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1 Introduction

The present paper aims to combine results of [1] and [2] with
the parametric representation in [6] to obtain a new approx-
imation results for fuzzy differential equations (FDE) with
parametric representation. These results are used for numeri-
cally solving FDEs under the parametric representation. The
problem is that a fuzzy initial value problem in general can
be translated to a system consisting of infinitely many ODEs.
However the systems are uncoupled, we cannot solve infi-
nitely many equations. This is why we have to approximate
the solutions of FDEs.

Some examples are presented.

We will denote R £ the set of fuzzy numbers, i.e. normal,
fuzzy convex, upper semicontinuous and compactly supported
fuzzy sets defined over the real line. The standard Hukuhara
difference (H-difference © ) is defined by u Oy v = w <
u = v + w, while the generalized Hukuhara difference (gH-
difference for short) is the fuzzy number w, if it exists, such
that

B (i) u=v+w
uOgHUw<:>{o7“ (i) v=u-—w M
If w = u Ogpy v exists as a fuzzy number, its level cuts
[w ,wT] are obtained by w, = min{u, — v, ,ul —v}}
and w}! = max{u, — v, ,ul —vl} foralla € [0, 1].

2 Fuzzy differentiability

The following fuzzy differentiability concepts used are of gen-
eralized type. The first concept was presented in [1] for the
fuzzy case and the second in [5].

Definition 1: ([1]) Let f :]a,b[— Rz and zg €]a, b[. We say
that f is strongly generalized Hukuhara differentiable at
xo (GH-differentiable for short) if there exists an element
ft(®o) € Ry, such that, for all h > 0 sufficiently
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() 3f(xo +h) ©n f(x0), f(x0) ©1 f(x0 — h) and

f(zo+h)Sm f(zo)

p et
—h
- f{l{% o 9th(900 ) _ feu (o),

or (ii) Af (x0) &x f(zo + h), f(xo — h) &1 f(x0) and
[(zo) O f(xo + h)

e = T I
—h
_ }ILI{% f(x() (z}?)H f(l'()) _ féH(x(]);

or (i) 3f (xo + h) ©m f(z0), f(xo — k) O f(w0) and
f(zo+h)Sm f(xo) _

;111{?) . 4)
—h
_ }Ll{% f(zo (E%H f(z0) = (o),

or (iv) 3f(wo) ©m f(wo + h), f(w0) ©On f(zo — k) and
f(xo0) ©n f(xo +h)

jo (—h) = )
—h

Based on the gH-difference we obtain the following defi-
nition (for interval-valued functions, the same definition was
suggested in [4] using inner-difference):

Definition 2: Let 2y €]a, b[ and h be such that 2o+ €]a, b,
then the gH-derivative of a function f :]a, b[— R at zg
is defined as

Fyn(a0) = lim &[0 + h) Orr S(a0)]. (©

If fir(v0) € Ry satisfying (6) exists, we say that f is
generalized Hukuhara differentiable (gH-differentiable
for short) at xy. Define

= 117w+ B) Ognr f(z0)].

According to the definition of gH-difference (1), we have
two possibilities:

(2) hARf(zo) + f(wo) = f(x0 + h)

Ap f(mo)

(M
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(@) f(wo+h) —hApf(20) = f(z0).  (8)
If the limit in (6) exists, we say that f is (i)-gH-
differentiable at x( (or (ii)-gH-differentiable at x) if (i)
is true (or (ii) is true, respectively) for small positive
and negative values of h. If only the left-limit (i.e., for
h — 07, h < 0) in (6) exists, we say that f is (i)-lefi-
gH-differentiable (or (ii)-left-gH-differentiable, respec-
tively) at x¢ if equality (7) is valid (or (8) is valid, re-
spectively) for small negative values of h; analogously,
we define (i)-right-gH-differentiability and (ii)-right-gH-
differentiability. The (())-('¢//,)-gH derivatives are
defined accordingly.

