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Robust Discretisation and a Posteriori
Control for Strongly Oscillating Solutions of
the Stationary Schrodinger Equation

Willy Dorfler

Abstract — We consider an example of a boundary value problem on an interval where
the solution can show strong oscillations. In order to solve such a problem numerically,
standard methods require meshes that resolve these oscillations and will thus need
a prohibitively large number of unknowns. In our approach we use special problem
dependent basis functions in the finite element method and provide an analysis for a
priori and a posteriori bounds. In this way we can construct an efficient approximation
method for the solution of such boundary value problems.
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1. Introduction

The numerical solution of linear elliptic boundary value problems that define a symmetric
positive form is very elaborated in terms of a priori and a posteriori analysis. Also for
the singularly perturbed operators (when the operators’ coefficients become very small or
large) one can describe robust methods. However, if one studies these problems with a
negative potential, especially when it is large in modulus, standard methods face some
difficulties. For example, the solutions of such problems may exhibit strong oscillations
and an approximation by piecewise polynomials will require small computational cells that
resolve these oscillations. However, this will result in a very expensive method. In this work
we will, for the one-dimensional case, perform the Galerkin discretisation with local Green’s
functions that have been used and analysed up to now mainly in case of positive coefficients
[7] [19] [1] [5]. For negative coefficients the basis functions are strongly oscillating and the
question is to which extend they can approximate the solution of the problem. Since the
setting is that of a general finite element method, we can follow the general guideline to
prove a priori and a posteriori error estimates once we provided the necessary interpolation
estimates. This work generalises the corresponding attempt in [3, Ch. 4.1] to non-constant
coefficients and a posteriori error estimations and mesh-refinement.

Note, that the idea of exponential fitting of such type of equations have been considered
in the context of finite difference methods, see for example [8] and the literature cited therein.
However, our methods and results are quite different from this approach.

Willy Dorfler
Institut fir Angewandte und Numerische Mathematik 2, Karlsruher Institut fir Technologie (KIT), 76128
Karlsruhe, Germany E-mail: willy.doerfler@kit.edu



A posteriori control for strongly oscillating solutions 419

Oscillating basis functions have also been used in a similar type of problem, the Helmholtz
equation with constant coefficients and with wave-number dependent Robin boundary con-
ditions. The methods and results are different to those used here [11] [10] [13] [20].

The techniques are essentially for the one-dimensional case. We think that the method
might be of interest for the time evolution of 1D oscillating pulses. Furthermore, it has
been demonstrated in [5] how to use such one-dimensional results on tensorial grids. In [3,
Ch. 7.2] [15] it is demonstrated that a local choice of a number of 1D plane waves can be
used to approximate multi-dimensional problems.

2. The stationary Schrodinger equation

The stationary Schrodinger equation is the boundary value problem

Ly)u:=—u"+~vyu=f in2:=(01), (2.1)
u(0) =u(1)=0 in 02 ={0,1}

with a bounded function v : {2 — R. Note that any bounded interval can be transformed
(affine linearly) to (0, 1) and nonhomogeneous boundary values can be removed by substrac-
tion of a suitable linear function from w.

The weak form of this boundary value problem results from multiplying (2.1) by v €
C5°(£2) and integration by parts

B(u,v) := /{u/v/ + yuv} = F(v) := / fv  forall ve CE(N). (2.3)
2 2
To formulate this problem on a Hilbert space we let

ko=, Ke:=max{k, 7}, 7=k,
and define for G C (2
e 2 1/2
e = (IW1a + Irolig)

Assuming that + is a bounded function, we take V := H(£2) equipped with the norm ||. ||,..,
and observe immediately the continuity of the bilinear form B on V x V'

| B(v, w)| < /Q {1 T+ 1l ol lwl} < Bollollwllo

In case 7 is strictly positive we have furthermore for all v € V

wmw:/kw%wm%>/wvﬁ/ Afof?
Q Q n{k>m}

1 1 1
o fwpegm [ P [ Pz Sl
9] 2N{k<m} 2n{k=7}

where we have used Poincaré’s inequality [v]sp) < (1/7) [v'] 12y and {x < 7} as an ab-
breviation for the set {x € {2 : k(x) < 7}, etc. This inequality, called coercivity, guarantees
unique solvability of problem (2.3) for any continuous F': V' — R on V' [6, Lem. 2.2]. This,



420 Willy Dérfler

however, cannot be applied for v with (not necessarily small) negative values and it is in
fact not true in general. Thus we will have to assume invertibility of L(~y) for the given data
v, stated as the inf-sup-condition

B
inf  sup {ﬂ} Z Cy (2.4)
veV\{0} yev\{o} llv H\R;Q [lw H\R;Q

for some positive constant ¢, > 0 [6, Thm. 2.6]. We finally observe that I’ satisfies the
bound

1 1
PO < [ 151l = [ 171 dol € =l olles

In summary, we have the following existence and stability result.

Theorem 2.1. Assume that for given v € L*®({2) assumption (2.4) holds true. Then
there exists a unique solution w € V of (2.3) for any f € L*(§2) and it satisfies the bound

1,1

In case v is strictly positive assumption (2.4) is satisfied with ¢, = 1/2.

