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Abstract. We studyprobabilisticlogic undertheviewpointof thecoherenceprincipleof deFinetti.
In detail,weexplorehow probabilisticreasoningundercoherenceis relatedto model-theoreticprob-
abilistic reasoningandto default reasoningin System� . In particular, we show that thenotionsof
g-coherenceandof g-coherententailmentcanbeexpressedby combiningnotionsin model-theoretic
probabilisticlogic with conceptsfrom default reasoning.Moreover, we show thatprobabilisticrea-
soningundercoherenceis a generalizationof default reasoningin System� . That is, we providea
new probabilisticsemanticsfor System� , which neitherusesinfinitesimalprobabilitiesnor atomic
bound(or big-stepped)probabilities. Theseresultsalsoprovide new algorithmsfor probabilistic
reasoningundercoherenceandfor default reasoningin System� , andthey give new insight into
default reasoningwith conditionalobjects.
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1 Introduction

Theprobabilistictreatmentof uncertaintyplaysan importantrole in many applicationsof knowledgerep-
resentationandreasoning.Often, we needto reasonwith uncertaininformationunderpartial knowledge
andthentheuseof preciseprobabilisticassessmentsseemsunrealistic.Moreover, the family of uncertain
quantitiesathandhasoftennoparticularalgebraicstructure.

In suchcases,a generalapproachis obtainedby using(conditionaland/orunconditional)probabilistic
constraints,basedon the coherenceprinciple of de Finetti andsuitablegeneralizationsof it [5, 8, 9, 10,
11, 20, 21, 22, 37], or on similar principlesthat have beenadoptedfor lower andupperprobabilities[36,
41]. Two importantaspectsin dealingwith uncertaintyare: (i) checkingtheconsistency of a probabilistic
assessment,and(ii) thepropagationof agivenassessmentto furtheruncertainquantities.

Anotherapproachfor handlingprobabilisticconstraintsis model-theoreticprobabilisticlogic, whose
rootsgo backto Boole’s book of 1854“The Laws of Thought” [7]. Thereis a wide spectrumof formal
languagesthat have beenexploredin probabilisticlogic, which rangesfrom constraintsfor unconditional
andconditionalevents[2, 15, 27, 28, 29, 32] to rich languagesthat specifylinear inequalitiesover events
[14]. Themainproblemsrelatedto model-theoreticprobabilisticlogic arecheckingsatisfiability, deciding
logical consequence,andcomputingtight logically entailedintervals.

Coherence-basedandmodel-theoreticprobabilisticreasoninghave beenexploredquite independently
from eachotherby two differentresearchcommunities.For this reason,the relationshipbetweenthe two
areashasnotbeenstudiedin depthsofar. Thecurrentpaperandourwork in [6] aimatfilling thisgap.More
precisely, our researchis essentiallyguidedby thefollowing two questions:� Which is the semanticrelationshipbetweenprobabilistic reasoningunder coherenceand model-

theoreticprobabilisticreasoning?� Is it possibleto usealgorithmsthathave beendevelopedfor efficient reasoningin oneareaalsoin the
otherarea?

Interestingly, it turnsout thattheanswersto thesetwo questionsarecloselyrelatedto default reasoning
from conditionalknowledgebasesin System � . The literaturecontainsseveral different proposalsfor
default reasoningandextensivework onitsdesiredproperties.Thecoreof thesepropertiesaretherationality
postulatesof System� proposedby Kraus,Lehmann,andMagidor[25]. It turnedout thattheserationality
postulatesconstitutea soundandcompleteaxiom systemfor several classicalmodel-theoreticentailment
relationsunderuncertaintymeasureson worlds.More precisely, they characterizeclassicalmodel-theoretic
entailmentunderpreferentialstructures[38, 25], infinitesimal probabilities[1, 34], possibility measures
[12], andworld rankings[40, 24]. They alsocharacterizeanentailmentrelationbasedonconditionalobjects
[13]. A survey of all theserelationshipsis givenin [3, 16].

In this paper, we show that probabilistic reasoningundercoherenceis reducibleto model-theoretic
probabilisticreasoningusingconceptsfrom default reasoning.Crucially, we even show that probabilistic
reasoningundercoherenceis a generalizationof default reasoningin System� . That is, we give a new
probabilisticsemanticsfor System� , whichneitherusesinfinitesimalprobabilities[1, 34] noratomicbound
[39] (or big-stepped[4]) probabilities.Thispaperdealswith thesemanticaspectsof thesefindings,while the
companionpaper[6] focuseson its computationalimplicationsfor probabilisticreasoningundercoherence.

Themaincontributionsof thispapercanbesummarizedasfollows:� Wedefineacoherence-basedprobabilisticlogic. In particular, wedefinea formal languageof logical
andconditionalconstraints,which aredefinedon arbitraryfamiliesof conditionalevents. We then
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definethe conceptsof generalizedcoherence(or simply g-coherence)andof g-coherententailment
for this language.� We explore the relationshipbetweencoherence-basedandmodel-theoreticprobabilisticreasoning.
It turnsout that the former generalizesdefault reasoningin System� , while the latter generalizes
classicalreasoningin propositionallogic. Thus,theformerdoesnot have thepropertyof inheritance
of logical knowledge,while the latterdoes.We alsoshow thatg-coherententailmentcoincideswith
logical entailmentfrom a smallerknowledgebase.Moreover, g-coherencelies betweensatisfiability
andstrongsatisfiability, while g-coherententailmentis weaker thanlogicalentailment.� We show that g-coherenceandg-coherententailmentcanbe reducedto the existenceof satisfying
probabilisticinterpretationsandto logical entailment,respectively, usingconceptsfrom default rea-
soning. Hence,theseresultsprovide new algorithmsfor coherence-basedprobabilisticreasoning,
whicharebasedonreductionsto standardreasoningtasksin model-theoreticprobabilisticlogic.� Weexploretherelationshipbetweenprobabilisticreasoningundercoherenceanddefault reasoningin
System� . We show that g-coherenceandg-coherententailmentaregeneralizationsof consistency
andentailmentin System� , respectively. Hence,weprovideanew probabilisticsemanticsfor System� . Moreover, theseresultsalsoprovide anew algorithmfor default reasoningin System� .� We provide new insight into DuboisandPrade’s approachto default reasoningwith conditionalob-
jects [13, 3]. In detail, we show that the definitionsof consistency andentailmentfor conditional
objectsareactuallyclassicalcounterpartsof thedefinitionsof g-coherenceandg-coherententailment,
respectively.

The rest of this paperis organizedas follows. Section2 introducesthe formal backgroundof this
work. In Section3, weexploretherelationshipbetweenprobabilisticreasoningundercoherenceandmodel-
theoreticprobabilisticreasoning.Sections4 and5 focusontherelationshipbetweenprobabilisticreasoning
undercoherenceanddefault reasoningin System� andwith conditionalobjects,respectively. In Section6,
wesummarizethemainresultsandgiveanoutlookonfutureresearch.Notethatdetailedproofsof all results
aregivenin AppendicesA–C.

2 Probabilistic logic under coherence

In this section,we first introducesometechnicalpreliminaries.We thenbriefly describepreciseandimpre-
ciseprobabilityassessmentsundercoherence.Wefinally defineourcoherence-basedprobabilisticlogic and
give anillustratingexample.

2.1 Preliminaries

We first definethesyntaxandsemanticsof events. We assumea nonemptysetof basicevents � . We use	
and 
 to denotefalseand true, respectively. The setof eventsis the closureof ����
 	�� 
�� underthe

Booleanoperators� and � . Thatis, eachelementof ����
 	�� 
�� is anevent,andif � and � areevents,then
also ��������� and ��� . Weuse ��������� and ���! "�#� to abbreviate �$���%���&�'�$� and �$�����!�'��� , respectively,
andadopttheusualconventionsto eliminateparentheses.A logical constraint is aneventof theform �! (� .
Notethat

	  *) is equivalentto �+) .



4 INFSYS RR 1843-01-03

A world , is a truth assignmentto thebasiceventsin � (that is, a mapping ,%-��/. 
103254�687 �:91;=< 75� ),
which is extendedto all eventsasusual(thatis, ���>�?�$� is truein @ if f � and � aretruein @ , and ��� is true
in @ if f � is not truein @ ). Denoteby ACB thesetof all worldsfor � . Weoftenidentify thetruthvalues0D254�687
and

91;=< 7 with therealnumbersE and F , respectively. A world , satisfiesanevent � , or , is a modelof � ,
denoted,�G HI� , if f ,J���#�KH 9L;M< 7 . , satisfiesa setof events N , or , is a modelof N , denoted,OG HPN , if f , is a
modelof all ��QRN . An event � (resp.,a setof events N ) is satisfiableif f a modelof � (resp.,N ) exists. An
event � is a logical consequenceof � (resp.,N ), denoted�SG HT� (resp.,NPG HT� ), if f eachmodelof � (resp.,N ) is alsoamodelof � . Weuse �VUG HW� (resp.,NXUG HW� ) to denotethat ��G HP� (resp.,NTG HT� ) doesnothold.

2.2 Probability assessments

We next defineconditionalevents,(precise)probabilityassessmentson conditionalevents,andthenotion
of coherencefor suchprobabilityassessments.

