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Abstract

This paper presents an approach based on value and
ambiguity indexes defined in [1] to solve linear pro-
gramming problems with data as triangular intuitionistic
fuzzy numbers.
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1. Introduction

Decision making problems exhibit some level of im-
precisions and vagueness in estimation of model param-
eters. Such phenomena has been very well captured
through fuzzy sets in modeling these problems. Ap-
plications of fuzzy set theory in decision making and
in particular to optimization problems have been exten-
sively studied ever since the introduction of fuzzy sets
by Zadeh [2]. As a result, a large volume of research
has appeared in this direction (please see, [3, 4, 5]). The
most common concept used in almost all these studies
is ranking of fuzzy numbers. Ranking of fuzzy num-
bers is an important issue in the study of fuzzy set the-
ory. In order to rank fuzzy numbers, one fuzzy num-
ber needs to be compared with the others, but it is dif-
ficult to determine clearly which of them is larger or
smaller. Numerous methods have been proposed in lit-
erature to rank fuzzy numbers (for example, please see,
[6,7,8,9, 10, 11, 12], and references therein). Also, dif-
ferent methods satisfy different desirable criteria. Many
of these methods are based on the area measurement
with the integral value about the membership function of
fuzzy numbers. Notably, one thing is clear that there ex-
ists no uniquely best method for comparing fuzzy num-
bers.

Recent years have witnessed a growing interest in
the study of decision making problems with intuition-
istic fuzzy sets/numbers (for example, see, [1, 13, 14,
15, 16]). The intuitionistic fuzzy set (IFS) is an ex-
tension of fuzzy set (FS) where the degree of non-
membership denoting the non-belongingness to a set is
explicitly specified along with the degree of member-
ship of belongingness to the set. Unlike the FS where
the non-membership degree is taken as one minus the
membership degree, in IFS, the membership and non-
membership degrees are more or less independent and
related only by that the sum of two degrees must not
exceed one. Another notable extension of FS is the
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interval-valued fuzzy set (IVFS) [17], which is charac-
terized by an interval-valued membership function. In
[18], Atanassov and Gorgov, and later Deschrijver and
Kerre [19] proved that the two concepts of IFS and IVFS
are isomorphic to each other. Virtually, they can be used
in mathematically equivalent sense.

On the front of ranking intuitionistic fuzzy numbers
(IFNs), some work has been reported in the literature
[1, 13, 20, 21, 22, 23, 24]. Grzegorzewski [20] defined
two families of metrics in the space of IFNs and pro-
posed a ranking method for IFNs based on these metrics.
Mitchell [21] extended the natural ordering of real num-
bers to triangular intuitionistic fuzzy numbers (TIFNs)
by adopting a statistical view point and interpreting each
intuitionistic fuzzy number (IFN) as ensemble of ordi-
nary fuzzy numbers. Li [13] proposed a ranking order
relation of TIFN using lexicographic technique. Earlier,
Nayagam et al. [22] introduced TIFNs of special type
and described a method to rank them. Although their
ranking method appears to be attractive, the very defi-
nition of TIFN seems unrealistic. This is because the
triangular non-membership function is defined to geo-
metrically behave in an identical manner as the mem-
bership function. Su [24] investigated the signed dis-
tance method for ranking interval valued fuzzy numbers,
which for triangular fuzzy numbers becomes analogous
to the centroid method. Very recently, Nehi [23] put
forward a new ordering method for IFNs in which two
characteristic values for IFNs are defined by the integral
of the inverse fuzzy membership and non-membership
functions multiplied by the grade with powered param-
eter. Almost parallel, Li [1] introduced a new defini-
tion of the TIFN which has an appealing and logically
reasonable interpretation. He defined two concepts of
the value and the ambiguity of a TIFN similar to those
for a fuzzy number introduced by Delgado et al. [25].
These are then used to define the value index and the
ambiguity index for TIFN. A ratio ranking method is
developed for ordering TIFNs. This double-indexed ap-
proach is found to be more robust and effective than
any single-index approaches for ranking IFNs. Further-
more, the method also takes into consideration a param-
eter A € [0, 1] which may reflect the subjective attitude
of the decision maker. We shall be elaborating on these
aspects in the sections to follow.

In this paper we first defined a TIFN which is more
general than the one defined in [1, 13]. We extend the
definitions of the value and the ambiguity index given
by Li [1] to the newly defined TIFNs. Our main aim has



been to research a meaningful approach to handle linear
programming problems (LPPs) with data as intuitionis-
tic fuzzy numbers.

