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Abstract

The purpose of this paper is to propose a ranking
method for solving fuzzy multiple criteria decision
making (FMCDM) problems. The representation of
multiplication operation on fuzzy numbers is useful
for the decision makers to rank al dternatives and
choose the best one under the fuzzy multiple criteria
decision making environment. The representation of
multiplication operation on three fuzzy numbers is
proposed in this paper. Finally, this representation
proposed in this paper is applied to solve the three-tier
fuzzy multiple criteria decision making problem.
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1. Introduction

The Anaytic Hierarchy Process (AHP) method was
first proposed by Satty. The AHP method is a popular
technique often used to model subjective decision
making process based on multiple criteria[1, 2]. Many
researchers have used AHP method to dea with
multiple criteria decision making problems. Further,
the fuzzy concept has also been introduced into the
AHP method [3]. Fuzzy AHP method was used to
solve fuzzy multiple attribute decision making
problems[4, 5, 6, 7, 8].

The concept of fuzzy sets was introduced by
Zadeh [9]. The basic arithmetical operations on one
fuzzy number were developed by Mizumoto and
Tanaka [10], Nahmias [11], Dubois and Prade [12],
Ma et a. [13] and Chen [14, 15]. The basic
multiplication operation on two fuzzy numbers was
proposed by Chou [16], and then the representation of
multiplication operation on two fuzzy numbers was
applied to solve the two-tier FMCDM problem: the
selection of account receivable collection instrument
in the internationa trade. The hierarchy structure for
the two-tier FMCDM problem is shownin Figure 1. In
many situations, the FMCDM problems are three-tier
decision making problems. The hierarchy structure for
the three-tier FMCDM problem is shown in Figure 2.

Thus, the purpose of this paper is to further propose
the representation of multiplication operation on three
fuzzy numbers, and then this representation proposed
in this paper is applied to solve the three-tier FMCDM
problem. Using this representation, the decision maker
can rank quickly all alternatives and choose easily the
best one under FMCDM environment.
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Fig. 1 Thehierarchy structurefor two-tier FMCDM problem.
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Fig. 2 Thehierarchy structure for three-tier FMCDM problem.

The rest of this paper is organized as follows. The
Graded Mean Integration Representation method is
introduced in section 2. In section 3, the representation
of multiplication operation on three fuzzy numbers is



proposed. Finally, this representation of multiplication
operation on three fuzzy numbers is applied to solve a
numerical example of three-tier FMCDM problem in
section 4 followed by conclusionsin section 5.

2. TheGraded Mean Int
Representation Metho

In 1998, Chen and Hsieh [15] proposed the graded
mean integration representation method based on the

ration

integral value of graded mean h-level of fuzzy number.

Here we describe the meaning as follows.
Let A=(c, a, b, d) be a trapezoidd fuzzy number
as Figure 3. Suppose the membership function of Ais

E: 3 , <x<a,
1, a<x<hb,
fa(¥)= (x-d) e
(b-d)’ =%
0, otherwise.
Since, La(X)= E:g , c<x<a,
Ra()= E;:g; . be<x<d,

and L™ x(h)=c+(a-c)h, 0<h<1,
R* A(h)=d+(b-d)h, 0<h<1,

La(X) and Ra(X) are the functions L and R of the
trapezoidal fuzzy number A, respectively. L™?x(h) and
R*a(h) are the inverse functions of the functions
La(¥)and Ra(x) at h-level, respectively. Then the
graded mean h-level value of fuzzy number A is
h[La(h)+Ra™(h)]/2 as Figure 3. Then the graded mean
integration representation of Ais

1 1
pray= LA Ry

1
] gh I hah
0

:J'l hc+ (a-c)h+d+(b-d)h] dh

. Jyher

:% (c+2a+2b+d) @)

Triangular fuzzy number Y=(c, a, b) is a specia
case of trapezoidal fuzzy number. The graded mean
integration representation of the triangular fuzzy
number Y becomes

P(Y)= % (c+4at+b) 2

=3

La(9/ RA()

¢ La'(h) a [La'(+Ra' (]2 bRyY(h) d
Fig. 3 The graded mean h-level of A.

