2χ(τ)

1 − 2τ
,

which cannot be solved exactly. The mesh points are then defined by xi = ϕ(i/N) for
i = 0, . . . , N. The mesh generating function and the Bakhvalov mesh are shown in Figure 2.1.

q
χ(ξ)

π(ξ)

ξ=1/2

x=1/2

bξ=τ

x=χ(τ)

ϕ(ξ)

ξ=1

x=0 x=1

F i g. 2.1. Bakhvalov mesh: the mesh generating function (left) and the x-mesh generated (right)
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Alternatively, the Bakhvalov mesh can be generated [14] by equidistributing the function

MBa(x) = max
{

1, Kε−1e−̺x/εσ, Kε−1e−̺(1−x)/εσ
}

with positive constants K and σ, i.e., the mesh points xi are chosen such that

xi
∫

xi−1

MBa(x)dx =
1

N

1
∫

0

MBa(x) dx for all i.

The parameter K determines the number of mesh points used to resolve the layers. For the
Bakhvalov mesh ωB

N we have

ϑrd,ε(ω
B
N) 6 CN−1 if σ > 2,

because
∫ 1

0
MBa(x) dx 6 C.

Shishkin meshes [27, 33] appear often in the research literature because of their relative
simplicity — they are piecewise equidistant. Let q ∈ (0, 1/2) and σ > 0 be mesh parameters.
Many authors simply take q = 1/4. Set

τ = min

{

q,
σε

̺
lnN

}

.

Assume that qN is an integer. Then the Shishkin mesh ωS
N for problem (1.1) divides each of

the intervals [0, τ ] and [1 − τ, 1] into qN equidistant subintervals, while [τ, 1 − τ ] is divided
into (1 − 2q)N equidistant subintervals. Figure 2.2 depicts a Shishkin mesh for (2.1) with
32 mesh intervals. For this mesh it is straightforward to show that

ϑrd,ε(ω
S
N) 6 CN−1 lnN if σ > 2.

In the above estimates for ϑrd,ε on the Bakhvalov and Shishkin meshes, the constants C
increase slowly with σ, so in practice σ is not chosen larger than the theory demands —
recall that by (2.7) the error in the computed solution is bounded by Cϑrd,ε(ωN)2.

0 τ

N/4 N/4

11−τ

N/2

F i g. 2.2. Shishkin mesh for scalar reaction — diffusion problem

2.2. Systems of reaction — diffusion equations. We now leave the scalar equation
(2.1) and move on to systems of equations of this type.

2.2.1. The continuous problem. Find u ∈ (C2(0, 1) ∩ C[0, 1])
ℓ

such that

Lu := −E2u′′ +Au = f in (0, 1), u(0) = u(1) = 0, (2.8)

where E = diag (ε1, . . . , εℓ) and the small parameter εk is in (0, 1] for k = 1, . . . , ℓ. We set
A = (aij) and f = (fi). Written out in full, (2.8) is

−ε2
1u

′′
1 + a11u1 + a12u2 + · · ·+ a1ℓuℓ = f1 in (0, 1), u1(0) = u1(1) = 0,

−ε2
2u

′′
2 + a21u1 + a22u2 + · · ·+ a2ℓuℓ = f2 in (0, 1), u2(0) = u2(1) = 0,

...

−ε2
ℓu

′′
ℓ + aℓ1u1 + aℓ2u2 + · · ·+ aℓℓuℓ = fℓ in (0, 1), uℓ(0) = uℓ(1) = 0.
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Stability. Assume that all entries aij of the coupling matrix A lie in C[0, 1] and that A
has positive diagonal entries. Assume likewise that all fi lie in C[0, 1]. Our analysis follows
that of [23] and is based on the stability properties of Section 2.1.

For each k, the kth equation of the system (2.8) can be written as

−ε2
ku

′′
k + akkuk = fk −

ℓ
∑

m=1

m6=k

akmum.

The stability inequality (2.6) and a triangle inequality then yield

‖uk‖∞ −
ℓ
∑

m=1

m6=k

∥

∥

∥

∥

akm

akk

∥

∥

∥

∥

∞

‖um‖∞ 6

∥

∥

∥

∥

fk

akk

∥

∥

∥

∥

∞

(2.9)

Define the ℓ× ℓ constant matrix Γ = Γ(A) = (γij) by

γii = 1 and γij = −

∥

∥

∥

∥

aij

aii

∥

∥

∥

∥

∞

for i 6= j. (2.10)

Suppose that Γ is inverse-monotone, i.e., that Γ is invertible and

Γ−1
> 0; (2.11)

this can often be verified by using the M-criterion [32]. Then (2.9) gives immediately a
bound on ‖u‖∞ in terms of the data A and f and one obtains the following stability result
for the operator L:

Theorem 2.1. Assume that the matrix A has positive diagonal entries. Suppose also
that all entries of A lie in C[0, 1]. Assume that Γ(A) is inverse-monotone. Then for
i = 1, . . . , ℓ one has

‖vi‖∞ 6

ℓ
∑

k=1

(

Γ−1
)

ik

∥

∥

∥

∥

(Lv)k

akk

∥

∥

∥

∥

∞

for any function v = (v1, . . . , vℓ)
⊤ ∈ (C2(0, 1) ∩ C[0, 1])

ℓ
with v(0) = v(1) = 0.

Corollary 2.1. Under the hypotheses of Theorem 2.1 the boundary value problem (2.8)
has a unique solution u, and ‖u‖∞ 6 C ‖f‖∞ for some constant C.

Remark 2.1. Thus the operator L is maximum-norm stable although in general it is
not inverse-monotone — the hypotheses of Theorem 2.1 do not in general imply that (2.8)
obeys a maximum principle.

Remark 2.2. The obvious analogue of the stability inequality (2.6) is also valid for
scalar reaction — diffusion problems posed in domains Ω lying in R

d for d > 1. Consequently
Theorem 2.1 holds true also for reaction — diffusion systems posed on Ω ⊂ R

d with d > 1.

Remark 2.3. Most publications in the literature [9, 22, 24–26, 38] assume that on each
row of the coupling matrix A one has aij 6 0 for i 6= j and

∑

j aij > α on [0, 1] for some
positive constant α. These properties imply that A is an M-matrix and the operator L

obeys a maximum principle. It follows (use the M-criterion with a constant test vector) that
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the matrix Γ(A) is also an M-matrix. Thus the stability result from [23] that is stated in
Theorem 2.1 above is more general than the stability results in these publications.

In [7, 9] the coupling matrix A is assumed to be coercive, viz.,

v⊤A(x)v > µ2v⊤v for all v ∈ R
ℓ and x ∈ [0, 1], (2.12)

where µ is some positive constant. The following new result, which slightly generalizes [37],
establishes a connection between (2.11) and (2.12).

Theorem 2.2. Assume that A has positive diagonal entries and that Γ is inverse-
monotone. Then there exists a constant diagonal matrix D and a constant α > 0 such
that

v⊤DA(x)v > αv⊤v for all v ∈ R
ℓ, x ∈ [0, 1],

i.e., the matrix DA is coercive uniformly in x.

Proof. As Γ−1 exists, one can define y, z ∈ R
ℓ by Γy = 1 and Γ⊤z = 1. Then Γ−1

> 0
implies that yi > 0 and zi > 0 for i = 1, . . . , ℓ. Define the matrix-valued function G = (gij)
by gij(x) = ziaij(x)yj for all i and j. Observe that both G and G⊤ are strictly diagonally
dominant:

gii(x) −
∑

j 6=i

|gij(x)| > aii(x)zi

{

yi −
∑

j 6=i

∥

∥

∥

∥

aij

aii

∥

∥

∥

∥

∞

yj

}

= aii(x)zi

∑

j

γijyj = aii(x)zi > 0,

gii(x) −
∑

j 6=i

|gji(x)| > aii(x)yi

{

zi −
∑

j 6=i

∥

∥

∥

∥

aji

aii

∥

∥

∥

∥

∞

zj

}

= aii(x)yi

∑

j

γjizj = aii(x)yi > 0.

Thus (G + G⊤)/2 is strictly diagonally dominant and symmetric. Hence there exists a
constant β > 0 such that

v⊤Gv = v⊤G⊤v = v⊤
G+G⊤

2
v > βv⊤v for all v ∈ R

ℓ.