3. The finite element method

3.1. Galerkin method

For a numerical approximation we choose the Galerkin method that consists of choosing a
finite dimensional space V}, C V and to formulate the discrete boundary value problem as

By (up, vp) = / {upvy, + ynupon } = Fi(vy) == / fron for all v, € Vj, (3.1)
Q Q

where 7, and f;, are suitable approximations to v and f, respectively. B and By, are con-
nected via

Bu(un, wn) = Blon, wn) + / (Vn — 7)onwn.
(]

Since for all vy, wy, € V},

|7 - 7h|
| / (7 = menin| < /Q ol el < PG mllenlallon o

*

with (7, ) = [(v =)/ 7+ ||Lo<>((z)> we find that

|Bh(vha wh)| < (1 + F(’y? 'Vh)) |||Uh|||H;Q|||wh”|H;Q'

However, a discrete inf-sup-condition

B
inf sup (v, wn) > ey (3.2)
v, €VR\{0} wpeV,\{0} llv |||,.@;9 Il wh|||ﬁ;9
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for some constant 5 € (0,1) that is independent of the dimension of V}, cannot be deduced
from (2.4) for general coefficients v and spaces V}, (although it will be true asymptotically for
h — 0 under reasonable conditions [16]). In the following we will assume that the condition
(3.2) is satisfied. In this situation the application of the Strang lemma yields the a priori
error bound [6, Lem. 2.27]

L+ (7, 7m)\ .
_ 0 < (1 —’> f { . . }
lu = unllyo < (1 + Be, Jnf, v = vall..0
L yvvy=—m 1,1
+ 5—% ‘ ™ KxU ‘LQ(Q) + ﬁ—C,YHH_*(f - fh)HLQ(Q). (3.3)
3.2. Standard finite element spaces
Let G={x; : i=0,...,N+1} be aset of points with 0 =z < z1 < - < xy < xns1 =1

and K = {K; := [v;_1,7;] : i =0,...,N + 1} be a decomposition of 2 into intervals. We
define h; := |K;| and h to be the piecewise constant function h(z) := h; for x € K;. In
a standard finite element discretisation the space V), would consist of continuous piecewise
(with respect to the decomposition) polynomials of a, say constant in (2, degree p. For
a stable discretisation, when (3.2) holds, the error estimate follows from (3.3) with the
interpolation estimate

inf {mu—uhuw} <, min Cl(@)i

VR EVR =1,...,p )

sufficient regularity assumed [17, Thm. 3.17] [14, p. 24]. Moreover, this bound requires
kh < [ for some [ € {1,...,p}. This is a very strong requirement on the resolution of the
grid for large x and a problem in many applications. Our aim is to create a finite element
space with approximation properties that are better suited to this problem.

3.3. Exponentially fitted finite element spaces

Let 7, be a piecewise constant function on the decomposition K. By 73, we denote the
restriction of 7, on K;. We define

Vil i=span{t; :i=1,...,N},
where the basis functions ¢; are uniquely determined by the local boundary value problems

L) =0  on UK,
wl(l']):(sw fijIO,,N+1

It is immediately seen that 1); is zero outside the interval K; U K; | fort=1,..., N. On the
interval K; we have explicitly

( sin (Fni(wi-a)) [ sin (Fnila—zi0)
sin (Fn,ih:) sin (Fn,qh:)
Vii(x) = § B for ¥, =0, i(z) = ¢ == for 7, =0, (3.4)
sinh (#y,i (2i—2)) sinh (i (2—2i-1))
sinh (% ih: ) sinh (% ih:)

for 7, <0,

for 7, <0,

for 7, > 0, for 7, > 0,
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where Rp; := +/|7n: and where &y ;h; ¢ 7N has to be assumed in case of 7,,; < 0. We
further define the enhanced space

V2= V;}Uspan{@bi_% D= 1,...,N+1},
with 1);_1 /2 given as the unique solution of

L(ih)qbz
Vi1 (z;

2

= 0, on Kjforj=1,...,N+1,
=0 for j=0,...,N+1.

~— l\)l»—l

Clearly, 1;_1/2 is compactly supported inside K; and it can easily be computed using the
functions {v;_1,¢;} on K; defined above. In fact, for x € K,

(z) = {m,( — i (x) — %(SC)) for 7y,; # 0,

wi_l e 1

3.5
2 5( xi—l) (LE‘Z — .TL’) for Wh,i =0. ( )

This type of basis functions are also called local Green’s functions [7].

3.4. The discrete problem

In general u; will be of the form

N+1

- Z aii(x) + Z bt 1 (), (3.6)

for coefficients a;,b; to be determined. For u;, € Vh1 we have b; = 0 for all j. To solve
the problem for u;, € V;! we end up with a linear system with a tridiagonal matrix A =

[Aij]i,jzl ..... ~ given by

Ay = [+ = -l + [ witons; = -l + [ on =m0
since L(¥,)Y; = 0 on each interval. Here, [g],. denotes the jump of a piecewise continuous

function g in z;: [g],, := lim04 (g(zi + 5) — g(x; — ).
For the problem in V;? we find in case j =1,..., N

Ay = /{w Vio1j2 + miic1s2} = [y, /% 2L ()Y
:/Q(%—%)%’%—l/z

and likewise

Ai_1/2i-1/2 :/{1%—1/21%—1/2+7h¢i—1/2¢i—l/2} :/wi—1/2L(7h)wi—1/2
2 7
:/wi—1/2+/(7h_7h)¢i—1/2¢i—1/2
2 2

since L(J4)1i—1/2 = 1 on K;. The right-hand side of the system is a vector F' with components

FZI/thIDi, F’Z-_1/2=/thwi_1/2-
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In the special case y;, = ¥, and fj, = f;, we obtain A;; = —[¥%],,5 Ai—1j2,; = 0 (the equations
for a;, b; decouple), while Ai—l/2,i—l/2 = fKi %—1/2 and fg fh¢i—1/2 = fh,i fg %—1/2 yield
bi = f}w’ directly.

Definition 3.1. For a given piecewise constant function 7, on a decomposition K we
define the index set

_={ie{l,...,N+1}:79,, <0}

and the interpolation constant

(3.7)

1 . . .
Cy = max {m i€ AL, Fpgh > 7/2) if the set is not empty,
1 otherwise.

We end this section with an a priori error estimate for this kind of discretisation (in
contrast to the estimate given in Section 3.2).

Theorem 3.1. Let u € H*(R2) be a solution to (2.1)~(2.2) and u!” € Vi and u{? € V2
be the respective solutions of the discrete problem (3.1) on a grid where Cy given by (3.7) is
bounded. Then,

1+ I'(, _ _
o~ 0l < 401( %) (14 0 ) (I Lz + Wy =Tl 20
Y
Y= L1
ch H Q) + 5—%“,{_*6 - fh)HL2(Q)
for £ € {1,2}, and especially for £ =2 also
1+ I'(r, _ , _
bu =0 oo < 4G (14 %) (1 T, ) (12 gy + 102 (7 = T)) e
Y

1 ,7v—7 1,1
—‘ - +B—Gy“m_*(f_fh)“L2(Q)'

(.)), denotes the piecewise derivative with respect to K.