3. Representation of Multiplication
on Three Fuzzy Numbers

Based on the above-mentioned graded mean
integration representation method, this paper further
proposes the representation of multiplication operation
on three fuzzy numbers as follows.

Definition 1 Alz(Cl, a, bl), A2:(C2, o, b2) and A=
(cs, as, bs) are three triangular fuzzy numbers. Let
P(Al(h) ® A2(h) ® Ag(h)) be the representation of
AL ® A ® Ag at h-level. P(Ayp @ Ay @ Agry)

=[L () x L ao(h) x L a/BHR (h) x L) x LL(h)])/8

HL () X Rt X L adlBHL () X L) X REad /8

HL () X Rp) X Roa)/BHR () % L) x RiadH)/8

HR () x R4(h) x La/8HR () x R x RYa(h)]/8

La1(X) and Ras(X) are the functions L and R of fuzzy
number A, respectively. L™y (h) and R (h) are the
inverse functions of functions La(X) and Ry (X)at h-
level, respectively. Lax(X) and Rax(X) are the functions
L and R of fuzzy number A,, respectively. L™ ,(h) and
Rx(h) are the inverse functions of functions Lax(X)
and Ra(X) at h-level, respectively. Las(X) and Raz(X)
are the functions L and R of fuzzy number A,
respectively. La(h) and R'as(h) are the inverse
functions of functions Lax(X) and Ras(X) at h-level,
respectively.

Definition 2 Let P(Ay ® A, ® A;) be the
representation of A; ® A, @ A, P(A, ® AR Ay

=Jo ML) x L) x Loh)/8

HRY () x L) x L ag)l/8H L aa(h) x Riae(h) x L Ao(h)]/8
HL () x L) x REag())/8H L a(h) x Ria(h) x Riag(h))/8
HRY(h) X L o(h) x R4ah))/8HR () x Ria(h) x L (h)]/8

HRY%a(h) x Rix(h) x Ria(h))/8} dbv j; hdh

By the above definition 2, P(A, &® A, &® Ag)

=Jp ML Mx L) x L8

HRYa(h) x L (h) x Lag))/8H L a(h) x Ria(h) x L(h)]/8
HL () x Lao(h) x REag())/8H L a(h) x Riag(h) x RE(h))/8
HRY () x L o(h) x R4ah))/8HR () x Ria(h) x L (h)]/8
HRY(h) x Ria(h) x REag(h))/8} dbv j; hdh



= % | é h{[ci+H(@-cyh] X [c+(ae-Co)h] X [Cat(as-Ca)h]
+[by+(a1-by)h] X [Co+(ax-Co)h] X [Ca+(as-Ca)h]
+[C1+(ay-C1)h] X [by+(ax-by)h] X [Ca+(as-Ca)h]
+[cr+(ar-Cco)h] X [C+(az-Co)h] X [bs+(as-bs)h]
+[Cr+(ag-Cy)h] X [bo+(ax-bo)h] X [bs+(as-bs)h]
+[by+(a1-by)h] X [Co+(ax-Co)h] X [bs+(as-bs)h]
+[by+(ay-by)h] X [by+(ax-by)h] x [cs+(as-ca)h]

+{orH(@rbyh) x [br+(arb] x [os+ @b} oY [} hoh

= % J.; h {(c1CCatbs1CoCatCibyCatCiCob3
+Cybbs+o, Co5+by byC5 +hy byl3)
+h[(a3-C3)(C,Co+b1Co+Ci by +b; )
+(8-C2)(C1Ca by Ca+Crloz+h, s)

