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1 Introduction

The probabilistictreatmenif uncertaintyplaysanimportantrole in mary applicationsof knowvledgerep-
resentatiorand reasoning.Often, we needto reasonwith uncertaininformation underpartial knowvledge
andthenthe useof preciseprobabilisticassessmenteemsaunrealistic. Moreover, the family of uncertain
guantitiesat handhasoftenno particularalgebraicstructure.

In suchcasesa generalapproachs obtainedby using(conditionaland/orunconditional)probabilistic
constraints pasedon the coherenceprinciple of de Finetti and suitablegeneralization®f it [5, 8, 9, 10,
11, 20, 21, 22, 37], or on similar principlesthat have beenadoptedfor lower and upperprobabilities[36,
41]. Two importantaspectsn dealingwith uncertaintyare: (i) checkingthe consisteng of a probabilistic
assessmenand(ii) the propagatiorof a givenassessmenib furtheruncertainquantities.

Anotherapproachfor handling probabilisticconstraintss model-theoretigrobabilisticlogic, whose
rootsgo backto Boole's book of 1854“The Laws of Thought”[7]. Thereis a wide spectrumof formal
languageghat have beenexploredin probabilisticlogic, which rangesfrom constraintsor unconditional
andconditionalevents[2, 15, 27, 28, 29, 32] to rich languageshat specifylinearinequalitiesover events
[14]. The mainproblemsrelatedto model-theoretigprobabilisticlogic arecheckingsatisfiability deciding
logical consequencegndcomputingtight logically entailedintenals.

Coherence-baseahd model-theoretigrobabilisticreasoninghave beenexplored quite independently
from eachotherby two differentresearctcommunities.For this reasonthe relationshipbetweenthe two
areashasnotbeenstudiedin depthsofar. Thecurrentpaperandourwork in [6] aimatfilling thisgap.More
precisely our researchs essentiallyguidedby the following two questions:

e Which is the semanticrelationshipbetweenprobabilistic reasoningunder coherenceand model-
theoreticprobabilisticreasoning?

e Isit possibleto usealgorithmsthathave beendevelopedfor efficientreasoningn oneareaalsoin the
otherarea?

Interestinglyit turnsoutthatthe answerdo thesetwo questionsarecloselyrelatedto default reasoning
from conditionalknowledge basesin SystemP. The literature containsseveral different proposalsfor
defaultreasonin@ndextensive work onits desiredoroperties Thecoreof thesepropertiesaretherationality
postulateof SystemP proposedy Kraus,LehmannandMagidor[25]. It turnedout thattheserationality
postulatesonstitutea soundand completeaxiom systemfor several classicalmodel-theoretientailment
relationsunderuncertaintymeasuresnworlds. More preciselythey characterizelassicaimodel-theoretic
entailmentunder preferentialstructureq38, 25|, infinitesimal probabilities[1, 34], possibility measures
[12], andworld rankingg40, 24]. They alsocharacterizenentailmentelationbasedn conditionalobjects
[13]. A suney of all theserelationshipss givenin [3, 16].

In this paper we showv that probabilistic reasoningunder coherencds reducibleto model-theoretic
probabilisticreasoningusing conceptdrom default reasoning.Crucially, we even shaw that probabilistic
reasoningundercoherences a generalizatiorof default reasoningn SystemP. Thatis, we give a new
probabilisticsemantic$or SystemP, which neitherusesnfinitesimalprobabilitieq1, 34] noratomicbound
[39] (or big-stepped4]) probabilities.This paperdealswith thesemanti@aspect®f thesefindings,while the
companiomaper{6] focusesn its computationaimplicationsfor probabilisticreasoningindercoherence.

Themaincontritutionsof this papercanbe summarizedsfollows:

e Wedefineacoherence-baseamrobabilisticlogic. In particular we definea formal languageof logical
and conditionalconstraintswhich are definedon arbitrary families of conditionalevents. We then
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definethe conceptof generalizeccoherencdor simply g-coherenceandof g-coherenentailment
for thislanguage.

¢ \We explore the relationshipbetweencoherence-basegind model-theoretigrobabilisticreasoning.
It turnsout that the former generalizeslefault reasoningn SystemP, while the latter generalizes
classicakreasoningn propositionalogic. Thus,the formerdoesnot have the propertyof inheritance
of logical knowledge,while the latter does.We alsoshav thatg-coherenentailmentcoincideswith
logical entailmentirom a smallerknowledgebase.Moreover, g-coherencédies betweersatisfiability
andstrongsatisfiability while g-coherenentailmentis wealer thanlogical entailment.

¢ We shav that g-coherenceind g-coherenentailmentcan be reducedto the existenceof satisfying
probabilisticinterpretationsandto logical entailment respectiely, usingconceptfrom default rea-
soning. Hence,theseresultsprovide new algorithmsfor coherence-basegrobabilisticreasoning,
which arebasedn reductiongo standardeasoningasksin model-theoretiprobabilisticlogic.

¢ Weexploretherelationshipbetweerprobabilisticreasoningindercoherencenddefault reasoningn
SystemP. We shav thatg-coherencendg-coherenentailmentare generalization®f consisteng
andentailmenin SystemP, respectiely. Hence we provide anew probabilisticsemanticgor System
P. Moreover, theseresultsalsoprovide a new algorithmfor default reasoningn SystempP.

¢ We provide new insightinto DuboisandPrades approacho default reasoningwith conditionalob-
jects[13, 3]. In detail, we shawv that the definitionsof consisteng and entailmentfor conditional
objectsareactuallyclassicaktounterpartef thedefinitionsof g-coherencandg-coherenentailment,
respectrely.

The rest of this paperis organizedas follows. Section2 introducesthe formal backgroundof this
work. In Section3, we exploretherelationshipgbetweerprobabilisticreasoningindercoherencendmodel-
theoreticprobabilisticreasoning Sectionst and5 focusontherelationshipbetweerprobabilisticreasoning
undercoherencanddefaultreasoningn SystemP andwith conditionalobjects respectiely. In Sectiong,
we summarizéhe mainresultsandgive anoutlookonfutureresearchNotethatdetailedproofsof all results
aregivenin AppendicesA—C.

2 Probabilistic logic under coherence

In this sectionwe firstintroducesometechnicalpreliminaries.We thenbriefly describegoreciseandimpre-
ciseprobabilityassessmentsidercoherenceWe finally defineour coherence-basqatobabilisticlogic and
give anillustratingexample.

2.1 Preliminaries

We first definethe syntaxand semantic®of events. We assumea nonemptysetof basicevents®. We use
1 and T to denotefalseandtrue, respectrely. The setof eventsis the closureof ® U{L, T} underthe
Booleanoperators- andA. Thatis, eachelemeniof ® U{_L, T} isanevent,andif ¢ andy areevents,then
also(¢ A1) and—¢. We use(s V ) and(¢ < ¢) to abbreiate —(—¢ A —1p) and—(¢ A 1), respectiely,

andadopttheusualcorventionsto eliminateparenthesedA logical constaint is aneventof theform 4 < ¢.

Notethat | < « is equivalentto —a.
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A world I is atruth assignmento the basiceventsin @ (thatis, amapping/: ® — {false, true}),
whichis extendedto all eventsasusual(thatis, (¢ A 1) is truein I iff ¢ andt aretruein I, and—¢ is true
in I iff ¢ isnottruein I). Denoteby Zg thesetof all worldsfor ®. We oftenidentify thetruth valuesfalse
andtrue with therealnumbers) and1, respectiely. A world I satisfiesanevent¢, or I is a modelof ¢,
denoted! |= ¢, iff I(¢) =true. I satisfiesasetof eventsL, or I isamodelof L, denoted! =L, iff I isa
modelof all ¢ € L. An event¢ (resp.,asetof eventsL) is satisfiableiff amodelof ¢ (resp.,L) exists. An
eventt is alogical consequencef ¢ (resp.,L), denotedp =1 (resp.,L =), iff eachmodelof ¢ (resp.,
L) is alsoamodelof 1. Weuse¢ [~ 9 (resp.,L i~ 1) to denotethat |= ¢ (resp.,L = ) doesnot hold.

2.2 Probability assessments

We next defineconditionalevents,(precise)probability assessmentsn conditionalevents,andthe notion
of coherencdor suchprobabilityassessments.

A conditionaleventis anexpressiorof theform | ¢ with eventsy andé. It canbelookedatasathree-
valuedlogical entity, with valuestrue, or false, or indeterminate, accordingto whethersy) and¢ are
true,or ¢ is falseand¢ is true,or ¢ is false,respectiely. Thatis, we extendworlds I to conditionalevents
P|¢ by I(1p|¢) =true iff I =y A, I(¢|d) =false iff I|=-9 A ¢, andI(y|¢) = indeterminate iff
I =-¢. Notethat|¢ coincideswith ¥)A¢|p. More generally 11 |¢; andips|po coincideiff 1 A ¢ =
P2 A ¢ andey = ¢.

We recallthatin the framevork of subjectve probability givenanevent+, the evaluationPr(vy) = a,
givenby someoneis a numericalrepresentationf his degree of beliefon ¢ beingtrue. Usingthe betting
criterion, if suchindividual evaluatesPr(vy) = a, thenhewill payanamountof mone/ « S, whereS #0
is arbitrary and he will get backthe amountS+. Then,the associatedandomgainis G=S (¢ — a).
Coherenceequiregthat,for every S #0, it mustbemax G > 0, whichimplies0 < a <1.

