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A POSTERIORI ERROR ESTIMATES FOR
APPROXIMATE SOLUTIONS OF THE
BARENBLATT-BIOT POROELASTIC MODEL

J.M.NORDBOTTEN!, T.RAHMAN?, S.I. REPIN?, AND J. VALDMAN*

Abstract — The paper is concerned with the Barenblatt-Biot model in the theory of
poroelasticity. We derive a guaranteed estimate of the difference between exact and ap-
proximate solutions in a combined norm that encompasses errors for the pressure fields
computed from the diffusion part of the model and errors related to stresses (strains)
of the elastic part. Estimates do not contain generic (mesh-dependent) constants and
are valid for any conforming approximation of the pressure and stress fields.
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1. Introduction

The standard mathematical model for diffusive flow in an elastic porous medium is the Biot
diffusion-deformation model of poroelasticity [8] based on the coupling between the pore-fluid
potential and the solid stress fields. The basic constitutive equations relate the total stress
to both the effective stress given by the strain of the structure and to the potential arising
from the pore fluid. The model consists of a momentum balance equation combined with
Hooke law for elastic deformation, and a continuity equation combined with the Darcy law.
Originally, the Biot model was designed for homogeneous porous media or single porosity
media. The representation of porosity and permeability in naturally occurring materials
often requires several distinct spatial scales. As for instance, in a reservoir model, the
presence of heterogeneities as highly permeable channels has a significant impact on the flow
properties of the reservoir rock. Two or more scales of permeability are usually observed,
which are also referred to as dual permeability models.

Studies show that even for a single-phase flow in relatively simple porous media, such as
sandstone, the fluid flows through a very small portion of the pore space, while its major
portion remains stagnant. A system of connected highly permeable channels characterized
by a relatively simple pore space geometry provides a fluid flow through the reservoir. The
remainder of the reservoir characterized by tortuous pores and pore throats is significantly
less permeable. The highly permeable channel component of the reservoir is relatively small,
and the remainder of the reservoir contains most of the fluid. This contrast leads to the dual
medium model of reservoir rock, originally proposed by Barenblatt et al. [6] in the rigid case.
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According to this model, the fluid flow in matrix blocks is local, and only the local exchange
of fluid between individual blocks and the surrounding high permeable channels is supported.
This model contains a system of two diffusion equations, one for each component, coupled
by a distributed exchange term that, in its simplest form, is proportional to the potential
difference between fluids in the two components.

A combination of the Barenblatt double—diffusion approach and the Biot diffusion—
deformation theory leads to what we call the Barenblatt - Biot poroelastic model representing
the double diffusion in elastic porous media. It takes the form

—V - (Le(u)) +aaVpr + aaVpy = f(z,1),
apr — V- (B1Vp) + oV -a+ k(pr —p2) = hi(x,t), (1.1)
copp — V- (koVp) + oV -+ k(p2 —p1) = ha(x,t),
where u is the displacement of the solid skeleton and p; and ps are the fluid potentials in the

respective components. With the vector gradient operator V, the linear Green strain tensor
e(+) is written as

1
e(u) = 3 (Vu+ (Vu)") . (1.2)
The fourth-order elastic stiffness tensor I defines the stress tensor ¢ using the Hook law
o :=Le(u).

In general, the permeabilities k; and k, may be heterogeneous and anisotropic tensors,
which may be functions of the deformation. Herein, we will neglect this dependence and
only consider constant, scalar, and homogeneous permeabilities. The constants «; and as
measure changes of porosities due to the applied volumetric strain. Mathematical analysis
of this model based on the theory of implicit evolution equations in Hilbert spaces was
performed in [21].

We note that multiple continua models are applicable to several other porous media
problems. We mention two cases in particular. Firstly, contaminant transport experiments
clearly indicate that the particle dispersion is non-Fickian, as reviewed in [7]. This makes
both dual and multiple continua models of interest, with dual media approaches already
common in applications. The use of more than two flowing continua was discussed by
Gwo et al. [11], and a single flowing continuum coupled to multiple non-flowing continua
(traps) was reviewed in [7]. The second application is the heat transfer in fractured rocks,
in particular, related to modelling of geothermal heat extraction. Here, the slow interaction
of diffusive heat transfer in the rock has to be modeled together with the fast fluid flow in
fractures. The approach is to use multiple continua, frequently as many as four or more [15].