Proof. Note first, that a grid with the required property can be obtained by the construction
presented in Section 5.4. Using the error estimate (3.3), the remaining task is to estimate
the infimum after insertion of a suitable interpolant. Let us consider the case of a discrete
solution in V;'. Then, by Theorem 4.1 and a further triangle inequality,

llu = Tyulls, o < ACHALFR)ul 20y < ACT (RS | L2y + 1P(Y = Tn)ull 2(0)

and this shows the first estimate for £ = 1 with JJu — Ijull,..o < (1+'(Fa, &) lu — Liull, .o
The assertion for ¢ = 2 works likewise with Theorem 4.3. O

4. Interpolation estimates

We study suitable linear continuous operators IF : V — V¥ (for k € {1,2}) and give
estimates for |v — I} 2 in terms of v in H'(£2) or H*(£2). For v € H'({2) let us define

Lo(z) = v(@i )i (z) + v(w)(z) forve K;,ie{l,...,N+1} (4.1)
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with the basis functions from (3.4). Note that for constant v = vy on K; we get from (3.5)
Iiv(z) = vo(¢im1(z) + ¥i(x)) = vo(1 — Fptbi1/2(x)) on K; which not equals vg. On the
enhanced space V;? we can define for v € H'(£2)

IPo(z) == Lv(z) + %(v(zi_l) + v(x;)) i_1/2(x) forze K;,ie{l,...,N+1}. (4.2)

For a constant function v = vy on K; we get [*v(z) = vo(l—ﬁh,ﬂbi_lp(x)) +007h,iti-1/2(T) =
vp on K;. Alternatively, we define for v € H?({2)

Po(z) = I;U(g;)+(hi/K. L(Fni)v )¢, p(r)  forze K ie{l,... N+1}, (4.3)

7

that also has the property I 210 = vp for constant vy on K;. We also need interpolation oper-

ators with less regularity requirements than those presented so far. Let fori € {1,..., N+1}
1 ) if Kpi = Ry
F;(v) := / v, where m(i) := Z 1 ih’ Kh’_ﬂ : (4.4)
hm(z) Kon(i) 1+1 if Khit1l > Khi

and define for v € L?(£2)

Quv() = Fioa(v)ioi(2) + Fi(v)y(z)  for z € K. (4.5)

4.1. Estimates for the interpolation onto V}!

Theorem 4.1. Let v € H'(2) and I}v € V! be as in (4.1) with h < 1/2. Then, I}v is
well defined if we require that C1 < 0o, C1 from (3.7), and we have the estimate

N+1
o = vl 2o 201(Zh2|||v|||ﬁm) , (4.6)
while for v € H*(12)
2007 (0 = L)l ga() + o = vl < ACHAL(Fa)ol 120y (4.7)

Proof. It is convenient to consider the interval (0,h) in place of K; and some v € H'(0,h).
For this let 7 := y,;, § := Rp; (i. e, ¥ = &%), L == L(H) and G(.,.) = G(., .;7) be
Green’s function for the homogeneous Dirichlet boundary value problem for L on (0, h) (see
Section 4.3). Let vy, := I}v. Since (v — v3)(0) = (v — v3)(h) = 0 and Lv, = 0, we get by
Green’s representation formula and integration by parts

(0 — un)( / G, y) (v — on)(y) dy = / Cla,y) (—" +70) () dy

—/ {0:G (2, y)v'(y) +7G(x, y)v(y) } dy
0
for all z € (0,h). This leads to the pointwise inequality

[(v —op) ()] < ||825(x, -)”L?(O,h) ”'U,”LQ(O,h) + R2”@(3% -)”L?(O,h) ||U||L2(0,h)
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and taking the L2-norm over (0, h) yields

Jv— Uh”L2(o,h) < B2 S‘(tph) {Hazé(% ’)”LQ(O,h) HU/HLQ(OJL) + 72| Gz, ')HLZ(O,h) HUHLZ(O,h)}'
xze(0,

Now we use the estimates for Green’s function from Theorem 4.4 in the three different cases.
Note that & < 1/2 implies & > 7 in Cases 2 and 3.

Case 1 Fh*> < —(n/2)? (i. e., Kh > m/2). Then

< ) 7h
”'U — 'Uh||L2(0,h) X | siin(ﬁhﬂ ”'U ”L2(O,h) + m||v||lz2(0,h)
h ) _ 2
S Tem(@h)] W'l 2 0y + vl L20.0y) < T ] RVl o) -

Case 2 [7|h* < (7/2)? (i. e., ’h < 7/2). Then

[v = vnll 20 < UV 20 + FER)V] 20.0) < 2800l 0.0

Case 3 Fh* > (7/2)? (i. e., Kh > m/2). Then
h1/2 s
12 —
Jv— Uh”LQ(O,h) < =172 Jv ”L2(0,h) + (Kh) / HU”LQ(O,h)

h1/2 _
< =5 W20 m + Flvlzom) < 2000l on:

So we can bound [v — vp 2y by 2h/[sin(ER)|[[v]l, o, in Case 1 and by 2h[v] ) in
Cases 2 and 3.
If Lv exists, we start with the representation

(v — vn) () = / Gla,y)To(y) dy

to get

o = oulzzon <A sup {IG. iz el
z€(0,h)
For the factor in front of ||fv||L2(07h) we get the bounds h'/2 h'/? /(7| sin(%h)|) < 2h?/|sin(&h)|

(Case 1), h'/2 %2 < 2h? (Case 2), and h'/?/&*? < 2h? (Case 3). To derive the result for
the energy norm we start from