For a conditionalevent |, if the individual evaluatesPr(y|¢) = «, thenhe will pay an amountof
moneg o S gettingbacktheamountS v (resp.,a S) if ¢ is true (resp.,false). Then,the associatedandom
gainis G= S ¢ (¢ — ). Coherenceequiresthat,for every S # 0, it mustbe max G|¢ > 0, which (again)
implies0 <a <1.

We pointoutthatthecoherence-basgmobabilisticapproachs moregenerathantheusualone,because
to assessonditionalprobabilitieswe do not rely on unconditionalprobabilities. In fact,in our framewvork
the probability assessmenPr(1|¢) = o hasa naturalmeaningin all cases,ncluding the onein which
Pr(¢)=0. In otherwords,the quantity Pr(¢) playsno role andthe only relevantthing is the assumption
“¢ true’. Moreover, givenafunction A onafamily of conditionaleventsC, if A is coherentthenA satisfies
all the usualaxiomsof a conditionalprobability while the converseis not true (for a counter&@amplesee
[19], Example8).

Moreformally, aprobabilityassessmerf, A) onasetof conditionaleventsC consist®f asetof logical
constraintd,, andamappingA thatassigngache € C arealnumbetin [0, 1]. Informally, L describesogical
relationshipswhile A representgrobabilisticknovledge. For {11 |¢1, - .., ¥, |¢n} CC with n > 1 andn
realnumberssy, ..., s,, letthemappingG: Zs — R bedefinedasfollows. Forevery I € Z:

n
G(I) = lei'I(¢i) (L) — A(¥il i) -
1=
In the frameawork of bettingcriterion, G canbeinterpretedasthe randomgain correspondindo a combi-

nationof n betsof amountss; - A(¢1|¢1), - - ., Sn - A(¥n|dn) ONY1|h1, ..., 9¥n|ds With stalessy, ..., sp.
In detail, to bet on ;|¢;, one paysan amountof s; - A(v;|¢;), and one getsback the amountof s;, 0,
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ands; - A(v;|¢:), when; A ¢;, —b; A ¢i, and—¢;, respectiely, turnsout to be true. The following no-
tion of coheencenow assureghat it is impossible(for both the gamblerand the bookmaler) to have
uniform loss. A probability assessmen(tL, A) on a setof conditionaleventsC is coheentiff for every
{1|¢1,...,%n|én} CCwithn >1 andfor all realnumberssy, . .., s, it holdsmax {G(I) | I € Zg, I =L,

TE ¢V - V) >0.

2.3 Imprecise probability assessments

We now describempreciseprobability assessmentmn conditionaleventsandthe conceptof g-coherence
andg-coherenentailmentfor suchassessments.

An impreciseprobability assessmeniZ, A) on a setof conditionaleventsC consistf a setof logical
constraintsL anda mappingA thatassignseachc € C anintenal [I, ] C [0, 1] with [ <u. We say (L, A)
is g-coheentiff thereexistsa coherenpreciseprobabilityassessmert., A*) onC suchthat A*(c) € A(c)
forallceC.

We recalla characterizatiowf g-coherenceueto Gilio [20]; equivalentresultshave beenobtainedby
Coletti[8]. Givenasetof logical constraintsl, anda setof conditionaleventsC = {ci,..., ¢, }, denoteby
Ry, (C) thesetof all mappings- thatassigneachc; = ;| ¢; € C amemberof {1; A ¢;, —1; A ¢i, —¢; } such
that(i) L U {r(c;) | ¢; € C} is satisfiableand(iz) r(c;) # —¢; for someie{1,...,n}. For suchmappings
andevents¢g, we user |= ¢ to abbreiater(ci) A -+ A r(cy) = ¢.

Theorem 2.1 (Gilio [20]) Animpreciseprobability assessmert., A) ona setof conditionaleventsC is g-
coheentiff for everyC,, = {¢1|¢1,...,¥n|édn} C C withn > 1, thefollowing systenof linear constaints
overthevariables), (r € R), whee R = R (C,), is solvable:

S Apri 2l (forallie{l,...,n})

reR

S g <uy (forallie{l,...,n})

reR (1)
A =1
réER

Ar >0 (forallreR),

whee!; andu; aredefinedoy A(v;|¢;) = [I;, u;] forall i € {1,...,n}, andp,; andg,; are definedasfollows
forall re Randie{1,...,n}:

1, if 7 |: % A ¢z
Dri (resp-1QTi) = 07 if r |: _‘wi /\¢i
I; (resp.u;), if rl=—d;.

We next definethe notionof g-coherenentailmentfor impreciseprobabilityassessmenttet (L, A) be
a g-coherenimpreciseprobability assessmertdn a setof conditionaleventsC. The impreciseprobability
assessmeifi, u] onaconditionalevent- is calleda g-coheentconsequencef (L, A) iff A*(vy) € [I,u] for
every g-coherenpreciseprobabilityassessmem* onC U {y} suchthatA*(c) € A(c) forall ceC. Itisa
tight g-coheentconsequencef (L, A) iff [ (resp.,u) is theinfimum (resp.,supremumpf A*(y) subjectto
all g-coherenpreciseprobabilityassessmentd* onC U {~} suchthat A*(c) € A(c) for all c€ C. Obsere
thatfor ¢ = S|a suchthatL = —«, every{(c, [I, u]) } with I, € [0, 1] isag-coherentonsequencef (L, A),
and{(c, [1,0])} is theuniquetight g-coherentonsequencef (L, A). Notethatherewe identify [1, 0] with
theemptyset.
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2.4 Probabilistic logic under coherence

We now defineconditionalconstraintsprobabilisticknovledgebasesandthe notionsof g-coherenceand
g-coherenentailmentfor probabilisticknowledgebasesin therestof this papeywe assumehat® is finite.

A conditional constaint is an expressionof the form (|¢)[l,u] with real numbersl,« € [0, 1] and
eventsy, ¢. We call ¢ its antecedenaind) its consequentA probabilistic knowledg baseKB = (L, P)
consistof afinite setof logical constraintd., andafinite setof conditionalconstraintsP suchthat(i) I < u
for all (] 6)[L.u] € P, andl(i) 1 |1 % 1y for ary two diSHNCt (4 ) s ], () I, o] € P.

Every impreciseprobabilityassessmerdiP = (L, A) with finite L on afinite setof conditionaleventsC
canberepresentetly the probabilisticknovledgebase

KBip = (L[, ul [ pl¢€C, A(yld)=[I,ul}).

Corversely every probabilisticknowledgebaseK B = (L, P) canbe expressedy the following imprecise
probabilityassessmediPxp = (L, Axp) onCka:

Agp = {(Ylg,[l,u]) | ($$)ll,u] € KB},
Ckp = {¥l¢[3Luc(0,1]: (P|¢)[l,u] € KB}.

A probabilisticknowledge base KB is said g-coheent iff IPxg is g-coherent. For g-coherentK B
and conditional constraints(|¢)[l, u|, we say (¢|$)[l,u] is a g-coheent consequencef KB, denoted
KB (9|9)[L,u], iff {(v]¢,[l,u])} is ag-coherentonsequencef IPkp. It is atight g-coheent conse-
quenceof KB, denotedKB pyign (¥|8) (1, ul, iff {(¥]¢, [I, u]) } is atight g-coherentonsequencef IPxp.

We give an exampleto illustrate the conceptof a probabilisticknowledgebaseandthe notionsof g-
coherencandof g-coherentntailment.

Example 2.2 Considerthefollowing probabilisticknowvledgebasekB = (L, P):

L = {bird < penguin},
P = {(legs|bird)[1, 1], (fly|bird)[1, 1], (fly|penguin)[0, .05]} .

In probabilisticlogic undercoherence KB may representhe logical knowledg “all penguinsarebirds”,
the logical defaultknowledg “generally birds have legs” and“generally birds fly”, andthe probabilistic
defaultknowledg “generally penguingly with a probability of at most0.05". It is not difficult to seethat
KB is g-coherentandthatsometight g-coherentonsequencesf KB aregivenasfollows:

KB piigny (legs|bird)[1,1], KB royign (fly|bird)[1,1]
KB fight (legs|penguin)[0, 1], KB ignt (fly|penguin)[0, .05] .
Here,theinterval “[0, 1]” is dueto thefactthatthelogical propertyof having legsis notinheritedfrom birds

down to penguins.

3 Reationship to model-theoretic probabilistic logic

In this sectionwe exploretherelationshipbetweerprobabilisticlogic undercoherencendmodel-theoretic
probabilisticlogic. We first briefly recallthe main conceptof model-theoretiprobabilisticlogic. We then
shav how thenotionof g-coherenceanbereducedo theexistenceof satisfyingprobabilisticinterpretations
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in model-theoretigrobabilisticlogic. Moreover, we shaw that g-coherententailmentcan be reducedto
logical entailmenin model-theoretiprobabilisticlogic. We finally describeheroughrelationshigbetween
g-coherenceand satisfiability (resp.,strongsatisfiability), and betweeng-coherenentailmentand logical
entailment.

3.1 Mode-theoretic probabilistic logic

We now briefly recall the main conceptsof model-theoretiqprobabilisticlogic. In particular we define
probabilisticinterpretationsand the semanticsof events, logical constraints,and conditional constraints
underprobabilisticinterpretationsWe thendefinethe notionsof satisfiabilityandlogical entailment.