The aim of this paper is not to develop a numerical solver for the Barenblatt-Biot poroe-
lastic model but to derive a reliable a posteriori estimate. In the last few decades, a posteriori
error estimates for linear elliptic and parabolic problems have been intensively investigated.
The reader will find discussions of the main approaches to the a posteriori error estima-
tion of finite element approximations (such as residual or gradient averaging methods) in
monographs [1, 4, 5, 23] and papers [2, 3, 10, 12, 13] and in the literature cited therein.

Here, we extend the techniques described in books [14, 18] and derive functional a pos-
teriori estimates for the static case of the Barenblatt-Biot system

-V - (Le(u)) + a1Vpr + aoVpy, = f(z),
=V (kiVp) +6(pr —p2) = hi(z), (1.3)
=V - (kaVpa) + k(p2a —p1) = ha(z),
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which is considered in a bounded connected domain Q C R? with the Lipschitz continuous
boundary I'.

There are various boundary conditions motivated by hydrological applications, among
which four boundary conditions, applicable to different parts of the boundary I' = [JTI;
represent the most typical cases.

1. A saturated land surface, 'y, with infiltration and evaporation is modeled as

oclun=0 (normal stress — free condition), (1.4)
Yr, =n- (—kVp; — kyVpe) (normal fluid flux), (1.5)

where n is the unit outward normal vector and wp, is a given function. We fulfil this
boundary condition by specifying that the normal component of the potential gradients at
the boundary is

n-V(p1 —p2) = 0. (1.6)
In the case of constant k& (considered in this paper), the condition (1.5) reads
Q/JI‘I = —(k'l + kz)n : Vpl = —(kl + kg)n . Vpg, (17)

which is in fact a version of the Darcy law at the boundary.

2. Boundary to sea with a constant fluid potential (we call this boundary I's). The porous
medium is in contact with the ocean (or any other body of water with constant depth). This
is often the case for underground porous media on islands (sand to ocean) or coasts (aquifers
to ocean). Here we impose the normal stress as in (1.4), but the boundary conditions for
the potentials are of the Dirichlet type, i.e.,

P1 = P2 = Pr,- (1.8)

3. Internal boundary with a known head (T's). This may represent either a fixed poten-
tial pumping well or the potential at some measurement point. We model this as a no
displacement boundary with Dirichlet conditions for the potentials as at I's, i.e.,

u=0, (1.9)
P1 = P2 = Prs. (1.10)

4. Impermeable bedrock, I'y. Here, we impose no displacement (as for I'3) and a zero normal
flux (as for Eq. (1.5) with ¢, = 0).
For the unique solvability of the diffusion problem, one has to assume that

meas(T'y UT3) # 0.

In this paper, we restrict ourselves to the case of Dirichlet type boundary conditions.
The outline of the paper is as follows. In Section 2, we present and analyze the double
diffusion problem and in Section 3 we provide its functional a posteriori error estimate. In
Section 4, we obtain the estimate of the static Barenblatt-Biot model in terms of combined
elasticity-diffusion norm.
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2. Variational formulation of the double diffusion system

Since the displacement u is only involved in the first equation of system (1.3), the double-
diffusion problem

=V - (l1Vp1) + £(p1 — p2) = ha (), (2.1)
=V - (k2Vp2) + k(p2 — p1) = ha(7)
is studied separately. It describes the steady flow of a slightly compressible fluid in a generally
heterogeneous medium consisting of two components. Henceforth, we consider this problem
with the Dirichlet boundary conditions p; = po = pr on I'. Let p be a function with square
summable coefficients that satisfies this boundary condition. It is convenient to rewrite the
problem in terms of the new functions
P1:=p1—p, P2:=p2—D
Then, a weak formulation of (2.1)-(2.2) leads to
Problem 1. Assume that (hy, hy) € L*(Q, R?). Find p = (p1,p2) € H}(Q, R?) satisfy-

ing the system of variational equalities

//ﬁVPl -Vaq + / k(p1 — p2)ai d / — k1Vp-Vai)de

Q Q Q (2.3)
/k2VP2 -V + / k(p2 — p1)da2d / z)q2 — ko Vp - Vao) do

Q Q Q

for all testing functions q = (q1,92) € Hy(Q, R?).