A conditionaleventis anexpressionof theform �OGY� with events� and � . It canbelookedatasa three-
valuedlogical entity, with values

9L;M< 7 , or 03254�687 , or Z�[]\'7 9 7 ;=^ Z_[]2 9 7 , accordingto whether � and � are
true,or � is falseand � is true,or � is false,respectively. Thatis, we extendworlds , to conditionalevents��GY� by ,J���OGY�`�KH 91;=< 7 if f ,�G HT�!��� , ,J���OGY�#�KHI0D254�687 if f ,�G Ha�'���>� , and ,J����GY�#�SH"Z_[]\]7 9 7 ;M^ Z_[C2 9 7 if f,�G Ha��� . Note that �OGY� coincideswith �$�%�bGY� . More generally, �dcLGY�ec and �+fgGY�Jf coincideiff �hch�I�icjH�bf%�k�5f and �ecdHl�5f .

We recall that in theframework of subjective probability, givenanevent � , theevaluation �Omn�����KHI) ,
givenby someone,is a numericalrepresentationof his degreeof beliefon � beingtrue. Usingthebetting
criterion, if suchindividual evaluates�RmK���$�KHI) , thenhewill payanamountof money )>o , where oPUHaE
is arbitrary, and he will get back the amount o�� . Then, the associatedrandomgain is pIHqo����Trk)b� .
Coherencerequiresthat,for every oaUHPE , it mustbe sjtMuvpxwkE , which implies E$yv)�yIF .

For a conditionalevent �OGY� , if the individual evaluates�Omn����GY�#�KHq) , thenhe will pay an amountof
money )�o gettingbacktheamounto>� (resp.,)>o ) if � is true(resp.,false).Then,theassociatedrandom
gainis pIHzoj�����Trk)b� . Coherencerequiresthat,for every oPUHPE , it mustbe sjtMukpjGY��wkE , which (again)
implies E$yk)?yIF .

Wepointoutthatthecoherence-basedprobabilisticapproachis moregeneralthantheusualone,because
to assessconditionalprobabilitieswe do not rely on unconditionalprobabilities.In fact, in our framework
the probability assessment�Omn����GY�#�KHq) hasa naturalmeaningin all cases,including the one in which�Omn���`�KHIE . In otherwords,thequantity �Omn���`� playsno role andtheonly relevant thing is theassumption
“ � true”. Moreover, givenafunction { onafamily of conditionalevents| , if { is coherent,then { satisfies
all the usualaxiomsof a conditionalprobability, while theconverseis not true (for a counterexamplesee
[19], Example8).

Moreformally, aprobabilityassessment�_N � {O� onasetof conditionalevents| consistsof asetof logical
constraintsN , andamapping{ thatassignseach}bQ�| arealnumberin ~ E � F�� . Informally, N describeslogical
relationships,while { representsprobabilisticknowledge. For 
8�dcMGY�ec �������L� �b�eGY�5�n�%�!| with �jwaF and �
realnumbers��c �������1� �1� , let themappingpT-�ACB�.�� bedefinedasfollows. For every ,?QSACB :

p>�_,��kH ����� c � ��� ,J��� � � � �_,J��� � �bra{S��� � GY� � �:� �
In the framework of bettingcriterion, p canbe interpretedasthe randomgaincorrespondingto a combi-
nationof � betsof amounts�gc � {S���hcMGY�ic�� �������L� �8� � {����b�iGY�n�n� on �dcMGY�ic �������8� �b�eGY�5� with stakes �gc �������1� �1� .
In detail, to bet on � � GY� � , one paysan amountof � � � {���� � GY� � � , and one getsback the amountof � � , E ,
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and � ��� {���� � GY� � � , when � � �>� � , �'� � �j� � , and ��� � , respectively, turnsout to be true. The following no-
tion of coherencenow assuresthat it is impossible(for both the gamblerand the bookmaker) to have
uniform loss. A probability assessment�_N � {�� on a setof conditionalevents | is coherent if f for every
8� c GY� c �������1� � � GY� � �%�&| with �jwaF andfor all realnumbers� c �������L� � � , it holds sjtMu�
Mp>�_,��eG�,�Q$A B � ,�G HPN ,,?G Hl�ec`� ����� �j�5�n�%wvE .
2.3 Imprecise probability assessments

We now describeimpreciseprobabilityassessmentson conditionaleventsandtheconceptsof g-coherence
andg-coherententailmentfor suchassessments.

An impreciseprobability assessment�_N � {�� on a setof conditionalevents | consistsof a setof logical
constraintsN anda mapping{ thatassignseach}'QO| an interval ~ � �:� ���z~ E � F�� with ��y � . We say �_N � {O�
is g-coherent if f thereexistsacoherentpreciseprobabilityassessment�_N � {��=� on | suchthat {$���_}8�`Q�{S�_}8�
for all }bQR| .

We recalla characterizationof g-coherencedueto Gilio [20]; equivalentresultshave beenobtainedby
Coletti [8]. Givena setof logical constraintsN anda setof conditionalevents|TH�
1} c �������1� } � � , denoteby��� ��|C� thesetof all mappingsm thatassigneach} � HT� � GY� � QO| a memberof 
8� � �>� � � �'� � ��� � � ��� � � such
that �����]NP�k
8mn�_} � �eG } � Q�|]� is satisfiable,and ���3���]mn�_} � �'UHI��� � for some�¡Q+
�F �������L� �b� . For suchmappingsm
andevents � , we usem$G HI� to abbreviate mn�_}Lc¢�i� ����� �&mK�_}��K�eG HI� .

Theorem 2.1 (Gilio [20]) An impreciseprobabilityassessment�_N � {O� ona setof conditionalevents| is g-
coherent iff for every | � H£
8� c GY� c �������1� � � GY� � ���¤| with �qwXF , thefollowing systemof linear constraints
over thevariables ¥K¦§��m$Q � � , where

� H ��� ��|���� , is solvable:�¦�¨�© ¥ ¦ ��ª ¦ � w«� � � for all �5QS
�F �������M� �b�M��¦�¨�© ¥n¦ �¢¬ ¦ � y � � � for all �5QS
�F �������M� �b�M��¦�¨=© ¥K¦&H­F
¥K¦vw«E � for all m�Q � � ,

(1)

where � � and
� � aredefinedby {S��� � GY� � �KH¤~ � � �:� � � for all �5Q>
�F �������L� �b� , andª ¦ � and ¬ ¦ � aredefinedasfollows

for all mdQ � and �5QS
�F �������L� �b� :
ª ¦ � (resp.,¬ ¦ � ) H

®¯° ¯± F
�

if mjG H²� � �>� �E � if mjG Hl�'� � �j� �� � (resp.,
� � ) � if mjG Hl��� � .

Wenext definethenotionof g-coherententailmentfor impreciseprobabilityassessments.Let �_N � {�� be
a g-coherentimpreciseprobabilityassessmenton a setof conditionalevents | . The impreciseprobability
assessment~ � �:� � ona conditionalevent ³ is calledag-coherentconsequenceof �_N � {�� if f { � ��³i�`Q�~ � �:� � for
every g-coherentpreciseprobabilityassessment{�� on |?�T
�³]� suchthat {����_}8�`Q�{S�_}�� for all }bQ�| . It is a
tight g-coherentconsequenceof �_N � {O� if f � (resp.,

�
) is theinfimum(resp.,supremum)of { � ��³e� subjectto

all g-coherentpreciseprobabilityassessments{�� on |��v
�³]� suchthat {$���_}8�`Q�{S�_}8� for all }bQR| . Observe
thatfor }iHP´dG ) suchthat NWG Hµ�+) , every 
��_} � ~ � �:� ���¡� with � �:� Q�~ E � F�� is ag-coherentconsequenceof �_N � {�� ,
and 
��_} � ~¶F � EM���¡� is theuniquetight g-coherentconsequenceof �_N � {�� . Notethatherewe identify ~¶F � EM� with
theemptyset.
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2.4 Probabilistic logic under coherence

We now defineconditionalconstraints,probabilisticknowledgebases,andthenotionsof g-coherenceand
g-coherententailmentfor probabilisticknowledgebases.In therestof thispaper, weassumethat � is finite.

A conditional constraint is an expressionof the form ���OGY�`�·~ � �:� � with real numbers� �:� Q�~ E � F�� and
events � � � . We call � its antecedentand � its consequent. A probabilistic knowledge basȩº¹VH»�_N � ���
consistsof afinite setof logicalconstraintsN , andafinite setof conditionalconstraints� suchthat(i) ��y �
for all ���OGY�`�·~ � �:� ��Q�� , and(ii) � c GY� c UHW� f GY� f for any two distinct ��� c GY� c �·~ � c �:� c � , ��� f GY� f �·~ � f �:� f ��QR� .