A probabilistic interpretation Pr is a probability functionon Zs (thatis, a mappingPr: Zs — [0, 1]
suchthatall Pr(I) with I € Zg sumupto 1). Theprobability of anevent¢ in theprobabilisticinterpretation
Pr, denotedPr(¢), is definedasthe sumof all Pr(I) suchthatl € Zg andI |=¢. For events¢ and)
with Pr(¢) >0, we use Pr(y|¢) to abbreiate Pr(y A ¢) / Pr(¢). Thetruth of logical and conditional
constraints’ in aprobabilisticinterpretationPr, denotedPr = F, is definedby:

o Pri=vy<¢ iff Pr(¢yA¢)= Pr(¢).
e Pr = (¢|9)[l,u] iff Pr(¢) =0 or Pr(y|¢) € [l,u].

We say Pr satisfiesa logical or conditionalconstraintF’, or Pr is amodelof F, iff Pr|=F. We say Pr
satisfiesa setof logical andconditionalconstraintsF, or Pr is amodelof F, denotedPr |= F, iff Prisa
modelof all F € F. We sayF is satisfiableiff a modelof F exists. We say F is strongly satisfiableiff a
model Pr of F existssuchthat Pr(¢) > 0 for all (¢|¢)[l, u] € F.

We next definethe notion of logical entailment. A conditionalconstraintF' = (i|¢)[l, u] is a logical
consequencef a setof logical and conditional constraints#, denoted¥ = F', iff eachmodelof F is
alsoa modelof F. It is atight logical consequencef F, denotedF |=ijght F, iff I (resp.,u) is the
infimum (resp.,supremumpf Pr(1|$) subjectto all modelsPr of F with Pr(¢) > 0. Notethatwe define
=1 andu=0, whenF |=(¢|T)[0,0]. A probabilisticknowledgebaseKB = (L, P) is satisfiable(resp.,
strongly satisfiablg iff L U P is satisfiablg(resp.,stronglysatisfiable).A conditionalconstraint(«|¢)[l, u]
is a logical consequencef KB, denotedKB |= (9|¢)[l,u], iff LUP = (¢|¢)[l,u]. It is atight logical
consequencef KB, denotedKB F=ight (¢|4)[l, u], iff LU P [=tignt (¥|4)[1, u]-

Example 3.1 Consideragainthe probabilisticknowvledgebase KB = (L, P) of Example2.2. In model-
theoreticprobabilisticlogic, KB may representhe logical knowledg “all penguinsarebirds”, “all birds
have legs”, and“all birdsfly” (thatis, in model-theoretiprobabilisticlogic, a logical constraint) < ¢ has
the samemeaningasthe conditionalconstraint(y|$)[1, 1]), andthe probabilistic knowledg “penguinsfly
with a probabilityof atmost0.05". It is easyto seethat KB is satisfiableput not stronglysatisfiable Some
tight logical consequencesf KB aregivenasfollows:

KB [=tight (legs|bird)[1,1], KB |=tignt (fly|bird)[1,1],
KB FEyight (legs|penguin)[1,0], KB [=ght (fly|penguin)[L, 0] .
Here,we have theemptyset“[1, 0]” in thelasttwo conditionalconstraintsasthelogical propertyof being

ableto fly is inheritedfrom birds down to penguinsandis thenincompatibletherewith “penguinsfly with
a probability of at most0.05".
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3.2 G-coherencein model-theoretic probabilistic logic

Thefollowing theoremshaws how g-coherenceanbe expressedhroughthe existenceof satisfyingprob-
abilistic interpretations.This resultfollows from Theorem2.1. Roughly it saysthat KB = (L, P) is g-
coherentiff every nonemptyP’ C P hasa model Pr suchthat Pr = L andthat Pr(¢)> 0 for at least
one(v|4)[l,u] € P'. Hence,if KB is g-coherentthen KB is alsosatisfiable thatis, L U P hasa model,
or equialently every nonemptyP’ C P hasamodel Pr suchthat Pr |= L.

Theorem 3.2 Let KB = (L, P) be a probabilistic knowledg base Then, KB is g-coheentiff for every
nonemptyP, = {(v1|d1)[l1, u1l, - - -, (¥n|én)[ln, un]} C P, there existsa model Pr of LU P,, sud that
Pr(¢p1V -+ Vn)>0.

The next theoremshaws that g-coherencéasa characterizatiosimilar to the oneof p-consisteng in
default reasoningby Goldszmidtand Pearl[23]. It follows from Theorem3.2. To formulatethis result,
we adoptthe following terminologyfrom default reasoningrom conditionalknowledgebaseq16, 3]. A
probabilisticinterpretationPr verifiesaconditionalconstrain{(y|¢)[l, u] iff Pr(¢)>0andPr = (¢|4)[l, u].
A setof conditionalconstraintsP toleratesa conditionalconstraintF' undera setof logical constraintg iff
thereexistsa modelof L U P thatverifiesF. We say P is underL in conflictwith F' iff nomodelof L U P
verifiesF'.

Theorem 3.3 Aprobabilisticknowledg baseKB = (L, P) is g-coheentiff there existsan orderedpartition
(P, ..., P) of P sud thateither

(a) every P, 0<i<k, isthesetofall F'e U?:i P; toleratedunder L byufzi Pj, or
(b) for everyi, 0<i<k, ead FeP; istoleratedunderL byU?Zi P;.

In acompaniorpaper6], we useTheorem3.3to give a new algorithmfor decidingg-coherenceyhich
is essentiallyareformulationof apreviousalgorithmby Gilio [20] usingterminologyfrom defaultreasoning,
andwhich s closelyrelatedto analgorithmfor checkingp-consisteng by GoldszmidtandPearl[23].*

3.3 G-coherent entailment in model-theoretic probabilistic logic

We now shav thatg-coherenentailmentanbereducedo logicalentailment Wefirst give somepreparatie
definitions.

For probabilisticknovledgebasesk B = (L, P) andeventsa suchthatL [~ —q, let P, (KB) denotethe
setof all subsetd®,, = {(¥1|h1)[l1, u1], - - -+ (¥n|dn)[ln, un]} Of P suchthateverymodel Pr of L U P,, with
Pr(¢1V---V ¢, Va) > 0 satisfiesPr(a) > 0. For KB = (L, P) anda with L = -, let P,(KB) = {0}.

Thefollowing theoremshaws thatthetight interval entailedunderg-coherenceanbe expressedsthe
intersectionof somelogically entailedtight intenvals. It saysthat (8|a)[l,«] is a tight g-coherentonse-
quenceof KB = (L, P) iff [, u] is theintersectiorof all [c, d] suchthat L U P’ |=ight (8]a)[c, d] for some
P' € P,(KB). This follows from Theorem3.2, which implies that the tight intenal [, u] entailedunder
g-coherencés theintersectiorof all [c, d] suchthatc (resp.,d) is theinfimum (resp.,supremumpf p sub-
jectto Pr = LUP, U{(B|a)[p,p]} andPr(¢; V ---V ¢, V a) >0 for someP,, = {(¢1|é1)[l1, u1],---,
(%n|¢n)lln, unl} C P.

!Notethattherelationshipbetweerthealgorithmsin [20] and[23] wassuggestedirst by Didier Dubois(personatommunica-
tion).
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Theorem 3.4 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet 3|« bea conditional
event. Then,KB (gt (Ble) [l u], whee

1, u] = (V{[e,d] | LU P' f=iight (Bla) e, d] for someP’ € Py (KB)} .

Clearly thisreductionof g-coherenentailmento logical entailmenis computationallyexpensve, aswe
have to computea tight logically entailedintenval for eachmemberof P, (KB). In thefollowing, we shawv
that we canrestrictour attentionto the uniquegreateselementin P, (KB) with respecto setinclusion.
Thefollowing lemmashaws that P, ( KB) containsindeedsucha uniquegreatestlement.This resultcan
beprovedby shaving that P, (KB) is nonemptyandclosedundersetunion.

Lemma 3.5 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet o be an event. Then,
P,(KB) containsa uniquegreatestelement.

The next theoremshaws the crucial resultthat g-coherententailmentof (38|a)[l,u] from KB canbe
reducedto logical entailmentof (8|«)[l, u] from the greatesielementin P,(KB). It follows from Theo-
rem 3.4 andLemma3.5, usingthe monotonicityof logical consequencévhich saysthat,if 7 = F and
F C F',thenF' = F).

Theorem 3.6 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet F = (§|a)[l, u] bea
conditionalconstaint. Let KB* = (L, P*), whee P* is thegreatesielemenin P,(KB). Then,

(@) KB~ F iff KB* = F.
(0) KB peiignt F iff KB* F=iignt F-

Thus,computingtight g-coherentonsequencesanbereducedo computingtight logical consequences
from the greateselementP* in P,(KB). Thefollowing theoremshavs how P* canbe characterize@dnd
thuscomputedlt specifiessomeP* by two conditions(i) and(ii). It canthenbe shavn that(i) impliesthat
every memberof P, (KB) is asubsebf P*, andthat(ii) impliesthat P* belongsto P, (KB). In summary
this provesthatthe specifiedP* is the greateselementin P, (KB).

Theorem 3.7 Let KB = (L, P) be a g-coheent probabilistic knowledg base and let o be an event. Let
P*C P, andlet (P,...,P;) bean ordered partition of P\ P* suc that the following two conditions(i)
and(ii) hold:

(i) Every P, 0<1i<k, is the setof all elementdn P;U --- U P, U P* that are tolerated under L U
{L<=a}byPU--- UP,UP*~

(i) Nomembeof P* is toleratedunderL U { L < o} by P*.