3 LU-parametric representation

The Lower-Upper (LU) representation of a fuzzy number is
a result based on the well known Negoita-Ralescu represen-
tation theorem, stating essentially that the membership form
and the a-cut form of a fuzzy number u are equivalent and
in particular, the a-cuts [u], = [u,ul] uniquely represent
u, provided that the two functions « — u,, and @« — u},
w.rt. a, are left continuous for all o €]0, 1], right continu-
ous for & = 0, monotonic (u,, increasing, u,} decreasing) and
uy <uf (fora=1).

On the other hand, it is well known that monotonic func-
tions have at most a countable number of points of disconti-
nuity and a countable number of points where the derivative
does not exist.

Denote the corresponding points by the increasing sequence
(aj)jes with 0 < a; < 1and J = 0 (empty set) or J =
{1,2..., p} (finite set) or J = N (set of natural numbers).

Then the two functions u, , u are differentiable internally
to each of the subintervals Jo; 1, ;[ i.e., they are formed by a
family of differentiable monotonic "pieces" (their restrictions
to each subinterval are monotonic and differentiable).

For simplicity, in this presentation we will assume that J =
() (empty set); otherwise, we can repeat the following results
on each of the subintervals.

So, u is assumed to be a fuzzy number with a-cuts [u], =
[u,,utl] and @ — u,, @ — u} monotonic and differen-
tiable w.r.t. a.

For a € [0,1], let du,, and du} denote the first derivatives
of u;, and u w.rt. a (for « = 0 they are right derivatives, for
« = 1 they are left derivatives).

The following lemma is immediate.

Lemma 1: The two differentiable functions u,, u} define a
fuzzy number if and only if for all « € [0, 1] we have:

uy < ul uy > ul
duy, >0 OR du, <0
dul <0 dut >0

The lemma above is useful to characterize the gH-
differentiability of a fuzzy-valued function f :]a, b[— Rz de-
fined in terms of its a-cuts [f(z)]o = [f5 (), f (z)].

Based on the results established in [5], when both f; (z)
and f.f(x) are differentiable w.r.t. x for all o’s, then the a-
cuts of the gH-derivative of f are

fou(@) = [min{(f;) (), (fa) (@)},
fo) @), (fa) (@)}

max{(

provided that the

two functions (fgp(2))g = min{(fy)"(x), (f3)'(z)} and

(fou(2))g = max{(fs)'(x), (f) (z) define (wrt. ) a
(

fuzzy number; here, (f. ), (fT)’ denote the derivatives w.r.t.
x, for given v € [0, 1].

As f7(z) and f(x) define the a-cuts of the fuzzy num-
ber f(x) for each z, clearly they are monotonic and almost
everywhere differentiable w.r.t. « and satisfy the conditions
of Lemma 1. Assume, for simplicity of presentation, that each
function « — f7(x) and @ — f}(x) is differentiable
w.rt. a.

Notatlon We will use the following notations: df, (z) =
g fa (2), 0f5 (2) = G5 [ (2), (f2)'(2) = F; fa (2),
(fF ) (z) = ai fo (x), and, for short, given a fuzzy val-
ued function f(z), we will denote by J f () the pairs of
functions (6 f; (), 0 f ())aefo,1); we will assume that
the following equalities hold for the mixed derivatives:

61V @) = 52 (5t @) ©)
— o (5ot @) =5 (2 @)

(£ :% (jaf: ) (10)
— 50 (5o @) =s (@),

The following theorem can be proved.

Theorem 1: Let f :]a,b|— Rz be defined in terms of its a-
cuts [f(2)]a = [f5 (x), f (z)] satisfying conditions (9)-
(10). Then
1. f is (i)-gH-differentiable at x if and only if:

(fi)(2) < (ff) (=)
(0f5) (x) =20
(0f3) () <0

forall € [0,1],; (11)

2. f is (ii)-gH-differentiable at « if and only if:

(fi)(z) = (fi") ()
(0f5) () <0
(0fa) (x) =0

foralla € [0,1],. (12)

Definition 3: A switching point xy €]a,b[ is such that gH-
differentiability changes from type (i) to type (ii) of from
type (ii) to type (i). A switching interval |x, x1[ is such
that g < z1 and f is gH-differentiable on its left and on
it right but not for all x €]xq, z1].