Every impreciseprobabilityassessment,3�zH¤�_N � {O� with finite N on a finite setof conditionalevents|
canberepresentedby theprobabilisticknowledgebase

¸§¹�¼¶½ H �_N � 
����OGY�`�·~ � �:� �%GL�OGY��QO| � {����OGY�#�KH¤~ � �:� �¾�M� �
Conversely, every probabilisticknowledgebasȩº¹zH¤�_N � ��� canbeexpressedby thefollowing imprecise
probabilityassessment,D�b¿`ÀjHx�_N � {�¿`À%� on |5¿`À :

{�¿`À H 
����OGY� � ~ � �:� ����G�����GY�#�·~ � �:� ��Q>¸§¹j� �|n¿`À H 
8�OGY�IG�Á�� �:� Q�~ E � F��8-'����GY�#�·~ � �:� ��Qj¸º¹S� �
A probabilisticknowledgebase ¸º¹ is said g-coherent if f ,3�+¿JÀ is g-coherent. For g-coherenţº¹

and conditionalconstraints����GY�#�·~ � �:� � , we say ���OGY�`�·~ � �:� � is a g-coherent consequenceof ¸§¹ , denoted¸§¹²GÂ»���OGY�`�·~ � �:� � , if f 
�����GY� � ~ � �:� ���¡� is a g-coherentconsequenceof ,D� ¿`À . It is a tight g-coherent conse-
quenceof ¸º¹ , denoteḑ§¹WGÂ tight ����GY�#�·~ � �:� � , if f 
����OGY� � ~ � �:� ���¡� is a tight g-coherentconsequenceof ,D�b¿`À .

We give an exampleto illustrate the conceptof a probabilisticknowledgebaseandthe notionsof g-
coherenceandof g-coherententailment.

Example 2.2 Considerthefollowing probabilisticknowledgebasȩ§¹xH»�_N � ��� :
NÃHÄ
gÅgÆÈÇ�Éd ËÊgÌ=ÍLÎKÏgÆÈÍ�� ��ÃHÄ
���Ð Ì·Î�ÑMGÈÅ�ÆÈÇÒÉ��·~¶F � F�� � ��Ó�ÔeGÈÅgÆÈÇ�É��·~¶F � F�� � ��Ó�Ô#GÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~ E ��� EgÕL�¾� �

In probabilisticlogic undercoherence,̧º¹ mayrepresentthe logical knowledge “all penguinsarebirds”,
the logical defaultknowledge “generally, birds have legs” and“generally, birds fly”, andtheprobabilistic
defaultknowledge “generally, penguinsfly with a probabilityof at most0.05”. It is not difficult to seethat¸§¹ is g-coherent,andthatsometight g-coherentconsequencesof ¸§¹ aregivenasfollows:

¸º¹ÖGÂ tight ��Ð Ì·Î�ÑMGÈÅgÆ×ÇÒÉ��·~¶F � F�� � ¸º¹ÖGÂ tight ��Ó�Ô5GÈÅgÆ×ÇÒÉ��·~¶F � F�� �¸º¹ÖGÂ tight ��Ð Ì·Î�ÑMGÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~ E � F�� � ¸º¹ÖGÂ tight ��Ó�Ô5GÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~ E ��� EgÕL� �
Here,theinterval “ ~ E � F�� ” is dueto thefactthatthelogicalpropertyof having legsis not inheritedfrom birds
down to penguins.

3 Relationship to model-theoretic probabilistic logic

In thissection,weexploretherelationshipbetweenprobabilisticlogic undercoherenceandmodel-theoretic
probabilisticlogic. Wefirst briefly recall themainconceptsof model-theoreticprobabilisticlogic. We then
show how thenotionof g-coherencecanbereducedto theexistenceof satisfyingprobabilisticinterpretations
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in model-theoreticprobabilisticlogic. Moreover, we show that g-coherententailmentcanbe reducedto
logicalentailmentin model-theoreticprobabilisticlogic. Wefinally describetheroughrelationshipbetween
g-coherenceandsatisfiability (resp.,strongsatisfiability),andbetweeng-coherententailmentand logical
entailment.

3.1 Model-theoretic probabilistic logic

We now briefly recall the main conceptsof model-theoreticprobabilisticlogic. In particular, we define
probabilistic interpretationsand the semanticsof events, logical constraints,and conditionalconstraints
underprobabilisticinterpretations.We thendefinethenotionsof satisfiabilityandlogicalentailment.

A probabilistic interpretation Ø$Ù is a probability function on A B (that is, a mapping Ø�Ù'-hA B .Ú~ E � F��
suchthatall Ø�Ù��_,�� with ,�Q$ACB sumupto 1). Theprobabilityof anevent � in theprobabilisticinterpretationØ�Ù , denotedØ�Ù����#� , is definedasthe sumof all Ø$Ù��_,�� suchthat ,�Q�ACB and ,�G HI� . For events � and �
with Ø�ÙK���`�`ÛvE , we use Ø$Ù����OGY�`� to abbreviate Ø�ÙK�����>�`�KÜ+Ø$Ù5���#� . The truth of logical andconditional
constraintsÝ in aprobabilisticinterpretationØ$Ù , denotedØ�ÙjG H²Ý , is definedby:

� Ø$Ù>G H²�! "� if f Ø$Ù������j�#��HµØ�ÙK���#� .
� Ø$Ù>G H/����GY�#�·~ � �:� � if f Ø$Ù����#��HÞE or Ø�ÙK����GY�#��Qq~ � �:� � .

We say Ø$Ù satisfiesa logical or conditionalconstraintÝ , or Ø�Ù is a modelof Ý , if f Ø�Ù$G HPÝ . We say Ø�Ù
satisfiesa setof logical andconditionalconstraintsß , or Ø$Ù is a modelof ß , denotedØ�Ù&G H²ß , if f Ø$Ù is a
modelof all Ý¤Q�ß . We say ß is satisfiableif f a modelof ß exists. We say ß is stronglysatisfiableif f a
model Ø�Ù of ß existssuchthat Ø�ÙK���#�`ÛkE for all ���OGY�`�·~ � �:� ��Q�ß .

We next definethenotion of logical entailment.A conditionalconstraintÝËHà����GY�#�·~ � �:� � is a logical
consequenceof a set of logical and conditionalconstraintsß , denotedßXG HPÝ , if f eachmodel of ß is
also a model of Ý . It is a tight logical consequenceof ß , denotedß G H tight Ý , if f � (resp.,

�
) is the

infimum (resp.,supremum)of Ø�ÙK����GY�#� subjectto all modelsØ�Ù of ß with Ø�ÙK���#�`Û�E . Notethatwe define�gHxF and
� HPE , when ß£G H»���bGY
R�·~ E � EM� . A probabilisticknowledgebasȩº¹VH¤�_N � ��� is satisfiable(resp.,

stronglysatisfiable) iff N?��� is satisfiable(resp.,stronglysatisfiable).A conditionalconstraint���OGY�`�·~ � �:� �
is a logical consequenceof ¸§¹ , denoteḑ§¹²G H»���OGY�#�·~ � �:� � , if f N&�S�ÖG H»���OGY�`�·~ � �:� � . It is a tight logical
consequenceof ¸º¹ , denoteḑ§¹«GH tight ���OGY�#�·~ � �:� � , if f N?�S�áG H tight ����GY�#�·~ � �:� � .
Example 3.1 Consideragainthe probabilisticknowledgebase ¸§¹VH»�_N � ��� of Example2.2. In model-
theoreticprobabilisticlogic, ¸º¹ may representthe logical knowledge “all penguinsarebirds”, “all birds
have legs”, and“all birdsfly” (thatis, in model-theoreticprobabilisticlogic, a logical constraint�� "� has
thesamemeaningastheconditionalconstraint����GY�#�·~¶F � F�� ), andtheprobabilisticknowledge “penguinsfly
with aprobabilityof atmost0.05”. It is easyto seethat ¸º¹ is satisfiable,but notstronglysatisfiable.Some
tight logical consequencesof ¸º¹ aregivenasfollows:

¸º¹«G H tight ��Ð Ì·Î�ÑMGÈÅ�ÆÈÇÒÉ��·~¶F � F�� � ¸º¹«G H tight ��Ó�ÔJGÈÅgÆÈÇ�É��·~¶F � F�� �¸º¹«G H tight ��Ð Ì·Î�ÑMGÈÊgÌ=ÍLÎKÏgÆ×Í=�·~¶F � EM� � ¸§¹«G H tight ��Ó�Ô5GÈÊgÌ=Í1ÎKÏ�ÆÈÍ=�·~¶F � EM� �
Here,we have theemptyset“ ~¶F � EM� ” in thelasttwo conditionalconstraints,asthelogical propertyof being
ableto fly is inheritedfrom birdsdown to penguins,andis thenincompatibletherewith “penguinsfly with
aprobabilityof at most0.05”.
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3.2 G-coherence in model-theoretic probabilistic logic

Thefollowing theoremshows how g-coherencecanbeexpressedthroughtheexistenceof satisfyingprob-
abilistic interpretations.This result follows from Theorem2.1. Roughly, it saysthat ¸º¹xH»�_N � ��� is g-
coherentiff every nonempty �Oâ=��� hasa model Ø$Ù suchthat Ø�Ù�G HPN and that Ø$Ù����#�`ÛvE for at least
one ����GY�#�·~ � �:� ��Q�� â . Hence,if ¸º¹ is g-coherent,then ¸º¹ is alsosatisfiable,that is, N?��� hasa model,
or equivalentlyevery nonempty�RâM��� hasamodel Ø�Ù suchthat Ø�Ù�G HPN .