Define the diagonal matrix D = (dii) by dii = zi/yi for all i. Then

v⊤DA(x)v =
∑

i,j

diiaijvivj =
∑

i,j

gij
vi

yi

vj

yj
> β

∑

i

(

vi

yi

)2

> α
∑

i

vi
2.

�

Remark 2.4. Our proof of Theorem 2.2 remains valid for reaction — diffusion problems
posed in Ω ⊂ R

d with d > 1.

Remark 2.5. As multiplication on the left by a positive diagonal matrix neither changes
the structure of (2.8) nor alters Γ(A), Theorem 2.2 implies that, without loss of generality, if
A has positive diagonal entries then whenever (2.11) is satisfied one can assume that (2.12)
holds true also. Thus the hypothesis that (2.12) alone holds true is more general than an
assumption that (2.11) is valid, but the only analyses [7, 9] that are based solely on (2.12)
are restricted to the special case ε1 = ε2 = · · · = εℓ; see Section 3.
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Derivative bounds and solution decomposition. Let the coupling matrix A(x) be strictly
diagonally dominant for all x ∈ [0, 1]. Then A has positive diagonal entries and there exists
a constant β such that

ℓ
∑

k=1

k 6=i

∥

∥

∥

∥

aik

aii

∥

∥

∥

∥

∞

6 β < 1 for i = 1, . . . , ℓ. (2.13)

An application of the M-criterion with a constant test vector shows that Γ−1
> 0. Define

κ = κ(β) > 0 by

κ2 := (1 − β) min
i=1,...,ℓ

min
x∈[0,1]

aii(x).

For arbitrary ε ∈ (0, 1] and 0 6 x 6 1, set

Bε(x) := e−κx/ε + e−κ(1−x)/ε.

For simplicity in our presentation we assume that

ε1 6 ε2 6 · · · 6 εℓ and εℓ 6
κ

4
;

the first inequality can always be achieved by renumbering the equations while the second
provides a threshold value for the validity of our analysis.

The next result generalizes (2.2).

Theorem 2.3 [23]. Let A and f be twice continuously differentiable. Then the solution
u of (2.8) can be decomposed as u = v +w, where v and w are defined by

−E2v′′ +Av = f in (0, 1), v(0) = A(0)−1f(0), v(1) = A(1)−1f(1),

and
−E2w′′ +Aw = 0 in (0, 1), w(0) = −v(0), w(1) = −v(1).

For all x ∈ Ω, the derivatives of v and w satisfy the bounds

∥

∥v
(k)
i

∥

∥

Ω̄
6 C

(

1 + ε2−k
i

)

for k = 0, 1, . . . , 4 and i = 1, . . . , ℓ,

∣

∣w
(k)
i (x)

∣

∣ 6 C

ℓ
∑

m=i

ε−k
m Bεm

(x) for k = 0, 1, 2 and i = 1, . . . , ℓ,

and
∣

∣w
(k)
i (x)

∣

∣ 6 Cε2−k
i

ℓ
∑

m=1

ε−2
m Bεm

(x) for k = 3, 4and i = 1, . . . , ℓ.

The bounds of Theorem 2.3 say that each component ui of the solution u can be written
as a sum of a smooth part (whose low-order derivatives are bounded independently of the
small parameters) and ℓ overlapping layers, though the full effect of these layers is manifested
only in derivatives of order at least 3.

Figure 2.3 displays a typical solution in the case ℓ = 2. The first plot shows the two
components on the entire domain [0, 1]; all that is apparent is that each component has
layers at x = 0 and x = 1. The second plot is a blow-up of the layer at x = 0 (the layer at
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x = 1 is similar) and we observe that while u2 has a standard layer, the layer in u1 appears
to have a kink close to x = 0. Consequently a third plot is provided, which zooms further
into the solution at x = 0, and now it is clear that the layer in u1 is a sum of two separate
layers — exactly as predicted by Theorem 2.3. This theorem also forecasts that u2 has no
such visible behaviour, since interactions between layers in u2 appear only in the third-order
and higher derivatives, and these are not easily noticed on graphs.

Fig. 2.3. Overlapping layers in a system of two
reaction — diffusion equations

2.2.2. Mesh construction. The presence of multiple layers in the solution u at each end
of the interval [0, 1], as revealed by Theorem 2.3, forces us to generalize the layer-adapted
mesh constructions of Section 2.1.3 by refining the mesh separately for each layer. That is,
when approaching an end-point of [0, 1], one requires a fine mesh that undergoes a further
refinement as one enters each new layer in u. Thus Bakhvalov meshes for (2.8) can be
constructed by equidistributing the monitor function MBa defined by

MBa(t) := max

{

1,
K1

ε1
e−κt/σε1 ,

K1

ε1
e−κ(1−t)/σε1 , . . . ,

Kℓ

εℓ
e−κt/σεℓ ,

Kℓ

εℓ
e−κ(1−t)/σεℓ

}

with positive user chosen constants σ and Km.
Shishkin meshes for problem (2.8) are still piecewise equidistant, but now each layer in

u requires its own fine mesh. They are constructed as follows. Let N , the number of mesh
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intervals, be divisible by 2(ℓ+ 1). Let σ > 0 be arbitrary. Fix the mesh transition points τk
by setting

τℓ+1 = 1/2, τk = min

{

kτk+1

k + 1
,
σεk

κ
lnN

}

for k = ℓ, . . . , 1, and τ0 = 0.

Then the mesh is obtained by dividing each of the intervals [τk, τk+1] and [1 − τk+1, 1 − τk],
for k = 0, . . . , ℓ, into N/(2ℓ+ 2) subintervals of equal length. Figure 2.4 depicts a Shishkin
mesh with 24 mesh intervals for a system of 2 equations.

0 τ2τ1 11−τ11−τ2τ3

F i g. 2.4. Shishkin mesh for system of 2 reaction — diffusion equations

2.2.3. Finite difference approximation. We consider the discretization of (2.8) by stan-
dard central differencing on meshes ω̄N that for the moment are arbitrary. That is, we seek

uN ∈
(

R
N+1
0

)ℓ
such that

[

LuN
]

i
:= −diag (E)2uN

x̄x̂;i +A(xi)u
N
i = f (xi) for i = 1, . . . , N − 1. (2.14)

Stability. By imitating the argument of Theorem 2.1 and appealing to Lemma 2.2, one
gets the following stability result:

Theorem 2.4. Assume that the matrix A has positive diagonal entries. Suppose also
that all entries of A and components of f lie in C[0, 1]. Assume that Γ(A) is inverse-
monotone. Then for i = 1, . . . , ℓ one has

‖vi‖∞,ω̄N
6

ℓ
∑

k=1

(

Γ−1
)

ik

∥

∥

∥

∥

(Lv)k

akk

∥

∥

∥

∥

∞,ω̄N

for i = 1, . . . , ℓ,

for any mesh function v ∈ R
N+1
0 .

Error analysis. Let η := u− uN denote the error of the discrete solution and τ := Lη

the truncation error. We decompose the solution error as η = ϕ+ψ, where the components
ϕi and ψi of ϕ and ψ respectively are the solutions of

−ε2
iϕi,x̄x̂ + aiiϕi = τi = −ε2

i

(

ui,xx̂ − u′′i
)

on ωN , ϕi,0 = ϕi,N = 0

and

−ε2
iψi,x̄x̂ + aiiψi = −

ℓ
∑

k=1

k 6=i

aikηk on ωN , ψi,0 = ψi,N = 0.

Assume that the matrix Γ(A) is inverse-monotone. Then for each i one has

‖ηi‖∞,ω̄N
6 ‖ϕi‖∞,ω̄N

+ ‖ψi‖∞,ω̄N
6 ‖ϕi‖∞,ω̄N

+
ℓ
∑

k=1

k 6=i

∥

∥

∥

∥

aik

aii

∥

∥

∥

∥

∞

‖ηk‖∞,ω̄N
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by (2.6). Gathering together the η terms and invoking the inverse-monotonicity of Γ(A),
we get

∥

∥u− uN
∥

∥

∞,ω̄N
6 C ‖ϕ‖∞,ω̄N

.