The brief description of the paper is as follows. In sec-
tion 2, besides certain basic definitions, we also present
a brief overview of the value and the ambiguity index
for TIFNSs, and give a new ranking function. In Section
3, using the new ranking function, a method is proposed
to solve linear programming problems with TIFNs. Sec-
tion 4 presents some illustrative examples. The paper is
summarized in Section 5.

2. Preliminaries

We quote few a definitions and properties of triangu-
lar intuitionistic fuzzy numbers (TIFNs) relevant to the
present work.

Definition 1 [26] An intuitionistic fuzzy set (IFS) a as-
signs to each element x of the universe X a membership
degree pa(x) € [0,1] and a non-membership degree
va(z) € [0,1] such that ps(x) +va(z) < 1. AnIFS ais
mathematically represented as {{x, ua(z),va(z)) |z €
X}

The value 75(z) = 1 — pa(x) — vz(x) is called the
degree of hesitancy or the intuitionistic index of x to a.

In this work, X = R. The next few concepts are taken
from [1].

Definition 2 A TIFN a = {(a", a, a"; wa),
(a”,a,a”;uz)} is an IFS in R, whose membership and
non-membership functions are respectively defined as
follows:

— af V-
E-awa g
a— at
W r=a
pa(z) = (@ — )ws
~ ¢ a<xz<a*
at —a
0 otherwise,
_ - . 14
a—x+uz(z—d) @ <z<a
a—a¥
ug r=a
va(z) = _
x—a—i_—ua(a —x) o<z<a
a’ —a
1 otherwise.

The values w; and w; respectively represent the
maximum degree of the membership and the non-
membership such that 0 < wz; <1, 0 < uz < 1 and
0 < wg + ug < 1. The same is depicted in Figure 1.

Observe that the way TIFN is defined here slightly
differ from the one defined in [1]. Here, we put forward
the idea that pz(z) = 0 does not mean that vz (x) = 1
. Observe that for € [a”,a"] and = € [a*,a"], it is
pa(z) =0, va(z) < 1.

In a similar way to the arithmetic operations of the tri-
angular fuzzy numbers (TFNs) and the TIFNs, the arith-
metic operations over the above described TIFNs are de-
fined as follows.
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Figure 1: Triangular Intuitionistic Fuzzy number (TIFN)

Definition 3 Let a = {(a",a,a";w;), (a”,a,a";uz)}
and _ _
b= {(",b,b";wy), (b”,b,b";uz)} be two TIFNs and k
be a real number. Then -
a+b={(a"+b" a+ba"+b"; min{ws,wy}),
(@’ +0", a+b,a” +b"; max{ug, uz})}.
1 {(ka", ka, kat;wg), (ka”, ka,ka";uz)} k>0
a =
{(ka", ka, ka'; wg), (ka”, ka, ka”;uz)} Kk <O.
We shall be using value and ambiguity indexes de-
fined in [1]. Following on the lines of Li [1] we compute
the value index and the ambiguity index for the modi-
fied TIFNs (Definition 2). We here skip the detailed but
straightforward working of how the two indexes have

been evolved, and present only the final formulas for
them.

Definition 4 Ler a = {(a*,a,a";w;), (a”,a,a";uz)}
be a TIFN. Then the value and the ambiguity of a a are
given as follows.

(7) The value of the membership function of a is

al + 4da + a)wg
6 b

o
Vu(a) =
while the value of the non-membership function is

a’ +4a+a”)(1 — ugz)
G .

v, (@) = .

(ii) The ambiguity of the membership function of a is

o (@ —ad"ws
Au(a) = 3
while the ambiguity of the non-membership function of
ais

(@” —a")(1 — ug

A,(a) = :

Obviously, A, (a) < A,(a).
Further, V,,(a), V.. (a), A,(@) and A, (&) have some
useful properties which are summarized below.

Proposition 1 Let ~
a = A{(a" a,a"ws),(a",a,a";uz)} and b =
{(0",b,0";w;), (b”,b,b";u;)} be two TIFN’s and

k1, ko be nonnegative real numbers. Then



V(@)

(1) Vi (ka + k3b) = minfus, wy} (e +
kQ Vﬂ(b) ) .
wy
(i4) Vi (k1d@ + kob) = min{1 — ugz, 1 ub}<k11V /(@)
g
~ +
oy e 0) )
1-— uj
(ZZZ) A,L(kld + kgi)) = min{wa, wl_;}(kl A,u(~a) +
k2 Aﬂ(b) ) .
wy
(iv) Ay(k‘ld + 1{325) = min{l —ug, 1l — ’LLB} (k‘l fly(a)
—uz
R +
A, (b
ko (®) )
“uy

Assumption 1 From now onwards we consider those
TIFN & that satisfy the condition V,,(a) <V, (a).