Clearly, by the use of Theorem 2 below, it is easy to find
switching points or the starting point of switching intervals.

Theorem 2: Let f :]a,b[— Rz be defined in terms of its a-
cuts [f(2)]a = [f5 (x), f (z)] satisfying conditions (9)-
(10); let f be gH-differentiable; let xg €]a, b[ be given
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and let £ > 0 sufficiently small such that 2o — £ €]a, b]
and o + £ €|a, bl.

1) if conditions (11) hold for xy — £ < = < z¢ and not
for x = x¢ then x( is a switching point or the left point
of a switching interval.

2) if conditions (12) hold for ¢y — £ < = < z( and not
for z = z( then z is a switching point or the left point
of a switching interval.

3) if conditions (11) hold for g < = < zg + £ and not
for x = x( then z is a switching point or the right point
of a switching interval.

4) if conditions (12) hold for zy < = < xp + £ and not
for x = x¢ then z is a switching point or the right point
of a switching interval.

Example 1: Consider the fuzzy valued function f : [0,1] —
R defined by

ze T+ 052(6712 +x—ze™")

e trt(l—a?) (e —a+e ™)

fo (@)
fa (x)

We have the following derivatives w.r.t. = of f; (x) and

fad (x)

(fo) (@) = (I—w)e "+
+a?(1 — 2we ™ — e 4+ ze ")
(2 (@) = 1=+

+(1—a®)(e® =1 — 2366_””2)

and the following derivatives w.r.t. o

of  (x) = 204(6_’”2 +x—xze™")
§fH(z) = —2a(e* —z+ e_“’z).
It follows that
(6f)(@) = 2a(l—20e — e 4 ze7)
S (x) = —2a(e”—1- Qxefzz).

At the point x 0, f is (ii)-right-gH-differentiable

and it is (ii)-gH-differentiable on the inter-
val ]0,z1] where xz; = 0.6103336260 is such
that (f{)'(z1) = (ff)'(x1); on the interval

[z1, 23], where xo 0.7105062170 is such that
(f7) (x2) (f5 ) (z2), the function is not gH-
differentiable; f returns to be (i)-gH-differentiable
on the interval |xo, 1[; finally, at x 1 f is (i)-left-
gH-differentiable. The interval [z, 2] is a switching
interval. Figure 1 shows f and f .

Figure 1. f(z) (top) and f ;;(x) (bottom)
for function in example 1.

In the light of using the results above in the setting of
fuzzy differential equations, the LU-parametric representation
of fuzzy numbers proposed in [6], is shown to have a great
application potential. We will recall here its basic elements.

First, we choose a family of "standardized" differentiable
and increasing shape functions p : [0, 1] — [0, 1], depending
on two parameters 3, 3; > 0 such that

1. p(0) =0,p(1) =1,
2. pI(O) - 50, pl(l) - 51 and
3. p(t) is increasing on [0, 1] if and only if 5, 5; > 0.

As an example of valid shape functions we can consider
rational splines
7 t2 4+ Bot(1 —t)

1+ (Bg + 81 —2)t(L — 1)

Then, the parametric shape functions above are adopted to
represent the functions u and uzf) as "piecewise" differen-

p(t; Bo, B1)

tiable, on a decomposition of the interval [0, 1] into N subin-
tervals 0 = ag < a1 < ... < a1 < o < ... < ay = 1.
At the extremal points of each subinterval I; = [a;—1, ], the
values and the first derivatives (slopes) of the two functions
are given

Uiy = Y0 > Uauy) = Ui (13)
u(_oéi) = ul_ﬂ K u?_ai) = ufl
u(;i—l) = daﬂ' > u,(;rz‘—l) = dar,i > (14)
U = dri » Yoy = 0
and by the transformation t, = S =%, « € I;, each subin-

terval I; is mapped into [0, 1] to determine each piece inde-
pendently. Globally continuous or more regular C") fuzzy
numbers can be obtained directly from the values of the para-
meters.