Theorem 3.2 Let ¸§¹VH»�_N � ��� be a probabilistic knowledge base. Then, ¸º¹ is g-coherent iff for every
nonempty� � HV
���� c GY� c �·~ � c �:� c � �������1� ��� � GY� � �·~ � � �:� � �¾�%��� , there exists a model Ø�Ù of N?�S� � such thatØ�ÙK���ec`� ����� �j�5���`ÛvE .

Thenext theoremshows thatg-coherencehasa characterizationsimilar to theoneof ã -consistency in
default reasoningby GoldszmidtandPearl[23]. It follows from Theorem3.2. To formulatethis result,
we adoptthe following terminologyfrom default reasoningfrom conditionalknowledgebases[16, 3]. A
probabilisticinterpretationØ�Ù verifiesaconditionalconstraint����GY�#�·~ � �:� � if f Ø$Ù����#��Û§E and Ø�Ù�G H»���OGY�`�·~ � �:� � .
A setof conditionalconstraints� toleratesaconditionalconstraintÝ underasetof logicalconstraintsN if f
thereexistsa modelof N?�S� thatverifies Ý . Wesay � is under N in conflictwith Ý if f no modelof N?�S�
verifies Ý .

Theorem 3.3 Aprobabilisticknowledgebasȩ§¹VH»�_N � ��� is g-coherentiff thereexistsanorderedpartition�_�]ä �������L� �]å�� of � such thateither

(a) every � � , EKy$�¢y�æ , is thesetof all ÝjQ�ç åè��`� � è toleratedunder N by ç åè��`� � è , or

(b) for every � , EKy$�¡y�æ , each ÝjQC� � is toleratedunder N by ç åè¢�`� � è .
In acompanionpaper[6], weuseTheorem3.3to giveanew algorithmfor decidingg-coherence,which

isessentiallyareformulationof apreviousalgorithmbyGilio [20] usingterminologyfromdefaultreasoning,
andwhich is closelyrelatedto analgorithmfor checkingã -consistency by GoldszmidtandPearl[23].1

3.3 G-coherent entailment in model-theoretic probabilistic logic

Wenow show thatg-coherententailmentcanbereducedto logicalentailment.Wefirst givesomepreparative
definitions.

For probabilisticknowledgebaseşº¹VH»�_N � ��� andevents) suchthat NlUG Hµ��) , let �'éi��¸§¹S� denotethe
setof all subsets�]��Hê
����dc=GY�ic¢�·~ �¾c �:� c � ������� , ���b�eGY�5���·~ �Ò� �:� �g�¾� of � suchthateverymodel Ø�Ù of N?�S�]� withØ�ÙK���eci� ����� ���5�§��)'��ÛêE satisfiesØ�ÙK�¾)b�`ÛkE . For ¸§¹xHx�_N � ��� and ) with NWG Hl��) , let �]éi��¸º¹S�+HX
Lë�� .

Thefollowing theoremshows thatthetight interval entailedunderg-coherencecanbeexpressedasthe
intersectionof somelogically entailedtight intervals. It saysthat ��´dG )b�·~ � �:� � is a tight g-coherentconse-
quenceof ¸§¹xH»�_N � ��� if f ~ � �:� � is theintersectionof all ~ } ��ì � suchthat NP��� â G H tight ��´dG )b�·~ } ��ì � for some� â QO� é ��¸º¹S� . This follows from Theorem3.2, which implies that the tight interval ~ � �:� � entailedunder
g-coherenceis theintersectionof all ~ } ��ì � suchthat } (resp.,

ì
) is theinfimum (resp.,supremum)of ª sub-

ject to Ø$ÙaG H«N&�S�C�$��
���´dG )b�·~ ª � ª �¾� and Ø$Ù����ich� ����� �V�n�S�P)'�`ÛvE for some �]��Hz
����dc=GY�ic��·~ �¾c �:� c:� ������� ,���'�iGY�5���·~ �Ò� �:� �g�¾�%�k� .

1Notethattherelationshipbetweenthealgorithmsin [20] and[23] wassuggestedfirst by Didier Dubois(personalcommunica-
tion).
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Theorem 3.4 Let ¸º¹xH»�_N � ��� bea g-coherentprobabilisticknowledge base, andlet ´�G ) bea conditional
event.Then,̧§¹WGÂ tight ��´dG )b�·~ � �:� � , where

~ � �:� �#Hµí«
�~ } ��ì �+G=NP�?� â G H tight ��´dG )b�·~ } ��ì � for some� â QR�'éi��¸§¹��¡� �
Clearly, thisreductionof g-coherententailmentto logicalentailmentiscomputationallyexpensive,aswe

have to computea tight logically entailedinterval for eachmemberof �]ée��¸º¹S� . In thefollowing, we show
that we canrestrictour attentionto the uniquegreatestelementin �'ée��¸§¹S� with respectto set inclusion.
Thefollowing lemmashows that �'é#��¸º¹S� containsindeedsucha uniquegreatestelement.This resultcan
beprovedby showing that �'éi��¸º¹�� is nonemptyandclosedundersetunion.

Lemma 3.5 Let ¸º¹VH»�_N � ��� bea g-coherent probabilisticknowledge base, andlet ) bean event. Then,� é ��¸§¹�� containsa uniquegreatestelement.

The next theoremshows the crucial result that g-coherententailmentof ��´dG )b�·~ � �:� � from ¸º¹ canbe
reducedto logical entailmentof ��´dG )'�·~ � �:� � from the greatestelementin �'éi��¸§¹�� . It follows from Theo-
rem 3.4 andLemma3.5, usingthe monotonicityof logical consequence(which saysthat, if ßÄG H(Ý andß(�xß>â , then ßSâCG H²Ý ).

Theorem 3.6 Let ¸§¹xHx�_N � ��� bea g-coherentprobabilisticknowledge base, andlet ÝVH¤��´dG )'�·~ � �:� � bea
conditionalconstraint. Let ¸§¹ � H»�_N � �º�=� , where �º� is thegreatestelementin �]éi��¸º¹�� . Then,

(a) ¸º¹²GÂPÝ iff ¸º¹ � G HÞÝ .

(b) ¸º¹²GÂ tight Ý iff ¸º¹ � G H tight Ý .

Thus,computingtight g-coherentconsequencescanbereducedto computingtight logicalconsequences
from thegreatestelement�º� in � é ��¸º¹S� . Thefollowing theoremshows how ��� canbecharacterizedand
thuscomputed.It specifiessome� � by two conditions(i) and(ii). It canthenbeshown that(i) impliesthat
every memberof �'éi��¸º¹�� is a subsetof �º� , andthat(ii) impliesthat �º� belongsto �]éi��¸º¹S� . In summary,
thisprovesthatthespecified� � is thegreatestelementin �'éi��¸§¹�� .
Theorem 3.7 Let ¸§¹VH»�_N � ��� be a g-coherent probabilistic knowledge base, and let ) be an event. Let�º�h�!� , and let �_�'ä �������1� �'å=� be an ordered partition of ��îM�º� such that the following two conditions(i)
and(ii) hold:

(i) Every � � , E$y��5yvæ , is the set of all elementsin � � � ����� �S�]å+��� � that are tolerated under Nê�
 	  ")�� by � � � ����� �S�'åb�S��� .
(ii) No memberof �º� is toleratedunder NP�v
 	  ï)�� by ��� .

Then,��� is thegreatestelementin � é ��¸º¹�� .
Hence,by Theorems3.6and3.7,thetight interval underg-coherententailmentcanbecomputedby first

computing� � by a g-coherencecheck,andthencomputingthetight interval underlogicalentailmentfrom�º� . This new algorithmfor computingtight g-coherentconsequenceshasbeenformulatedin a companion
paper[6].

Semantically, Theorems3.6and3.7draw aprecisepictureof therelationshipbetweeng-coherententail-
mentandlogical entailment.They show thatg-coherententailmentcoincideswith logical entailmentfrom
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a smallerprobabilisticknowledgebase.Thatis, underg-coherententailment,we simply cut away a partof
theknowledgebase.Roughlyspeaking,we remove every conditionalconstraint����GY�#�·~ � �:� �3Q'� suchthat �
is “larger” than ) . Intuitively, g-coherententailmentdoesnot have thepropertyof inheritance,neitherfor
logical knowledgenor for probabilisticknowledge,while logical entailmentshows inheritanceof logical
knowledge,but notof probabilisticknowledge.Thefollowing exampleillustratesthisdifference.