Rl = ol < TR sup {15 s JIEelisany
ze (0,

For the factor in front of ||fv||L2(07h) we get now the bounds &h'/2h'/2/(R|sin(Rh)|) <
2h/|sin(gh)| (Case 1), ®.hY/? h3/2 < 2h (Case 2), and ®hY/?/F3/? < 2h (Case 3).
Finally, to bound derivatives we start from

(0 — ) (z) = / 0.0z, y)To(y) dy
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to get
= e)Tan = [ ([ 480w @) a

// /81 (2, 901Gz, Z)dSC)LU( VLv(z) dy dz
< [ [ 108 o TC o o o

_ 2
<n( suw {||81G<.,y>||L2<o,h>}nLanzm,h)) .
y€(0,h)

By symmetry of Green’s function we have |0,G( . Y 2, = 10:G (3, 20, and we can
thus refer to the same estimates as above to bound [[(v—vn)'| 12y ) by 2h/[sin(Fh)]| | Lv| 12(0.1)

in Case 1 and 2h||fv||L2(07h) in Cases 2 and 3.

These local estimates can directly be rewritten as estimates on K; and the estimates
(4.6)—(4.7) for v — v, on {2 are obtained from this after squaring and summation over all
K;. O

Theorem 4.2. Let v € H'(2) and Qv € V}! be as in (4.5) with h < 1/2. Then, Qv is
well defined if we require that Cy < oo, Cy from (3.7), and we have the estimates

In(v = Qiv)laey < V(L + V20)CilFnv] 2 (4.8)
N+1
v = Qilia(o) < V32 + V20)Ci LIS K (4.9)
H€T€, 0 = mMaX;—=1,.., N{hi/hi—l—h hz—l—l/hz}

Proof. From its definition (4.4) we see |F;(v)| < l/h;{(zi) ”U”LZ(KW))’ and thus

1@nvl e,y < 1Fima () -l 2y + [F ()il L2,

) o\ 1/2 1 1 ) 1/2
< (im0 Frs P + b F@P) (Tl + 57—l

m(i—1)
1/2 hz hz 1/2
< CI(HUH%Z(KW(@;U) + ”U”2Lz(Km(i))) (h + )>
< \/%CI”U”H(

m(i—=1)  Nm(i
By definition of m(7 — 1), m(7) it holds

Km(ifl) UKm('L)) :

Ehyi‘|U‘|L2(Km(i71)UK7n(i)) < HEhU|‘L2(Km(i,1)UKm(i)) < ‘|EhU”L2(Ki,1UKiUKi+1)
and therefore
Rhilv — UhHLZ(KZ ”HhUHLZ(Kl) + Kn z”UhHm(K) (1+v2 )CIH’%UHLZ(IQ JUKUK, 41)

To prove the next assertion we start from the decomposition

v = Q;lﬂ/ =U - [,%v + (U(I)fi—l) - E—l(v))¢i—1 + (U(Iz) - Fi(v))@bm
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which can be estimated using previous results by

Jv— Q}LU”L?(KZ-)

1/2 B2
= v - [%UHH(KZ-) + hn{(i_1)”7’,”L2(Km(i,1))Wi—l”L?(Ki) W{(z v/ ”L?(Km( ) HL2
< 2Cthillvlw, ., + V20O 2k, uk,ok)-
The final result for the L2-norms follows by summation over i. O

4.2. Estimates for the interpolation onto V;?

Theorem 4.3. Let v € H'(£2) and I2v, I2v € V2 be as in (4.2) and (4.3), respectively,
with h < 1/2. Then, both interpolants are well defined if we require that Cy < oo, Cy from
(3.7), and we have the estimate

N+1 1/2
o = vl oy < 2a(§jﬁwhz ) (4.10)

The estimate (4.7) holds correspondingly with fi for v € H*(2) and, furthermore, for v €
H?(£2)

2[h7H (v = Th0) | 2oy + I = vl < ACHRE* (L)) 20 (4.11)
(.)}, denotes the piecewise derivative with respect to K.

Proof. We use the notation introduced in the proof of Theorem 4.1. From definition (4.2)
we obtain

(v = I0)(@) = v(@) = (v(O)o(2) + v(A)E1 (&) + 2 (0(0) + v(h)) ()
= v(w) = () () + v(h)a(w) +

1

2\

— N |2

DO |

(v(0) + (k) (1 = o(x) - ¥1(2)) )
(0(0) + v(h)) — 5 (o(h) — (0)) (va(x) — to())

and this yields the pointwise bound

1 1 4
0= 120)@)] < (14 3Hnlimn + 5llmon) [ W@ dy

For 7 > 0, or ¥ < 0 and ®h < 7/2, we have ”wOHLoo((]’h) = [y ”Loo(o,h) = 1 and therefore

lo = Tivl 2o ny < 2000 220,05
while for 7 < 0 and ®h > 7/2 we obtain

2h
2 /
lv = Iv] 200 < W”U |20,

This can directly be rewritten as an estimate for v — v, on K; and the estimate (4.10) for
v — vy, on {2 is obtained from this after squaring and summation over all K;.
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We let vy, := I2v and get by the representation formula (with G(x,y) = G(z, y:7))

(v — o) / Gz, y) v—vh)(y)dy:/Oh@(x,y)<fv(y)—%/Ohfv)dy.

If we only exploit the L2-stability of the mean value, we can repeat the arguments from The-
orem 4.1 to get the same results as for I}. Now let v € H3({2). Using | Lv—foh Lv/h 2y <

h|(Lv)| 12(0.n)> We can achieve the pointwise bound
(v — ) ()] < K sup {IG@, I ezm HIE0Y 12 0.0)-
xe(0,

Similarly, we get the pointwise estimate for (v — vy,)’(z) with 9,G on the left-hand side and
the remainder is as in the proof of Theorem 4.1. O

4.3. Estimates for Green’s functions

The boundary value problem (2.1)-(2.2) has a Green’s function G : 2 x {2 — R, which
allows the solution to be represented as

_ / G, y)Luly) dy = / Gl y) () dy (4.12)

for every f € L'(£2). To construct G one can determine the fundamental system {%, ¥}
that fulfills the boundary value problems L(7)¥ = 0 in {2, ¥(0) = 1, ¥(1) = 0, and
L(y)¥ =01in 2, ¥;(0) =0, ¥;(1) = 1. Then G is given by

Y

T
Y.

