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ERROR BOUNDS FOR FINITE ELEMENT METHODS
WITH GENERALIZED CUBIC SPLINES FOR A 4-TH ORDER
ORDINARY DIFFERENTIAL EQUATION
WITH NONSMOOTH DATA

A.ZLOTNIK"? AND O.KIREEVA!

Abstract — A boundary value problem for a 4-th order self-adjoint ordinary differ-
ential equation is considered in the case where the coefficients of the equation and its
right-hand side can be nonsmooth (discontinuous, concentrated or rapidly oscillating
functions). Generalized cubic splines of deficiency 1 depending on the major coefficient
of the equation are applied. An error analysis of finite element methods exploiting such
splines is presented in detail including superconvergence error bounds. This is based
on general LI-LP interpolation error bounds for the splines.
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1. Introduction

The 4-th order ordinary differential equations are important, in particular, in continuum
mechanics. Mesh methods to solve them were studied in a lot of publications (see [5,6,9,10]).
Especially complicated is the case where the data, that is, the coefficients of the equation
and its right-hand side are nonsmooth, in particular, discontinuous, concentrated or rapidly
oscillating functions. It is well-known that specific methods have to be constructed to treat
this case efficiently. For this case, in [11] projective-grid methods (in other words, finite
element methods) with generalized cubic Hermitian splines (of deficiency 2) depending on
the major coefficient of the equation were considered, and their error analysis was performed
in detail including superconvergence error bounds.

In this paper, we present a similar study of two finite element methods using the gener-
alized cubic splines of deficiency 1. Their advantage is the twice less number of unknowns in
the corresponding system of linear algebraic equations. The first method covers the case of
nonsmooth coefficients, and the second one is its simplification in the case of the piecewise
smooth major coefficient. As a part of the whole study, we present general LI—L? interpola-
tion error bounds for the generalized cubic splines. The paper is an abridged English version
of our article [12] published in Russian.
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2. Boundary value problem

We consider a boundary value problem for the 4-th order self-adjoint ordinary differential
equation
D?*(agD*u) — D(a;Du) + agu = f on Q = (0, X), (2.1)

u’39 = 0, Dubg = 0, (2.2)

where D = d/dx, 0Q = {0, X} and in general the free term f has the divergence form
f=D>f20 ¢ =0,1,2. We assume that the major coefficient a, satisfies ay € L>®(Q)
and N7! < ay(z) < N on §, where N > 1 is a parameter. To avoid too many brackets, we
adopt the abbreviation Dw - ¢ = (Dw)p below.
A function u € WP () is called a weak solution to the problem (2.1), (2.2) if it satisfies
the identity
ZL(u,¢) = (aaD*u, D*¢)q + (a1, Du - Dp)q + (ag, up)o =

(f, 9o = (=1 (f*79,D*"p)q for all p € W5" (Q). (2.3)

As usual, here

WP(Q) == {w € W™P(Q)| D* =0 for 0< k< m}

w’&ﬂ

is a subspace in the Sobolev space W™P(Q2) with exponents m > 1, 1 < p < oo; also
1/p+1/p" = 1. Moreover, we use the notation

(w,)q == /w(x)w(x) dx

Q

and, more generally, (w,1)q denotes the value of the functional w at the function ¢ defined
on 2.
We assume that the bilinear form Z(+,-) is VVO2 2(Q)-positive definite, that is,

N’chpH%Vm(Q) < ZL(p, @) forall p € WH*(Q). (2.4)

We introduce the dual spaces W~17(Q), 1 < p < oo, consisting of functionals having the
form w = Dw™, that is,

(w, V) = —(wW, Dy)q for all & € Wy™ (Q),

where wV € LP(Q) and [, w dz = 0, equipped with the norm |[w||w-1s() = [|w®]|Ls@)-
(It is not difficult to verify that W=12(Q) = [Wo7 (Q))* for 1 < p < 00.) We also set
W=22(Q) = [W2¥ (Q)]* for 2 < p < o0,

Let Wy be a fixed finite set of points 0 = g9 < o1 < -++ < Top, = X, ng = 1. For
w € LY(), we define the piecewise weak derivative D™w, m > 1, by the identity

(D™w, p)q = (—1)™(w, D™p)q for all ¢ € C™(Q) such that Dkgplwo =0, 0<k<m.

If D™w € L*(Q), then this definition is equivalent to that used in [11].

Below, in the inequalities, K(N), K;(N), i = 1,2,..., denote the nondecreasing func-
tions of the parameter N; they can also depend on X only. ¢, ¢ denote the absolute
constants (that is, fixed numbers).

In [11], the following result on properties (existence, uniqueness and regularity) of the
solution to problem (2.1), (2.2) with nonsmooth data was proved. This is essential for
deriving results of this paper as well.
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Theorem 2.1. Let 1 < p < 0.