Example 3.8 Considerthefollowing probabilisticknowledgebase:

¸§¹ÄHð�D
gÅ�ÆÈÇÒÉ� ËÊgÌ=Í1ÎKÏ�ÆÈÍg� � 
���Ð Ì·Î�Ñ=GÈÅ�ÆÈÇÒÉ��·~¶F � F�� � ��ñ�Æ×Í1Î�ÑgGÈÅgÆÈÇ�É��·~ �óò Õ � F��¾�M� �
Observe that ¸º¹ is g-coherentandstronglysatisfiable.Notice thenthat by Theorem3.6 the conditional
constraint���OGÈÊgÌ=Í1ÎKÏgÆ×Í��·~ � �:� � is a tight g-coherentconsequenceof ¸º¹ if f it is a tight logical consequenceof¸§¹ � H»�D
gÅgÆ×ÇÒÉ$ ËÊgÌ=Í1ÎKÏ�ÆÈÍg� � ëg� . By thischaracterization,thefollowing tight g-coherentconsequencesof ¸º¹
areimmediate:

¸º¹ÖGÂ tight ��Ð Ì·Î�ÑMGÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~ E � F�� and ¸º¹²GÂ tight ��ñ�Æ×Í1Î�ÑMGÈÊgÌ=ÍLÎKÏgÆÈÍ��·~ E � F�� �
Moreover, we have thefollowing tight logical consequencesof ¸§¹ :

¸§¹*G H tight ��Ð Ì·Î�ÑMGÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~¶F � F�� and ¸º¹*G H tight ��ñ§ÆÈÍ1Î�ÑLGÈÊgÌ=ÍLÎKÏgÆ×Í��·~ E � F�� �
In summary, underg-coherententailment,neitherthe logical propertyof having legs nor theprobabilistic
oneof having wings is inheritedfrom birds to penguins.Underlogical entailment,the logical propertyis
inherited,while theprobabilisticoneis not.

3.4 Coherence-based versus model-theoretic probabilistic logic

We now describetheroughrelationshipbetweeng-coherenceandsatisfiability(resp.,strongsatisfiability),
andbetweeng-coherententailmentandlogical entailment.Thefollowing theoremshows thatg-coherence
implies satisfiability, andthat strongsatisfiability implies g-coherence. That is, g-coherencelies between
satisfiabilityandstrongsatisfiability. Theseresultsareimmediateby Theorem3.2.

Theorem 3.9 (a) Everyg-coherentprobabilisticknowledge basȩº¹ is satisfiable.

(b) Everystronglysatisfiableprobabilisticknowledge basȩ§¹ is g-coherent.

Thefollowing exampleshows thattheconversestatementsgenerallydonothold. Thatis, strongsatisfi-
ability is strictly strongerthang-coherence,andg-coherenceitself is strictly strongerthansatisfiability.

Example 3.10 (a) The probabilisticknowledgebase ¸§¹ôHÄ�¾ë � 
���Ó�Ô5GÈÅgÆÈÇ�É��·~ �óò�� F�� , ���'Ó�Ô5GÈÅgÆ×ÇÒÉ��·~ �óõ�� F��¾�M� is
satisfiable,but notg-coherent.

(b) Theprobabilisticknowledgebasȩ§¹áH*�D
gÅgÆÈÇ�É� ËÊgÌ=ÍLÎKÏgÆ×Íg� , 
���Ó�ÔnGÈÅ�ÆÈÇÒÉ��·~¶F � F�� , ���'Ó�ÔnGÈÊgÌ=ÍLÎKÏgÆ×Í=�·~¶F � F��¾�M� is
g-coherent,but notstronglysatisfiable.

The following theoremshows that logical entailmentis strongerthang-coherententailment. That is,
g-coherentconsequenceimplies logical consequence(or therearemore conditionalconstraintslogically
entailedthanentailedunderg-coherence)andthe tight intervals that areentailedunderlogical entailment
aresubintervalsof thoseentailedunderg-coherententailment.This resultis immediateby Theorem3.6.
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Theorem 3.11 Let ¸§¹öHô�_N � ��� be a g-coherent probabilistic knowledge base, and let ��´dG )b�·~ � �:� � and��´dG )b�·~ m � �8� betwoconditionalconstraints. Then,

(a) ¸º¹²GÂ»��´dG )b�·~ � �:� � implies ¸º¹«G H/��´dG )'�·~ � �:� � .
(b) ¸º¹²GÂ tight ��´dG )b�·~ � �:� � and ¸§¹«G H tight ��´�G )'�·~ m � ��� implies ~ � �:� �]÷l~ m � ��� .

The next exampleshows that logical entailmentis in fact strictly strongerthang-coherententailment
(recallthatwe identify ~¶F � EM� with theemptyset).

Example 3.12 Considerthefollowing probabilisticknowledgebaseşº¹Sc and ¸§¹�f :
¸§¹>c+H£�¾ë � 
���Ó�ÔJGÈÅgÆ×ÇÒÉ��·~¶F � F�� � ��øºù�ÅgÆÈÐ ÌnG Ó�Ô��·~¶F � F��¾�M� �¸§¹ f H£�¾ë � 
���Ó�ÔJGÈÅgÆ×ÇÒÉ��·~¶F � F�� � ��Å�ÆÈÇÒÉCGÈÊgÌ=ÍLÎKÏgÆÈÍ��·~¶F � F�� � ���'Ó�Ô#GÈÊgÌ=Í1ÎKÏ�ÆÈÍ��·~¶F � F��¾�M� �

It is notdifficult to seethat ¸§¹jc and ¸§¹�f arebothg-coherentandsatisfiable.Sometight g-coherent(resp.,
logical) consequencesof ¸º¹jc and ¸§¹�f aregivenby:

¸º¹jc]GÂ tight ��ø§ù�Å�ÆÈÐ Ì�GÈÅ�ÆÈÇÒÉ��·~ E � F�� and ¸§¹�f%GÂ tight ���'Ó�Ô5GÈÊgÌ=Í1ÎKÏgÆ×Í=�·~¶F � F�� �¸º¹ c G H tight ��ø§ù�Å�ÆÈÐ Ì�GÈÅgÆ×ÇÒÉ��·~¶F � F�� and ¸º¹ f G H tight ���'Ó�ÔnGÈÊgÌ=ÍLÎKÏgÆ×Í=�·~¶F � EM� �
4 Relationship to default reasoning in System ú
In thissection,weexploretherelationshipbetweenprobabilisticreasoningundercoherenceanddefault rea-
soningin System� . Weshow thatconsistency andentailmentin System� arespecialcasesof g-coherence
andg-coherententailment,respectively. Thatis, probabilisticlogic undercoherencegivesanew probabilis-
tic semanticsfor System� , whichis neitherbasedoninfinitesimalprobabilities[1, 34] noronatomicbound
[39] (or alsobig-stepped[4]) probabilities.

4.1 Default reasoning in System û
We briefly recall thenotionsof consistency andentailmentin System� [25], which we definein termsof
world rankings(cf. especially[18, 17] for theequivalencebetweenentailmentin System� andentailment
underworld rankings).

Wefirst defineconditionalknowledgebases,whichconsistof logicalconstraints�& "� andconditional
rules(or defaults) �!ü"� , which informally readas“generally, if � then � ”. More formally, a conditional
rule (or default) is anexpressionof the form �!ü"� , where � and � areevents. A conditionalknowledge
basȩ§¹xH»�_N ��ý � consistsof afinite setof logical constraintsN andafinite setof defaults

ý
.

A world , satisfiesa default �&ü"� , or , is a modelof ��ü"� , denoted,IG H/�!ü(� , if f ,IG H��! "� . ,
verifies �&ü(� if f ,qG Hï���k� . , falsifies ��ü"� if f ,qG H*�?�P�'� (that is, ,¤UG Hþ�&ü"� ). , satisfiesa setof
eventsanddefaults ÿ , or , is a modelof ÿ , denoted,!G Hµÿ , if f , satisfiesevery memberof ÿ . We say ÿ
is satisfiableif f a modelof ÿ exists. An event � is a logical consequenceof ÿ , denotedÿ"G HI� , if f every
modelof ÿ is alsoamodelof � . A setof defaults

ý
toleratesadefault

ì
underasetof logicalconstraintsN

if f
ý ��N hasa modelthatverifies

ì
. A setof defaults

ý
is under N in conflictwith a default �!ü(� if f all

modelsof
ý �!NT�k
M�i� satisfy �'� .

A world ranking � is amapping�$-gACB�.ô
1E � F ������� �]��
��Ö� suchthat �]�_,���HÞE for at leastoneworld , .
It is extendedto all events � as follows. If � is satisfiable,then �]���#�kH�s ��� 
��C�_,��eG�,�Q$A B , ,�G Hö�i� ;
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otherwise, �]���`�TH�� . A world ranking � is admissiblewith a conditionalknowledgebase �_N ��ý � if f
�C�����#��H�� for all �TQ�N , and �C���#�
	�� and �]���>�?���
	��C���>���'�$� for all defaults �!ü(�kQ ý .

We are now readyto definethe notionsof consistency and entailmentin System � . A conditional
knowledgebase ¸§¹ is ã -consistentif f thereexists a world ranking that is admissiblewith ¸º¹ . It is ã -
inconsistentif f no sucha world rankingexists. A ã -consistentconditionalknowledgebasȩº¹²ã -entailsa
default �&ü"� if f either �C���#�KH
� or �C���j���$��	��]���>���'��� for all world rankings� admissiblewith ¸§¹ .