This problem can be represented in general form (which also encompasses other, more com-
plicated models of porous media). For this purpose, we introduce the spaces

and the corresponding dual spaces
Q= H'(Q,R?, Y*:=L*Q R™). (2.5)

Hereafter L, norms of all functions in € are denoted by ||-||,. Duality pairings of (¢, Q*) and
(Y,Y™*) are denoted by (-,-) and ((-,-)), respectively. Also, we introduce a bounded linear
operator A € L(Q,Y) and its adjoint operator A* € L(Y*, Q*) by the relations

Aq = (Vqi,Vay), AY* = (—divy;, —divy;)" (2:6)
The operators A and A* satisfy the relation representing integration by parts
(Y*,Aq)) = (A*Y*,q) forallY*eY" q€Q,
which can be written componentwise as

/(Yf Va1 +Y;-Vaq) de = — / (q1divY] 4+ q2divY3) dz, (2.7)
Q Q
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where q = (g1, ¢2) and Y* = (Y7, Y3). Now Problem 1 can be represented in the form: Find
p € @ such that the equality

a(p,q) = l(q) (2.8)

holds for all q € @. The bilinear form a(-,-) and the linear form [(-) are defined as

a(p,q) = /(Ap:(AAqu-Bq) dz,
Q

l(q) = /(h -q— CAq) dz,
Q

A, B and C are matrices formed by the material-dependent constants ky, ks, K,

L ]{?1 0 L K —K L k?1V]5 0
b (5 1), mm (5 ) e (T )

and h is the right-hand side vector

Remark 2.1. We note that the symmetric matrix A is a positive definite matrix if k; and
ks are positive (since AE - € = min{ky, ko } ||€]|” for all ¢ € R?). However, B is symmetric but
only positive semi-definite in the case of the positive parameter x, and its one-dimensional
kernel is generated by the vector (1,1)7.

Remark 2.2. If p is sufficiently regular (so that A*C belongs to Y*), then

la) = [(h-a-ACads= [B-qd,

Q Q

where

ﬂ L hl — div k1V15
T hg — div kQVﬁ '

It is easy to verify that (2.8) is the necessary condition for the minimizer of the following
convex variational problem.

Problem 2. Find p € Q) satisfying

F(p) + G(Ap) = inf {F(q) + G(Aq)}, (2.9)
where
F:Q—R, F(q) ::%/q~183qda:—l(q), (2.10)
and
1
G:Y = R, G(Aq) = 3 /Aq : (AAq) dz. (2.11)

Q
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Theorem 1 existence of a unique solution. Assume that ki,ky > 0 and x > 0.
Then, there exists a unique solution p € Q) of Problem 2, which also represents the solution
of Problem 1.

Proof. The existence of the unique minimizer follows from the known results in the
calculus of variations. Indeed, under the given assumptions, the functional F(-) + G(A-) is
strictly convex and coercive in the reflexive space Q). O

3. A posteriori error estimate of the double diffusion system

In this section, we derive guaranteed and directly computable bounds of the difference be-
tween exact and approximate solutions. Our analysis is based upon a posteriori error esti-
mation methods suggested in [14, 18]. Following chapters 6 and 7 in [14], we first need to
find the explicit forms of the dual functionals

FroQ =R, FY(AYY) :=sup{(A"Y",q) — F(a)},

qeqQ

G SR ()= sup (Y Ad)) - Gl oy
and the corresponding compound functionals
Dp:Q xQ"— R, Dp(q,A"Y") :== F(q) + F*(A"Y") — (A"Y",q), (3.2)
Dg:Y XYY" =R, Dg(Aq,Y") :== G(Aq) + G*(Y") — ((Y*, Aq)) .
By the the sum of Dr and D, we obtain the functional error majorant
M(q,Y") := Dp(q, A"Y") + Dg(Aq, Y¥), (3.3)
which provides a guaranteed upper bound of the error
%a(p —q,p—q) < M(q,Y") forall Y*eY™. (3.4)

The majorant is fully computable and depends only on the approximation q €  and
arbitrary variable Y* € Y*.