Then,P* is thegreatestlemenin P, (KB).

Hence by Theorems3.6and3.7,thetight interval underg-coherenentailmenicanbecomputedy first
computingP* by a g-coherenceheck,andthencomputingthetight interval underlogical entailmentfrom
P*. This new algorithmfor computingtight g-coherentonsequencdsasbeenformulatedin a companion
paper{6].

SemanticallyTheorems3.6and3.7 drav aprecisepictureof therelationshipbetweerg-coherenentail-
mentandlogical entailment. They shav thatg-coherententailmentcoincideswith logical entailmentrom
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asmallerprobabilisticknovledgebase.Thatis, underg-coherenentailmentwe simply cut away a part of
the knowvledgebase.Roughlyspeakingwe remove every conditionalconstraint(+|¢)[l, u]€ P suchthat¢
is “larger” thana. Intuitively, g-coherenentailmentdoesnot have the propertyof inheritance neitherfor
logical knowledgenor for probabilisticknowledge,while logical entailmentshavs inheritanceof logical
knowledge,but not of probabilisticknowledge. Thefollowing exampleillustratesthis difference.

Example 3.8 Considerthefollowing probabilisticknovledgebase:
KB = ({bird <= penguin}, {(legs|bird)[1, 1], (wings|bird)[.95, 1]}) .

Obsenre that KB is g-coherentand strongly satisfiable. Notice thenthat by Theorem3.6 the conditional
constraint(y|penguin)[l, u] is atight g-coherentonsequencef KB iff it is atight logical consequencef
KB* = ({bird <= penguin}, ). By this characterizatiorthefollowing tight g-coherentonsequencesf KB
areimmediate:

KB fight (legs|penguin)[0, 1] and KB f~jgn (wings|penguin)[0, 1] .
Moreover, we have thefollowing tight logical consequencesf KB:
KB [=ight (legs|penguin)[1,1] and KB k=ght (wings|penguin)[0,1].

In summary underg-coherenentailmentneitherthe logical propertyof having legs nor the probabilistic
oneof having wingsis inheritedfrom birdsto penguins.Underlogical entailmentthe logical propertyis
inherited,while the probabilisticoneis not.

3.4 Coherence-based versus model-theoretic probabilistic logic

We now describehe roughrelationshipbetweeng-coherencandsatisfiability (resp.,strongsatisfiability),
andbetweerg-coherenentailmentandlogical entailment.The following theoremshaws thatg-coherence
implies satisfiability andthat strongsatisfiabilityimplies g-coherence Thatis, g-coherencdies between
satisfiabilityandstrongsatisfiability Theseresultsareimmediateby Theorem3.2.

Theorem 3.9 (a) Everyg-coheentprobabilisticknowledg baseK B is satisfiable
(b) Everystrongly satisfiableprobabilisticknowledg baseKB is g-coheent.

Thefollowing exampleshawvs thatthe corversestatementgenerallydo not hold. Thatis, strongsatisfi-
ability is strictly strongethang-coherenceandg-coherencéself is strictly strongerthansatisfiability

Example3.10 (a) The probabilisticknowvledgebaseKB = (0, {(fly|bird)[.9, 1], (—fly|bird)[.2,1]}) is
satisfiableput notg-coherent.

(b) The probabilisticknovledgebaseKB = ({bird <= penguin}, {(fly|bird)[1, 1], (—fly|penguin)[1,1]}) is
g-coherentbut not stronglysatisfiable.

The following theoremshaws that logical entailmentis strongerthan g-coherenentailment. Thatis,
g-coherenttonsequencamplies logical consequencéor thereare more conditionalconstraintdogically
entailedthanentailedunderg-coherenceandthe tight intenals that are entailedunderlogical entailment
aresubinterals of thoseentailedunderg-coherentntailment.This resultis immediateby Theorem3.6.
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Theorem 3.11 Let KB = (L, P) be a g-coheent probabilistic knowledg base and let (8|a)[l,u] and
(B|a)[r, s] betwo conditionalconstaints. Then,

(a) KB p (B|a)[l,u] impliesKB = (B|a)[l, u).
(0) KB piight (Ble)[l; u] and KB =tight (8|a)[r, s] implies[l, u] 2 [r, s].

The next exampleshaws that logical entailmentis in fact strictly strongerthan g-coherenentailment
(recallthatwe identify [1, 0] with theemptyset).

Example 3.12 Considetthefollowing probabilisticknowledgebasesk B, and KB5:

KB = (0, {(fly|bird)[1, 1], (mobile|fly)[1,1]}),
KBy = (0, {(fly|bird)[1, 1], (bird|penguin)[1, 1], (=fly|penguin)[1,1]}) .

It is not difficult to seethat KB, and KB, arebothg-coherenandsatisfiable Sometight g-coherentresp.,
logical) consequencesf KB, and KB, aregivenby:

KBj tight (mobile|bird)[0, 1] and KBj fjignt (—fly|penguin)[1, 1],
KB [=tight (mobile|bird)[1,1] and KBs |=tight (—fly|penguin)[1,0].

4 Relationship to default reasoning in System P

In this sectionwe exploretherelationshipbetweerprobabilisticreasoningindercoherencanddefault rea-
soningin SystemP. We shav thatconsisteng andentailmenin SystemP arespecialcase®f g-coherence
andg-coherenentailmentyespectiely. Thatis, probabilisticlogic undercoherencegivesanew probabilis-
tic semanticgor SystemP, whichis neitherbasedninfinitesimalprobabilitieg[1, 34] noronatomicbound
[39] (or alsobig-stepped4]) probabilities.

4.1 Default reasoningin System P

We briefly recallthe notionsof consisteng andentailmentin SystempP [25], which we definein termsof
world rankings(cf. especially{18, 17] for the equivalencebetweerentailmentin SystemP andentailment
underworld rankings).

We first defineconditionalknowledgebaseswhich consistof logical constraintg) < ¢ andconditional
rules(or defaults) + ¢, which informally readas“generally if ¢ thent”. More formally, a conditional
rule (or defaul) is an expressionof the form 1 «<— ¢, where¢ and+ areevents. A conditionalknowledg
baseKB = (L, D) consistf afinite setof logical constraintd. andafinite setof defaults D.

A world I satisfiesa default < ¢, or I is amodelof ¢ < ¢, denotedl = ¢« ¢, iff I = <. I
verifiesy < ¢ iff I |= ¢ A 4. I falsifiesyy < ¢ iff I |= ¢ A —p (thatis, I (= ¢+ ¢). I satisfiesa setof
eventsanddefaults K, or I is amodelof K, denoted |= K, iff I satisfiesavery membernof K. We say K
is satisfiableiff amodelof K exists. An event¢ is alogical consequencef K, denotedK |= ¢, iff every
modelof K is alsoamodelof ¢. A setof defaultsD toleratesa defaultd underasetof logical constraintd.
iff D U L hasamodelthatverifiesd. A setof defaults D is under L in conflictwith adefault < ¢ iff all
modelsof D U L U {¢} satisfy—1.

A world rankingx isamappings: Ze — {0,1,...} U{oo} suchthatx(I) = 0 for atleastoneworld I.
It is extendedto all events¢ asfollows. If ¢ is satisfiablethenx(¢) = min{x(I)|I€Zs, I E ¢};
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otherwise,x(¢) = oco. A world ranking x is admissiblewith a conditionalknowledge base(L, D) iff
k(—¢) = oo forall ¢ € L, andk(¢) < oo andk(¢p A ) < k(¢ A —p) for all defaultsy « ¢ € D.

We are now readyto definethe notionsof consisteng and entailmentin SystemP. A conditional
knowledgebaseKB is p-consisteniff thereexists a world rankingthatis admissiblewith KB. It is p-
inconsistentff no suchaworld rankingexists. A p-consistentonditionalknonvledgebaseKB p-entailsa
defaulty + ¢ iff eitherk(¢) = oo or k(¢ A ¥) < k(¢ A =) for all world rankingsx admissiblewith KB.

Example 4.1 The logical knovledge“all penguinsare birds” andthe logical default knowledge “gener
ally, birds have legs”, “generally birdsfly”, and“generally penguinsdo not fly” canbe expressedy the
following conditionalknowledgebase:

KB = ({bird < penguin}, {legs < bird, fly < bird, —fly < penguin}).

Obsere that KB is p-consistentandthat KB p-entailslegs < bird, fly <— bird, and —fly «— penguin, but
neitherlegs <— penguin nor —legs < penguin.

4.2 G-coherence and p-consistency

We now shav that g-coherencés a generalizatiorof p-consisteng Recallfirst the following charac-
terizationof p-consisteng by Goldszmidtand Pearl[23], which correspondgo the characterizatiorof
g-coherencgivenin Theorem3.3.

Theorem 4.2 (Goldszmidt, Pear| [23]) A conditionalknowledg base(L, D) is p-consisteniff there exists
anordered partition (Dy, . .., D) of D sud thateither

(a) everyD;, 0<i<k, isthesetof all de Uf:i D; toleratedunder L bYUf:i Dj, or
(b) for everyi, 0<i<k, ead deD; is toleratedunderL byUfZi D;.

Thefollowing well-known resultshavs that p-consisteng is equivalentto the existenceof admissible
default rankings. A defaultrankingo on KB = (L, D) mapseachd € D to a nonn@atie integer It is
admissiblewith KB iff eachD’ C D thatis underL in conflict with somed € D containsa default ' such
thato(d') < o(d).