NN

1 Uy ()W (y) fory
Uy ()W (y) for x
G is explicitly known only in very special cases, for example, when ~ is constant.

The results of the previous section required estimates on Green’s function G( ., .;7%) for
the boundary value problem (2.1)—(2.2) with constant coefficient 7 on (0, k). The following
theorem provides these estimates (some details were elaborated in the diploma thesis of A.
Shutovich that has been prepared under the supervision of the author).

Theorem 4.4. Let G be Green’s function of the boundary value problem (2.1)—~(2.2) with
constant coefficient 5 = £%% on (0, h), then

L if ¥ <0, &h > /2,

RKh|sin(RKh)|
S%ph {IG(z, )”L2(O,h)} < P2 + if kh < /2,
ze( —(Ehl)f’/z ify >0, ®h > 7/2,
and
|sin(1Eh)| 1f7 < 07 Rh > 7T/27
sup {”82 ;7>”L2(0,h)} <AL if ’h < /2,
x€(0,h) 1
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Proof. If G is Green’s function of the boundary value problem (2.1)—(2.2) with constant coef-
ficient on (0, h), then G(&,n; z) = 1/h G(hE, hn; 2/h?) is the corresponding Green’s function
n (0,1). Therefore, we obtain after scaling
|G, Do = B21G@/ b, 70 |z 0
102G, 7)oy = HV210G /B 600
In the following, we will estimate
90(&2) == 1G5 2) T2 and g1(&52) = [RG(E, -5 2) 720

for different values of z.

Case 1: 2 <0, k:=\/|z| > 7/2, sin(k) #0 We start calculating go(&; —k?) to

sin(kg) sin(k(1-¢)) | (1-¢) sin(k€)? + Esin(k(1 — €))?
23| sin(k)| 2k2 sin(k)? '

Since £ € (0,1), (1 — &) sin(k&)* + Esin(k(1 —€))? < (1 =€) + & =1, and sin(k)/k < 1, one
gets that

90(&; —kz) ==

1 1 1
90(& —K") < 2k3| sin(k)| * 2k2? sin(k)? S k?sin(k)?’
thus
SUP {”G ||L2(01 } =X k;
£e(0,1 | sin(k)]

Similarly, we get for g (&; kz)

ooy sin(ksin(k(1 =€) (1 —¢&)sin(k)? + Esin(k(1 - §))?
e T ey I 2 sin(k)?
1 1 1

< < = ;
2k| sin(k)| * 2sin(k)? ~ sin(k)?
resulting in
1

su 9,G o —k? < —.
S {10 Nezon} < T

Case 2: 2> 0, k:=+/]z] = 7/2 We now get
(€ K2) = sinh(k€) sinh(k(1 =€) (1 = §)sinh(k§)? + {sinh(k(1 - §))?
P& ) = 2k sinh (k) 2k2 sinh (k)2

= T1 — TQ.

Since all terms go, 11, T are positive, we conclude T, < T} and go(&; k?) < 1. By elementary
calculus we see that ¥ /4 < (eF — e7%)/2 for k > log(2)/2 and thus

ek 1 sinh(k) 1
< <

1
T<-—0©o oz S o
'S 4 2k3sinh(k) 2 2k3sinh(k)  4k3
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showing
sup {IG(E, . k) |aom } < =as.
¢€(0,1) ’ 2k3/

For g;(&; k?) we get

1
G (&) =K (T + Tr) < 2K°Ty < —

2k
and so
1
7.2
giup {”82 Sk )||L2(0,1)} < W
Case 3: z < 0, k := +/|2|] < m/2 Taking the derivative of go(.;—k?) (given above) we
arrive at

i) = ¢1-¢) (Sin(Qkﬁ) _ sin(2k(1 — 5))>'

90(&: = sin(k)2 \ 2k€ 2%(1— €)

By monotonicity of ¢ — sin(t)/t in (0,7) we see that gj(.; —k?) is positive for £ € (0,1/2)
and negative for ¢ € (1/2,1). Thus the maximum of go(.; —k?) is attained for £ = 1/2.
Using sin(t) >t — t3/6 we obtain

_ k —sin(k) sin(k/2)? - k/6 1

2 < — k) = = ~— 19
et O 5 —F) iz} 9 (5:F) 2k%  sin(k)? T2k 12

For g;(.; —k?) we get

cos(2kE) — cos(2k(1 —&)) + k((l — &) sin(2k€) — Esin(2k(1 — 5))) .

(& k%) = 1 — cos(2k)

As before (using monotonicity of the mappings £ — cos(2k§) — cos(2k(1 — &)) and & —
(1 — &)ksin(2kE) — Eksin(2k(1 — £€))) we conclude that g;(.; —k?) attains its maximum at
¢ = 1/2 and this gives

=1.

1. k+sin(k)sin(k/2)? _ 2k
§23Jp1 {12.G , )HL2(0,1)} g1 (2) 2% sin(k)? 2k

Case 4: z >0, k:=\/|]z| <7w/2 As above we see from

E(1=¢) (sinh(?k‘(l —&) sinh(2k‘§)>

90(& ) = sinh(k)2\ 2k(1 — €) 2ke

and monotonicity of ¢ — sinh(t)/t that the maximum of go(.;k?) is attained for & = 1/2.
Using trigonometric relations and sinh(¢) < ¢ + /6 cosh(t) we obtain
~ h(k) — k sinh(k/2)? sinh(k) — k
G, K ) = 3 -
523}?1) G, - >HL2(0’1)} ( )= 2k3 sinh (k)2 4k3(1 + cosh(k))
k3/6 cosh(k) .