Definition 5 Let a = {(a",a,a";w;z), (a”,a,a";uz)}
be a TIFN. Then the value index and the ambiguity index
of a are respectively defined as follows

V(@A) = V(@) + A(Va(@) — V(@)
and

A(@,N) = A, (@) — MA, (@) — 4,(@),
where A € [0,1] is a weight which represents the de-
cision maker’s (DM) preference information. It allows
flexibility to incorporate the subjective attitude of DM in
the model. X € [0,1/2) shows the pessimistic behavior
while \ € (1/2,1] indicates optimistic behavior of the
DM, and \ = 1/2 can be interpreted as an indifferent
attitude of the DM.

. We say that a TIFN

Note that for any A, A(a,A) >0
0. Define

a is non-negative if V(a, A) >
F(a,\) =V(a,\) — A(a, ). (1

For a predefined value of A € [0, 1], we define a new
ranking (ordering) relation for TIFNs a and b as follows

a<b if and only if F(a,\) < F(b, \).

It is reasonable to believe that, more is the value and
lesser is the ambiguity of the TIFN the larger is the
TIFN. And also, A > 0 represents the DM’s preference
information. In view of these facts it makes sense to
assume V,,(a) < V,,(a). Thereby the proposed ranking
works for a subset of the set of TIFNs which satisfies
assumption 1.

Obviously, the ranking order depends on the attitude
parameter . It can easily be seen that the proposed
ranking function [ satisfies properties A, As, As, As
and Ag of [11] desired to be satisfied by any reasonable
ranking function. For the sake of completeness, we list
these properties below.

Let S be the set of fuzzy quantities, and M be an or-
dering approach.
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. For an arbitrary finite subset A of S and a € A,
= bby M on A.

. For an arbitrary finite subset A of S and (a, b) €
A% @ = band b = aby M on A, we should have
an~b by M on A.

. For an arbitrary finite subset A of S and (a, b,¢) €

A3; G = band b = &by M on A, we should have

a > cby M on A.

For an arbitrary finite subset A of S and (a, l~)) €

A2, inf supp(a) >sup supp(b), we should have

@ bby M onA.

Let S and S’ be two arbitrary finite sets of fuzzy

quantities in which M can be applied and & and b

are in SN S’. We obtain the ranking order a >~ b by

M on S"iff a > bbyMonS

Leta, b, a + ¢, b+cbeelementsofS Ifa = b

by M on {a,b}, then a + b = b+cbyMon

{a+¢b+c}.

Ay

As.

Ag.

The proposed F' does not satisfy A4 because for two
fuzzy numbers @ and b if inf supp(d) >sup supp(b)
then V (@, A\) > V(b, \) but we can not say anything
about A(a@, \) and A(b, \). Therefore, there is a possi-
bility that with our ranking approach, a < b. For in-
stance, take two fuzzy numbers @ = (9, 10,20;1) and
b= (8.7,8.8,8.9;1). Then inf supp(a) >sup supp(b),
but by using the above proposed ranking function F' we
geta < b.

In continuation, we would like to add that the pro-
posed ranking has an obvious advantage over some
other single-index ranking. For instance, if we wish
to rank @ = {(0.2,0.5,0.8;1),(0.2,0.5,0.8;0)} and
b = {(0.35,0.5,0.65; 1), (0.35,0.5,0.65; 0) }, then they
turn out to be equal by any ranking method suggested in
[20, 21, 13, 24]. However, using the proposed ranking
approach, we can easily say that a < b. Itis important
to observe the following. For a TIFN @, V,,(a) < V,,(a)
by assumptionl. Consequently, for 0 < A} < A\g < 1,

V(a, A1) — A(a, A1) < V(a,\2) — A(a, X2),
ie.,
F(a,\1) < F(a, A2).

3. Linear Programming with Triangular
Intuitionistic Fuzzy Numbers

The purpose of this section is to study a class of fuzzy
linear programming problems in which the data param-
eters are TIFNs. Consider the following linear program-
ming problem

(IFLP) max

n
> &
j=1

n
subject to Zdijl‘j < b,i1=1,...
J=1

,m
l‘jZ O,jzl,...,n,

where, ¢; = {(c}, ¢;, s wz, ), (¢4, ¢j, 5 ug, )}
b = {(&", bi, 0wy ), (b, bi, b 3wz, ) } and
al] - {( Z’alj’ai;?wau) (a277alj’az37ua1_7)}7
t=1,....,m, j=1,...,n, are TIFN’s.