Example 4.1 The logical knowledge“all penguinsarebirds” and the logical default knowledge“gener-
ally, birds have legs”, “generally, birds fly”, and“generally, penguinsdo not fly” canbe expressedby the
following conditionalknowledgebase:

¸º¹ H �D
gÅgÆ×ÇÒÉd ËÊgÌ=ÍLÎKÏgÆ×Íg� � 
gÐ Ì·Î�Ñ`üËÅgÆ×ÇÒÉ � Ó�Ô%üËÅ�ÆÈÇÒÉ � �'Ó�Ô�üËÊgÌ=ÍLÎKÏgÆ×Íg�M� �
Observe that ¸§¹ is ã -consistent,andthat ¸º¹�ã -entails Ð Ì·Î�ÑJüËÅ�ÆÈÇÒÉ , Ó�Ô�ü ÅgÆÈÇ�É , and �bÓ�Ô�ü ÊgÌ=ÍLÎKÏgÆÈÍ , but
neither Ð Ì·Î�Ñ`üËÊgÌ=ÍLÎKÏgÆ×Í nor ��Ð Ì·Î�ÑJüËÊgÌ=ÍLÎKÏgÆÈÍ .
4.2 G-coherence and � -consistency

We now show that g-coherenceis a generalizationof ã -consistency. Recall first the following charac-
terizationof ã -consistency by Goldszmidtand Pearl [23], which correspondsto the characterizationof
g-coherencegivenin Theorem3.3.

Theorem 4.2 (Goldszmidt, Pearl [23]) A conditionalknowledgebase�_N ��ý � is ã -consistentiff thereexists
an orderedpartition � ý ä �������1��ý å�� of

ý
such thateither

(a) every
ý � , EKy$�¡y�æ , is thesetof all

ì Q�ç åè¢�`� ý è toleratedunder N by ç åè��`� ý è , or

(b) for every � , EKy$�¡y�æ , each
ì Q ý � is toleratedunder N by ç åè��`� ý è .

Thefollowing well-known resultshows that ã -consistency is equivalentto theexistenceof admissible
default rankings. A default ranking � on ¸º¹xH»�_N ��ý � mapseach

ì Q ý to a nonnegative integer. It is
admissiblewith ¸§¹ if f each

ý â � ý that is under N in conflict with some
ì Q ý containsa default

ì â such
that ��� ì â���	���� ì � .
Theorem 4.3 (Geffner [17]) A conditional knowledge base ¸§¹ is ã -consistentiff there exists a default
rankingon ¸º¹ that is admissiblewith ¸§¹ .

A similar resultholdsfor thenotionof g-coherence,which follows from Theorem3.3(b), andwhich is
subsequentlyformulatedusingthefollowing concepts.A ranking � on ¸§¹VH»�_N � ��� mapseachelementof� to a nonnegative integer. It is admissiblewith ¸º¹ if f each�Oâ���� that is under N in conflict with someÝêQO� containsaconditionalconstraintÝ â suchthat ���_Ý â ��	����_Ý�� .
Theorem 4.4 A probabilisticknowledge base ¸§¹VH»�_N � ��� is g-coherent iff there existsa rankingon ¸º¹
that is admissiblewith ¸º¹ .

The next theoremshows the importantresult that g-coherenceis a generalizationof ã -consistency. It
follows from Theorems3.3 (b) and 4.2 (b), using the result that probabilistic toleration for ����GY�#�·~¶F � F��
coincideswith classicaltolerationfor �!ü(� .
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Theorem 4.5 Let ¸º¹áH*�_N � 
����hc�GY�ec��·~¶F � F�� �������=� ���b�iGY�n�K�·~¶F � F��¾�M� bea probabilisticknowledge base. Then,¸º¹ is g-coherent iff theconditionalknowledge basȩ§¹ â H��_N � 
8�dc#ü"�ic �������1� �b��ü"�5�n�M� is ã -consistent.

4.3 G-coherent entailment and � -entailment

Wenow show thatg-coherententailmentis ageneralizationof ã -entailment.Werecallthefollowing result,
which is essentiallydueto Adams[1], who formulatedit for thenotionsof � -consistency and � -entailment,
andthecaseNxHÞë .
Theorem 4.6 (Adams [1]) A ã -consistentconditionalknowledge base ¸º¹ H �_N ��ý �hã -entailsa default´Tü ) iff �_N ��ý �v
M�b´Süï)��M� is ã -inconsistent.

Thefollowing theoremshows thatasimilar resultholdsfor g-coherentconsequence.It is animmediate
implicationof thedefinitionof g-coherententailment.

Theorem 4.7 Let ¸§¹VH»�_N � ��� bea g-coherentprobabilisticknowledge base, andlet ��´dG )b�·~ � �:� � bea con-
ditional constraint. Then,̧º¹?GÂ>��´dG )b�·~ � �Y� � iff �_N � ����
���´dG )b�·~ ª � ª �¾�M� is notg-coherentfor all ª Q�~ E � ���·��� �C� F�� .

Thenext theoremfor tight g-coherentconsequencecompletesthepicture. This resultfollows immedi-
atelyfrom theproofof Theorem3.4.

Theorem 4.8 Let ¸§¹VH»�_N � ��� bea g-coherentprobabilisticknowledge base, andlet ��´dG )b�·~ � �:� � bea con-
ditional constraint. Then,̧º¹²GÂ tight ��´dG )'�·~ � �:� � iff

(i) �_N � �V��
���´�G )'�·~ ª � ª �¾�M� is notg-coherent for all ª Qj~ E � �¾�K�v� �C� F�� , and

(ii) �_N � �V��
���´�G )'�·~ ª � ª �¾�M� is g-coherent for all ª Q�~ � �:� � .
Thefollowing theoremfinally showsthatg-coherententailmentis ageneralizationof ã -entailment.This

resultfollows from Theorems3.2and4.5–4.7.

Theorem 4.9 Let ¸§¹àH­�_N � 
����dc=GY�ic��·~¶F � F�� �������=� ���b�eGY�5���·~¶F � F��¾�M� be a g-coherent probabilistic knowledge
base. Then, ¸º¹WGÂ¤��´dG )'�·~¶F � F�� iff the conditionalknowledge base �_N � 
8�dc#ü"�ic �������8� �b��ü"�5�n�M��ã -entails´�üï) .

5 Relationship to default reasoning with conditional objects

Wenow relateprobabilisticreasoningundercoherenceto default reasoningwith conditionalobjects,which
goesbackto DuboisandPrade[13, 3].

We associatewith eachset of defaults
ý Hz
8�dc`ü"�ic �������8� �b�$ü"�5�5� , the set of conditionalevents|��&HV
8�hcMGY�ic �������8� �b�iGY�5�n� . Givenanonemptysetof conditionalevents|RHz
8�dcMGY�ic �������8� �b�iGY�n�5� , thequasi-

conjunctionof | , denoted ������|i� , is definedas the conditionalevent ���dc` "�ic¢��� ����� �Þ���b�$ "�5�K�êG�ic$� ����� �z�5� . The quasi-conjunctionof ë is definedby �����¾ëg�KHI
jG 	 . Note that the notion of quasi-
conjunctiongoesbackto Adams[1].

The notions of }�� -consistency and }�� -entailmentare definedas follows. A conditional knowledge
base ¸§¹VH»�_N ��ý � is }�� -consistentif f for every nonempty

ý â � ý thereexists a model , of N suchthat,J�����j��| ��� �:�KH 9L;M< 7 . We assumethe total order 03254�687 	kZ_[]\]7 9 7 ;M^ Z_[C2 9 7!	 91;=< 7 . We say ¸º¹VH»�_N ��ý �
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co-entailsa default ´Süï) if f �#"n� some
ý â � ý exists suchthat ,J��������| ��� �:�?yï,J��´dG )b� for all models ,

of N .
The notionsof }�� -consistency and }�� -entailmentcoincidewith the notionsof ã -consistency and ã -

entailment,respectively [13, 3]. We now show that our resultsin Sections3 and4 arenaturally related
to default reasoningwith conditionalobjects. First, it is easyto verify that the following counterpartof
Theorem3.2 for ã -consistency formulatesthe above notion of }�� -consistency. Note that the notion of
satisfiabilityusedin this theoremis definedasin Section4.1.

Theorem 5.1 A conditionalknowledge basȩº¹/Há�_N ��ý � is ã -consistentiff Na� ý â��T
M�icb� ����� �k�5�5� is
satisfiablefor everynonempty

ý â Hz
8�dc`ü"�ic ������� , �b��ü(�n�J��� ý .

For conditionalknowledgebaseş§¹VH»�_N ��ý � andevents ) with N UG H �+) , let
ý éi��¸º¹�� be the set

of all
ý â HV
8�hc`ü(�ec �������1� �'��ü"�5�n�%� ý suchthat N?� ý â �¤
M�ic`� ����� �j�5���j)+�WG H�) (wherethe no-

tion of logical consequence“ G H ” is definedasin Section4.1). For ¸§¹xH»�_N ��ý � and ) with NPG HI�+) , letý éi��¸§¹S�KHz
Lë�� .
Thefollowing lemmashows that

ý ée��¸§¹S� correspondsto �'éi��¸§¹ â � from Section3.3,where ¸§¹ â is the
probabilisticcounterpartto ¸º¹ .

Lemma 5.2 Let ¸º¹xH»�_N ��ý � beaconditionalknowledgebase, andlet ) beanevent.Let ¸º¹ â H��_N � ��� be
definedby �«H«
����OGY�#�·~¶F � F���G���ü"��Q ý � . Then, 
8� c ü"� c �������1� � � ü"� � ��Q ý é ��¸º¹S� iff 
���� c GY� c �·~¶F � F�� ,�����8� ���b�eGY�5�n�·~¶F � F��¾�%Q��'éi��¸§¹ â � .