Let pf (t) denote the model functions on I;; we obtain, for

example, p; (t) = p(t; By, B1.). pi (t) = p(t; B, BT,)
: - 01 g— + Q;—Qi—1 g+ s
with ﬁj’i = 7uf,i—u&idj’i and Bj’i = fiii_u;idj)i for j =

0,1 so that, for a € [a;_1, ;] andi = 1,2.,,, N:

Ug =g, + (U, — ug)p; (tas o B1.:) (15)
ul_ = uar,z + (u;r,z - u&z)p:r (ta; Bar,w ILJ) . (16)
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A fuzzy number with differentiable lower and upper functions
is obtained by taking the values and the slopes in appropriate

L —~ o ot — _.
way, Le. Uy, = Ug g = U, Uj,; = ua',Hl =: uj‘ and, for
the slopes, dy ; = dy ;. =: duy, di ; = di , ; =: du). This
requires 4(N + 1) parameters, being N > 1,

u= (ci;u;,6u; ,u;l, 6uf )izo1,. N with (17)

ug <up <. <uy <uf<uf <. .<uf (18)

Su; >0,6uf <0,i=0,1,..,N (19)
and the branches are computed according to (15)-(16).

The gH-difference w = u Oy v has the following LU-

parametric form:

(e - 4 s+ .
U Qg v = (ai;w; , 0w, ,w;, 0w, )i=o,1,..,n With

w; =min{u; — v uf —vf},
0<5w_:{5u;—5vi_ %fwi::ui_—vi_
- Suf — vl ifw; =uf —of

wi = max{u; —v;,ul — v}
0>5w+:{6u;—5v; %fwf:ui_—vi_
- Suf — v ifwf =uf —of

4 FDEs with LU-parametric approximation

Fuzzy differential equations can be considered now with dif-
ferent concepts of differentiability. Using the H-derivative, we
can consider the classical Hukuhara differential equation

ey = f(t,x), z(to) = wo; (20)
with the GH derivative we can consider the problem

roy = f(t,z), x(ty) = xo; 21
with the gH-derivative we have the equation

Ty = [(t, ), x(to) = 0. (22)

Everywhere f :]a,b[xRxr — Ry is a given function defined
in terms
of level cuts [f(t,z)]a = [f5 Lz, xl), fH(t,z,,zl)],
[2(t)]a = [z5 (1), 23 (1)]-

Assumption A: We fix a decomposition 0 = oy < a1 <
< a1 < o < ... < ay = 1into N subinter-

vals and we obtain an approximation of z(¢) and f (¢, x)

in the form (17); simply, the functions = (t), = (t)

K2

, 0z (t), oz (t) and f; (t,x;,x)), fi7(tx;,z),

vy 1 (et AR R

Sfi(txy,xf), 8f; (t,x; ,x]) are computed using (9)-

1 7

(10) from the level cuts [z(¢)]o = [z, (t),zf(¢)] and

[ft, 2)]e = [f5 (G xs,al), fF(t,z,, 2T)], and for the
required values of &« = «;, 7 =0, ..., N.