Each component ϕi of ϕ is the solution of a scalar problem and can be analysed using stan-
dard techniques. In [23, § 3.2] the derivative bounds of Theorem 2.3 and the estimates (2.5)
for the discrete Green’s function are used to deduce the following result:

Theorem 2.5. Let the matrix A be diagonally dominant. Then the error in the solution
of (2.14) satisfies

∥

∥u− uN
∥

∥

∞,ωN
6 Cϑrd(ωN)2,

where

ϑrd(ωN) := max
k=1,...,N

xk
∫

xk−1

(

1 +
ℓ
∑

m=1

ε−1
m B2εm

(t)

)

dt.

Corollary 2.2. (Convergence on layer-adapted meshes) If σ > 2, then

∥

∥u− uN
∥

∥

∞,ω̄N
6

{

CN−2 for Bakhvalov meshes,

CN−2 ln2N for Shishkin meshes.

Remark 2.6. An alternative analysis based on comparison principles with special bar-
rier functions was used in [22,25,26]. This technique has the more restrictive condition that
A be an M-matrix and up to now has been applied successfully only to Shishkin meshes.

By interpreting the components of uN as piecewise linear functions, one can conduct an
a posteriori error analysis that combines the analysis from [12,19] with Theorem 2.1 to give

∥

∥uj − uN
j

∥

∥

∞
6

ℓ
∑

k=1

(

Γ−1
)

jk

(

max
i=1,...,N

h2
i |qk;i|

2ε2
k

+ max
i=1,...,N

hi |qk;i − qk;i−1|

2̺kεk

+

∥

∥qk − qI
k

∥

∥

∞

̺2
k

)

,

where

qk = fk −
ℓ
∑

ν=1

akνu
N
ν and ̺k = min

x∈[0,1]
akk(x)

1/2.

2.2.3. Finite element methods. Linear finite elements for the discretization of a system of
two equations were first considered in [21]. Here we summarize the more general theoretical
results for (2.8) from [20]. See also [40] for numerical results.

Assume that the coupling matrix A has positive diagonal entries and satisfies (2.13). By
virtue of Theorem 2.2 we can then assume without loss of generality that A is coercive:
v⊤Av > µ2v⊤v for all v ∈ R

ℓ, where µ is a positive constant.
Consider the weak formulation of (2.8): Find u ∈ H1

0 (0, 1)ℓ such that

B(u,v) = F (v) for all v ∈ H1
0 (0, 1)ℓ, (2.15)

with

B(u,v) :=

ℓ
∑

m=1

ε2
m(u′m, v

′
m) +

ℓ
∑

m=1

ℓ
∑

i=1

(amiui, vm) and F (v) :=

ℓ
∑

m=1

(fm, vm),
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where (v, w) :=
∫ 1

0
vw is the standard scalar product in L2(0, 1).

The natural norm on H1
0 (0, 1)ℓ that is associated with the bilinear form B(·, ·) is the

energy norm ||| · ||| defined by

|||v|||2 =
ℓ
∑

m=1

ε2
m |vm|

2
1 + µ2 ‖v‖2

0 , ‖v‖2
0 :=

ℓ
∑

m=1

‖vm‖
2
0 ,

where µ2 is the coercivity constant, ‖v‖0 := (v, v)1/2 is the standard norm on L2(0, 1) and
|v|1 := ‖v′‖0 is the usual H1 seminorm.

The bilinear form B(·, ·) is coercive with respect to the energy norm, viz.,

|||v|||2 6 B(v,v) for all v ∈ H1
0 (0, 1)ℓ.

If f ∈ L2(0, 1)ℓ then F is a bounded linear functional on H1
0 (0, 1)ℓ. Consequently (2.15) has

a unique solution u ∈ H1
0 (0, 1)ℓ.

Given an arbitrary mesh ω̄N on [0, 1], let V ⊂ H1
0 (0, 1) be the space of piecewise linear

functions on ω̄N that vanish at x = 0 and x = 1. Then our discretization is: Find uN ∈ V ℓ

such that

B(uN ,v) = f(v) for all v ∈ V ℓ.

Let uI be the piecewise linear nodal interpolant to u on the mesh ω̄N . Then [20] one
can show that

‖u− uI‖0 6 Cϑrd(ωN)2 and |||u− uI||| 6 Cϑrd(ωN),

and furthermore, the discrete solution satisfies the uniform error bounds

‖u− uN‖0 + |||uI − uN ||| 6 Cϑrd(ωN)2 and |||u− uN ||| 6 Cϑrd(ωN).

When the mesh parameters satisfy σ > 2, these inequalities imply that

‖u− uN‖0 + |||uI − uN ||| 6 C(N−1 lnN)2 and |||u− uN ||| 6 CN−1 lnN

on the Shishkin mesh, and the Bakhvalov mesh gives a similar result without the lnN factors.

3. Reaction — diffusion systems in two dimensions

In this section we examine reaction — diffusion systems that are posed on the unit square.
Recall that Theorems 2.1 and 2.2 hold true for systems of this type. Compatibility conditions
at the corners of the domain will play a role in the general analysis.

3.1.1. One parameter. Consider first, as in [8,9], a system of ℓ equations where the same
small diffusion parameter ε appears in each equation. That is, the problem is

Lu := −ε2∆u +Au = f on Ω := (0, 1)2, u = g on ∂Ω, (3.1)

where ε ∈ (0, 1], A : Ω → R
ℓ,ℓ, f : Ω → R

ℓ and g : ∂Ω → R
ℓ. As usual it is assumed that

all data of the problem are continuous functions. We shall present here a unified analysis
that includes the results of [8] and [9] as special cases.
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3.1.2. Stability. Assume that a diagonal constant matrix D = diag (d11, . . . , dℓℓ) exists
with dii > 0 for all i and a constant µ > 0 such that

v⊤DAv > µ2v⊤v in Ω for all v ∈ R
ℓ. (3.2)

Under this hypothesis it is not true in general that the system (3.1) satisfies a maximum
principle.

Remark 3.1. In [8], which generalizes the one-dimensional analysis of [7], the authors
analyse the case D = I. In [9], the coupling matrix A is assumed to be a strictly diagonally
dominant M-matrix, so Theorem 2.2 ensures that (3.2) is satisfied.

We now extend the analysis of [7, 8] by showing that it remains valid under the more
general hypothesis (3.2). Set δ2 = max

i=1,...,ℓ
dii. For any closed and bounded Q ⊂ R

2 and any

z ∈ C(Q)ℓ, set

‖z‖Q := sup
Q

∣

∣z⊤Dz
∣

∣

1/2
.

This defines a norm on C(Q)ℓ.

Lemma 3.1. Let w ∈ C2(Ω)ℓ ∩ C(Ω̄)ℓ. Then

‖w‖Ω̄ 6 max
{

δ2µ−2 ‖Lw‖Ω , ‖w‖∂Ω

}

.

Proof. Set ϕ = w⊤Dw/2. Observe that 2ϕ 6 δ2w⊤w on Ω̄ and

−w⊤D∆w = −∆ϕ + ∂xw
⊤D∂xw + ∂yw

⊤D∂yw > −∆ϕ.

Taking the scalar product of Dw with −ε2∆w + Aw = Lw and using the coercivity of
DA, we get

−ε2∆ϕ +
2µ2

δ2
ϕ 6 w⊤DLw in Ω.

Hence, by the standard maximum principle for scalar problems,

‖ϕ‖∞ 6 max

{

δ2

2µ2

∥

∥w⊤DLw
∥

∥

∞
,

1

2
‖w‖2

∂Ω

}

.

It follows from the Cauchy-Schwarz inequality that

‖w‖2
Ω̄ = 2 ‖ϕ‖∞ 6 ‖w‖Ω̄ max

{

δ2µ−2 ‖Lw‖Ω , ‖w‖∂Ω

}

,

and we are done.

Corollary 3.1. Lemma 3.1 implies that L is maximum-norm stable.

Corollary 3.2. The solution u of (3.1) satisfies ‖u‖∞ 6 C, where the constant C
depends only on A, f and g.
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3.1.3. Derivative bounds. In problems posed on domains with corners, regularity of the
solution must be carefully monitored. Assume that f ∈ C2,α(Ω̄)ℓ, g ∈ C4,α(∂Ω)ℓ, and that
Lg = f at each corner. Then in [9] it is shown that u ∈ C3(Ω̄)ℓ with

‖∂mu‖∞ 6 Cε−m for m = 0, 1, 2, 3,

and additionally, using a result of Volkov [39] (cf. [5]), one obtains the further bound
∥

∥∂2j
x ∂

4−2j
y u

∥

∥

∞
6 Cε−4 for j = 0, 1, 2.