Using the ranking function F’, for a predefined A €
[0, 1], (IFLP) is equivalent to the following crisp opti-
mization problem.

(COP), max F(O>&aj, A
j=1
subject to F(Zaijmj,A) <F{iN), i=1,...
j=1

z;20,7=1,...,n

Further, using (1) and Proposition 1, problem (COP)
is equivalent to the following linear programming prob-
lem.

(CLP),

subject to

(1=

z; 20 j=1,...,n
Here we assume that the DM is rational enough to
provide the intuitionistic fuzzy data such that problem
(CLP), remains bounded and feasible for at least one
choice of A.

For A = 1, (CLP)) reduce to

n VV ~
max min{l — ug, } Z (&)
J j=1 1= ug

n ~
A (G

— min{we, } g 7”(~Cj)xj
J j=1 We;

subject to
mln{l — ua,, } Z . Zza
Qij
i A (a@i;)
7mln{w&@j}z %IJ < (Vi(bi) = Au(bi)),
j=1
1=1,....,m

:sz(),j:l,...,n

If we take A = 0 in (CLP),, we get the following
optimization problem
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max min{wg, } Z -
j=1 7
— 1— us.
mln{ ug, } Z — u(]
subject to
n ~
Viulaij)
min{ws,; } Z o zj
Jj=1 "
- Au(di )
— mln{l U, } Z 1_ U—J i > (Vy(bz) - Ap,(bz))
j=1 i
t=1,...,m
z;>0,7=1,...,n
For the sake of observation, consider a particular sit-
uation when only ¢;, j = 1,...,n, are TIFNs and the
rest of the data parameters are crisp numbers in a linear
program.
(IFOBLP) max Z &
j=0
subject to Zaijxj < b, i=1,....m
j=1
Xy Z 07 .] = 1a ) T
Using the proposed ranking function, (IFOBLP) is
equivalent to the following crisp problem.
(COBLP), max  F(> &, )
j=1
subject to Z a;;ri < b;y i=1 ,m
j=1
Zj Z 07 ] = 17 ) 1.

Itis worth to notice that if 2, x3, and 7 are optimal
solutions of (COLP)q, (COLP)y,, 0 < A; < 1, and
(COLP)l, respectively. Then

chxoj, < F Zc]x)\u,)\l < F chxlj, )
j= j=1 j=1

In other words, the optimal objective value will in-
creasing when the DM gradually moves from pes-
simistic attitude (A = 0) to optimistic attitude (A = 1).
Thus, the ranking ordering is consistent with our com-
mon sense of decision making that, if the feasible set of
the problem remains the same then, the optimistic view-
point should always yield a better objective value than
the one we get with pessimistic thinking.

4. Numerical Illustration

We present few examples to depict the working of
the proposed ranking technique for linear programming
problem wherein the data is specified as satisfying as-
sumption 1.

Example 1 Consider the following intuitionistic fuzzy
linear program



max 5371 +3.’L‘2
subject to dry + 320 < 1
11‘1 + 31‘2 < 6
x1,x2 20,
where
e =5 ={(4,5,6:3),(4,5,6.1;1)},
=3 ={(253,32 %) (2,3,3.5; 1)},
a1 =4 =1{(3.5,4,4.1; 1)( ,4,5:0)},
a2 =3 ={(2.5,3,3.5;%),(24,3,3.6; 1)},
agn =1 = {(07 1,2 1)7 (07 1,2 0)};
ag =3 ={(28,3,3.2;%),(25,3,3.2; )},
by =12 ={(11,12,13;1),(11,12,14;0)},
by = 6 = {(55763 757%)7(5367817i)}

For A\ = 1, using the method described in earlier sec-
tion, the equivalent crisp formulation is

3.0125z1 + 1.8209x2
3.05z; 4+ 2.15x9 < 11.8327
0.3333z; + 4.8166z2 < 8.75
T1,T2 Z 0.

max
subject to

The optimal solution of the problem is z] =
3.8795, x5 = 0 with optimal objective value 11.6872.

We next solve the given program for A = 0. Follow-
ing the directions specified in earlier section, we formu-
late the equivalent crisp model as follows.

max 1.975z1 + 1.129
subject to 2.4165z1 + 1.9322 < 11.25
0.1944x, + 2.055x2, < 3.875
T1,x2 2 0.

The optimal solution is ] = 4.6554, =
optimal objective value 9.1946.