The choice among (20), (21) or (22) of the fuzzy derivative
2’ (t) influences the equation. As we have seen, the deriv-
ative z’(t) has level cuts [2/(t)]n = [(z) (t), (zL) (t)] or
[2'(t)]a = [(x2)(t), (z7)'(t)] when GH or gH differentiabil-
ity is considered. We analyze the problem (22) at the moment.
Following Bede and Gal ([1], Lemma 20), when f(¢,x) is

continuous, the differential equation (22) is equivalent to the
following integral equation

t
2(t) Ogrr 0 = | f(5,2(5))ds. 23)
to
If we write (23) in terms of level cuts, we obtain

o (e () = (w0)g + g (25, 2])

cwe 07 (2007 (e Ll

o[ 7a () = (z0)q + &4 (t 2y, )

cse i (S50} (ot Lo o7

t

where ¢ (t,z,, 1)) = [ fi(s,xy,xf)ds and

¢
ol (t, oy, at) = [ ff(s,z;,2L)ds. In both cases, the two
to

integral equations above are independent for different values
of a € [0,1], and are equivalent to the ordinary differential
equations

= fo (t,ag,xl), =, (to) = (o),
"= f;_(tvx(zvx;t)’ x;’(to) = (330):

(ii: ( (w5)" = fd (tag,2), 5 (to) = (wo)g
(@d)" = fa (tag,a3), af(to) = (0)s-
As a final step, we represent all the fuzzy quantities by the
LU-fuzzy parametrization, with the meaning of the symbols
as in (17); for each « = «; and ¢ = 0,1, ..., N we obtain the
differential equations

() ( (z7) = fi (a7 27), a; (to) = (z0);

@) = A e, w () = (o))
Oz, ) = 6fi (t,x7,2), dx; (to) = (§z0);
(0z) =6 f (t, a7, af), daf(to) = (6xo)f

i (to) = (wo);
o) = f by, u), af () = (z0)]
dx; ) =0f (tay @), 627 (to) = (9z0);

(0xF) = 0f; (t, 27, 2), 0z (to) = (0xo),

They are N + 1 independent (systems) of ordinary differen-
tial equations (four equations) with given initial conditions;
they can be solved by any of the existing efficient methods for
ODE.

In the following theorem we use the results in [2] to obtain
a parametrization of an FDE with GH-derivative.

We denote by D(z, y) the usual Hausdorff distance between
two fuzzy numbers z,y € Rr.

For simplicity of notation, the LU-parametric represen-
tations of a fuzzy number + € Rz and of a function
f(t,z) :la,b[xRr — Rz as in Assumption A, will be
denoted by xn = (27,07, ,z],0x]) and fy(t,z) =
(cuis £7,6f7, fi7, 6 f;7), respectively; clearly, each of the ele-
ments f;, 0f;, f;" and 6 f;" can be considered as functions
of the five variables ¢, = , dz; , xj and &cj fort=0,...,N.

Theorem 3: Let ¢ > 0 be arbitrary and let zp € Rz and
f :Ja,b|xRxr — Rx. Assume that the conditions of
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Theorem 3.1 in [2] for the solvability of the fuzzy initial
value problem

x,(t) = f(tﬂ 'T(t))a z(tO) = 2o, (24)

are satisfied. Then there exist LU-parametrizations x .
and fn_(t,x) with N, subintervals, such that the two so-
lutions of (24) can be approximated with absolute error
D(z(t),zn.(t)) < e on some interval [tg,ty + k], by
solving the following two sets of ODEs (: = 0, ..., N):

(@) = f; (bay o7, 0wy, 0x)
(0o7) = 0f (a7 s 0wy, 0a)
) (zF) = fi"t,z;,af, 0x;, 6a))
(Z) (éxj)’ _ 5fl,+(t7xi ’xj=5$;,5$;r) , (29
z; (to) = 74,7 (to) = g,
dz; (to) = 8z, 6z (to) = bz,
(@) = £ (t, 27,2 627, o)
(5wi—)’ _ 5f;_(taxt T ,5561»_,(%?')
(i) (af ): = f7 (t,z;  xf, 6x;, 6x]) 26)
(6z) =of (t,x; , xf, 6z, 0x))
z; (to) = g4, 27 (to) =
Sz (to) = 8z, 6a] (to) = b,

After the preceding results, the LU parametric represen-
tation can be adopted to solve any FDE with fuzzy valued
functions having at most a finite number of discontinuities (or
points where the derivative w.r.t. « does not exist); in fact, it
is sufficient that the points & where there is a discontinuity or
a non differentiability is included as a point «; in the decom-
position 0 < «; < ... < ay of the interval [0, 1] used for the
parametric representation.