L If f = D*f® with f® € LP(Q) and ||a1|w-150) + llaollw-25@) < N with p =
max {p, p'}, then there exists a unique weak solution u € W?P(Q) to the problem (2.1), (2.2),
and the following bound holds:

lullwznio) < KNP oo

2. If f = DfW with fM € LP(Q) and |Ja1|| o) + ||aollw-100) < N, then the solution is
more reqular
1D (a2 D*u)l| oy < K2(N)[Lf D 2o(c).
3. If f = fO with fO € LP(Q) and |a1| =) + || Daillre) + ||laoll ey < N, then the
additional piecewise reqularity bound holds

|DD(asD%0) | oy < KNI

3. The space of the generalized cubic splines of deficiency 1

We introduce a mesh @" on Q with nodes 0 = 2y < 71 < ... < 2, = X and steps h; =
i — 1. Let @ = (z;_1,7;), 1 = 1,n, as well as |h| = max h; and hy, = miin h;. Hereafter
1,n = {1,...,n}. We assume that Wy C w". Let the mesh ©" be called quasi-uniform
provided that |h| < Nhpip.

Let »z € L*(Q2) and 0 < 2 < () < 32 on . We define the space of generalized cubic
splines of deficiency 1

Si[x] == {p € W*(Q)| D*0 € W'*(Q), D*(D?p) =0 on {y, i=1,n}. (3.1)

In the classical case, »(x) = 1; for the case of the differentiable s see [7,10]. In [11], the space
of generalized cubic splines of deficiency 2 (in other words, of generalized cubic Hermitian
splines)

Sa[s] :={p € W»*(Q)| D*(5D%*p) =0 on €, i =1,n}

was exploited. It is easy to see that Si[s] = {p € Sa[s]| #D?*p € C(Q2)} is a subspace in
52[%]

For u € W2(Q), we need an interpolating generalized cubic spline s,;u € Si[s] such that

s,u(z;) = u(z;) fori=0,n, Ds,u(x)= Du(z) for z=0,X. (3.2)

Lemma 3.1. The interpolating spline s,;u is uniquely defined, and the following projec-
tion property holds:

(5D*(u — s,.u), D*p) , = 0 for all ¢ € S[5]. (3.3)

Proof. Conditions (3.2) mean that the interpolation error e := u — s,.u satisfies

e(r;) =0 fori=0,n, De|y,=0. (3.4)

Integrating by parts and applying the property

D(%DQgp)’Q_ =¢; = const, 1 = 1,n, forall p € 5[], (3.5)
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we get

n n

(D%, D*p)q=—(De, D(2D?*p))q = —Z(De, D(%D?*p))q, = —Z e

i=1 i=1

i D(%D%p)|o, =0.

Ti—1

Property (3.3) is proved. We notice that, for u = 0, by virtue of this property we have
xD?*s,u =0 and since s,.ulyo =0, s,.u =0 as well.

In accordance with property (3.5), the spline s,.u belongs to a 4-dimensional space on
each interval €;, i = 1,n. Therefore, on € it is uniquely defined by 4n parameters (which
equal 0 in the case of s,;u = 0). The continuity conditions for functions s,.u, Ds,u, »D?s,u
in the internal nodes x;, i = 1,n — 1, and conditions (3.2) lead to a system of 3(n — 1) +
(n 4+ 1) +2 = 4n linear algebraic equations for the mentioned 4n parameters. If u = 0,
then this system is homogeneous. But for u« = 0 we have already known that s,,u = 0,
thus, this homogeneous system has only a zero solution. Therefore, in the general case, the
nonhomogeneous system for 4n parameters is uniquely solvable, that is, the interpolating
spline s,,u is uniquely defined. This argument is similar to that from [7]. O

Notice that

dim Sy[»] =n+3, dimSy[»| =2(n+1). (3.6)

By the standard argument, the projection property (3.3) implies the following extremal
property:
1V/3¢D?s .l 12() = min |V D?g | 120,
where the minimum is taken over all ¢ € W*2(Q) such that g(z;) = u(x;) for i =
Dg(x) = Du(x) for z = 0, X.
For completeness, we present a global finite support basis in 5[5 (see [14]) (a similar

O,TL,

basis for a simpler periodic case and for a uniform mesh is also presented in [5]). We
supplement the mesh w" by auxiliary nodes z_; = —; and 2,4 = 2X — 2, @ = 1,2,3,
and set  := [x_3,x,.3]. Let now Q; = (z;_1,2;) and h; = x; — x;_1 for i = =2, n+ 3. We

also extend s evenly with respect to the points x = 0, X beyond 2. Actually we present a
global finite support basis in an auxiliary space of the generalized cubic splines on €2

S| = {cp € WOQOO(Q)’ xD*p € Wy ™(Q), D*(xD%*p)=0 on €y, i=—-2,n+3 } :