+(81-Cy) (CoCa+,Ca+Cobs+h,b3)
+(az-bs)(CiCoHo G Cio oy )
+(ag-by)(C1Cs b CatCi b+ bs)
+(ag-by)(CaCsHoCa+Cohs+o5)]
+h?(8-C;)(ag-Ca) (br+Cr)+(@-b) (g-Ca) (br+Cy)
+(a2-Cy) (as-bs) (b1 +C1) +(az-b2) (as-bs) (b1 +C1)
+(a1-C1)(a3-C3) (02+C,) +(a1-by) (as-C3) (D2 +Cy)
+(a1-C1)(a3-b3) (by+Co) +(as-by) (as-bs) (bot+cy)
+(a1-C1)(a-C2) (ba+C3)+(ar-br)(az-C2) (b3+Ca)
+(a1-C1)(a-by) (ba+C3) +(ay-by) (ax-by) (bs+C3)]
+h?[(ay-by) (8p-C2) (Bg-Ca+as-bs)

+(a1-C1) (ax-C2) (A-Ca+ag-s)+(a1-C1) (ao-02) (As-Catasy)

+arbr)(@rb) (as-cstasbylyahv J; heh

= % .[; h { (c1¢o(Ca+bg)+byCy(Catbg)

+Cya(Ca ) +Hoyba(Ca+bs)

+h[(a3-Ca+az-b3)(C1Cr+hy Co+Cr b+ b))

+(8z-Co+ap-by) (C1Cs+biCa+CrbsHoy )

+(ag-Cy+ay-by) (CoC3HCa+CobsHo,hy)

+h?[(8g-Ca) (D1+C1) (B-Cota-hy)
+(ag-bs) (b1 +C1) (ar-Co+ay-by)

+(@3-C3) (b2+Cy) (a1-Cy +ayhn) +(as-bs) (b2+C2) (ay-Cr +agy)

+(85-C2) (D3+C3) (@y-Cy+ag-0y) +(az-02) (b3 +C3) (ar-Cr +ey-1)]

+h[ (8-C,)(as-Ca+ag-hs)(ar-br+a;-cy)

+ (2-by)(ag-Cotaby) (ar-Crragby)]} dv [ hoh

=2 fo h{(estberbcrtoyHh(asostarbi(crb(crth)
+H@g-Cotap-0,)(Catbs) (CrH0y) +(2y-Crtay-bn) (Cats) (Cothy)]

+h?[ (8g-Ca+aa-ba) (01+C1) (Bo-Co+a-hy)
+(ag-Cst+ag-bs)(bo+Cy) (ar-Citay-by)
+(ax-Cota-by) (s +C3) (ar-Ci+ay-0y)]

+h[ (arcrtap-by)(@s-cstarhy) (ar-crtarb)}ah [y hoh

= 5 (@s)(CHh) (et [(@sCstarbs)(cab)(erth)
H(B-C+871;)(C+D3) (i) +(8u-Cr+au-01) (o) (Co+D,)]

+ 1—16 [ (as-Cs+ag-bs) (b1 +C1) (ax-Co+az-b,)+(as-Ca+as-bs)

(botCp)(ay-Crtay-by)+H@x-Cotay-b,) (s +C3) (8g-Co+ay-0y)]

+ % [ (ax-Cotay-by)(ag-Cstag-bs)(ay-cr+ay-by)]

We have that FA;® A,Q Ay

= < (Crh)(Cth) (st [(erthi) (e tba)(arostashy)

+(Cy o) (8-Cotar-1,)(Caths) +(ay-Crtay-by)(CHoy) (Catbs)]

+ 1—16 [(by+cy)(as-Cotay-by) (as-Catag-bs)+ (ai-Cr+ay-by)

(botCy)(ag-Catag-bs)+H(@1-Cr+ay-by)(ax-Cotay-by) (0s+Cs)]

+ 2—10 [(81-Ci+ay-by) (ax-Cotar-by) (ag-Cst+ag-s)]

For example, let Ay=(cy, a3, b1)=(0, 1, 2), As=(Cy, &, by)
=(1, 2, 3) and As=(cs, as, b3)=(2, 3, 4) be three
triangular fuzzy numbers. The representation of A is
P(A))=1. The representation of A, is P(A))=2. The
representation of Agis P(A3)=3. P(A) X P(Ay) x P(Az)

=1x2x 3=6.