Furthermore, it is possible to intercept the switching points
(and the switching intervals) by the following simple rule,
based on one of the theorems above.

Rule to detect a switching: Consider a time iteration of the
FDE solver, i.e. we have evaluated the solution z;” (ff
h),zf (t — h) att =t — h and we perform the next iter-
ation to obtain the solution at ¢ = ¢ (i.e. with a step size
h and assume that the discretization error of the solver is
sufficiently small); suppose that z; (£ — h) < z; (t — h)
foralli < N ;

Solve the systems (25) or (26) starting with ¢ = N and
decreasing ¢ from N to 0;

If, for a given i < N, we find that ;7 (#) < z; () then a
switching point exists between ¢ — h and £.

5 Linear fuzzy differential equations

Consider the following linear fuzzy differential equations
where, for all ¢ € [to,T], a(t) and b(t) are fuzzy num-
bers having o — cuts [a(t)]o = [a, (t),al(t)], [b(t)]a =
[bg (), b3 (£)]:

1. 2'(t) = a(t)z(t) + b(t),
2. 2'(t) —a(t)x(t) = b(t),
3. 2'(t) —a(t)z(t) — b(t) =0,
4. 2'(t) —b(t) = a(t)z(t)

The initial condition is z(tg) = u where u is a given fuzzy
number.

We can write the four equations, in terms of gH-derivative,
as

1 { min{(z (1)), (x5 (1))} = (a(t)x(t))q + b5 (1)
| max{(zg (1), (2 (1)} = () (1)) + 05 ()
) { min{(z,, (t))', (=4 (1))} = (a(t)2(t){ + by (1)
" max{(zg (1)), (x4 (1)} = (a(®)z (1)) + b3 (1)
3 { min{(xg (t))', (x5 (1))} = (a(t)z(t))d — b3 ()
max{(z (1)), (25 (1)} = (a(t)z(t)) — b5 (1)

4 { min{(z, (1)), (x4 (1))} = (a(t)x(t))q + b5 (1)
max{(z, (1)), (x5 (1)} = (a(t)z(t))q + ba ()

Splitting the four FDE in terms of (i) or (ii)) gH-
differentiability, we obtain:

o { (27 (1) = (a(t)a(t); + by (2)
(h (1) = (a(®)a(t) +bE () °

i { (e2(0)) = (a(t)a(0))5 + b5 (1)
(2o (1) = (a()z(t)s +bE () *

[ @z (®) = (a®)z )} + bs (t)
2(”{ (wh (1) = (a(t)z(t)y +bE () °

i { (e (1)) = (a(t)a(0))5 + b ()
(o (1) = (a()z(t)s +bE () *

f (wn (1) = (a(®)z ()} +bE ()
3(”{ (it ()Y = (a(B)a(t)), + by (1) °

i { (25 (1)) = (a(t)a(0))5 + bE (1)
(e (1) = (a(t)z(t))s + by () °

[ (@2 (®) = (a(t)z(t); +bE ()
‘“‘){ (2t () = (a()a(t))s + by (1) °
4@{ (25 (1)) = (a(t)a(t)a +bE(H)

(e (1) = (a(t)o(t)F + by (1)

Considering that (i)-gH-differentiability requires (x, (t))" <
(xf(t)) Vo and (ii)-gH-differentiability requires (z} (¢))" <
(z, (t))" Vo, we see immediately the following cases, in com-
bination with the necessary validity conditions:

(VO): for all t, zy (t) < x7 (t) and, w.r.t. «, 2, (t) is
increasing and x ¥ (¢) is decreasing.