Observe now that condition �#"n� above is equivalentto �#" â � theexistenceof some
ý â Hz
8�dc`ü"�ic ������� ,�'��ü"�5�n�?� ý suchthat Na� ý â��P
M�ic�� ����� �T�n�$�>)��&G H/) and Nq� ý â�G H ´S ï) . Thus,thefollowing

counterpartof Theorem3.4 for ã -entailmentformulatestheabove notionof }�� -entailment.

Theorem 5.3 Let ¸º¹xH»�_N ��ý � be a ã -consistentconditional knowledge base. Then, ¸§¹«ã -entails the
default ´�üï) iff NT� ý â G HW´S ï) for some

ý â Q ý éi��¸§¹S� .
Crucially, we cannow alsoformulatecounterpartsto Lemma3.5 andTheorems3.6 and3.7. The fol-

lowing resultshows that
ý éi��¸§¹�� containsauniquegreatestelement.

Lemma 5.4 Let ¸§¹xH»�_N ��ý � bea ã -consistentconditionalknowledge base, andlet ) bean event. Then,ý éi��¸§¹S� containsa uniquegreatestelement.

Thenext theoremshows that ã -entailmentfrom ¸§¹ coincideswith logicalentailmentfrom thegreatest
elementin

ý é ��¸§¹S� . Thatis,denotingby
ý � thegreatestelementin

ý é �_ÿ%$j� , wecanreplacecondition �#"n�
above by �#"�â â��C,J�����j��|��'&1�:��y¤,`��´dG )'� for all models, of N , or simply by �#"�â â â��CNT� ý � G HW´S ï) .

Theorem 5.5 Let ¸º¹ H��_N ��ý � bea ã -consistentconditionalknowledge base, andlet ´Süï) bea default.
Let

ý � denotetheuniquegreatestelementin
ý éi��¸º¹S� . Then,̧º¹êã -entails ´�üï) iff NP� ý � G HW´� ") .

Thefollowing theoremshows how
ý � canbecharacterized.

Theorem 5.6 Let ¸º¹VH¤�_N ��ý � bea ã -consistentconditionalknowledge base, and let ) bean event. Letý �h� ý , andlet � ý ä �������8��ý åg� bean orderedpartition of
ý î ý � such that thefollowing two conditions(i)

and(ii) hold:
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(i) Every
ý � , E$y��5ykæ , is the setof all elementsin

ý � � ����� � ý å+� ý � that are toleratedunder Nx�
 	  ")�� by
ý � � ����� � ý å�� ý � .

(ii) No memberof
ý � is toleratedunder NT�v
 	  ")+� by

ý � .
Then,

ý � is thegreatestelementin
ý ée��¸º¹�� .

Observe especiallythat Theorems5.5 and5.6 provide a new algorithmfor decidingwhether ¸º¹öH�_N ��ý �5ã -entailśSü") . Wefirst compute
ý � by a ã -consistency check,andthenwedecidewhetherNS� ý �

logically entailś� ") .

6 Conclusion and outlook

Weexploredhow probabilisticreasoningundercoherenceis relatedto model-theoreticprobabilisticreason-
ing andto default reasoningin System� .

As for the relationshipbetweenprobabilisticlogic undercoherenceandmodel-theoreticprobabilistic
logic, we showedthatg-coherenceandg-coherententailmentcanbereducedto theexistenceof satisfying
probabilisticinterpretationsandto logical entailment,respectively, usingconceptsfrom default reasoning.
Weobservedespeciallythatg-coherententailmentcoincideswith logical entailmentfrom a smallerknowl-
edgebase,andthatlogicalentailmenthasthepropertyof inheritanceof logicalknowledge,while g-coherent
entailmentdoesnot. Furthermore,g-coherenceis strongerthansatisfiabilityandweaker thanstrongsatisfi-
ability, while g-coherententailmentis weaker thanlogicalentailment.

Theabove semanticresultsalsopavedtheway for a precisecomplexity characterizationandnew algo-
rithmsfor theproblemsof decidingg-coherenceandof computingtightg-coherentintervals.Noteespecially
thatthenew algorithmsfor decidingg-coherenceandfor computingtight g-coherentintervalsarebasedon
a reductionto standardreasoningtasksin model-theoreticprobabilisticlogic, andthusefficient techniques
for model-theoreticprobabilisticreasoningcan immediatelybe appliedfor probabilisticreasoningunder
coherence(for example,columngenerationtechniques).Thesenew resultson complexity andalgorithms
for probabilisticreasoningundercoherencehave beenpresentedin acompanionpaper[6].

Notethatacompanionpaper[30] continuesthis line of researchontherelationshipbetweencoherence-
basedandmodel-theoreticprobabilisticreasoning.In the spirit of [31], it introducesprobabilisticgener-
alizationsof Pearl’s entailmentin System( [35] andLehmann’s lexicographicentailment[26], which lie
betweeng-coherententailmentandlogicalentailment.

As for the relationshipbetweenprobabilisticreasoningundercoherenceanddefault reasoningin Sys-
tem � , we showed that g-coherenceandg-coherententailmentaregeneralizationsof consistency anden-
tailmentin System� , respectively. This resultgivesa clearpictureof themainpropertiesof probabilistic
reasoningundercoherence,andthedifferenceto model-theoreticprobabilisticreasoning,whichgeneralizes
classicalreasoningin propositionallogic, andnotdefault reasoningin System� .

Theseresultsalsogive importantnew insight into default reasoningin System� . First andforemost,
they show thatprobabilisticreasoningundercoherencegivesa new probabilisticsemanticsfor System� ,
which is neitherbasedon infinitesimalprobabilities[1, 34] nor on atomicbound[39] (or alsobig-stepped
[4]) probabilities. Note that an intuitive ideaon the structureof this new probabilisticsemanticsfor Sys-
tem � is givenby thefact thatprobabilisticreasoningundercoherencecanbedefinedin termsof rankings
on probabilisticinterpretations[30]. Second,theseresultsprovide new insight into default reasoningwith
conditionalobjects,by showing that the definitionsof }�� -consistency and }�� -entailmentareactuallyclas-
sical counterpartsof the definitionsof g-coherenceand g-coherententailment,respectively. Third, they
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provide a new algorithmfor default reasoningin System� , which differs from theclassicalonebasedon
Theorem4.6.

An interestingtopicof futureresearchis to explorehow othernotionsof coherencearerelatedto model-
theoreticprobabilisticlogic andto default reasoning.

7 Appendix A: Proofs for Section 3

Proof of Theorem 3.2. Let �]�áH 
����hc�GY�ec¢�·~ ��c �:� c � �������1� ���b�iGY�5�K�·~ �Ò� �:� ���¾���ô� with � w F . Define
the impreciseprobability assessment�_N � {O� on |��ÞHÃ
8�dcMGY�ec ������� , �b�iGY�5�n� by {���� � GY� � �KH¤~ � � �:� � � for all�5QS
�F �������M� �b� . By Theorem2.1,it is sufficient to show thatthesystemof linearconstraints(1) is solvableiffN?�S�]� hasamodel Ø�Ù with Ø$Ù����icK� ����� �S�n�K�`Û�E . Observefirst that

�
definesapartition )!Hz
Mo`¦�GDm�Q � �

of the setof all ,§Q$A B with ,ÖG H N»�z
M� c � ����� �j� � � , where o ¦ Hz
1,�Q�A B G�,ÖG H Nx�z
M� c � ����� �j� � � ,,&G HWmn���dcLGY�ic��K� ����� ��mn���b�#GY�5�K�¡� for all m$Q � .��*¤� Supposethat(1) hasasolution ¥n¦$��m�Q � � . For eachm�Q � , denoteby ,·¦ aworld in ACB thatsatisfiesN and mK���dcLGY�ic��K� ����� �SmK���b�eGY�n�K� . Let Ø$Ù bedefinedby Ø�ÙK�_,·¦���Hþ¥K¦ for all m�Q � andby Ø$Ù��_,���H E for
all other ,�Q$ACB . Clearly, Ø$Ù is a probabilisticinterpretationwith Ø�ÙK���ec`� ����� �>�5���§HïFjÛXE . Moreover,Ø�Ù satisfiesN , and Ø�Ù satisfiesthefollowing for all �5Q>
�F �������L� �b� :