(compare with (3.1)). The basis consists of the functions

ei%l(X) dx + aig /(x—x)ei(X) dy,

A (x) " #(x)
dz(x) = xztf xi+2171 (37)
€; €;
Q0 / (x — ) ) dx + i / (x — ) +100 dx, x; T < Tngs,
(x) #(x)
\ xT €T
where 1 = —1,n 4+ 1. Here we use the standard basis of hill functions
( —zj—1)/hj, i1 S w < ay,
ej(x) = q (i1 —2)/hjr1, 75 <o < T)p, J=-2,n+2
0, v & 11,754,
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in the space of functions that are continuous on €2, linear on segments Q;, i = —2,n + 3, and
zero at © = x_3, T,13. The coefficients in (3.7) have the form

1 1 ( 1 1 ) 1
Q1= ———— Q0= —— + G T B —
Yi—1Vi—1/2 Vi \Vi—1/2 Vit1/2 YVi+1Vit1/2
where Vi—1/2 = hj + Sj — Sj—l >0,5=—-1,n42, and

Tjt1 Tji1

e;(x) L ) —
o 1 o —9nt2
Vi / () de >0, 0, 0 (x — ;) dz, j ,n+

Tj—1 Tj—1

It is known that d;(z) > 0 on (x;_2,2;42), and clearly the values of d;(z) are zero outside
(Ti—2, Tiya)-
For calculations using this basis, the following formulas for the derivatives are convenient:

X X
€i— €;
1 / 100 dx + a; / ﬁ dy, x_3<z<uw,

J  #(X) J (x)
(Dd;)(x) = e ire
—Qy0 / i) dy — aiq / i1(0) dx, x; <x < Tpys,
\ »(x) x(x)

and
(%DQCZZ)(ZE) = Oéi7_1€i_1($) + Oéi,oei(l') + Q16541 (ZL‘) on Q

Of course, the values of Dd;(x) and »D?d;(z) are also zero outside (x; 5, z;12). Recall that
exactly the latter formula is the original one for the derivation of (3.7).

The latter formula together with the well-known property of the hill functions imply the
useful formula

(%DQU), DQdi)Q = hi73/2ai,—légwi—l + hiq/zai,oééwi + hi+1/2ai,lééwi+1 =
1 55wi+1 — 35wl 1 551{1@ — 551@‘71 fo c W2 1((2)
S — r w ’ ,

Vit Vit1/2 i Vi—1/2

where ’s/j = 'Vj/hj—l—l/% hj_|_1/2 = (h] + hj+1)/2 and

Dow.: = J+ J J )
T hyg ( hja h;

is the simplest three-point approximation of (D?w)(z;), with w; = w(z;).
Below we need the subspace

Siolr] == {p € Si[#]| ploqg =0, Dylyg = 0}. (3.8)

To form its basis, it is convenient to remove the functions d_1, dy, d,,, d,,+1 from the original
basis and replace the basis functions d;, d,,_1 by the following ones:

dio(z) = do(0)[di(z) + d_1(x)] — 2d1(0)do (),

dn-1,0(2) = dp(X)|dn-1(7) + dni1(2)] = 2dp-1(X)dy ().

Since by construction dy(x) = do(—2z) and di(x) = d_1(—x) as well as d,,(X —x) = d,(X +x)
and dnfl(X — .CE) = dn+1(X + IB), we have d1,0> dnfl,(] € 5170[%].
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4. Interpolation error bounds for generalized cubic splines

We now prove the interpolation error bounds. First we derive not the most general L9-L”
bounds (but in the case of an arbitrary mesh @") and apply the rather standard technique
to this end.

Theorem 4.1. 1. Let 2 < ¢ < 00, k = 0,1. For u € W*2(Q), the interpolation error
bound L
1D = ssinllzniey < 221D 52D 1 (@.1)

holds.
2. Let 1 <p<2<q<00, k=0,1andm=0,1. Foruec W22(Q) and D™D (3D?u) €
LP(QY), the interpolation error bound

k(i1 —
| D" = ) | ooy < 227 B G0 D™ D (52D) | ooy (42)

holds.
3. In the case g = 2, Claims 1 and 2 hold for k = 2 as well.

Proof. The proof comprises three steps.
(a) Let 1 < r < g < ooandu € W?(Q). Applying the first property (3.4) of e = u—s,.u,
we get ez, < hil| Del|raq,), i = 1,n, and thus

lellza) < |h[l|De|| Loy

Moreover, since h; ' fQ Dedx = 0, we also get

IDellow, < 1D%llLyqy, i=Tn.

By virtue of the Holder inequality and the last one we have

1—(

1 1 1
: L |
[Del| Loy < hifl|Dello@y <h: 7 D%y, i=T1n.