By formula (3) proposed in this paper,

representation of A, ® A, ® Aq is P(A,® A, ® A;) =6.

We have that

P(Al) ® P(Az) ® P(Ag):6: P(Al ® A2 ® Ag)

4. A Exampleof Three-Tier FMCDM

The representation of multiplication operation on
three fuzzy numbers proposed in this paper is applied
to solve the following numerical example of three-tier
FMCDM in Figure 4. The basic data is shown as

follows.

Alternatives. E; and E,
Criteria C;and C,

Sub-Criteria: SCy4, SCyp, SCy and SCy,
Importance weight of C;: W;=(0.2,0.3,0.4)
Importance weight of C,: W.,=(0.6,0.7,0.8)
Importance weight of SCy;: Wi1=(0.5,0.6,0.7)
Importance weight of SCy»: We1,=(0.3,0.4,0.5)
Importance weight of SCy1: Wi»:=(0.5,0.6,0.7)
Importance weight of SCo,: Wi»,=(0.3,0.4,0.5)

Preference of E; under SCy;:
Preference of E; under SCy,:
Preference of E; under SCy:
Preference of E; under SCy,:
Preference of E, under SCy;:
Preference of E, under SC,:
Preference of E, under SCy:
Preference of E, under SCy,:

PE1$112(0.7,0.8,0.9)
PElSClZZ(O.&O.g,l.O)
Pe1sc1=(0.5,0.6,0.7)
PE151322:(0.6,0.7,0.8)
PE23(;11:(0.5,0.6,0.7)
Peosc1,=(0.6,0.7,0.8)
PE251321:(0.7,0.8,0.9)
PE23(;22:(0.8,0.9,1.0)
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Let the tota performance of alternaive E; is Pg.

Let the tota performance of alternative E; is Pg,.

Pe1=Pe1sc11 @ W1 ® Wer+Perscir @ Weer, @ Wey
+Pe15c21 @ Wz @ WeptPerserr @ Wz @ Wi,
=(0.7,0.8,0.9)® (0.5, 0.6, 0.7) ® (0.2,0.3,0.4)
+(0.8,0.9, 1.0)® (0.3, 0.4, 0.5) ® (0.2,0.3,0.4)
+(0.5,0.6,0.7) ® (0.5, 0.6, 0.7) ® (0.6,0.7,0.8)
+(0.6, 0.7, 0.8) ® (0.3, 0.4, 0.5) ® (0.6,0.7,0.8)

Peo= Peoscin @ Waers ® WeitPeoger, @ Weer, @ Wey
+Pe2sco1 @ Waezr @ WeptPeaserr @ Wz @ W,
=(0.5,0.6,0.7) ® (0.5,0.6,0.7) ® (0.2,0.3,0.4)
+(0.6,0.7,0.8) ® (0.3,0.4,0.5) ® (0.2,0.3,0.4)
+(0.7,0.8,0.9) ® (0.5,0.6,0.7) ® (0.6,0.7,0.8)
+(0.8,0.9,1.0) ® (0.3,0.4,0.5) ® (0.6,0.7,0.8)

By formula (3), Pg;=0.7, Pg,=0.78. We have that Pg; <

Pg,. The dternative E; is selected.

5. Concluson

This paper proposed the representation of
multiplication operation on three fuzzy numbers.
Finally, this representation is applied to solve a
numerical example of three-tier FMCDM problem. By
this representation, the decision maker can rank
quickly all aternatives and select the best one under
FMCDM environment. The representation proposed in
this paper will be applied to empirical studies on three-
tiers FMCDM problems in the future studies.
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