Using ideas from the proof of Lemma 3.1, an inductive argument [7,8] sharpens the above
bounds to

∣

∣∂k
xu(x, y)

∣

∣ 6 C
[

1 + ε−k
(

e−̺x/ε + e−̺(1−x)/ε
)]

,
∣

∣∂k
yu(x, y)

∣

∣ 6 C
[

1 + ε−k
(

e−̺y/ε + e−̺(1−y)/ε
)]

,

for all (x, y) ∈ Ω̄ and k = 1, . . . , 4, where ̺ ∈ (0, µ/δ) is arbitrary. These estimates show
clearly that the solution u has smooth and layer components.

3.1.4. Discretization. The problem (3.1) is solved numerically using central differencing
(the 2-dimensional analogue of (2.14)) on a Shishkin mesh ωS

N withN intervals in each coordi-
nate direction; this is the tensor product of the 1-dimensional mesh described in Section 2.1.3.
To analyse this method one decomposes u as a sum of regular and layer components, and
the truncation error is decomposed similarly. Then [8] one obtains the almost-second-order
convergence result

∥

∥u− uN
∥

∥

∞,ωS
N

6 CN−2 ln2N, (3.3)

where uN is the computed solution and C is some positive constant.
In [24] a finite element method with piecewise bilinears is applied. When errors are mea-

sured in the usual energy norm, this standard method achieves O
(

N−2 ln2N
)

convergence;
a sparse-grid variant of the method is shown to attain the same order of convergence using
only O

(

N3/2
)

degrees of freedom instead of the O (N2) of the original method. Numerical
experiments confirm the efficiency of this approach.

A somewhat different numerical approach is adopted in [9], where a Jacobi-type iteration
is combined with central differencing. Once again one obtains the convergence result (3.3).

If the Shishkin mesh is replaced by a 2-dimensional Bakhvalov mesh ωB
N that is a tensor

product of the 1-dimensionalN -interval meshes of Section 2.1.3 (see [8,32] for further details),
then in [8] it is shown — without decomposing u — that (3.3) can be strengthened to

‖u−U‖∞,ωB
N

6 CN−2.

3.2. Multiple parameters. In [36], Shishkin considers a 2-dimensional analogue of
(2.8):

Lu := −

(

ε2∆ 0

0 µ2∆

)

u+Au = f on Ω := (0, 1)2, (3.4)

where the parameters ε and µ lie in (0, 1], A : Ω̄ → R
2,2, f : Ω̄ → R

2 and u = g on ∂Ω.
Assume that on Ω̄ we have

a11 > c0 and a22 > c0 for some constant c0 > 0,
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a11 > |a12|, a22 > |a21| at all points.

This problem does not satisfy a maximum principle. Once again the key difficulty is the
construction of a decomposition of the solution of (3.4), which is achieved in [36] via a
complicated analysis that examines separately the cases µ2 6 ε and µ2 > ε.

To solve (3.4) numerically one constructs a 2-dimensional Shishkin mesh ωS
N , with N

intervals in each coordinate direction, that is modified in each coordinate direction as in
Section 2.2.2 to handle two overlapping layers. Using the 2-dimensional central differencing
analogue of (2.14) on this mesh, it is shown in [36] that one obtains again (3.3). It is stated
in [36] that this result generalizes to systems of ℓ > 2 equations.

4. Convection — diffusion systems

In this section convection comes into the picture. That is, we return to the general problem

Lu := −diag (ε)∆u−B · ∇u+Au = f in Ω, u|∂Ω = g. (1.1)

To ensure that this is not a reaction — diffusion problem, we assume that all diagonal entries
of B are non-zero; stronger hypotheses will be placed later on B.

4.1. The scalar problem in one dimension. Consider first the scalar reaction —
convection — diffusion two-point boundary value problem

Lu := −εu′′ − qu′ + ru = f on (0, 1), u(0) = u(1) = 0, (4.1)

where 0 < ε≪ 1, q, r ∈ C[0, 1] while f is allowed to be a generalized function like the Dirac
δ distribution.

Assume that β := min
x∈[0,1]

q(x) > 0. Then (4.1) has a unique solution, which typically

exhibits a boundary layer of width O (ε ln 1/ε) at x = 0. More precisely, we have the
following bounds for u and its lower-order derivatives from [10, Lemma 2.3]:

∣

∣u(k)(x)
∣

∣ 6 C
{

1 + ε−ke−βx/ε
}

for x ∈ [0, 1], and k = 0, 1, . . . , K, (4.2)

where the maximal order K depends on the regularity of the data. If instead q is negative
on [0, 1] then we have a similar layer at x = 1.

Consider the following family of difference schemes on an arbitrary mesh for (4.1). Fix
ν ∈ [0, 1]. Setting

χi := νhi+1 + (1 − ν)hi and vx̌;i :=
vi+1 − vi

χi

,

our discretization of (4.1) is: Find uN ∈ R
N+1
0 such that

[

LuN
]

k
:= −εuN

x̄x̌;k − qku
N
x̌;k + rku

N
k = fk for k = 1, . . . , N − 1. (4.3)

For ν = 1 we obtain the simple upwind scheme of [6] with an unusual discretization of the
diffusion term. The scheme with ν = 1/2 was considered in [2]. This time the discretization
of the convection term is unusual.

4.1.1. Stability. The following lemma provides a means of establishing uniform maximum-
norm stability estimates for the operator L.
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Lemma 4.1. Assume that the operator L satisfies a comparison principle. Suppose that
there exists a function ϕ ∈ C2[0, 1] with ϕ > 0, ϕ′′ 6 0 and −qϕ′ + rϕ > 0 in [0, 1].

Then for any v ∈ C2[0, 1] with v(0) = v(1) = 0 we have

‖v‖∞ 6 ‖ϕ‖∞ ‖Lv/Lϕ‖∞ .

Proof. Divide (4.1) by Lϕ then use the comparison principle with the barrier function
ϕ ‖Lv/Lϕ‖∞.

Remark 4.1. (i) If r > 0 on [0, 1], then Lemma 4.1 with ϕ ≡ 1 yields

‖v‖∞ 6 ‖Lv/r‖∞ . (4.4a)

(ii) If q > 0 and r > 0 on [0, 1], use ϕ(x) = 1 − x to get

‖v‖∞ 6 ‖Lv/q‖∞ . (4.4b)

(iii) If q > 0 on [0, 1], then r > 0 can be ensured by the transformation u(x) = eδxũ(x)
with an appropriate constant δ, but this transformation affects the right-hand side of the
differential equation, while in systems different equations may need different transformations
that cannot all be executed simultaneously.

(iv) If both q > 0 and r > 0, one can then derive stability results for L that generalize
both (4.4a) and (4.4b). This can be done, for example, by using as barrier function a general
linear or quadratic function ϕ. But the resulting stability equality will be more difficult to
use when applied to systems.

The presence of the convective term means that L also satisfies some less elementary
stability estimates. Assume that

0 < β 6 q(x) 6 Q and 0 6 r(x) 6 R for x ∈ [0, 1]. (4.5)

Set

Q∗ =

1
∫

0

∣

∣

∣

∣

(

1

q(x)

)′∣
∣

∣

∣

dx and Q̃ =

(

1 +
R

β

)(

Q∗ +
2

β

)

.

Andreev [3] makes a careful study of the Green’s function associated with L in showing that

‖v‖∞ 6
1

β
‖Lv‖1 (4.6a)

and

|||v|||ε,∞ 6 Q̃‖Lv‖−1,∞. (4.6b)

where ‖ · ‖1 is the usual norm on L1[0, 1] and we set ‖w‖−1,∞ := inf {‖W‖∞ : W ′ = w} and
|||w|||ε,∞ := εκ‖w′‖∞ + ‖w‖∞ with a certain positive constant κ = κ(q, r) that is given
explicitly in [3]. Furthermore, in [17] it is shown by related arguments that

‖v′‖1 6
2

β
‖Lv‖1.
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Remark 4.2. (i) Note that

2‖v‖−1,∞ 6 ‖v‖1 6 ‖v‖∞. (4.7)

Thus the weakness of the norm ‖ · ‖−1,∞ means that (4.6b) is much stronger than (4.4)
and (4.6a). It is the key to our later analysis for systems with strong coupling in the
convection term.