Applying the known number inequality

(Z i) e (Z o)

(where, for example, for ¢ = oo, the left-hand side should be understood as max |a;|), we

1/r

derive an auxiliary bound
|D%ellage) < WP D%l ey, k= 0,1. (4.3)
(b) We first prove the last Claim 3. By virtue of the projection property (3.3), we have
(D%, D%) , = (5Du, D¢)q, (4.4)
thus, for u € W2(Q2), we get
1D%e|| 20y < 22 V=D?| 12y < 22|V D?u 12, (4.5)

that is, bound (4.1) holds for ¢ = 2, k = 2.
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Let in addition D™D (»xD?u) € LP(2) (m = 0 or 1). Then, integrating by parts and
taking into account properties (3.4) and applying the Holder inequality, from equality (4.4)
we derive:

2| D%|3a(q) < VD%l = (~1)™ (D™ D(3D*u), D) ,

< D'l (I D™ D (3¢ D) || 1o -
Applying bound (4.3) (with k =1—m, ¢ =p', r = 2), we get

1D% 20y < 2 A"~ G78)| D™D(5eD%u) | oy, 1< p <2, (4.6)

that is, bound (4.2) holds for ¢ = 2, k = 2.
(¢) Claims 1 and 2 follow straightforwardly from bound (4.3) (with r = 2) and also from
bounds (4.5) and (4.6) respectively. O

Remark 4.1. Bound (4.2) for p = 1 (and the values of parameters ¢, k and m from
Claims 2 and 3) can be strengthened. Namely, let u € W22(Q) and if m = 1, then
D(3¢D*u) € L'(§2) as well. Then in bound (4.2) for p = 1, the term || D™ D(3¢D*u)| 1»(0) can
be replaced by varg D™ (scD?u); here vargw is a variation of the function w over Q. To verify
this, it is sufficient to justify the possibility of the same replacement in inequality (4.6). This
can be accomplished similarly to Remark 4.2 in [11] (by using the Stieltjes integral over Q).

In contrast to Theorem 4.1, to derive the L?—LP interpolation error bounds in the general
case 1 < p < ¢ < oo (but for the quasi-uniform mesh @" only), we need a more delicate
technique.

Theorem 4.2. Let1 < p < g < oo andu € W*P(Q). Let the mesh@" be quasi-uniform.
1. Let k=0,1,2 and q = p in the case k = 2. Then the interpolation error bound

—\ 27112
/ 4 p . (1_1 ’
| D*(u — s,u)|| pagay < 22 7 [c(o)\/N (—) ] |h>* (3 q)H%l/p D*ullpriy  (4.7)

x

holds. In the particular case p = 2, the bound coincides with (4.1) and holds for an arbitrary
mesh w". B

2. Let k = 0,1,2, m = 0,1 and D™D(3¢D*u) € LP(Q). Then the interpolation error
bound

% 29 O'k(p’Q) 3k 11 B
D= sl < 2 [ €OV (Z) | st BB D DD ) iy (49

holds, where

—_
/N
i~
/N

N}
/N
=
/N
3

LI

|

—_

/N
i~

A
L

A

N

2 2
Uk(pa Q) = maX{_al}_min{_al}: 1 fO’l"k:O,l,
q D 9

—
|
R
[N}
VAN
i)
N
()
/N
3

and oy(p, q) == |1 — %]
In the particular case 1 < p < 2 < q < 00, the bound coincides with (4.2) and holds for
an arbitrary mesh w".
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Proof. The proof comprises four steps.
(a) We introduce the space S of functions that are continuous on €2 and linear on segments
Qi i=1,n Let 1 <p<g<ooandm =0,1. In the case w, D™ Dw € LP(Q)), the following
bound is known:
lew = @l ey < [ =G| D™ Dl ooy, (4.9)

where @ € S and @(z;) = w(x;) for i = 0,n. (Recall that this is derived from the basic
bound

lw = @l < [R™ID™ Dwllzi@,), i =T1,n,

in the same manner as for bound (4.3).)

Clearly Si[3] = {p € W22(Q)| %xD%p € S}, and the equation D%*p = 1 € S has
solutions ¢ € S}[x]: one can solve, successively for i = 1, n, the auxiliary Cauchy problems
D?p = 1) /3 on Q; for arbitrary ¢(0), Dp(0) (for i = 1) or for p(x} ) = ¢(z; ), Dp(x; ) =
Dy(z,_) (for i = 2,n). Therefore the projection property (3.3) can be transformed to the
form

(}l{ (%D%%u),w) - (}l{ w,w) for all ¢ € S (4.10)
Q Q

with w = 3D?u, and »D?s,u € S.
(b) Let p € L' (2) and 0 < p(z) on 2. We introduce the weighted Lebesgue space L%*(2),
1 < q < o0, consisting of functions w that are measurable on €2 and have the finite norm

]l zae) = llp""w] Lay;

we consider this space as complex in this item of the proof and as real in the next one. In
this item of the proof, we also assume that

(y,9)q = /yw dz.