Theorem 4.3 (Geffner [17]) A conditional knowled@ base KB is p-consistentff there exists a default
rankingon KB thatis admissiblewith KB.

A similarresultholdsfor the notion of g-coherencewhich follows from Theorem3.3 (b), andwhichis
subsequentljormulatedusingthefollowing conceptsA rankingo on KB = (L, P) mapseachelementof
P to anonngative integer It is admissiblewith KB iff eachP’ C P thatis underL in conflict with some
F € P containsa conditionalconstraintF” suchthato (F') < o(F).

Theorem 4.4 A probabilisticknowledg base KB = (L, P) is g-coheentiff ther existsa rankingon KB
thatis admissiblewith KB.

The next theoremshaws the importantresultthat g-coherencés a generalizatiorof p-consisteng. It
follows from Theorems3.3 (b) and 4.2 (b), using the result that probabilistic tolerationfor (i|¢)[1, 1]
coincideswith classicakolerationfor 1) < ¢.
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Theorem 4.5 Let KB = (L, {(¢1|¢1)[1,1],. .., (¥n|én)[1,1]}) bea probabilisticknowledg base Then,
KB is g-coheentiff the conditionalknowledg baseKB’ = (L, {11 < ¢1, ..., ¢, + ¢, }) is p-consistent.

4.3 G-coherent entailment and p-entailment

We now shav thatg-coherententailmentis a generalizatiorof p-entailmentWe recallthefollowing result,
whichis essentiallydueto Adams[1], who formulatedit for the notionsof e-consisteng ande-entailment,
andthecaseL = (.

Theorem 4.6 (Adams[1]) A p-consistentonditionalknowledg baseKB = (L, D) p-entailsa default
B+ aiff (L, DU {=8 + a}) is p-inconsistent.

Thefollowing theoremshaws thata similar resultholdsfor g-coherentonsequencsdt is animmediate
implication of thedefinitionof g-coherenentailment.

Theorem 4.7 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet (5|«)[l, u] bea con-
ditional constaint. Then, KB (5|a)[l,u] iff (L,PU{(B|a)[p, p]}) is notg-coheentfor all p € [0, 1) U(w, 1].

The next theoremfor tight g-coherentonsequenceompleteghe picture. This resultfollows immedi-
atelyfrom the proof of Theorem3.4.

Theorem 4.8 Let KB = (L, P) bea g-coheentprobabilisticknowledg base andlet (5|«)[l, u] bea con-
ditional constaint. Then,KB ~yjgn (Bl [l u] iff

(i) (L, PU{(B|a)[p,p]}) is notg-coheentfor all p € [0,1) U (u, 1], and
(i) (L, PU{(B|a)p,p]}) is g-coheentfor all p € [I,u].

Thefollowing theorenfinally shavsthatg-coherenentailmenis ageneralizatiorf p-entailment.This
resultfollows from Theorems3.2and4.5-4.7.

Theorem 4.9 Let KB = (L,{(v1|¢1)[1,1],..., (¢¥n|én)[1,1]}) bea g-coheent probabilistic knowledg
base Then,KB i (8|a)[1, 1] iff the conditionalknowledg base(L, {1y < ¢1,...,%n < én}) p-entails
B+ a.

5 Relationship to default reasoning with conditional objects

We now relateprobabilisticreasoningindercoherencéo default reasoningvith conditionalobjects which
goesbackto DuboisandPrad€[13, 3].

We associatewith eachset of defaults D = {41 < ¢1,..., %, + ¢, }, the setof conditional events
Cp={t1|d1,---,¥n|dn}. Givenanonemptysetof conditionaleventsC = {1 |¢1, . . ., ¥n|én }, thequasi-
conjunctionof C, denotedQC(C), is definedas the conditionalevent (1 < ¢1) A -+ A (¥ <= dn) |
¢1 V-V ¢,. The quasi-conjunctiorof () is definedby QC(#) = T|L. Note thatthe notion of quasi-
conjunctiongoesbackto Adams[1].

The notions of co-consisteng and co-entailmentare definedas follows. A conditional knowledge
baseKB = (L, D) is co-consisteniff for every nonemptyD’ C D thereexists a model I of L suchthat
I(QC(Cp)) =true. We assumdhe total orderfalse < indeterminate < true. We say KB = (L, D)
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co-entailsa default 8+ « iff (x) someD’ C D exists suchthat I(QC(Cp)) < I(B|e) for all modelsI
of L.

The notionsof co-consisteng and co-entailmentcoincide with the notionsof p-consisteng and p-
entailment,respectiely [13, 3]. We now shaw that our resultsin Sections3 and 4 are naturally related
to default reasoningwith conditionalobjects. First, it is easyto verify that the following counterpariof
Theorem3.2 for p-consisteng formulatesthe above notion of co-consisteng Note that the notion of
satisfiabilityusedin this theoremis definedasin Sectior4.1.

Theorem 5.1 A conditionalknowledg baseKB = (L, D) is p-consistentff LU D" U {¢1 V ---V ¢, } is
satisfiablefor everynonemptyD’ = {41 <= ¢1,..., 9n ¢} C D.

For conditionalknowvledgebaseskB = (L, D) andeventsa with L £~ —«, let D, (KB) be the set
of all D'={41 <+ ¢1,..., %+ ¢} CD suchthat LUD' U {¢1V --- V¢, Va} E a (wherethe no-
tion of logical consequencél=" is definedasin Section4.1). For KB = (L, D) anda with L = —a, let
D,(KB)={0}.

Thefollowing lemmashavsthat D, (KB) correspondso P, (KB') from Section3.3,whereKB' is the
probabilisticcounterparto KB.

Lemma5.2 LetKB = (L, D) beaconditionalknowledg base andlet o« beanevent.Let KB' = (L, P) be
definedby P = {(¢|¢)[1,1]| 9 < ¢ € D}. Then,{sh1 < ¢1,...,%n  ¢n} € Do(KB) iff {(31]¢1)[1,1],
oo, (al$n)[1, 1]} € Pa(KB).

Obsenre now that condition (x) above is equialentto (x') the existenceof someD’ = {1 « ¢4, ...,
Pn 4 ¢n} € Dsuchthat LUD'U{¢1 V---V ¢, Va} EaandL UD' E <« a. Thus,thefollowing
counterparbf Theorem3.4for p-entailmentformulatesheabore notion of co-entailment.

Theorem 5.3 Let KB = (L, D) be a p-consistentconditionalknowledg base Then, KB p-entails the
defaultg « « iff LU D' = 8 < « for someD’ € D, (KB).

Crucially, we cannow alsoformulatecounterpartdo Lemma3.5and Theorems3.6 and3.7. Thefol-
lowing resultshavs that D, ( KB) containsa uniquegreateselement.

Lemmab5.4 Let KB = (L, D) bea p-consistentonditionalknowledg base andlet « be an event. Then,
D, (KB) containsa uniquegreatestlement.

Thenext theoremshaws that p-entailmentfrom KB coincideswith logical entailmentfrom the greatest
elemenin D, (KB). Thatis, denotingby D* thegreateselemenin D, (K B), we canreplacecondition(x)
abore by (") I(QC(Cp~)) < I(B|e) for all models! of L, or simplyby (x*") LU D* |= < a.

Theorem 5.5 Let KB = (L, D) bea p-consistentonditionalknowledg base andlet 8 < « bea default.
Let D* denotethe uniquegreatestlemenin D, (KB). Then,KB p-entails§ « « iff L U D* = < a.

Thefollowing theoremshavs how D* canbecharacterized.

Theorem 5.6 Let KB = (L, D) bea p-consistentonditionalknowledg base andlet o be an event. Let
D*C D, andlet (Dy,..., D) bean ordered partition of D\ D* sud that the following two conditions(i)
and(ii) hold:
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(i) EveryD;, 0<i<k, isthesetof all elementsn D;U --- U D, U D* that are tolerated under . U
{L<a}byD;U--- UD,UD*.

(i) Nomembeof D* is toleratedunderL U { L <= a} by D*.
Then,D* is thegreatestelemenin D, (KB).

Obsene especiallythat Theoremss.5 and 5.6 provide a new algorithmfor decidingwhetherKB =
(L, D) p-entailss < a. WefirstcomputeD* by a p-consisteng check,andthenwe decidewhetherL U D*
logically entailsg < a.

6 Conclusion and outlook

We exploredhow probabilisticreasoningindercoherencés relatedto model-theoretiprobabilisticreason-
ing andto default reasoningn SystempP.

As for the relationshipbetweenprobabilisticlogic undercoherenceand model-theoretigrobabilistic
logic, we shaved that g-coherencendg-coherenentailmentcanbe reducedo the existenceof satisfying
probabilisticinterpretationsandto logical entailmentrespectrely, usingconceptdrom default reasoning.
We obsenred especiallythatg-coherenentailmentcoincideswith logical entailmentfrom a smallerknowl-
edgebaseandthatlogical entailmenhasthe propertyof inheritanceof logicalknownledge,while g-coherent
entailmentdoesnot. Furthermoreg-coherencés strongerthansatisfiabilityandwealer thanstrongsatisfi-
ability, while g-coherenentailmentis wealer thanlogical entailment.