= 4k3(1 + cosh(k)) 24"
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For gi(.; k) we get

_ cosh(2k€) — cosh(2k(1 — €)) — k((1 — &) sinh(2kE) — Esinh(2k(1 — £)))
1 — cosh(2k)

91(& k%)
and the reasoning is similar to the one used before to conclude that g;(.;k?) is maximal at
¢ = 1/2. Using sinh(t) < tcosh(t) we obtain

k +sinh(k) sinh(k/2)* k4 sinh(k)
2k sinh(k)2  2k(1 + cosh(k))

A 1
SUP) {H82G(57 ';k2>HL2(0,1)} < 91(57 kz) =

£€(0,1

5. A posteriori error estimates

5.1. Error representation

Using the solution properties of u € V and u, € V;, C V, respectively, we get, for arbitrary
v € V and v, € V}, the representation

B(u—uh,v):/O {(uw—up)v' +y(u—up)v}
=ik — o)) = [ o=+ [ = pe- = wue} G)

for the error u — uy, with the derivative jump in the grid point x;

4, = lim (uf(; + 5) — uf (z; — )

and the residual r, piecewise defined by
TR = —up + Youn — fu on K

for all K C K. For u;, € V;! the residual is r, = L(vp)un — fo = L(¥n)un + (Y — Fn)un —
fn = (v — ¥n)un — fn. The choice 7, = 7, then gives r, = —f;,. In case u, € V2 the
residual is 7, = L(Fn)un + (v — Fn)un — frn. Note that L(Fp)up = by, where b, = b,
on K = K; (see (3.6)) is directly accessible from the discrete solution. In general we
thus have r, = by, — fn + (v — 7n)up. If we take v, = 75, then we find (see Sect. 3.4)
bj = ij futhi—1/2/ ij ¥j_1/2 and therefore we get 1, = 0 for piecewise constant fj.

For the following section recall the definitions of ¢, (cf. 2.4), I' (see Section 3.1), m(i)
(from (4.4)), and o (Theorem 4.2).

5.2. Upper bound

Theorem 5.1. Let u € V be a solution to (2.1)~(2.2) and uy,, either in V;! or V2, be the
respective solution of the discrete problem (3.1) on a grid with C; < oo, Cy from (3.7). Then
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the following a posteriori error estimate is valid

Cﬁ/mu Uhmnﬁ 4(1 + \/_)CI<1 + I'(k, I<Lh)> (%ng)l/2

"7__ Th

1
+ H,i_*(f - fh>HL2(Q) +] "i*uhHLQ(Q)

with the local error indicator
(i min {1, = a2, + W min {1, = ruley)
i o= Py min § 1, ————— [y ]5 + Ay min {1, ———¢ |y . -
! © /{h,m(i)hm(i) hiwi K,hﬂ'hi L2(Ki)

Proof. From (5.1) we get for arbitrary v € V, v, € V},

B0 < D[, (0 = o) )| + / (v — )|
+(w—f nuw9+u (7 = 30)un| 2 g ) 1e0 12

Taking I;v for v, we would have (v — I}v)(z;) = 0 and the first term on the right-hand side
would disappear. However, if K, ;h; is large, we need a better estimate. This can only be
achieved taking v, = Q} v, since Q} is continuous on L? (unlike I}). By Theorem 4.2 (proof)
we observe

Fnilv = vnl 2,y < (14 V20)CilRR0 | p2(re, umiore

it1)?

while for more regular v one can derive
lv = vnl 2k < (24 V20)Crhillvllz, .k, ook,

We are now in the position to choose the best of both choices to get

Jv— Uh”L?(KZ-) < (2 + V20)Cih; min {L W}”W”EMKHU&UKM-

Thus the residual term is bounded as follows
N+1
| o= o] < S bl = vy

N+1

1
<(2+V20 olzhmm{ — —— bl cagaep ol s, omon s

N+1

< VB VI tmin {12 il 2) ol

sl

In order to estimate the jump residual term, we first observe

= vl = o) — B = [ [ (o) = o} < Vvl
K



A posteriori control for strongly oscillating solutions 433

A different estimate is provided as follows: first note that
(v = on)(@:)] < [v(@:)| + [F5(0)] < 2[v] oo e, )

For arbitrary € € (0,1) we have from Lemma 5.1 by rescaling and with j := m(q)

1/2
”U”LOO(Kj) < Ehj/ ||U,||L2(Kj) + —1/2||U||L2(Kj)
J
2
1/2 _
= 5hj/ HU/HLQ(KJ-) + UTHWLJUHL%KJ-)

) 4 1/2
<[+ ) W

The choice e?h; = 2/Fy, ; yields
2
[0l (i) < 7z Ivl5, ik,
/{hhy
so that we get
4

(v = o) ()| < 7z llv]
I{h’]

[N

We can take the best of the two choices to conclude

4
(0= o) @)l < min {8}%, 5 ol

Fh,j
1
(L Ay,
J 111 ’ (Ehdh‘y) 1/2 H‘Umlih,KJ
This allows us to derive
N
' 1/2 1 12
; ‘[Uh]:cz‘ v — ’Uh <4 Z hm(z min { W} Huh]xb v NS
1 1/2
B mln{ 7}1/ :20) vl .
(Z Y e,

The assertion follows with
[Rnvl L2y < 801 L2gay + 1Fn = £)v] L2y < (1+ (8, Fn)) 5200 1200

and using the inf-sup condition (2.4). Note, that it suffices to consider the interpolation Q}
since V}! C V2. O

Lemma 5.1. Let I := (0,1). Then for all e > 0 and all v € H'(I) it holds that

3/2

”U”Loo(l) < 6”U/”L?([) + ?”U”B(U
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Proof. Let v € CY(I), J a subinterval in I, and x,y € J. Then v(x) = v(y) + fyx v" and this
yields

) < (1o + 20—l | 1F)

Now we integrate over y € J to get that for all z € J

371
vzzé——/v2+J/v'2
@l <5 (i [ WP+ 11 [ 1)

Now choose zy where the maximum of v is attained, choose € > 0 and take J as an interval of
length |J| = 2¢2/3 around x,. Taking the root and a density argument proves the assertion.
O