Q

Clearly L>*(Q2) = L>*(Q).
Let S be a finite-dimensional subspace in L>(€2). We consider the operator P = P,[S]:
LY (Q) — S such that

(pPw, ), = (pw, ), for allw € L'*(Q), ¢ € S. (4.11)

This identity defines the operator P uniquely; moreover, it is a projector, that is, P? = P.
This operator extends the orthogonal projector in L*?(£2) on S; thus

| Pl ziz2e@) = 11 = Pll#ir2e@) = 1. (4.12)

Hereafter Z[B] is the space of linear bounded operators acting in a normed space B, and
is the identity operator.
In the spirit of the technique in [3], for 1 < ¢ < 0o, we prove the inequality

2| .
|w — Pw|| par) < || — PHJ[LOQ 12£||w — Y|an() for w e LTP(Q). (4.13)

Clearly
lw = Puwllen@ < I = Pllzizes@y infflw = $llzer@ (4.14)
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(since w — Pw = w — 1 — P(w — ) for any ¢ € S). Moreover, the following equality holds:
1 = Pllgizer@y = [l = Pllg[pan@): 1< a <00 (4.15)

Actually, by the inverse Holder inequality (see [2], Section 1.2.6) (its original real version in
[2] rather easily implies the corresponding complex version), we can write down the following
relations:

L = Pllgpar@y= sup [ = P)wlrar@y=  sup sup [ (p"9(w — Pw), g)a| =
llwl]| La.p (0)=1 llwl]l La.p ()=1 ||9||Lq/(9):1
sup sup  |(p(w — Pw),v)a| =

lwllzao@ =1 10l g7 p 0y =1

sup sup  [(pw,v — Pv)o| = [[I — PH:/[LQ’»P(Q)]‘

ol gy =1 0l ey =1

Here we have applied the equalities
(p(w — Pw),v)q = (p(w — Pw),v = Pv)o = (pw,v — Pv)g

that are valid by virtue of the original identity (4.11).
By the classical Riesz — Thorin interpolation theorem [1] we have

2 1-2
|7 = Pllgizanay) < 1 = Plidfnylll = Pllgjitomy, 2 <4< o

Applying equalities (4.12) and (4.15), we get

N

1-2
H[ PHX[L‘”’ Q)] x H[ PH"jf Lo/oqL(Q)} 1 < q Q. (416)

Inequalities (4.14) and (4.16) imply inequality (4.13).

Remark 4.2. The content of Item (b) is valid in the case where € is any set of finite
measure in R¥, k& > 1.

(¢) Let p € L®(2) and 0 < p < p(x) < p on Q. Under the assumption that the mesh @"
is quasi-uniform, the following estimate holds:

N
& & P
I = B8 iy < 1+ 1PS] | 2imiy < COVE <p) ' (4.17)

This is proved in the same manner as the similar bound in [3, pp. 194-196], (see also [4]).
To this end, the following inequality is taken into account:

—~ ﬁ =
18X 12200 < 25 lollZ2n) forallp €S,
where X = Xz,.¢,) is the characteristic function of the segment [x;,2;], 0 <i < j < n. The
inequality is a consequence of the elementary relations
Tj

1 1
/ ©* dx = 3 (P71 + pim10i +¢5) = 1 o

Tj—1
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Note that in [3] the case of nonweighted (p(z) = 1) projectors P onto the general multi-
dimensional finite element subspaces S was considered; it is not difficult to understand that
the result in [3] can be generalized to the case of weighted projectors as well.

By virtue of bounds (4.13) and (4.17) for 1 < ¢ < oo we have

27 11-2/4]

~ g P .

lp(w = P,[STw)|[ o) < 71 [C(O’VN (;) } ;ng lp"4(w = )| Laa)- (4.18)
P €

(d) Comparing identities (4.10) and (4.11), we get the formula »D?s,.u = Pl/%[§]w and
then, according to bound (4.18), the inequality

27|1-2/q|
1D (u— 1) || ooy <3¢ /7 {C(O)\/N (g) } inf || 279 (w — )| oy with w=s3D*u.
ves

(4.19)
In the particular case ¢ = 2, bounds (4.18) and (4.19) do not exploit estimate (4.17), and
thus they hold for an arbitrary mesh w”.

Bound (4.7) for k = 2, ¢ = p follows from the last one for ¢ = p, » = 0. The case k = 0, 1
is reduced to the case k = 2 with the help of bound (4.3) for r = p.

Bound (4.8) for k = 2 follows from bound (4.19) with ¢» = @ and also from bound (4.9).
The case k = 0, 1 is reduced to the case k = 2 once again with the help of bound (4.3) with
r = 2,q and p respectively for 1 < p <2< g¢g<oo, 1 <p<g<2and2<p<g< o
Theorem 4.2 is completely proved. 0

Clearly, Theorem 4.2 generalizes Theorem 4.1 (notice that its proof contains another
justification of bound (4.6)).

Note that, for general polynomial (but not generalized) interpolating splines, error bounds
of the type like in Theorem 4.2 were proved in [8] (by another technique).

5. Finite element methods with generalized cubic splines

We consider a family of finite element methods for solving problem (2.1), (2.2). Following
the Galerkin method, we define an approximate solution v as a function from the subspace
S10[7] (see (3.8)) satisfying the identity

ZL(v,p) = (f,p)q forall p € S [s]. (5.1)

Under the hypotheses of Theorem 2.1, Claim 1 such a function v exists and is unique (for
p = 2 it is standard while for p = 1 it is proved quite similarly to [11]).