(ii) From (4.6b) one also has a bound on the weighted first-order derivative. While this
information is not exploited here, it can be used to study certain forms of coupling in the
diffusion term.

(iii) An alternative proof of (4.6) using maximum principles is given in [16] under the
additional hypothesis that q′ + r > 0; it is shown that (4.6) holds true with Q̃ = 2/β and
κ = 1/β. In general (see [3]) it is easier to analyse (4.1) if it is written in the conservative
form −εu′′ − (qu)′ + (q′ + r)u = f provided that q′ + r > 0.

In the case of constant q the results from [16] and (4.6b) differ by a factor of (1 +R/β).
We conclude that the constant factor Q̃ in (4.6b) is not sharp.

The discrete operator L enjoys similar stability properties:

‖v‖∞,ωN
6 ‖Lv/r‖∞,ωN

if r > 0 on [0, 1]

and
‖v‖∞,ωN

6 ‖Lv/q‖∞,ωN
if q > 0, r > 0 on [0, 1].

Assume (4.5) holds true. Then, for 0 6 ν 6 1 one has from [2] discrete analogues of (4.6):

‖v‖∞,ωN
6

1

β
‖Lv‖1,ωN

, (4.8a)

|||v|||ε,∞,ωN
6 Q̃‖Lv‖−1,∞,ωN

, (4.8b)

where

‖v‖1,ωN
:=

N−1
∑

k=1

χk|vk|, ‖w‖−1,∞,ωN
:= inf

{

‖W‖∞,ωN
: Wx = w

}

and |||w|||ε,∞,ωN
:= εκ‖wx‖∞,ωN

+ ‖w‖∞,ωN
. If in addition to (4.5) one has

q′ > 0 on [0, 1] and ν = 1, (4.9)

then (4.8) holds true with Q̃ = 2/β and κ = 1/β; see [16].

4.1.2. Error bounds. By [6, 11, 16] we have the following a priori and a posteriori error
bounds for (4.3) applied to (4.1): Assume that (4.5) and (4.9) hold. Then

∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞,ωN
6 max

k=0,...,N−1

xk+1
∫

xk

(C1 |u
′(x)| + C2|u(x)| + C3) dx

and, interpreting uN as a piecewise linear function,

∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞
6 max

k=0,...,N−1
hk+1

(

C1

∣

∣uN
x;k

∣

∣+ C2

∣

∣uN
k

∣

∣+ C3

)
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with constants

C1 := ‖r‖∞ + ‖q′‖∞ + ‖q‖∞, C2 := ‖r‖∞ + ‖r′‖∞, C3 := ‖f‖∞ + ‖f ′‖∞.

Note that if (4.9) is not satisfied then these error estimates remain true but with slightly
different constants Ci.

The derivative bounds (4.2) imply that

∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞,ωN
6 ϑcd,ε(ωN) := max

k=0,...,N−1

xk+1
∫

xk

[

1 + ε−1e−βx/ε
]

dx.

4.1.3. Mesh construction. Bakhvalov meshes for the discretization of (4.1) are generated
by equidistributing the function

MBa(x) = max

{

1,
K

ε
exp

(

−
βx

εσ

)}

with positive constants K and σ. The parameter K determines the number of mesh points
used to resolve the layer. For the Bakhvalov mesh ωB

N it can be shown [14] that

ϑcd,ε(ω
B
N) 6 CN−1 if σ > 1.

Shishkin meshes. Let q ∈ (0, 1) and σ > 0 be mesh parameters. Set

τ = min

{

q,
σε

β
lnN

}

.

Assume that qN is an integer. Then the Shishkin mesh ωS
N for problem (1.1) divides the

interval [0, τ ] into qN equidistant subintervals, while [τ, 1] is divided into (1−q)N equidistant
subintervals. For this mesh we have

ϑcd,ε(ω
S
N) 6 CN−1 lnN if σ > 1.

4.2. Weakly coupled systems in one dimension. We now leave the scalar convec-
tion — diffusion equation and move on to systems of equations of this type.

4.2.1. The continuous problem. The system (1.1) is said to be weakly coupled if the
convective coupling matrix B is diagonal, so the system is coupled only through the lower-
order reaction terms. In one dimension such systems can be written as

Lu := −diag (ε)u′′ − diag (b)u′ +Au = f on (0, 1), u(0) = u(1) = 0. (4.10)

For i = 1, . . . , ℓ, the ith equation of (4.10) is

−εiu
′′
i − biu

′
i +

ℓ
∑

j=1

aijuj = fi on (0, 1), ui(0) = ui(1) = 0. (4.11)

Assume that for each i one has bi > βi > 0 and aii > 0 on [0, 1]. (In [18] the weaker
hypothesis |bi| > βi > 0 is used, which permits layers at both ends of [0,1], but for simplicity
we won’t consider this here.)
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Stability and bounds on derivatives We follow the argument of [18]. Rewrite (4.11) as

−εiu
′′
i − biu

′
i + aiiui = −

∑

j 6=i

aijuj + fi. (4.12)

Then (4.4) yields

‖ui‖∞ +

ℓ
∑

j=1

j 6=i

γ̃ij ‖uj‖∞ 6 min

{
∥

∥

∥

∥

fi

aii

∥

∥

∥

∥

∞

,

∥

∥

∥

∥

fi

bi

∥

∥

∥

∥

∞

}

for i = 1, . . . , ℓ,

where the ℓ× ℓ constant matrix Γ̃ = Γ̃(A, b) = (γ̃ij) is defined by

γ̃ii = 1 and γ̃ij = −min

{
∥

∥

∥

∥

aij

aii

∥

∥

∥

∥

∞

,

∥

∥

∥

∥

aij

bi

∥

∥

∥

∥

∞

}

for i 6= j.

Repeating the analysis of Section 2.2.1 we reach the following stability result.

Theorem 4.1. Assume that the matrix A has non-negative diagonal entries. Suppose
also that all entries of A lie in C[0, 1]. Assume that Γ̃(A, b) is inverse-monotone. Then for
i = 1, . . . , ℓ one has

‖vi‖∞ 6

ℓ
∑

k=1

(

Γ̃
−1)

ik
min

{
∥

∥

∥

∥

(Lv)k

akk

∥

∥

∥

∥

∞

,

∥

∥

∥

∥

(Lv)k

bk

∥

∥

∥

∥

∞

}

for any function v = (v1, . . . , vℓ)
⊤ ∈ (C2(0, 1) ∩ C[0, 1])

ℓ
with v(0) = v(1) = 0. In this

inequality the first term in min{. . .} should be omitted if akk(x) = 0 for any x ∈ [0, 1].

Corollary 4.1. Under the hypotheses of Theorem 4.1 the boundary value problem (4.10)
has a unique solution u, and ‖u‖∞ 6 C ‖f‖∞ for some constant C.

Remark 4.3. (i) The argument in [18] appeals to (4.4a) but not to (4.4b). Thus our
modified analysis above can handle a larger class of problems.

(ii) Alternatively, one can use (4.6a) and (4.6b) when bounding the source term to
establish that

‖u‖∞ 6 C max
k=1,...,ℓ

‖fk‖1 and ‖u‖∞ 6 C max
k=1,...,ℓ

‖fk‖−1,∞ .

for the solution of (4.10). The latter inequality allows the right-hand side to have singularities
like a Dirac δ distribution.

(iii) Andreev’s results (4.6) can also be applied to the coupling terms aijuj in (4.12), in
particular when aij has a singularity or when β−1

i ‖aij‖1 6 ‖aij/aii‖∞.
(iv) From the above it is apparent that any improvement in the stability inequalities for

scalar operators will immediately broaden the class of systems that can be analysed.

Next, by applying the scalar-equation analysis of [10, Lemma 2.3] to (4.12), it is shown
in [18] that for i = 1, . . . , ℓ one has

|u
(k)
i (x)| 6 C

[

1 + ε−k
i e−βix/εi

]

for x ∈ [0, 1] and k = 0, 1. (4.13)

Thus there are boundary layers in the solution at x = 0, but no strong interaction between
the layers in different components ui is apparent when first-order derivatives are considered,
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which is quite unlike the reaction — diffusion case of Theorem 2.3. This bound on the u′i
also reveals a lack of sharpness in the results of some previously published papers that gave
derivative bounds for this problem with stronger interactions between different components.