The abore semantiaesultsalsopaved theway for a precisecompleity characterizatiomndnew algo-
rithmsfor theproblemsf decidingg-coherencandof computingtight g-coherenintervals. Noteespecially
thatthe new algorithmsfor decidingg-coherencandfor computingtight g-coherentntenals arebasecbon
areductionto standardeasoningasksin model-theoreti@robabilisticlogic, andthusefficient techniques
for model-theoretigrobabilisticreasoningcanimmediatelybe appliedfor probabilisticreasoningunder
coherencdfor example,columngeneratiortechniques).Thesenew resultson compleity andalgorithms
for probabilisticreasoningindercoherencdave beenpresentedn a companiorpaper|6].

Notethata companiorpaper30] continueghis line of researclontherelationshipbetweercoherence-
basedand model-theoretigrobabilisticreasoning.In the spirit of [31], it introducesprobabilisticgener
alizationsof Pearls entailmentin SystemZ [35] andLehmanns lexicographicentailment{26], which lie
betweerg-coherentntailmentandlogical entailment.

As for therelationshipbetweenprobabilisticreasoningundercoherenceanddefault reasoningn Sys-
tem P, we shaved that g-coherencand g-coherenentailmentare generalization®f consisteng anden-
tailmentin SystemP, respectiely. This resultgivesa clearpictureof the main propertiesof probabilistic
reasoningindercoherenceandthedifferenceto model-theoretiprobabilisticreasoningwhich generalizes
classicakeasoningn propositionalogic, andnot default reasoningn SystempP.

Theseresultsalsogive importantnew insightinto default reasoningn SystemP. First andforemost,
they shaw that probabilisticreasoningundercoherenceyivesa new probabilisticsemanticdor SystemP,
which is neitherbasedon infinitesimal probabilities[1, 34] nor on atomicbound[39] (or alsobig-stepped
[4]) probabilities. Note that an intuitive ideaon the structureof this newv probabilisticsemanticdor Sys-
tem P is givenby thefactthatprobabilisticreasoningindercoherenceanbe definedin termsof rankings
on probabilisticinterpretationg30]. Secondtheseresultsprovide new insightinto default reasoningwith
conditionalobjects,by shaving that the definitionsof co-consisteng and co-entailmentare actually clas-
sical counterpartof the definitionsof g-coherenceand g-coherententailment,respectrely. Third, they
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provide a new algorithmfor default reasoningn SystemP, which differs from the classicalonebasedon
Theorem4.6.

An interestingopic of futureresearchis to explorehow othernotionsof coherencarerelatedto model-
theoreticprobabilisticlogic andto default reasoning.

7 Appendix A: Proofsfor Section 3

Proof of Theorem 3.2. Let P, = {(¥1|¢1)[l1,uw1],-- -, (¥n|dn)ln,un]} € P with n > 1. Define
the impreciseprobability assessmertL, A) on C,, = {¢Y1|¢1,-.., Yn|dn} DY A(i|di) =[li,u;] for all
i€{l,...,n}. By TheorenR.1,it is sufficientto shav thatthe systenof linearconstraintg1) is sohableiff
LU P, hasamodel Pr with Pr(¢yV---V ¢,) > 0. ObserefirstthatR definesapartitionS ={S, | r € R}
of thesetof all I€Zg with I |= LU {¢1V --- Vp}, WhereS, ={I€Zs|] E LU{p1V --- Vp},
I Er(|é) A - Ar(¢p|dn)} forall r € R.

(=) Supposehat(1) hasasolution), (r € R). Foreachr € R, denoteby I, aworld in Z thatsatisfies
L andr(¢1|d1) A --- Ar(vn|drn). Let Pr bedefinedby Pr(I,) = A, for all € R andby Pr(I) = 0 for
all otherI € Zg. Clearly Pr is aprobabilisticinterpretationwith Pr(¢; VvV --- V¢,) = 1 > 0. Moreover,
Pr satisfiesl, and Pr satisfieghefollowing for all s € {1,...,n}:

L+ Pr(vi A ¢i) +0- Pr(=vi A i) + 1i- Pr(=¢i) >1;
1- Pr(v; A i) + 0- Pr(=ap; A ¢;) + u; - Pr(—¢;) <

The latter is equivalentto I; - Pr(¢;) < Pr(y; A ¢;) < u;-Pr(¢;), andthus Pr = (1;|¢;)[l;, u;) for all
i€{1,...,n}. Insummary Pr is amodelof L U P,, suchthat Pr(¢; V ---V ¢,) > 0.

(<) Corversely let Pr be a modelof L U P, with Pr(¢;V --- V ¢,)>0. Definenow the prob-
abilistic interpretationPr’ by Pr'(I) = 0 for all T€Zg with I £ ¢V --- V¢, andby Pr'(I) =
Pr(I)/Pr(¢1V --- V ¢y,) for all otherI € Z. Clearly Pr’isamodelof LU P, with Pr'(¢1V---V ¢y,) =
1. In particular for all 4 € {1,...,n}, it holds Pr' = (v;]é)[li,us], or equivalently I; - Pr'(¢;) <
Pr'(v; A ¢;) < u;- Pr'(¢;), whichin turnis equivalentto:

?
U; -

l;

7
Uj -

L- Pri(shs A i) + 0« Pr'(—p; A ds) + i - Pr'(—¢s)

>
L- Pr'(sp; A i) + 0« Pr'(=ah; A dy) + ui - Pri(—¢y) <

For all r € R, definefinally A, = Pr'(r(11]|¢1) A -+ Ar(n|dn))- It is now easyto verify that ), (r € R)
is asolutionof (1). O

Proof of Theorem 3.3. (=) Supposethat KB is g-coherent. By Theorem3.2, for every nonempty
P ={(1|d1)[l1,u1], - -, (%¥n|bn)[ln,un]} C P, thereexists a model Pr of L U P' suchthat Pr(¢; V

.-+ V ¢p) >0, andthus Pr(¢;) > 0 for somej € {1,...,n}. Thatis, every nonemptyP’ C P containsa
conditionalconstrainthatis toleratedunderL by P'. ThenP = U?:o P;, where

Py ={F € P | F istoleratedunderL by P};
P, ={F € P} | F istoleratedunderL by P},
whereP; = P\ Uiy P, = UL, P, forallie{1,... k}.

In particular P, = P\ U=, P; is suchthateachF € P is toleratedunderZ, by P;. This shaws that (a)
and(b) hold.
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(«<) Corversely as (a) implies (b), we can assumethat (b) holds. Thatis, supposethat, for ev-
eryi€{0,...,k}, eachmemberof P; is toleratedunderL by P = P, U--- UP,. Thatis, for each
(¢|¢)[l,u] € P;, thereis amodel Pr of L U P} with Pr(¢) > 0. Thus,for eachP’ = {(v1|¢1)[l1,u1],. - .,
(Yn|bn)ln, un]} C P, denotingby i theminimumintegerwith P’ N P; # 0, thereis some(v;|¢;) (15, u;] €
P'N P; toleratedunderL by P}, andthen(v;|$,)[l;, u;] is alsotoleratedunderL by P'. Thatis, LU P’
hasamodel Pr with Pr(¢$;) > 0 andthusPr(¢1V --- V ¢,) > 0. Then,by TheorenB.2,it follows that P
is g-coherentd

Proof of Theorem 3.4. Supposehat(l, u] is givenby KB (~jgn: (B|e) [, u] andthat]r, s] is theintersection
of all [I,u'] suchthat L U P’ =ignt (B|a)[l',u'] for someP’ € P, (KB). Wenow shav that(l, u] = [r, s].

We first prove that I, u] C [r, s]. Recallthat! (resp.,u) is theinfimum (resp.,supremumf p subject
to all g-coherentk B’ = (L, P') = (L, P U {(B|a)[p,p]}). By Theorem3.2, KB is g-cohereniff for
every nonemptyP, = {(¥1|é1)[l1,vw1)s---5 (¥n|dn)[ln,un]} C P’ thereexistsa model Pr of L U P,
with Pr(¢; V -+ V ¢,) > 0. In particular g-coherencef KB’ impliesthatfor eachP” € P,(KB), there
is amodel Pr of L U P" U {(8la)lp,p]} = L U {(s1]1)ll1,ul, .., ($ul) I, unl, (Blar)lp, p]} with
Pr(¢1V --- Vé, Va)>0,orequvalently Pr(a) > 0. Recallnow thatr (resp.,s) is givenby theinfimum
(resp.,supremum)f Pr(S|a) subjectto Pr = LUP", Pr(a)>0, and P” € P,(KB). It thusfollows
p € [r, s]. Thatis, [I,u] C [r, s].