The advantage of exploiting generalized splines of deficiency 1 over similar splines of
deficiency 2 is that the corresponding system of linear algebraic equations has a twice less
number of unknowns as follows from formulas (3.6) (we mean exploiting bases from [14],
in particular, see the above Section 3). Note that matrices of the systems are symmetric,
positive definite and 7-diagonal in both cases (more precisely, 2 x 2-block three-diagonal in
the latter case).

The choice of the function ¢ defines the particular method. In the case » = as, the
error bounds are the strongest and general. We first get the superconvergence bounds for
Sq,u — v, that is, for the difference between the interpolating generalized cubic spline and
the approximate solution.
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Theorem 5.1. Let x =as, 1 <p<2and f =D*'fC0 ¢=0,1,2. Let the mesh "
be quasi-uniform.

1. Let £ = 0,1 and ||a1||rr) + l|aollw-1r@) < N for some r € [1,p] (for £ =0) or
r € [p,p'] (for ¢ =1). Then the following superconvergence bound holds:

1 1
7

50yt = vllwezy < Ky(N)|AS =G5 1270 oy, (5.2)

2. Let ||a1]| 1) + [|Darllrr) + llaollrr@) < N for some r € [1,2] (for ¢ = 0,1) or
r € [p,2] (for ¢ =2). Then the following stronger superconvergence bound holds:

[Saptt — V][220 < KQ(N)\h\”Q*(rﬁ) £ o) (5.3)

In the particular case ay = 0, the admissible values of r are r € [1,p'] (for £ = 0,1) or

r€p.p] (for t=2).
In addition, in the case where p =2 for { =0 as well as r < 2, Claims 1 and 2 hold for
an arbitrary mesh w".

Proof. In a standard manner, for any ¢ € S o[#], we have
L(s,u—v,9) = L(s,0u—u,p) =

—(ayD*(u — s,u), D*p)q — (a1, D(u — s,.u) - Dp)q — (ag, (u — 5,)p)q (5.4)

by the definitions of v and u (see identities (5.1) and (2.3)).

Let s = ay and s = s,,. Due to the projection property (3.3), the first summand on the
right-hand side of (5.4) equals zero. Thus, quite similarly to the proof of Theorem 5.1 in
[11], under the hypotheses of Claim 1, we derive

2 (su =, 9)| < llar]lr@ |1 D(u = su)l| 1 )| Depl| L=+

laollw—1r@ | DI(u = su)¢]l| 1 (o) < Ky (N)[|D(u = su)l @yl ellw22)- - (5:5)

Furthermore, under the hypotheses of Claim 2, integrating by parts on the right-hand
side of (5.4), and taking into account the first property (3.4), we also derive, for 1 < r < 2,

|- Z(su—v,¢)| = |(u— su,a1D*¢ + Day - Do — app)a| <

lu — sull o (larllz @ I1D*@llr@) + [ Dar|| L@y I1D@ll L) + laollLr@llellze(@)) <
Ka(N)llu = sull v gy ll@llw22(0)- (5.6)

In the particular case a; = 0, the values r € [1, 00| are admissible in (5.6).
Setting ¢ = su — v and using the W:*(Q)-positive definiteness property (2.4), from
bounds (5.5) and (5.6) we get bounds for su — v respectively

5w — vllwez@) < Ks(N)|D(u — su)l| gy, 7 € [1,00], (5.7)

and
st = vllweegey < Ka(N)lju = sull gy, 7 € [1,2) (58)

if a; = 0, the values r € [1, o0] are admissible in the latter bound as well. Therefore, applying
first Theorem 4.2 (if p = 2 for £ = 0 as well as 7 < 2, then the mesh @w" can be arbitrary
according to this theorem) and next Theorem 2.1, we derive the final bounds (5.2) and (5.3)
for su — v. O
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Notice that we have covered a more general case 1 < p < 2 than the standard one
p = 2. Clearly, the orders of the superconvergence bounds (5.2) and (5.3) are the highest,
respectively, up to O(|h|“1) and O(|h|”**"G=2)) (or even O(|h|**?) in the particular case
a; = 0), for the maximal admissible values of the parameter 7. On the other hand, smaller
values of r allow to cover broader classes of the junior coefficients a; and ay.

Corollary 5.1. Let x=ay, 1 <p<2and f = D> f20 ¢=0,1,2. Let the mesh@"
be quasi-uniform. The following bounds for the error u — v hold:

1D (= 0)ll ey < K(NYID (= s) ey < Ka(N) BTG 120 gy, (5.9)

where q € [r', 00|, and k = 1 under the hypotheses of Claim 1 or k = 0 under the hypotheses
of Claim 2;

1 1

1D = )l ey < Ka(N) A G) 7O 1oge, (5.10)
where q € |p, 00|, under the hypotheses of Claim 2 for r =p, { = 2;

1

_(1_1 _
= vllwzgy < Ka(N) R G2)]| FE0) Lo

under the hypotheses of Claim 1 for r = p, £ = 1 and under the hypotheses of Claim 2 for
r=p, {=2.