5.3. Lower bound

Theorem 5.2. Let uw € V' be a solution to (2.1)~(2.2) and uj, € V;' be the solution of the
discrete problem (3.1) with vy, = 7, on a suitable grid. Then the lower a posteriori error
estimate

1/2 1 1/2 : 1
h /( ) mln{l 7%1()} |[uh],, | + R mln{l, ﬂ}”rhﬂm(m)

Rh,m(i) m(i

i+1
102{1+thj,/<aK))|Hu uh|\|RKJ+Hf thLQ(K +H7 W”f-%JuhHL2 )}
hj

holds fori=1,....N. Here, I'(Fn g, 55 K;) = | "= e -

Proof. We rewrite the error representation (5.1) in the form

N

Z[uumw—vh)(xi)—/m(v—vh):Bu—uh, /{f fo)o — (7 — m)unv).

i=1 2

Choose v = x;rp, and v, = 0, where x;(x) = (x; — x)(z — x;_1) for z € K; and y;(z) = 0
otherwise. By explicit calculation we obtain

L 50 IEY:
Dellsaey = ghts Dlisgey = Zash™s Piliay = "
If 4, = 7y, then 1, is constant (ry, = —fj, or ry, = b, — f1,) and therefore

o) = 7 / — /

_ Fon,ih?
< - 2 2(K; 1 r 9 7K —
B (H(U un)' | g2k \/5 + w(w = un)l oy (14 TRy, 55 K;))

V30

:h?
(H— (f = fn) HLz ) T |-— 1= %_hzuhHLz(Kl )%) Iralr2
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if ®p;h; = 1. This gives

Y Y
th,z

_ f i
Rl ey < A((U+ T ) e = wnll e, + |

HL2( +‘ hluhHL? ))

. max{l, Eh,ihi}

and the estimate for the rj,-part is obtained by dividing through max{1, % ;h;} = 1/ min {1,
1/(Eh,ihi)}-

Now fix i € {1,..., N} and take v = [u}], ¢; and v, = 0, where ¢; is the continuous
piecewise linear function with ¢;(z;) = 1 and ¢;(z) > 0 if and only if = € (x; — d;hs, x; +
5i+1hi+l) where 5]' = min{l, ]-/(Eh,jhj)}- We ﬁnd, if Eh,jhj 2 ]., that 5jhj = 1/%}17]' and thus

i+1
[U;L]?CZ < Z <||(u - uh),||L2(Kj) + (1 + I'(Bn g, &5 Kj))””ﬂ(u - Uh)”L?(Kj)

j=i

ffh

+H7 7h

il PP

7

1 _1/2
]uhHL2(K y T ﬁj”rh”B(Kj)) "fh/ }[U;L]SCZ :

We now use Rp; < Fhm() = (1/hm()) Fhm)hm(), the previous estimate for ”rh”LQ(Kj) and
this establishes the required bound. Note that the technique to use ¢; has been used in [21]
and [2]. O

Remark 5.1. Theorem 5.2 gives a lower bound for the error in terms of the residual rj in
case v, = . This can be generalised to the case 7, # 75, (with the same technique) if we
split the residual 7, = by, — fr, — (v, — 7n)un and if we treat (v, —75)u, as a data error term.
However, this estimate is trivial on V2, since the data error terms, especially the one for 7,
dominate the residual terms.

5.4. Grid modification

In view of the previous results, we have to guarantee that we can construct a sequence of
grids such that Cf satisfies a uniform bound. For practical purposes, we formulate this as a
modification of an arbitrary grid.

Theorem 5.3. Let K be a decomposition of [0, 1] and let &), be piecewise constant function
on IC. Then we can modify K to a new grid K™% with the same number of intervals and the
same set of constant values for ®*°4 and such that Cy < 2.

Proof. We start checking | sin(%y, ;h;)| = 1/2 wherei € A_, Ry ih; > w/2fori=1,2,..., N+1
(see (3.7)). If |sin(Rn:hi)| < 1/2 is detected, we consider J; := [x;_1, Xi11] for i < n and
Jp = [Xp_2,2,] for i = n, and our aim is to bisect J; at an intermediate point (close to
x;) such that both new intervals have the required property. To formalise this problem it is
notationally convenient to assume that J = [0, 1], to split J at a barycentric coordinate &,
and use indices ‘1’ and ‘2’ to refer to quantities on the intervals [0, &] and [, 1], respectively.
In this setting we have to find £ € [0, 1] such that g(§) := min{g1(£), g2(&)} > 1/2, where
91(§) = | sin(max{r1&, 7/2})| and ¢g2(&) = | sin(max{ro€, 7/2})| with Ky := Rpi(hi + hit1)
and Ko := Kpi+1(hi + hit1). The barycentric location of x; in J; is denoted by & := h;/(h; +
hit1). Let us assume that i+1 € A~ (otherwise go is not needed) and that k1 > ks (otherwise
we start the following argument with r»).
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u(x)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 6.1. Reference solutions for the cases [cq, fo] = [1.0e3, 6.4el] (left) and [c,, fo] = [1.0e6,2.0e3] (right)

We introduce the sets Iy == {n € J : gx(n) < 1/2} and I :={n € J : gr(n) > 1/2}.
By assumption we have g;(§) < 1/2 and k1§ > 7/2, hence & € I;. If ko < 5/(67), then
g2(§) = 1/2 for all £ € J, hence I; = J. Otherwise there exists at least one connected
component of I3 of length 7/(2k2) in J. We consider the component that is closest to &.
Since it is of length 7/(2ky) > m/(2K1), it must contain a connected component of I7 and
there we find a required &, for example the one with minimal distance to &. O

6. Numerical results

We consider a sequence of examples with
(@) = o220 = 1) = 1) f(@) = f,
where we take values

[Ca, fa] € {[1.0e3,6.4e1], [1.0e4, 2.02], [1.0e5, 6.4¢2], [1.0e6, 2.0e3]}.