Next we apply our technique to the problems consid-
ered by Su [24]. The first problem is the one where only
the objective function coefficients are taken as IFNs.

= 0, with

Example 2 Consider the intuitionistic linear program

max 2~5.’L‘1 + 4~8Z‘2
subjectto  15x1 + 3022 < 45000
21z + 142 < 28000
z1,x2 > 0.
where
c1 =25 ={(19,25,33;0.9), (18,25,34; 1)},
co =48 ={(44,48,54;0.9), (43,48,56;1)},

Applying the ranking function F’, the corresponding
crisp linear programs for A = 1 and A = 0 are respec-
tively given as follows.

max 21.1333x1 + 47xo
subject to 1521 + 30xy < 45000
24x1 + 62 < 24000
2121 + 14xo < 28000
T1,T2 Z 0.

The optimal solution is 7 = 0, 5 = 1500, with opti-
mal objective value 70500.
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max 17.467x1 + 41.33x5
subject to 1521 + 3022 < 45000
2411 4+ 65 < 24000
21x1 4+ 1425 < 28000
z1, 22 > 0.

The optimal solution is 7 = 0, x5 = 1500, with opti-
mal objective value 62000.10.

Remark 1 With the increase in the ambiguity of IFNs
representing the cost coefficients, we observe that the
values of the cost coefficients in the aforementioned
crisp formulation reduce while, in the analogous formu-
lation in [24], they increase. Due to this, the optimal
value obtained by Su [24] is higher than the one ob-
tained herein for both cases.

The other example in Su [24] has been of linear pro-
gram in which the objective function coefficients are
crisp numbers while the technology and resource coeffi-
cients are TIFNs.

Example 3 Consider the following problem

max 257 + 48z
subject to 1521 + 3022 < 45000
24z, + 625 < 24000
21z + Tdzs < 28000
1,72 2> 0,
a1 =15 = {(14,15,17;0.9), (10,15, 18; 0},
a2 =30 = {(25,30,34;0.9),(23,30,38;0)},
as1 =24 = {(21,24,26;0.9), (20,24, 33;0)},
ass =6 =1{(4,6,8;0.9),(2,6,11;0)},
a1 =17 = {(17,21,22;0.9), (16,21,26:0)},
asy = 14 = {(12,14,19;0.9), (8,14,22;0)},
by = 45000 = {(44980, 45000, 45030; 0.9),
(44970, 45000, 45070; 0)},
by = 24000 = {(23980, 24000, 24050; 0.9),
(23940, 24000, 24060; 0) }
bs = 28000 = {(27990, 28000, 28030; 0.9),

(27950, 28000, 28040; 0}

Using the approach of the paper, the associated crisp
linear programs for A = 1 and A = 0 are respectively as
follows.

max 2511 + 48x4
subjectto  13.7666x1 + 27.4666x2 < 44991.6667
23.3333x1 + 5.7Txs < 23979
19.5x1 4+ 12.2333z5 < 27986.333
1,22 > 0.

The optimal solution is 27 = 594.4993, x5 = 1340.08,
with optimal objective value 79186.31.

max 2511 + 4819
subject to  10.9834x; + 21.85z, < 44968.333
18.45x1 4+ 4.5z9 < 21564.5
15.1167xy + 7.717z2 < 25191
L1, T2 > 0.
The optimal solution is z7 = 760.0264, z5 =

1676.003, with optimal objective value 99448.79.



Remark 2 In the above example, it can easily be
checked that the feasible set of the crisp optimization
problem in [24] is contained in the feasible set of the
above described crisp model for A\ = 1, which is fur-
ther contained in the feasible set described by the crisp
model for X\ = 0. This leads to an improvement in the
optimal values of the objective function in our model of
the example as compared to that of Su [24].

However, in general, we can not make any compara-
tive statement between the crisp model of an intuitionis-
tic fuzzy linear programming problem proposed in this
paper and the one proposed by Su [24].

5. Concluding Remarks

We have defined a more general definition of TIFN
than the ones existing in literature. The value and the
ambiguity indexes defined by [1] have been computed
for these TIFNs. Thereafter, a ranking function has been
proposed keeping central thought that the same has to
be used to solve a class of linear programming problems
in which the data parameters are TIFNs. The solution
methodology for such a class of linear programs is illus-
trated through examples. In this paper we have consid-
ered the TIFNs which satisfy assumption 1. Indeed this
is a limitation of the present work.

The task of developing a more effective ranking
method for a broader class of TIFNs which can also
be effectively applied to solve linear programming prob-
lems with intuitionistic fuzzy parameters is still an open
research issue.
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