In addition, if p =2 for £ =0 as well as r < 2 and q € [2, 00|, then the bounds hold for
an arbitrary mesh @w".

Proof. The inequality
ID*(w = ) zag) < 1D (u = su)llzo@) + cllsu — v]wzz)

together with (5.7) and (5.8) imply the left-hand inequality (5.9). Then the error bounds
follow from bounds (5.2) and (5.3) taking into account Theorems 4.2 and 2.1. O

Clearly, the orders of the error bounds (5.9) and (5.10) are the highest, respectively, for
g = r" and ¢ = p; on the other hand, they are bounds in the especially interesting uniform
norm for g = co.

We introduce interpolation spaces (LP(Q), W'(Q))p00, 1 < p < 00, 0 < a < 1, by
the K, g-method of real interpolation with § = oo [1]. It is known that they coincide with
the Nikolskii spaces H*P(Q2) (up to the equivalence of norms) for 0 < a < 1, whereas
(LP(Q), WHP(0)) 000 contains the space BV () of functions of bounded variation on Q for
a = 1, p = 1. Therefore these spaces contain discontinuous piecewise smooth functions for
a<1/p.

Corollary 5.2. Let »x =as, 1 <p<2,0<a<1and f=D>'fC9 ¢=0,1. Let the
mesh w" be quasi-uniform.

L. Let £ = 0 and ||a1||tr@) + [laollw-1r) < N for some r € [p,p']. Then the following
superconvergence bound holds:

8,0 — UHWZ?(Q) < K1(N)]h]1+a_(%_%) Hf(Z)H(Lp(g),wm(g))a’

2. Let £ = 0,1 and ||a1]| p@) + || Dar || -9 + l|aol| -y < N for somer € [1,2] (for £ =0)
orr € [p,2| (for £ =1). Then the following stronger superconvergence bound holds:

_(1_1 _
180yt — v|lwe2g) < Ka(N)[R|FH =) p Nl (Lo (@) wre(9))a

,00
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In the particular case a; = 0, the admissible values of r arer € [1,p] (for £ =0) orr € [p, ']
(for ¢ =1).

In addition, in the case where p =2 for £ =0 as well asr < 2, Claims 1 and 2 hold for
an arbitrary mesh wW".

Proof. The result straightforwardly follows from Theorem 5.1 by virtue of the interpola-
tion theorem for linear operators [1]. O

Now we complement Theorem 5.1 and the latter corollary in the case » = 1 and consider
the case of the broadest assumptions on both the junior coefficients and f. We define
the subspace Cy(Q) of functions in C(Q) that equal zero on 9Q and the corresponding
conjugate space [Cy(Q)]*. Clearly this conjugate space contains d-functions; they can be also
represented as Dg with g € BV (Q).

Corollary 5.3. Let . =as, 1 < p <2 and f = D**f*0 ¢ =0,1. Let the mesh T"
be quasi-uniform for 1 < p < 2.

L. Let £ = 0 and ||a:|jcy @+ + ||a0 lico@p < N, where ag = Da(()l) in the sense that

(ap, p)a = <a(() ), D)q for all ¢ € W' (Q). Then the following superconvergence bounds
hold:

50, = vllw22i) < Ky (N) B2 Lo,
8,1 UHW“(Q) < Ka(N )‘hH’f@)HBV(Q)'

2. Let £ = 0,1 and ||a1]|gv(e) + llaolljco@y+ < N. Then the following stronger supercon-
vergence bounds hold:

lsagt = vllweey < Ky (V) [AE7 £ oo,

80zt = vllw2a0) < Ko(N)RI“21FE0 |5y q).
Proof. The argument is similar to that for the corresponding Statement 3.2 in [11]. O

Now we consider the case where the major coefficient ay is continuous at any point
of Q\ @\ {0, X}) whereas it can have discontinuities of the first kind at the points of
wo \ {0, X'}. In this case, the form of the coefficients of the mesh system of equations can be
essentially simplified by another choice of s. Let @y be the linear function over intervals €2;
such that

dy(at,) = a(at,), @y = as(e;) fori=Ton.

This is the piecewise linear interpolant for as which is discontinuous for discontinuous as.

Remark 5.1. The interpolation error bound (4.9) can be easily generalized for piecewise
continuous functions (for the same p, ¢ and m) as follows: for w, D™ w € LP(2) we have

w = @ ooy < A" G D™ ]| ey

We turn to the superconvergence bounds for sz, u — v and establish the same bounds as
in Theorem 5.1 under a suitable piecewise regularity of as.

Theorem 5.2. Let x=ay, 1 <p<2and f =D*'fC0 ¢=0,1,2. Let the mesh "
be quasi-uniform.