Lemma 3.1 dual functionals. For ki, ks > 0 and k > 0,

1
@) = 5 / ATY* Y de, (3.5)
Q
L [(A*Y* +h)2de  if AY} +hy + AYS + hy =0,
FHA*Y*) = ) ' ’ hold. (3.6)
+00 otherwise

Proof. The derivation of G*(Y*) is straightforward (see [14]). The singularity of the
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matrix B makes the computation of F*(A*Y*) more technical.

FHATYT) = Slelg{<q>A*Y*>—F(q)}

> sup  {(q,A"Y") — F(q)}
qcQ:q1=q2

= sup {<Q1’ A*YT + A*Y;> - F(Qth)}
q1€Hé(Q)

= sup  {(q1, A*Y] +hy + A*YS + ho)}
q1€Hé(Q)

B 0 ifAY]+hy +AYS5 4+ hy =0,

a 400 otherwise.

Thus, the finite values of F*(A*Y*) are attained only on the subspace

AYH 4 by + AY + hy =0, (3.7)

and we must specially consider this case. It holds

Fr(A"Y*)

/Bq-qu}

[\Dlr—\

sup{(q, A"Y") — F(q)} = Sup{<q> AY" +h) -

qeq

(use the constraint A*Y3 + ho = —(A*Y] + hy))

1
sup {(a1 — g2, A*Y] + hy) ——//f q1 — q2)% dx}
Q

\)

(q1,92)€Q

(supremum is obtained for a1 — a2 = (AY] + hy)/k)

1
o Yy = / (A + ha)? + (AYG + ho)?] da
Q

1

4/-4:
Q

(A*Y* + h)? da.

]

Remark 3.1. We note that (3.7) is a weaker restriction than the sum of two equilibrium
relations A*Y7+hy = 0 and A*Y; +ho = 0, which one would expect from the general theory.
In other words, our analysis shows that the strict equilibrium of the dual variables in the
componentwise sense is not required in the coupled system.

After the substitution of (3.5) and (3.6) into (3.2), we obtain explicit expressions for the
compound functionals

1

Dg(Aq,Y*) = = /A(Aq — AT'Y*) : (Aqg — ATYY) d, (3.8)

2
Q

s [Bq-qdz+ & [(AY* +h)?dz
Q Q

Drp(q,A"Y") = if A*Y% +hy + A*Y5+ hy =0, (3.9)

+00 otherwise.

In view of (3.4), the sharpest bound of a(p — q,p — q) is provided by the estimate

1

sop—a,p—q) < inf M(q Y). (3.10)
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Since M(q,Y*) = 400 if Y* does not satisfy (3.7), we must restrict ourselves to arguments
Y* €Yy, where

Y, ={(y],y5) € Y : A"Y] + hy + A"Y; 4+ hy = 0 ae. in Q}. (3.11)
Constructing an element of Y;* requires an exact equilibration procedure which has been

studied for a Poisson problem in [9]. Below, we show a way to avoid the constraint (3.11)
by a special penalty term added to the functional majorant. We define

Yi o= {(Y:,Y3) €Y' A'YT + AYY; € L2(Q)}, (3.12)
and note that Y;" C Y

div

(since hy, hy € L*(Q2)). Further we decompose
with Y* € Y}, and extend the dual functionals Dg and Dp by the new variable Y*. We
rewrite (3.8) as
1 ~ .
DA, V) = / A(Ag— A-IY*) : (Aq — A~F) da
Q
N ~ 1 N ~
+/(Aq — A7) (Y — YY) dx + 3 /A‘l(Y* —Y*) (Y — Y*)dz,
Q Q
and use the inequality 2M : My < 1My : M, + éMg : My valid for all matrices M, M,
and for all 5; > 0 to bound the middle term as
(Aq — A™'Y*) (Y — Y*) = AV2(Aq — A71Y*) - AV2(YF — Y¥)
51 1 . X
—AT(Y" —Y"): (Y"—Y"). (3.13
i oA T (7 - ). (313)

Obviously, the middle term adds to the left and the right terms in Dg(Aq, Y*) above, and
the modified compound functional reads

A(Ag—AT'Y") : (Ag — AT'YY)

N 1 ~ ~
Dg(Aq, Y*,Y*) := %ﬁl / A(Ag —AY*) : (Aq — A'Y*) do
Q

1 1 - * T . * Tk
+(§+2—51)/A (Y — ¥ (Y - ¥) da
Q

(3.14)