4.2.2. Mesh construction. Meshes for the weakly coupled problem (4.10) with bi > 0 for
all i need accommodate layers only at x = 0, according to (4.13).

Bakhvalov meshes for (4.10) are constructed by equidistributing the monitor function

max

{

1,
K1

ε1
exp

(

−β1t

σε1

)

, . . . ,
Kℓ

εℓ
exp

(

−βℓt

σεℓ

)}

with positive user chosen constants σ and Km.
Shishkin meshes are equidistant and coarse away from x = 0, and piecewise equidistant,

with successively finer meshes, as one approaches x = 0. The mesh resembles that of
Section 2.2.2, modified by removing the mesh refinement at x = 1, but one should note that
the diffusion coefficient was ε2 in Section 2.2.2 while here it is ε.

Let N , the number of mesh intervals, be divisible by ℓ + 1. Let σ > 0 be arbitrary. Fix
the mesh transition points τk by setting

τℓ+1 = 1, τk = min

{

kτk+1

k + 1
,
σεk

κ
lnN

}

for k = ℓ, . . . , 1, and τ0 = 0.

Then for k = 0, . . . , ℓ, the Shishkin mesh is obtained by dividing each of the intervals [τk, τk+1]
into N/(ℓ+ 1) subintervals of equal length.

4.2.3. Finite difference scheme. Let ω̄N be an arbitrary mesh on [0, 1]. Recall that the
solution u of (4.10) has layers only at x = 0 according to (4.13). In the vast literature on
numerical methods for scalar convection — diffusion equations it is well-known [32] that to
approximate the convection term one should use some form of differencing that is upwinded
away from the boundary layer. Thus it is natural that one approximates (4.10) by simple

upwinding (viz., (4.3) with ν = 1) in each equation: we seek uN ∈
(

R
N+1
0

)ℓ
such that

[

LuN
]

k
:= −diag (ε)uN

x̄x̌;k − diag (b)(xk)u
N
x̌;k +A(xk)u

N
k = f (xk) for k = 1, . . . , N − 1.

(4.14)

The stability analysis for the discrete operator can be conducted along the lines of the
continuous analysis.

Theorem 4.2. Assume that the matrix A has non-negative diagonal entries. Assume
that Γ̃(A) is inverse-monotone. Then for i = 1, . . . , ℓ one has

‖vi‖∞,ωN
6

ℓ
∑

k=1

(

Γ̃
−1)

ik
min

{

∥

∥

∥

∥

(Lv)k

akk

∥

∥

∥

∥

∞,ωN

,

∥

∥

∥

∥

(Lv)k

bk

∥

∥

∥

∥

∞,ωN

}

for any mesh function v ∈
(

R
N+1
0

)ℓ
. In this inequality the first term in min{. . .} should be

omitted if akk(x) = 0 for any x ∈ [0, 1].

We also have for the solution uN of (4.14)

∥

∥uN
∥

∥

∞,ωN
6 C ‖f‖∞,ωN

,
∥

∥uN
∥

∥

∞,ωN
6 C max

k=1,...,ℓ
‖fk‖1,ωN
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and
∥

∥uN
∥

∥

∞,ωN
6 C max

k=1,...,ℓ
‖fk‖−1,∞,ωN

. (4.15)

A priori error analysis. In [18] the author draws on the strong stability result (4.15) in
proving the general error bound

∥

∥u− uN
∥

∥

∞,ω̄N
6 C max

k=0,...,N−1

xk+1
∫

xk

[

1 +
ℓ
∑

m=1

|u′m(s)|

]

ds

on an arbitrary mesh. After constructing a suitable mesh, one can combine this estimate
with (4.13) to get more explicit error bounds, for example

∥

∥u− uN
∥

∥

∞,ω̄N
6

{

CN−1 for Bakhvalov meshes with σ > 1,

CN−1 lnN for Shishkin meshes with σ > 1.

A posteriori error analysis. Alternatively, one can appeal to the strong stability (4.6b)
of the continuous operator to get the a posteriori bound

∥

∥u− uN
∥

∥

∞
6 C max

k=0,...,N−1
hk+1

[

1 +
ℓ
∑

m=1

∣

∣uN
m,x;k

∣

∣

]

.

The constant(s) involved in this error bound can be specified more explicitly; cf. Section 4.1.2.

4.3. Weakly coupled systems in two dimensions. Two papers by Shishkin [34, 35]
consider weakly coupled systems on a strip of the form [0, 1]×R. The systems take the form

Lu := −

(

ε∆ 0

0 µ∆

)

u−B · ∇u+Au = f on Ω := [0, 1] × R,

where B = (b1, b2) is diagonal. The hypotheses in [34] are that b1 > 0 > b2 on Ω̄, so the
solution has an exponential boundary layer along both edges of the strip, while in [35] one
has b1(0, ·) = b1(1, ·) = 0 with b1 > 0 on Ω and b2 > 0 on Ω̄, which leads to a parabolic
boundary layer in the solution along the edges of the strip.

One can construct from the entries of A a constant matrix Γ similar to (2.10), and it is
assumed as in (2.11) that Γ is inverse-monotone.

In [34], bounds on derivatives of the solution are derived and appropriate meshes are
constructed; these are piecewise uniform in the x1 variable with N mesh intervals in total,
and uniform in the x2 variable with mesh spacing 1/N . A difference scheme based on simple
upwinding is considered. In the two special cases ε = µ and µ = 1, it is shown that one
obtains convergence of O (N−1 lnN) at all mesh points, while in the case of general positive ε
and µ the nodal convergence bound is O

(

N−1/10
)

. The two special cases are easier to analyse
as their layers depend only on the parameter ε, while the general case has two overlapping
layers. The practical implications of the unboundedness of the domain and mesh are not
discussed and numerical results are not provided.

The analysis in [35] is broadly similar in that the same three (ε, µ) regimes are considered,
but the convergence results obtained are more complicated and we shall not state them here.

4.4. Strongly coupled systems. We now return to the general problem (1.1). Assume
that this system is strongly coupled : this means that for each i one has bij 6≡ 0 for some
j 6= i.
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For strongly coupled convection — diffusion systems, the only known theoretical con-
vergence results that are uniform in the singular perturbation parameters are for problems
posed in one dimension. Strong coupling causes interactions between boundary layers that
are not fully understood at present. The main papers on this problem are [1, 17, 28–30].

The general strongly coupled two-point boundary value problem is

Lu := −diag (ε)u′′ −Bu′ +Au = f on Ω := (0, 1), u(0) = u(1) = 0, (4.16)

where as before u = (u1, u2, . . . , uℓ)
⊤, f = (f1, . . . , fℓ)

⊤, while A = (aij) and B = (bij) are
ℓ× ℓ matrices, and the ℓ× ℓ matrix diag (ε) is diagonal with ith entry εi for all i.

4.4.1. The continuous problem. Our analysis follows [17] as it is in several ways the most
general of the above papers. For each i assume that

bii > βi > 0, aii > 0 and b′ii > 0 on [0, 1]. (4.17)

(In [17] the weaker hypothesis |bii| > βi > 0 is used, but for simplicity we won’t consider
this here.) Rewrite the ith equation of the system (4.16) as

Liui := −εiu
′′
i − biiu

′
i + aiiui = fi +

ℓ
∑

j=1

j 6=i

[

(

bijuj

)′
− (b′ij + aij)uj

]

, (4.18a)

ui(0) = ui(1) = 0. (4.18b)

In (4.18) write ui = vi + wi + zi, where

Livi =
ℓ
∑

j=1

j 6=i

(bijuj)
′, Liwi = −

ℓ
∑

j=1

j 6=i

[

(b′ij + aij)uj

]

, Lizi = fi,

with homogeneous Dirichlet boundary conditions for vi, wi and zi. Apply the stability bound
of (4.6b) and (4.7) to obtain

βi

2
|||ui|||εi,∞ 6

ℓ
∑

j=1

j 6=i

{

‖bij‖∞ +
1

2

∥

∥b′ij + aij

∥

∥

1

}

‖uj‖∞ + ‖fi‖−1,∞ ;

see also Remark 4.2(iii). Then, after some minor manipulation, gather the uj terms to the
left-hand side in the manner of Section 2.2. Define the ℓ × ℓ matrix Υ = Υ(A,B) = (γij)
by

γii = 1 and γij = −
2 ‖bij‖∞ +

∥

∥b′ij + aij

∥

∥

1

β1
for i 6= j.