We next shaw thatfor every elementp € [r, s], it holdsthat KB’ = (L, P") = (L, P U {(B|a)[p, p]})
is g-coherent.Towardsa contradiction,supposenot. By Theorema3.3, there exists an orderedpartition
(Py,...,Py) of P' suchthat (i) eachP; with :€{0,...,k—1} is the setof all elementsn P, U --- U
P, that aretoleratedunder L by P; U --- U P, and (ii) no memberof P, is toleratedunder L by P;.
Assumenow that (5|a)[p, p] € Px. By Theorem3.2, the g-coherencef KB impliesthat L U P, =L U
{(1]p1) 1, wals -« - 5 (Pn|Pn)[ln, un]} hasa model Pr with Pr(¢y V --- V ¢,) >0, andthus Pr(¢;) >0
for somej € {1,...,n}. Thatis, (¢;|¢;)[l;,u;] € Py is toleratedunder L by P;. But this contradicts(ii).
It thusfollows (8|a)[p, p] € P,. AssumethatL U P, = L U P, — {(B|a)[p, p]}=LU{(1|#)[l}, uw1], - .,
(nl ¢l u, ]} hasa model Pr with Pr(a) = 0 and Pr(¢} V --- V ¢},) >0, andthus Pr(¢}) > 0 for
somej € {1,...,n}. Trivially, Pr alsosatisfies(8|a)[p, p|. Hence,(y;|4})[l}, u}] € Py is toleratedunder
L by Py. But this contradictsagain(ii). Thus,every modelPr of L U P, with Pr(¢} V---V ¢}, V a) >0
satisfiesPr(a) > 0. Hence,P} € P,(KB). Sincep € [r, s], thereexists a model Pr of LU P] suchthat
Pr = (Bla)[p,p] and Pr(a) > 0. Thatis, (8|a)[p, p] € Py is toleratedunderL by P. But this contradicts
again(ii). It thusfollowsthat KB' is g-coherentD

Proof of Lemma 3.5. Ohviously, P,(KB) is notempty asit contains). Towardsa contradictionsuppose
now that P, = {(4h1|¢1) 11, - - -, (Wl ) s ]} AN P, = (1)1 -, (8010 )02t ]}
aretwo distinct maximalelementsn P,(KB). Thatis, every model Pr of LU P, (resp.,L U P,) with
Pr(¢1 V-V ¢m Va)>0 (resp.,Pr(¢) V---V ¢l V a)>0) satisfiesPr(«) > 0. Considemow ary
model Pr of LU P, U P, with Pr(¢1 V-V ¢, V| V-V ¢l V @) >0. Clearly Pr is amodelof
bothL U P,, andL U P, suchthateitherPr(¢1 V---V ¢m V @) >00r Pr(¢) V---V ¢l V a) > 0. It thus
follows Pr(«) > 0. Hence,P,,, U P, belonggo P,(KB). But this contradictsP,, and P, beingtwo distinct
maximalelementsn P, (KB). It thusfollows that P, (KB) containsa uniquegreateselement.d

Proof of Theorem 3.6. (a) Immediateby (b).

(b) Immediateby Theorem3.4andLemma3.5, sincethe conditionsP’ C P, LU P’ [=yignt (B[l u],
andL U P" Fignt (Bla)]r, s] imply [I,u] 2 [r,s]. O
Proof of Theorem 3.7. Leti € {0,...,k}. Assumehateverymemberof P; is toleratedunderLU{ L < a}
by P;U- - -UP,UP*. Thatis, for every (¢|$)[l, u] € P;, thereexistsamodelPr of LUP;U- - -U P, UP* such
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that Pr(a) = 0 and Pr(¢) > 0. Thus,for every P' = {(11|d1)[l1,u1],- - (¥n|dn)[ln, un]} S U -+ U
Py, U P* suchthat (¢|¢)[l, u] € P', amodel Pr of L U P’ existssuchthat Pr(«) = 0 and Pr(¢) > 0, and
thusPr(¢y V - -+ V ¢, V @) > 0. Thatis, nosuchP’ belongsto P,(KB). By inductiononi € {0,...,k},
noP'C Pwith PN (PyU--- UP) # () belongsto P, (KB).

Supposehatnomemberof P* = {(11|¢1)[l1, u1], - ., (¥n|én)[ln, un]} istoleratedunderL U{ L < a}
by P*. It thusfollows thatno model Pr of L U P* satisfiesPr(¢; V --- V ¢,) >0 and Pr(a) = 0. That
is, every model Pr of LU P* with Pr(¢; V --- V ¢, V ) >0 satisfiesPr(a) > 0. Hence,P* belongs
to Py (KB).

Thatis, (i) implies that every memberof P,(KB) is a subsetof P*, and (ii) implies that P* is in
P,(KB). In summary P* is theuniquegreatestlementn P, (KB). O

Proof of Theorem 3.9. (a) Assumethat KB = (L, P) is g-coherentBy Theorem3.2, for every nonempty
P, ={(¢1]d1)[l1, w1, - - -, (¥n|dn)[ln, un]} C P, thereexists a model Pr of L U P,, with Pr(¢; V --- V
¢r) > 0. In particular L U P hassuchamodel Pr. Thatis, KB is satisfiable.

(b) Assumethat KB = (L, P) is stronglysatisfiable. Thatis, a model Pr of L U P exists suchthat
Pr(¢) > 0forall (¢|¢)[l,u] € P. Thus,for everynonemptyP,, = {(91|é1)[l1,u1],-- -, (¢¥n|dn)[ln, un]} C
P, amodelPr of L U P, existswith Pr(¢;) >0, andthusPr(¢1V --- V ¢,) > 0. By Theorem3.2, KB is
g-coherentd

Proof of Theorem 3.11. AsSUMeKB pyign (Bla)[l, u] and KB |=iignt (B|a)[r, s]. By TheoremB.6(b), it
follows (L, P*) |=iignt (B]a)[l,u], where P* is the uniquegreateselementin P, (KB). SinceP* C P, it
thusfollows 1, u] D [r,s]. O

8 Appendix B: Proofsfor Section 4

Proof of Theorem 4.4. Theclaim clearlyholdsfor P = (). Assumenow P # ().

(=) Supposehat KB is g-coherentBy Theorem3.3(b), thereexistsanorderedpartition (Fy, . . . , Px)
of P suchthat,for everyi € {0, ..., k}, eachmemberof P; is toleratedunderL by U;?:Z. P;. Definenow the
rankingo on KB by o(F') =1 for every F € P; andi € {0, ..., k}. We now shawv thato is admissiblewith
KB. Assumethe contrary Thatis, thereexists someP’ C P thatis underL in conflict with someF € P
suchthate(F’) > o(F) for all F" € P'. But, F is toleratedunderL by {F' € P | o(F') > o(F)} 2 P', and
thusalsoby P’. This contradictsP’ beingunderL in conflictwith . Thus,o is admissiblewith KB.

(<) Supposethereexists a rankingon KB thatis admissiblewith KB. Let [ be the cardinality of
{o(F)|F € P}. Wecanassumgo(F) | F € KB}={0,...,k}, wherek=[—1. Foreveryi € {0, ..., k},
defineP,={F € P|o(F)=1}. Thus,(P,,..., P) is anorderedpartition of P suchthat, for every: €
{0,...,k}, eachF € P; is toleratedunderL by Uf:i P;. Thus,by Theorem3.3(b), KB is g-coherentd

Proof of Theorem 4.5. Let L bea setof logical constraints We now shaw that P’ = {(#]|¢)[1,1],...,

(1, |dm)[1, 1]} tolerates(s|$)[1, 1] underL iff D' = {4} < ¢, ..., ¢}, < ¢, } tolerates) « ¢ underL.

Assuméfirstthat L U P" hasamodel Pr suchthat Pr = (1|4)[1, 1] andPr(¢) > 0. Thus,thereexistssome
I €TZs suchthat! = ¢ and Pr(I) > 0. As Pr satisfiesL U P’ and(|¢)[1, 1], it follows that I is amodel
of L U D' suchthatl = ¢ A. Thatis, D' toleratesy < ¢ underL. Corversely assumehat D’ tolerates
1 < ¢ underL. Thatis, thereexistsamodelI’ of L U D' suchthatl’ = ¢ A1). Hence,the probabilistic
interpretationPr definedby Pr(I') =1 and Pr(I) =0 for all otherI € Z is amodelof L U P’ suchthat
Pr = (¥|¢)[1,1] and Pr(¢) =1, andthus Pr(¢) > 0. Thatis, P’ tolerates(¢)|¢)[1,1] underL. Hence,
tolerationfor conditionalconstraintsof the form (v|$)[1, 1] coincideswith tolerationfor defaults < ¢.

Thus,theclaimis immediateby Theorems3.3(b) and4.2(b). O
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Proof of Theorem 4.9. Let P' = {(¢{|¢))[1,1],..., (¥,|4.)[1,1]}. We now shaw that L U P' U
{(Bla)[1,1]} hasa model Pr with Pr(¢} Vv ---V ¢l V ) >0 iff thereexists somep € (0, 1] suchthat
LUP'U{(B|a)p,p]} hasamodel Pr with Pr(¢| V.-V ¢., Va) > 0. Assumeirst thatsuchp € (0, 1] ex-
ists. SupposePr(a) = 0. Hence thereexistssomel’ € Zg with I' |= (¢} V---V ¢.,) A—aandPr(I') > 0.
Define Pr’ by Pr'(I')=1 andby Pr'(I)=0 for all otherI € Zs. Then,Pr' = L U P' U {(B|a)[1,1]}
andPr'(¢} Vv --- V¢h, Va)>0. Assumenext Pr(a) > 0. Thus,thereexistssomel’ € Zo with I' =S A «
and Pr(I') > 0. Define Pr’ by Pr'(I') =1 andby Pr'(I) =0 for all other! € Zg. Then,Pr' = LU P' U
{(Bla)[1,1]} andPr! (¢} V -+ - V &I, V @) > 0. Thecorversetrivially holds.