It also contains a scalar factor 5, > 0 whose value can be chosen arbitrarily. A similar
technique is used to modify the compound functional Dg(q, A*Y*). For the second integral
n (3.9), we have

~ 1 N
/(A*Y* +h)?dr < (1 + B) /(A*Y* +h)?dz + (1 + B_) /(A*(Y* —Y*))? da,
Q Q 2 4
where 85 > 0. Therefore, the modified dual functional reads
~ 1 1 ~
Dp(q, A"Y*, A*Y") := = 5 /Bq qdr + — 1n (1 ~|—Bg)/(A*Y* +h)?dx
Q Q

1 1 * * ) 2
S+ 52)/(/& (Y* — ¥°))? da.

(3.15)
_l’_
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By adding (3.14) and (3.15), we extend the functional majorant (3.3) to
M(q,Y*,Y*) := Dp(q, A*Y*, A*Y*) + Dg(Aq, Y*, Y*), (3.16)
in which the arbitrary variables satisfy the constraint
(YY) € Yy x Y.
Clearly, the original and extended majorants satisfy the inequality

1

a(p—a,p—aq) < M(qY") < M(q, Y*, Y*) (3.17)

for all Y* € Y81 > 0,8, > 0. This estimate is sharp in the sense that there are no
irremovable gaps in the inequalities. Indeed, if we set Y* = Y* = Ap and tend 3, and S to
zero, then M (q, Y*, Y*) tends to M (q, Y*) (and even to the exact error %a(p —q,p—q), cf.
(3.10)).
3.1. Upper estimate of M(q, Y*,Y*)
Let us denote Y* = (Y*,Y3) and Y* = (Y*,Y?) and consider a particular subspace

(Y5, Y*) e {V; x Y, - AY 4+ hy =0, Y =Y} ae in Q}. (3.18)

In this subspace,

forr

holds (cf. (2.6)). Therefore, Dp(q, A*Y*, A*Y*) defined in (3.15) is simplified as Y*-independent

{O\

(div(Y: —Y)2de = /(diva — h1)?dw
Q

. 1 1 .

Dp(q, AT = §/Bq.qu+ ot +ﬁ2)/(A*Y* +h)2de (3.19)

0 0

1 1 c Nk 2

+ (1 +—) [ (divY] — h)*dx,
52
and only Y*-dependent functional in Dg(Aq, Y*,Y*) defined in (3.14) writes
/Al(Y* — YY) (Y = Y*)da = /kll(Y; —YH) - (Y=Y} da. (3.20)
0 0

Lemma 3.2. Let us define the space
={Y; € L*()*: A*Y? +hy =0 ae inQ}.
Then, for all Y7 € H(dlv Q2),

inf /HY* Y*
Y*Eth

holds, where C' > 0 satisfies the Friedrichs inequality ||wl|2qy < C VW] 12q) valid for all
w € H ().

N 2
v < C? HdivYthH
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Proof. 1t follows from Theorem 6.1 in [20] by the modification related to the fact that
we consider vector arguments. [

The application of Lemma 3.2 to (3.20) and the substitution back into (3.14) defines the
Y*-independent dual functional

1+ 6

Da(Aq, Y*) = / A(Aq— AT'Y) : (Aq — A7) da

Q

R +2—ﬁ1>02

which provides the upper estimate of the quantity

div Y* + h1

, (3.21)

Yirelf/; D¢g(Aq, Y™, Y*)
Therefore, the sum of (3.19) and (3.21) defines the Y*-independent functional
Mj, 5,(q, Y*) := Dp(q, A*Y*) + Dg(Aq, Y7) (3.22)
that serves as an upper bound of M(q, Y*, Y*), and provides a computable estimate
%a(p —q,p—q) < Mg, p,(q,¥) for all ¥* € V5, (3.23)
Remark 3.2 symmetric form of Dg. If we replace subspace (3.18) by
(YY) e {Vy x Y, : AY5 + hy = 0,Y] =Y} ae. inQ}, (3.24)

then, instead of (3.21), we obtain

Da(Aq, Y*) = ! *251 /A(Aq — AT (Aq — ATY) da
Q
1
+ k(5 4L C’2Hd1vY*+h2H (3.25)
261

4. A posteriori error estimate for approximations of the coupled
system (1.1)

Assume that the fluid pressures p; and p, are resolved exactly and substituted into the
elasticity equation (cf. (1.1))

-V - (Le(u)) =f(z,t) + a1 Vpy + o Vps.