The potentials are negative on 2_ := (1/2 — 1/2+/2,1/2 4+ 1/2+/2) and nonnegative on
2\ (2_, therefore the solutions of the problems are oscillating with variable frequency in
f2_ and exponentially decreasing in {2\ {2_. Note that f,/\/c, is of similar size in these
examples.

Since we have no exact solution, we provide as a reference the numerical solution on
a uniform grid with 4164 intervals in V;? (default) or Po(K) (if indicated). The errors are
integrated on the intervals of the fine grid by a trapezoidal rule with 50 points. The reference
solutions for [c,, f,] = [1.0e3, 6.4¢el]| and [c,, fu] = [1.0e6, 2.0e3], obtained as described above,
are shown in Fig. 6.1.

As seen from the a priori estimate (Theorem 3.1) and the a posteriori estimate (Theorem
5.1) one might have problems if %;h; is close to 7N\ {0} for at least one index i. In Section 5.4
we proposed a method to guarantee |sin(%;h;)| = 1/2. We show calculations that compare
the unmodified with the modified grid on a sequence of uniformly refined grids for the
example [c,, fu] = [1.0€6,2.0e3] in Fig. 6.2. In the following we will always use this grid
correction.

Let us now compare the solutions in V;! and V}? to solutions from standard finite element
spaces P1(K) and Py(K). In Figs. 6.3 and 6.4 we see on the left that both methods give
comparable results for [c,, f,] = [1.0e3, 6.4el], while we observe on the right that for [¢,, f.] =
[1.0e6, 2.0e3] only the approach in V}* gives acceptable results (solid and dashed lines).
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Figure 6.2. Errors on a sequence of solutions in V}” on uniform grids (dashed) vs. those on a corrected grid
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Figure 6.3. Compare errors in V;! (solid) to errors in P;(K) (dashed) for [cq, fo] = [1.0e3,6.4el] (left) and
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on V!

] of ’,"‘\ 1
6. . N
PO -4
1 15t o LY 1
-0~ .
LN . ]
i i N, w \\
""""" ®

= N __ os5p + .

= 25 N ] = *
w %, W oo + L)

=) "~ =)
> -3 Y 1 o
S N S -05f f
2

-35¢ B3R f -1F A

oy *,
ERN -15

-4 +,,"’ .
ol i
45 i
16 18 22 24 26 28 3 16 18 2 22 24 26 28 3
log, ,(N) log, ,(N)

Figure 6.4. Compare errors in V;? (solid) to errors in Po(K) (dashed) for [cq, fo] = [1.0e3,6.4el] (left) and

[cas fa] = [1.0e6,2.0e3] (right) on a sequence of uniform grids. The dotted line shows the a posteriori error
on V2
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Figure 6.5. The adaptive finite element method in V;! (left) and V;? (right) for [c,, fo] = [1.0e6,2.0e3] and
its error estimates (dotted). The others curves are those from Fig. 6.3 and 6.4.

Furthermore, we show the results of the a posteriori error estimates in Theorem 5.1 on
the sequence of uniform grids in Figs. 6.3 and 6.4. Although there is an overestimation by
a factor of about 10, the dependence on the number of unknowns is correct and this factor
holds for both small and large c,, f,.

Finally, we want to use our a posteriori error estimates to establish an adaptive finite
element algorithm. One starts with some coarse grid and then performs a sequence of steps
solve—estimate-refine [4] until the error estimate is below a prescribed tolerance. Here we
assume that ‘solve’ returns the exact discrete solution and that the the step ‘refine’ returns
the exact evaluations of the right-hand side in the a posteriori error estimates. The procedure
‘refine’ first performs a marking of the elements as in [4] (a fixed energy fraction strategy
with @ = 0.7) and by bisecting all marked elements into two equal parts. Recall that we
include after this refinement step our grid correction step from Section 5.4. We stop the
procedure when the estimated error is below 0.01.

The results in Fig. 6.5 show that the adaptive algorithms follow a curve in the N —
log,(err(NV))-diagram that is in accordance to the previous observations on uniform grids.
The algorithm behaves as expected, taking the overestimation of the error into account. Ob-
serve that our example is especially bad for adaptivity since the right-hand side is constant,
so that the residuals do not vary strongly. Furthermore we see that the number of adaptive
steps is quite large, or, the gain per step is quite low. This could be a consequence of the
large constants that appear in the estimates between the exact and the estimated error due
to the theoretical results in [18, Thm. 5.2].

One should note the difference between the polynomial and fitted elements. In norms,
Verfiirth’s [21] and our estimate behave the same, however, in the computations, the adaptive
algorithm will not work properly on the polynomial spaces (Fig. 6.6) since in this case the
residual will be small only if A is sufficiently small. This is illustrated by the fact that the

adaptive error curves follow the a priori error curves that do not show convergence in the
considered range of h.
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Figure 6.6. The adaptive finite element method in Py (K) (left) and Po(K) (right) for [cq, fa] = [1.0€6,2.0e3]
and its error estimates (dotted). The others curves are those from Fig. 6.3 and 6.4.

Conclusion

For boundary value problems like (2.1) with large (negative) v the finite element approach
with polynomial ansatz functions leads to reasonable approximations only if h\/m <1
which is a strong condition in applications. This deficiency is also visible in the adaptive
finite element approach. We proposed a finite element method where the basis functions
have been replaced by local solutions of the constant coefficient problem. These functions
are well defined if the grids are corrected suitably. Using adapted interpolation estimates
we derive a priori and a posteriori error estimates that do not have such a strong demand
on the grid refinement. The results show that these new basis functions are beneficial for
uniform as well as adaptive meshes.

This method can be implemented in existing finite element codes, if one replaces the
subroutines that evaluate basis functions and the routines that do quadrature accordingly.
However, these routines have to be implemented very carefully considering the various pa-
rameter ranges in their arguments. While provided explicit formulas here, one might in
general use quadrature methods for oscillating integrals [12] [9].

Here, we restricted ourselves to the first and second order approach. A generalisation to
higher order is possible, for example with the iterative technique developed in [19].
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