1. Let £ = 0,1 and ||a1|tr) + [laollw-1r) < N for some r € [1,2] (for £ = 0) or
r e [p,2| (fort =1), and also ||Das|| L~y < N. Then the following superconvergence bound
holds:

L
7

—(i_ _
s, = vllwea) < Ky(N)[ATE7) FE70 o). (5.11)
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If instead of ||Das|| =) < N we assume that || D%as|| @) < N and ||Das||rp) < N (the
latter condition for £ =1 only), then the admissible values of r are r € [1,p/] (for £ =0) or

r€lpp] (for t=1)

2. Let |la1|z~(@) + |Darllzr) + llaollry < N for some r € [1,2] (for £ = 0,1) or
r € [p,2] (for ¢ =2) as well as || D?as|| =) < N and || Das|| ey < N (the latter condition
for ¢ =1,2 only). Then the following stronger superconvergence bound holds:

—(i_ 1 _
s, = vllwea) < Ka(N)[AT2 G FE70] pq). (5.12)

In the particular case ay = 0, the admissible values of v are r € [1,p/] (for £ = 0,1) or
r € [pp] (fort=2).

In addition, in the case where p =2 for £ =0 as well as r < 2, Claims 1 and 2 hold for
an arbitrary mesh w".

Proof. We set e = u — s,,u once more and bound the major summand on the right-
hand side of identity (5.4) (other summands are bounded quite similarly to the proof of the
previous theorem). Let 1 <t < 2 and h(x) = h; on ©Q;, i = 1,n. Applying the projection
property (3.3) and the Holder inequality, we get

G- (%2
v,

1 1
10277 5D*¢l| () < V3Dl 2y for ¢ € S,

(ayD%e, D*p)q=((ay — ) D%, D*¢)q <V

&

| D%e|| 1t l|2¢D*¢| 12 ()
L= ()

(5.13)
here the inequality

(see [11], has also been exploited).
Let 5 =@y and || D?as|| =) < N, where j =1 or 2. It is easy to see that

||h_’\(a2 —aQ)HLoo(Q) < ’|Dja2’|Loo(Q)‘h‘j_)\ < N|h|j_>\ fOI' 0 < /\ < 1

(compare with Remark 5.1 for ¢ = p = 00). Therefore, relations (5.4) and (5.13) imply the
bound o ‘
Isaste = vllwaz@ < KN (10D D2ellpey + [1D%ell gy ), (5:14)

where 79 = 1 or 0 for a; and a( satisfying the condition from respectively Claim 1 or 2 of the
theorem. )

Since (ay/as) () = 1 for x € Wy \ {0, X}, we have dy/ay € C(Q) and D(dy/ay) =
'<

D(@y/ay). Therefore, taking into account the relations @oD?u = (dy/as) ayD*u and N~
as < N, we get the bounds
1D(@D%0) ey < Ki(N) (1+ [ Dzl oiey) lazD?ull o, (5.15)
IDD(@D*u)l| o) < Ka(N)(L + | Daz|| Lo o) + [1D%azl|rey) ¥
(|las D*ullwro () + | DD(asD*u)|| o)) (5.16)
Here we have also exploited the simple formulas
_ 1 dy = 2 - _ 1 2 -
% _ Y pa, % pa, pp® - 2 Pay. Day+a, (——2 Das + = (Dag)Z)
as Qo as as a; a3 as
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and the inequality || Das|| ey < ||[Das||rag), 1 < ¢ < oo.

To derive bounds (5.11) and (5.12), we apply successively bound (5.14) with ¢ = p (for
¢ =0)ort=2 (for ¢ =1,2), Theorem 4.2 (for k = iy, 2), then bound (5.15) (for £ = 1) or
(5.16) (for ¢ = 2), and finally Theorem 2.1. In the particular case where p = 2 for £ = 0 as
well as < 2, the mesh @" can be arbitrary. 0

Remark 5.2. According to formula (3.7), the form of the coefficients of the mesh system

of equations is simplified even more if we choose s = (a; )~ instead of s = @,. In this case,
it is rather easy to see that Theorem 5.2 remains valid.
Remark 5.3. Theorem 5.2 is also valid for the method exploiting the space Ss[s] (in-

stead of S[x]) with » = @y, (a5')~!; the mesh @" can be arbitrary in this case. This
supplements the results of [11].

Remark 5.4. We have confined ourselves only to the homogeneous boundary conditions
(2.2) for brevity. In the case of the nonhomogeneous boundary conditions

u(0) =ug, w(X)=ux, Du(0)= u(()l), Du(X) = ugp, (5.17)

Theorem 2.1 (for the obviously modified definition of the weak solution) remains valid after
the addition of the summand |uo| + [ux |+ |ul’| + \ug?\ to the norms || f@~9| 10y, £ =0, 1,2,
(according to Remark 1.2 in [11]). Consequently, all error bounds remain valid after similar
modifications.

Moreover, nonhomogeneous boundary conditions other than (5.17) could be considered
as well.

Finally we note that an application to the time-dependent case can be found in [13,15].
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