Let v be an approximation of u (this problem is considered in the same domain ) as problem
(2.1)-(2.2)). We define the Dirichlet boundary condition by the function uy € H*(; R?)
and assume

vV € ug + H&(Q, Rd)
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Lemma 4.1. For every function 7 € Q := {0 € L*(Q;R¥?) : dive € L*(Q; RY)},

sym

||5(u—v)||]L;Q < HS(V) —Lt +C|divr +f — anVpr — 2 Vpa|lq (4.1)

TH]L;Q
holds, where the constant C' > 0 satisfies the inequality
[Wllo < Clle(W)llyq  for all w € Hy(Q;RY) (4.2)

and the norm ||-|| is defined as

lell2 0 = /La . e dz.

Q

Proof. The estimates in chapter 6.5 in [18] are applied to the linear elasticity problem
with the right-hand side f — a1 Vp; — auVps. The existence of constant C' follows from the
Korn and Friedrichs inequalities. O]

Remark 4.1. Estimate (4.1) is sharp with respect to the parameter 7. Indeed, the
choice of 7 = L e(u) satisfies the equilibrium condition

divr+f = qupl + a2Vp2, (43)

and reduces therefore (4.1) to the equality.

Let q; and gy be approximations of the exact pressure fields p; and py respectively. By
triangle inequalities, we obtain
[divr +f — a1 Vp1 — aVps|lg < [|divT +f — a1 Va1 — a2 V||,
+[[V(p1 = au)llg + [[V(p2 — a2)|; - (4.4)

Use (4.4) and square both parts of (4.1) to obtain

le@=VlLa < (lv) L7 q
+ C ||d1V7' +f— a1V — aeVaqlg (4.5)
+ ClV(pr—ai)llg + ClIV(p2 — a2)llo)*
By the algebraic inequality
1 1.,

(a+b+c)” < (14 Bs+ Bs) a2+(1+i+56) P+ (1+——+—)c
P Bs Do

valid for all scalars a, b, ¢ and for all 4, 5, B¢ > 0, inequality (4.5) and the following inequal-
ity (fs is an arbitrary positive constant) yield

(IV(p1 = a)llg + V(P2 — @) l)*

<148 V(1 — a2+ (1 + =) [V(p2 — a2l

Bs

1+8; 1405
< ) - Y, -
max{ " k263}a(p q,p—q)
1+8; 1485

< 2max )
{ k1 ka3

} Mﬁl ﬂ2<q7 Y*> (46)
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Now we obtain the final estimate in terms of the coupled error norm

a(p—q,p—q)+ [le(u— V)HIQL;Q < (14 Ba+ Bs) He(v) - L_ITHi;Q

]. ) A
+ <1 +—+ /86> Cz ||d1VT + f— quql — OZQVqQHé —+ 20 Mﬁlﬂz (q, Y*), (47)
4

where
~ 1 1 1+ 083 1+ 05
TP (T W P EES S 1908
Bs  Bs k1 ko3
This estimate holds for all 7 € @, Y* € 7o and all By, ..., B > 0.

Remark 4.2. Finally, we comment on how this estimate can be used in practical compu-
tations. Assume that numerical solutions of the Barenblatt-Biot system (1.3) are obtained
on a certain finite dimensional subspace generated by the mesh 7,. We denote them by
qn and vy,. In the simplest case, we need to postprocess the functions q, := Vq; and

7, := Le(vy) in such a way that their post-processed images q; and 75, belong to @ and

oos respectively. Then a guaranteed upper bound follows from (4.7) by direct substitution

and optimization with respect to the parameters f1,..., s > 0. A sharper estimate can be
obtained if the majorant is further minimized with respect to q; and 7, with the help of some
direct minimization procedure (e.g., gradient descent). Examples of majorant minimization
techniques can be found in [19, 22]. Another way may be efficient if the problem is solved on
a sequence of refined meshes. Then, we can use the above procedure based on a relatively
simple postprocessing procedure for q; and 7, but with one-step retardation, i.e., averaging
is performed on the mesh hy, but it is used in the error estimate for approximate solutions
computed on the mesh hy_;.
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