By Theoremd.7, KB ~ (B|a)[1, 1] iff (L, PU{(B|a)[g, g]}) is notg-coherentor all g € [0, 1), whichis
equialentto (L, P U {(—S|«a)[p, p]}) notbeingg-coherentor all p € (0, 1]. By Theorem3.2andtheabove
argumentationthelatteris equialentto (L, PU{(—f|a)[1, 1]}) notbeingg-coherentBy Theoren¥.5,this
is equivalentto (L, D U {—f + a}) beingp-inconsistentBy Theorend.6,thisis now equivalentto 5 + «
beinga p-consequencef (L, D). O

9 Appendix C: Proofsfor Section 5

Proof of Theorem 5.1. The statemenfollows immediatelyfrom Theorems3.2and4.5andthe obsenration
that{y, < ¢1,..., ¥, < ¢, } hasamodell suchthat! |= L andI |= ¢1V---V ¢y, iff {(¢1]1)[1,1],...,
(¥n|én)[1,1]} hasamodel Pr suchthat Pr |= L andPr(¢1V --- V ¢p,) >0. O

Proof of Lemma 5.2. Assumefirst that L = —«a. Then,the statemenis immediateby D,(KB)=0 =
P,(KB'). Assumenext that L |- ~«. Then,the statemenfollows from the obseration that every model
Tof LU{tp1<1,...,0n<dp}tWithI = ¢1V---V ¢, V « satisfies] =« iff every model Pr of
LU{(¢1]|d1)[1,1], ..., (¥n|dn)[1,1]} with Pr(é1 V -+ V ¢, V @) > 0 satisfiesPr(«) > 0. O

Proof of Theorem 5.3. Theclaimfollows from Theorems3.4,4.5,and4.9,Lemmab.2,andtheobseration

that LU {41 <= ¢1,..., ¥n < ¢u}t = B aiff LU{($1]d1)[1,1],..., (¢nldn)[1, 1]} = (Ble)[1,1]. O
Proof of Lemma 5.4. Immediateby Lemmata3.5and5.2. O

Proof of Theorem 5.5. (=) AssumeKB p-entailsg <+ «. By Theorenb.3,it follows LU D' = 3 < « for
someD’ € D,(KB), andthusalsoL U D* |= < a.
(<) AssumeL U D* |= < a. Thus,by Theoremb.3, KB p-entailsf < «. O

Proof of Theorem 5.6. By the proof of Theorem4.5, tolerationfor conditionalconstraintsof the form
(v|9)[1,1] coincideswith tolerationfor defaults < ¢. Thus,the claim follows from Theorem3.7 and
Lemma5.2.0

References

[1] E.W. Adams. TheLogic of Conditionals volume 86 of Synthese.ibrary. D. Reidel,Dordrecht,Netherlands,
1975.

[2] S. Amamger, D. Dubois, and H. Prade. Constraintpropagationwith impreciseconditional probabilities. In
ProceedingdJAI-91, page6—34.MorganKaufmann,1991.

[3] S.Benferhat,D. Dubois,andH. Prade. Nonmonotonicreasoningconditionalobjectsand possibility theory
Artif. Intell., 92(1-2):259-2761997.



20

[4]

[5]

[6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]
[18]
[19]

[20]

[21]
[22]

(23]
[24]

[25]

INFSY S RR 1843-01-03

S.BenferhatD. Dubois,andH. Prade.Possibilisticandstandardrobabilisticsemanticof conditionalknowl-
edgebases.J. Logic Computat,. 9(6):873—-8951999.

V. BiazzoandA. Gilio. A generalizatiorof the fundamentatheoremof de Finetti for impreciseconditional
probabilityassessmentént. J. Approx. Reasoning24(2—3):251-2722000.

V. Biazzo,A. Gilio, T. Lukasiavicz, andG. Sanfilippo. Probabilisticlogic undercoherenceCompleity and
algorithms.In ProceedingdSIPTA-01, pages1-61,2001.

G. Boole. An Investigationof the Laws of Thought,on which are Foundedthe MathematicalTheoriesof Logic
andProbabilities WaltonandMaberlgy, London,1854. (reprint: Dover PublicationsNew York, 1958).

G. Coletti. Coherentnumerical and ordinal probabilistic assessments.IEEE Trans. Syst. Man Cybern,
24(12):1747-17541994.

G. ColettiandR. Scozza#va. Characterizationf coherentonditionalprobabilitiesasatool for theirassessment
andextension.Journal of Uncertainty Fuzzinessand Knowledg-basedSystems4(2):103-1271996.

G. ColettiandR. Scozzafva. Coherentupperandlower bayesiarupdating. In ProceedingdSIPTA-99, pages
101-110,1999.

G. ColettiandR. Scozza#fva. Conditioningandinferencein intelligentsystems SoftComputing 3(3):118-130,
1999.

D. DuboisandH. Prade.Possibilisticlogic, preferentialmodels,non-monotonicityandrelatedissues.In Pro-
ceedingdJCAI-91, pagesA19-424 MorganKaufmann,1991.

D. DuboisandH. Prade. Conditionalobjectsas nonmonotoniacconsequenceelationships. IEEE Trans. Syst.
Man Cybern, 24(12):1724-17@,1994.

R. Fagin,J. Y. Halpern,andN. Megiddo. A logic for reasoningaboutprobabilities. Inf. Comput, 87:78-128,
1990.

A. M. FrischandP. Haddavy. Anytime deductionfor probabilisticlogic. Artif. Intell., 69:93-1221994.

D. M. GabbayandP. Smetsgeditors.Handbookon DefeasibleReasoningand UncertaintyManagementSystems
Kluwer Academic,DordrechtNetherlands1998.

H. Geffner. DefaultReasoningCausaland ConditionalTheories MIT Press]1992.
H. Geffner. High probabilitiesmodelpreferenceanddefaultarguments Mind and Machines 2:51-70,1992.

A. Gilio. Algorithmsfor preciseandimpreciseconditionalprobabilityassessmentin G. Coletti,D. Dubois,and
R. Scozzaéva, editors,MathematicalModelsfor Handling Partial Knowledg in Artificial Intelligence pages
231-254PlenumPressNew York, 1995.

A. Gilio. Probabilisticconsisteng of conditionalprobability bounds. In Advancesn Intelligent Computing
volume945o0f LNCS page200—209 Springer 1995.

A. Gilio. Probabilisticreasoningindercoherencén SystemP. Ann.Math. Artif. Intell., 34(1-3):5-342002.

A. Gilio andR. Scozza#fva. Conditionaleventsin probability assessmerandrevision. IEEE Trans.Syst.Man
Cybern, 24(12):1741-178,1994.

M. GoldszmidtandJ. Pearl.Onthe consisteng of defeasibledatabasesArtif. Intell., 52(2):121-1491991.

M. Goldszmidtand J. Pearl. Rank-basedystems:A simple approachto belief revision, belief updateand
reasoningaboutevidenceandactions.In ProceedingKR-92 page$61-672MorganKaufmann,1992.

S.Kraus,D. LehmannandM. Magidor. Nonmonotoniaeasoningpreferentiaimodelsandcumulative logics.
Artif. Intell., 14(1):167-2071990.



INFSY S RR 1843-01-03 21

[26]
[27]

(28]

[29]

[30]

[31]

[32]
[33]

[34]

[35]

[36]

[37]

[38]

[39]

D. Lehmann.Anotherperspectie on defaultreasoning Ann.Math. Artif. Intell., 15(1):61-821995.

T. Lukasiavicz. Local probabilisticdeductionfrom taxonomicandprobabilisticknowledge-basesver conjunc-
tive events.Int. J. Approx. Reasoning21(1):23-611999.

T. Lukasiavicz. Probabilisticdeductionwith conditional constraintsover basicevents. J. Artif. Intell. Res,
10:199-2411999.

T. Lukasiavicz. Probabilisticlogic programmingwith conditionalconstraints. ACM Trans. Computat.Logic,
2(3):289-3392001.

T. Lukasiavicz. Nonmonotonigrobabilisticlogicsbetweemmodel-theoretiprobabilisticlogic andprobabilistic
logic undercoherenceln Proceeding®f the 9th International\Workshopon Non-MonotonidReasonindNMR-
2002) pages265-2742002.

T. Lukasiavicz. Probabilisticdefault reasoningwith conditionalconstraints. Ann. Math. Artif. Intell., 34(1-
3):35-88,2002.

N. J.Nilsson. Probabilisticlogic. Artif. Intell., 28:71-88,1986.

J. Pearl. Probabilistic Reasoningn Intelligent SystemsNetworksof PlausibleInference MorganKaufmann,
SanMateo,CA, 1988.

J. Pearl. Probabilisticsemanticgor nonmontoniaeasoningA suney. In ProceedingKR-89 pages505-516.
MorganKaufmann,1989.

J.Pearl.SystemZ: A naturalorderingof defaultswith tractableapplicationgo defaultreasoningln Proceedings
TARK-9Q pagesl21-135MorganKaufmann,1990.

R. PelessonandP. Vicig. A consisteng problemfor impreciseconditionalprobabilityassessment# Proceed-
ingsIPMU-98, pagesl478-14851998.

R. Scozza#va. Subjectve conditional probability and coherenceprinciplesfor handling partial information.
Mathwaie SoftComput, 3(1):183-1921996.

Y. Shoham. A semanticabpproachto nonmonotonidogics. In Proceedingf the 2nd IEEE Symposiunon
Logic in ComputerSciencepage275-279,1987.

P. Snaw. Diverseconfidencdevelsin aprobabilisticsemanticgor conditionallogics. Artif. Intell., 113:269-279,
1999.

[40] W. Spohn. Ordinal conditionalfunctions: A dynamictheoryof epistemicstates.In W. HarperandB. Skyrms,

[41]

editors, Causationin Decision, Belief Change, and Statistics volume 2, pages105-134.Reidel, Dordrecht,
Netherlands1988.

P. Walley. StatisticalReasoningvith ImpreciseProbabilities ChapmarandHall, 1991.