Theorem 4.3. Assume that B and A satisfy (4.17). Suppose Υ(A,B) is inverse-
monotone. Then

|||ui|||εi,∞ 6 2

ℓ
∑

k=1

(

Υ−1
)

ik
‖(Lu)k‖−1,∞ for i = 1, . . . , ℓ.
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Corollary 4.2. Under the hypotheses of Theorem 4.3 the boundary value problem (4.16)
possesses a unique solution u, and

|||u|||ε,∞ := max
i=1,...,ℓ

|||ui|||εi,∞ 6 C max
i=1,...,ℓ

‖fi‖−1,∞

for some constant C. This implies the maximum-norm stability bound ‖u‖∞ 6 C‖f‖∞.

Remark 4.4. In the above argument the only stability inequality that can be used to
bound vi is (4.6b), while for wi and zi one can also apply (4.4) or (4.6a). (The latter was
for example employed in [28].) One then loses the additional control over the derivative, but
sharper results in the maximum norm may follow, and the definition of the matrix Υ has to
be modified.

For the analysis of numerical methods, bounds on derivatives of the solution u of (4.16)
are required. Under the assumption of Theorem 4.3 we have

max
i=1,...,ℓ

‖u′i‖1 6 C max
i=1,...,ℓ

‖fi‖1 , (4.19)

see [17].
The derivative bounds (4.19) are used in [17] — see also Section 4.4.2 below — to derive

an abstract error estimate which essentially states that for a simple upwind difference scheme
there exists a mesh giving nodal convergence of O (N−1), the optimal order for this method.
But this L1-type information on the u′i is insufficiently precise to allow the construction of
reliable layer-adapted meshes a priori.

The special case where all diffusion coefficients εi are the same is studied in [28]. A
lengthy analysis with some further assumptions on the data of the problem leads to the
following result:

Theorem 4.4. Suppose that εi = ε for i = 1, . . . , ℓ. Then for any β ∈ (0,min
i
βi), there

exists a constant C such that the solution u of (4.16) can be decomposed as

u = v +

ℓ
∑

i=1

[(ui − vi)(0)]wi

where
∥

∥v(j)
∥

∥

∞
6 C

(

1 + ε2−j
)

for j = 0, 1, 2, 3,

and for each wi = (wi1, . . . , wiℓ)
⊤ and x ∈ [0, 1] one has

∣

∣w
(j)
ik (x)

∣

∣ 6 Cε−je−βx/ε for j = 0, 1, 2, 3 and k = 1, . . . , ℓ.

4.4.2. Finite difference scheme. We continue to follow [17]. Discretize (4.16) using the

scheme (4.14) for each equation of the system: Find uN ∈
(

R
N+1
0

)ℓ
such that

[

LuN
]

k
:= −diag (ε)uN

x̄x̌;k −Bku
N
x̌;k +Aku

N
j;k = f k for k = 1, . . . , N − 1, (4.20)

where the notation is implicitly defined by stating that for i = 1, . . . , ℓ the ith equation,
evaluated at xk, is

[

Liu
N
]

k
= −εiu

N
i,x̄x̌;k −

ℓ
∑

j=1

bij;ku
N
j,x̌;k +

ℓ
∑

j=1

aij;ku
N
j;k = fi;k.

The stability analysis for the difference operator L is analogous to that for the continuous
operator L in Section 4.4.1.
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Theorem 4.5. Assume that B and A satisfy (4.17). Suppose Υ(A,B) is inverse-
monotone. Then

|||uN
i |||εi,∞,ωN

6 2

ℓ
∑

j=1

(

Υ−1
)

ij

∥

∥(LNu)j

∥

∥

−1,∞,ωN
for i = 1, . . . , ℓ.

Corollary 4.3. Under the hypotheses of Theorem 4.5, the difference equation (4.20) has
a unique solution uN , with

|||uN |||ε,∞,ω̄N
:= max

i=1,...,ℓ
|||ui|||εi,∞,ω̄N

6 C max
i=1,...,ℓ

‖fi‖−1,∞,ω̄N

for some constant C.

This implies the maximum-norm stability bound ‖u‖∞,ω̄N
6 C‖f‖∞,ω̄N

.
Using the strong stability results of Theorems 4.3 and 4.5, we can follow [17] to obtain

the a priori and a posteriori error bounds

∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞,ω̄N
6 C max

k=0,...,N−1

xk+1
∫

xk

(

1 +

ℓ
∑

i=1

|u′i(x)|

)

dx

and
∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞
6 C max

k=0,...,N−1
hk+1

(

1 +

ℓ
∑

i=1

|uN
i,x;k|

)

.

By (4.19) we have ‖u′i‖1 6 C for i = 1, . . . , ℓ. Therefore there exists a mesh ω∗ such that

xk+1
∫

xk

(

1 +
ℓ
∑

i=1

|u′i(x)|

)

dx =
1

N

1
∫

0

(

1 +
ℓ
∑

i=1

|u′i(x)|

)

dx 6 CN−1

and on this mesh one has consequently
∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞,ω̄∗
N

6 CN−1.

Remark 4.5. (i) As satisfactory pointwise bounds on |u′i| are unavailable, this result
does not give an immediate explicit convergence result on, e.g., a Bakhvalov or Shishkin
mesh.

(ii) When εi = ε for i = 1, . . . , ℓ, Theorem 4.4 yields

∣

∣

∣

∣

∣

∣u− uN
∣

∣

∣

∣

∣

∣

ε,∞,ω̄N
6 C max

k=0,...,N−1

xk+1
∫

xk

(

1 + e−βx/ε
)

dx.

The system behaves like the scalar equation of Section 4.1 and appropriately-adapted meshes
can be constructed as in Section 4.1.3.

In [28] one also finds an error analysis for a system with a single parameter, but the
analysis is limited to Shishkin meshes and uses a more traditional truncation error and
barrier function argument. Furthermore, higher regularity of the solution is required. On the
other hand, in certain situations the analysis of [28] is valid under less restrictive hypotheses
on the entries of the matrices A and B than the requirement that Υ be inverse-monotone.

(iii) In [17] the above a posteriori bound motivates a generalization of the adaptive
arc-length equidistribution procedure of [13] to systems. Numerical examples are presented
in [17], but a complete analysis of the adaptive algorithm is not given.
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As regards the other papers that we mentioned at the beginning of Section 4.4, [29]
modifies the iterative approach of [9] from reaction — diffusion to convection — diffusion
systems, [30] deals only with the special case ℓ = 2 and ε1 = ε2, while [1] gives a very different
analysis that draws on deeper results from classical analysis but considers only upwinding on
an equidistant coarse mesh ω̄c

N , which — even for a scalar convection — diffusion equation —
cannot yield a convergence result for

∥

∥u− uN
∥

∥

∞,ω̄c
N

that is uniform in ε.

5. Conclusions

In this survey we have seen that for finite differences the numerical analysis of systems of
reaction — diffusion equations in one dimension is well developed. For such systems in
two dimensions, when all equations share the same diffusion parameter we have reasonably
satisfactory results, but when different diffusion parameters are present and the number of
equations exceeds two then the derivation of sharp a priori bounds on derivatives is an
unsolved problem, which forbids any effective numerical analysis of such problems.

Progress has been made in the finite difference solution of convection — diffusion systems
that are weakly coupled and posed in one dimension, but further work on stability bounds is
needed to improve our understanding of these problems. For such systems in two dimensions,
much remains to be done. For strongly coupled convection — diffusion systems, we have
only a limited grasp of the situation. Even for one-dimensional problems there are still basic
difficulties: when different diffusion parameters are present, can sharp pointwise bounds on
derivatives be proved? Meanwhile in two dimensions, no convergence result is known.