Observe that

- equations 1(i) always have an acceptable fuzzy (i)-
gH-differentiable solution, with increasing support length;

- equations 1(ii)) have an acceptable fuzzy (ii)-gH-
differentiable solution, with decreasing support length, if the
validity conditions (VC) are also satisfied;

- equations
2(i) have an acceptable (i)-gH-differentiable solution only if
(VC) are satisfied and

(a(t)z(t)s + b () < (a(t)z(t))q + b (1):

- equations 2(ii) have an accept-
able (ii)-gH-differentiable solution only if (VC) are satisfied
and

(a(t)z(t))q +ba () < (a(®)z(t)) + by (1):
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- equations 3(i) cannot have an acceptable fuzzy (i)-
gH-differentiable solution (unless all is crisp);

- equations 3(ii) cannot have an acceptable fuzzy (ii)-
gH-differentiable solution (unless all is crisp);

- equations 4(1) produce
an acceptable (i)-gH-differentiable solution only if (VC) are
satisfied and

(a(t)z(t)q + b () < (alt)z(t))d + by (1);

- equations 4(ii) produce an acceptable (ii)-gH-
differentiable solution only if (VC) are satisfied and

(a(t)z(t))q + by () < (a(t)z(t))d + by (2)-

We conclude this section by considering the case of the lin-
ear FDE on [a, b] = [0, 2]

2(t) = (1—t)z(t)+e(0,0.5,1)
2(0) = (—0.5,0.5,1)

in the case where a(t) = (1 — t) is a crisp (non fuzzy)
coefficient function and (0,0.5,1) is a triangular symmetric
fuzzy number with support [0, 1]; we have b, (t) = e~*§ and
bl (t) = e (1 —%). The initial value (¢ = 0) is the triangular
fuzzy number with support [—0.5, 1] and core {0.5}. For this
equation, the two solutions are obtained by solving two sets of
ordinary differential equations, depending on the sign of a(t).

The (i)-gH-differentiable solution is obtained by solving the
ODEs

(5 (1)) = (1—t)z () +e s t<1
@ (1-tzft)+e 'S t>1
(.’17+(t))/ —_ (1 - t):l?i(t) + eit( - %) t S 1
@ (I-tz (t)+et(1-%5) t>1

2(0) = (=0.5,0.5,1)

and the solution, obtained numerically using the LU-
parametric representation with NV = 8, is the Hukuhara-type
standard solution with increasing support (see Fig. 2).

%
Jd T T

! ! ! ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

4

N

Figure 2. H-differentiable solution z(¢) (top) and
its gH-derivative 2 (t) (bottom).

The (ii)-gH-differentiable solution is obtained by solving
the ODEs

(.’I,'_(t))/: (1—t)$§(t)—|—€_t(1_%) t<1
: (1t () +e'(1-8) ¢>1

) G-t ety 151

(zL (1) = (1—tat®t)+e e t>1

The (ii)-gH-differentiable solution, obtained numerically
using the LU-parametric representation with N = 8, is a valid
fuzzy number for ¢ € [0, 1], where ¢; = 0.478; if, at t = ¢1,
the FDE is switched to (i)-gH-differentiability the solution is
continued up to t = 2. The point ¢; ~ 0.478 is a switching
point and the found solution is (ii)-gH-differentiable on [0, ¢;]
and (i)-gH-differentiable on [t1,2]. The gH-differentiable
solution on the interval [0, 2] is illustrated in Fig. 3.

2

1.5}

/ﬁ\
ﬂ

0 4

-0.5
0

Figure 3. gH-differentiable solution z(¢) (top) and
its gH-derivative x, ;7 (t) (bottom).

6 Conclusion

Following the ideas recently developed in [3], we propose
here to investigate fuzzy differential equations with gH-
differentiability and we suggest a numerical procedure using
the LU-parametric representation.
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