The survey does not pretend to be exhaustive: we have ignored time-dependent singularly
perturbed systems and we have focussed almost entirely on finite difference methods (though
in fact there have been few convergence results for other numerical methods that are uniform
in the singular perturbation parameters). Nevertheless we hope that this summary of what
is currently known will whet readers’ appetites and encourage them to fill some of the gaps
in our knowledge.

Acknowledgements. This research has been supported by Deutsche Forschungsgemein-
schaft (DFG) in its Mercator Programme (Dr 274/14-1) and by the Mathematics Applica-
tions Consortium for Science and Industry in Ireland (MACSI) under the Science Foundation
Ireland (SFI) Mathematics Initiative; see www.macsi.ul.ie

References

1. L. R. Abrahamsson, H. B. Keller, and H. O. Kreiss, Difference approximations for singular perturba-

tions of systems of ordinary differential equations, Numer. Math., 22 1974), pp. 367–391.
2. V. B. Andreev, The Green function and a priori estimates of solutions of monotone three-point

singularly perturbed finite-difference schemes, Differ. Equ., 37 (2001), no. 7, pp. 923–933.
3. V. B. Andreev, A priori estimates for solutions of singularly perturbed two-point boundary value

problems, Mat. Model., 14 (2002), pp. 5–16 (in Russian).
4. V. B. Andreev, On the uniform convergence of a classical difference scheme on a nonuniform mesh

for the one-dimensional singularly perturbed reaction — diffusion equation, Comp. Math. Math. Phys., 44

(2004), no. 3, pp. 449–464.
5. V. B. Andreev, On the accuracy of grid approximations to nonsmooth solutions of a singularly per-

turbed reaction — diffusion equation in the square, Differ. Equ., 42 (2006), no. 7, pp. 954–966.
6. V. B. Andreev and N. V. Kopteva, On the convergence, uniform with respect to a small parameter,

of monotone three-point finite-difference approximations, Differ. Equ., 34 (1998), no. 7, pp. 921–929.



190 T. Linß and M. Stynes

7. N. S. Bakhvalov, Towards optimization of methods for solving boundary value problems in the pres-

ence of boundary layers, Zh. Vychisl. Mat. i Mat. Fiz., 9 (1969), pp. 841–859. In Russian.
8. R. B.Kellogg, T. Linß, and M. Stynes, A finite difference method on layer-adapted meshes for an

elliptic reaction — diffusion system in two dimensions, Math. Comp., 77 (2008), pp. 2085–2096.
9. R. B.Kellogg, N. Madden, and M. Stynes, A parameter-robust numerical method for a system of

reaction — diffusion equations in two dimensions, Numer. Methods Partial Differ. Equations, 24 (2008),
no. 1, pp. 312–334.

10. R. B.Kellogg and A. Tsan, Analysis of some difference approximations for a singular perturbation

problem without turning points, Math. Comput., 32 (1978), pp. 1025–1039.
11. N. Kopteva, Maximum norm a posteriori error estimates for a one-dimensional convection — dif-

fusion problem, SIAM J. Numer. Anal., 39 (2001), no. 2, pp. 423–441.
12. N. Kopteva, Maximum norm a posteriori error estimates for a 1D singularly perturbed semilinear

reaction — diffusion problem, IMA J. Numer. Anal., 27 (2007), no. 3, pp. 576–592.
13. N. Kopteva and M. Stynes, A robust adaptive method for a quasi-linear one-dimensional convec-

tion — diffusion problem, SIAM J. Numer. Anal., 39 (2001), no. 4, pp. 1446–1467.
14. T. Linß, Sufficient conditions for uniform convergence on layer-adapted grids, Appl. Numer. Math.,

37 (2001), no. 1–2, pp. 241–255.
15. T. Linß, Sufficient conditions for uniform convergence on layer-adapted meshes for one-dimensional

reaction — diffusion problems, Numer. Algorithms, 40 (2005), no. 1, pp. 23–32.
16. T. Linß, Layer-adapted meshes for convection — diffusion problems, Habilitation thesis, Technische

Universität Dresden, 2006.
17. T. Linß, Analysis of a system of singularly perturbed convection — diffusion equations with strong

coupling, SIAM J. Numer. Anal., 47 (2009), no. 3, pp. 1847–1862.
18. T. Linß, Analysis of an upwind finite-difference scheme for a system of coupled singularly perturbed

convection — diffusion equations, Computing, 79 (2007), pp. 23–32.
19. T. Linß, Maximum-norm error analysis of a non-monotone FEM for a singularly perturbed reac-

tion — diffusion problem, BIT, 47 (2007, no. 2, pp. 379–391.
20. T. Linß, Analysis of a FEM for a coupled system of singularly perturbed reaction — diffusion equa-

tions, Numer. Algorithms, 50 (2009), no. 3, pp. 283–291.
21. T. Linß and N. Madden, A finite element analysis of a coupled system of singularly perturbed reac-

tion — diffusion equations, Appl. Math. Comput., 148 (2004), no. 3, pp. 869–880.
22. T. Linß and N. Madden, Accurate solution of a system of coupled singularly perturbed reaction —

diffusion equations, Computing, 73 (2004), no. 2, pp. 121–133.
23. T. Linß and N. Madden, Layer-adapted meshes for a system of coupled singularly perturbed reac-

tion — diffusion problem, IMA J. Numer. Anal., 29 (2009), no. 1. pp. 109–125.
24. F. Liu, N. Madden, M. Stynes, and A. Zhou, A two-scale sparse grid method for a singularly perturbed

reaction — diffusion problem in two dimensions, IMA J. Numer. Anal., (in press).
25. N. Madden and M. Stynes, A uniformly convergent numerical method for a coupled system of two

singularly perturbed linear reaction — diffusion problems, IMA J. Numer. Anal., 23 (2003), no. 4, pp. 627–
644.

26. S. Matthews, E.O’Riordan, and G. I. Shishkin, A numerical method for a system of singularly per-

turbed reaction — diffusion equations, J. Comput. Appl. Math., 145 (2002), no. 1, pp. 151–166.
27. J. J. H. Miller, E. O’Riordan, and G. I. Shishkin, Fitted numerical methods for singular perturbation

problems. Error estimates in the maximum norm for linear problems in one and two dimensions, World
Scientific, Singapore, 1996.

28. E.O’Riordan, J. Stynes, and M. Stynes, A parameter-uniform finite difference method for a coupled

system of convection — diffusion two-point boundary value problems, Numer. Math. Theor. Meth. Appl.,
1 (2008), pp. 176–197.

29. E.O’Riordan, J. Stynes, and M. Stynes, An iterative numerical algorithm for a strongly coupled

system of singularly perturbed convection — diffusion problems, (submitted for publication to Proceedings
of Fourth Conference on Numerical Analysis and Applications, Lozenetz, 2008).

30. E.O’Riordan and M. Stynes, Numerical analysis of a strongly coupled system of two singularly per-

turbed convection — diffusion problems, Adv. Comput. Math., 30 (2009), no. 2, pp. 101–121.
31. M. H. Protter and H. F. Weinberger, Maximum principles in differential equations, Prentice-Hall,

Englewood Cliffs, New Jersey, 1967.
32. H.-G. Roos, M. Stynes, and L. Tobiska, Robust Numerical Methods for Singularly Perturbed Differ-

ential Equations, Springer Series in Computational Mathematics, vol. 24. Springer, Berlin, 2nd edition,



Systems of singularly perturbed differential equations 191

2008.
33. G. I. Shishkin, Grid Approximation of Singularly Perturbed Elliptic and Parabolic Equations. Second

doctorial thesis, Keldysh Institute, Moscow, 1990 (in Russian).
34. G. I. Shishkin, Grid approximations of singularly perturbed systems for parabolic convection — dif-

fusion equations with counterflow, Sib. Zh. Vychisl. Mat., 1 (1998), pp. 281–297.
35. G. I. Shishkin, Approximation of systems of elliptic convection — diffusion equations with parabolic

boundary layers, Zh. Vychisl. Mat. Mat. Fiz., 40 (2000), pp. 1648–1661.
36. G. I. Shishkin, Approximation of systems of singularly perturbed elliptic reaction — diffusion equa-

tions with two parameters, Zh. Vychisl. Mat. Mat. Fiz., 47 (20007), no. 5, pp. 835–866 (translation in
Comput. Math. Math. Phys., 47 (2007), pp. 797–828).
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