F � Ø�Ù���� � �j� � �,+xE � Ø$Ù����'� � �j� � �-+x� ��� Ø�Ù������ � �IwV� � �F � Ø�Ù���� � �j� � �,+xE � Ø$Ù����'� � �j� � �-+ � � � Ø�Ù������ � ��y � � �
The latter is equivalent to � ��� Ø$Ù���� � ��y"Ø$Ù���� � �j� � ��y � ��� Ø�ÙK��� � � , andthus Ø�ÙVG H ��� � GY� � �·~ � � �:� � � for all�5QS
�F �������M� �b� . In summary, Ø$Ù is amodelof NT�&�]� suchthat Ø�Ù����ic'� ����� �!�5���`ÛkE .�� ¤� Conversely, let Ø$Ù be a model of N²�V�C� with Ø�ÙK���ic`� ����� �j�5�K�`Û�E . Define now the prob-
abilistic interpretation Ø�Ù â by Ø$Ù â �_,��¤H E for all ,�Q$ACB with , UG H �ic`� ����� �j�5� and by Ø$Ù â �_,��ÖHØ�ÙK�_,��KÜ+Ø�Ùn��� c � ����� �j� � � for all other ,�Q$A B . Clearly, Ø�Ù â is amodelof N��º� � with Ø�Ù â ��� c � ����� �O� � �%HF . In particular, for all �»Q­
�F �������1� �b� , it holds Ø�Ù â G H ��� � GY� � �·~ � � �:� � � , or equivalently � ��� Ø�Ù â ��� � �êyØ�Ù â ��� � �j� � �$y � � � Ø�Ù â ��� � � , which in turn is equivalentto:

F � Ø�Ù â ��� � �j� � �.+»E � Ø�Ù â ���b� � �j� � �,+V� ��� Ø$Ù â ����� � �IwV� � �F � Ø�Ù â ��� � �j� � �.+»E � Ø�Ù â ���b� � �j� � �,+ � ��� Ø$Ù â ����� � ��y � � �
For all m$Q � , definefinally ¥n¦ºHXØ$Ù â ��mn���dcMGY�ec¢�K� ����� ��mn���b�#GY�5���:� . It is now easyto verify that ¥K¦º��m�Q � �
is asolutionof (1). /
Proof of Theorem 3.3. ��*¤� Supposethat ¸§¹ is g-coherent. By Theorem3.2, for every nonempty�Oâ1Hz
����dcMGY�ec��·~ ��c �:� c:� �������L� ���'�iGY�5���·~ �Ò� �:� �g�¾�%�k� , thereexists a model Ø�Ù of N²�x�Oâ suchthat Ø�ÙK���icº������ �I�5���`ÛkE , andthus Ø�Ù���� è �`ÛkE for some0�Q>
�F �������1� �b� . That is, every nonempty� â ��� containsa
conditionalconstraintthatis toleratedunderN by � â . Then � Hµç åè�� ä � è , where

�'ä�HX
1Ý¤QR�«G=Ý is toleratedunderN by �>�21� � H£
1ÝêQR��3� G=Ý is toleratedunderN by ��3� � �
where � 3� HÞ�Öî ç �54 cè�� ä � è H ç åè¢�`� � è � for all �5QS
�F �������M� æJ� �

In particular, �'å>H£�²îºç å 4 cè�� ä � è is suchthateachÝ"Qa�]å is toleratedunder N by �'å . This shows that(a)
and(b) hold.
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�� ¤� Conversely, as (a) implies (b), we can assumethat (b) holds. That is, supposethat, for ev-
ery �5Qj
1E �������1� æJ� , eachmemberof � � is toleratedunder N by � 3� H � � � ����� ���'å . That is, for each����GY�#�·~ � �:� ��Q�� � , thereis a model Ø�Ù of Na�!��3� with Ø�ÙK���#�`ÛkE . Thus,for each� â H�
����hc�GY�ec¢�·~ ��c �:� c � ������� ,��� � GY� � �·~ � � �:� � �¾�%�v� , denotingby � theminimumintegerwith � â76 � � UHIë , thereis some ��� è GY� è �·~ � è �:� è �]Q�Oâ 6 � � toleratedunder N by � 3� , andthen ��� è GY� è �·~ � è �:� è � is alsotoleratedunder N by �Oâ . That is, N?�S�Oâ
hasamodel �Om with �Omn��� è ��Û¤E andthus Ø�ÙK���ic`� ����� �j�5���`ÛkE . Then,by Theorem3.2,it follows that �
is g-coherent./
Proof of Theorem 3.4. Supposethat ~ � �:� � is givenby ¸§¹²GÂ tight ��´dG )b�·~ � �:� � andthat ~ m � �8� is theintersection
of all ~ ��â �:� âÈ� suchthat N&���OâCG H tight ��´dG )b�·~ ��â �:� â×� for some�OâeQ��'éi��¸º¹�� . Wenow show that ~ � �:� �#H�~ m � ��� .

We first prove that ~ � �:� ���á~ m � ��� . Recallthat � (resp.,
�
) is the infimum (resp.,supremum)of ª subject

to all g-coherenţº¹ â H �_N � �OâÒ��H �_N � ���x
���´�G )'�·~ ª � ª �¾�M� . By Theorem3.2, ¸º¹ â is g-coherentiff for
every nonempty�]�ÖHö
����hcMGY�ic��·~ ��c �:� c:� �������1� ���b�eGY�5���·~ �Ò� �:� �g�¾�¤�Ë� â thereexists a model Ø�Ù of N»�q�]�
with Ø�Ù���� c � ����� �P� � �`ÛkE . In particular, g-coherenceof ¸º¹ â implies that for each� â â Q�� é ��¸º¹�� , there
is a model Ø�Ù of N»�a�Râ â5�x
���´dG )'�·~ ª � ª �¾�IHËN»�V
����dcMGY�ic��·~ �¾c �:� c:� �������1� ���b�iGY�n�K�·~ ��� �:� ��� � ��´dG )b�·~ ª � ª �¾� withØ�ÙK���ic`� ����� �j�5�$�>)'�`ÛvE , or equivalently Ø$Ù��¾)b�`ÛkE . Recallnow that m (resp.,� ) is givenby theinfimum
(resp.,supremum)of Ø�ÙK��´dG )b� subjectto Ø$ÙêG HÚN&���Oâ â , Ø�ÙK�¾)'�`ÛvE , and �Oâ â=QO�'éi��¸º¹�� . It thus followsª Q�~ m � �8� . Thatis, ~ � �:� ���V~ m � �8� .

We next show that for every elementª QW~ m � �8� , it holdsthat ¸§¹ â H"�_N � �OâÒ��H"�_N � �Þ�I
���´dG )b�·~ ª � ª �¾�M�
is g-coherent.Towardsa contradiction,supposenot. By Theorem3.3, thereexists an orderedpartition�_� ä �������1� �'å=� of � â suchthat (i) each � � with �5QS
1E �������M� æ#rRFM� is the set of all elementsin � � � ����� ��'å that are toleratedunder N by � � � ����� �V�]å , and (ii) no memberof �'å is toleratedunder N by �'å .
Assumenow that ��´dG )'�·~ ª � ª �5UQ��'å . By Theorem3.2, the g-coherenceof ¸§¹ implies that Nx�q�]å+HPN»�
����dcMGY�ic��·~ �¾c �:� c:� �������L� ���b�eGY�5�n�·~ ��� �:� ���¾� hasa model Ø�Ù with Ø$Ù����ic�� ����� �q�n�K�`ÛkE , andthus Ø$Ù���� è �`ÛkE
for some0§QS
�F �������1� �b� . That is, ��� è GY� è �·~ � è �:� è ��QR�'å is toleratedunder N by �'å . But this contradicts(ii).
It thusfollows ��´dG )'�·~ ª � ª ��Q��'å . Assumethat NI�!� âå H NI�!�'åOr¤
���´dG )b�·~ ª � ª �¾�MH�N��%
���� âc GY� â c �·~ � â c �:� â c � ������� ,���%â� GY�5â� �·~ ��â� �:� â� �¾� hasa model Ø$Ù with Ø�Ù��¾)'��HàE and Ø�ÙK���5â c � ����� �q�5â� �`Û�E , and thus Ø�ÙK���5âè �`Û�E for
some0�Q�
�F �������M� �b� . Trivially, Ø$Ù alsosatisfies��´dG )'�·~ ª � ª � . Hence, ��� âè GY� âè �·~ � âè �:� âè ��QR�'å is toleratedunderN by �'å . But this contradictsagain(ii). Thus,every model Ø�Ù of NI�!�Oâå with Ø$Ù����5â c � ����� �T�5â� �v)b�`ÛkE
satisfiesØ�ÙK�¾)'�`ÛvE . Hence, � âå QO�'éi��¸§¹S� . Since ª Q�~ m � ��� , thereexists a model Ø�Ù of N&�S� âå suchthatØ�Ù�G H»��´dG )b�·~ ª � ª � and Ø$Ù��¾)b�`ÛkE . That is, ��´dG )b�·~ ª � ª ��Q��'å is toleratedunder N by �'å . But this contradicts
again(ii). It thusfollows that ¸º¹ â is g-coherent./
Proof of Lemma 3.5. Obviously, �'éi��¸º¹�� is not empty, asit containsë . Towardsa contradiction,suppose
now that �-8þHï
����hcMGY�ic��·~ ��c �:� c:� �������1� ���'8jGY�98��·~ �:8 �:� 8��¾� and �C�kHï
���� âc GY� â c �·~ � â c �:� â c � �������1� ��� â� GY� â� �·~ � â� �:� â� �¾�
aretwo distinct maximalelementsin �'éi��¸§¹�� . That is, every model Ø�Ù of N&�S�-8 (resp., N?�S�]� ) withØ�ÙK���ic�� ����� �q�98l�I)b�`ÛkE (resp., Ø�ÙK��� â c � ����� �z� â� �q)b�`Û�E ) satisfiesØ�Ù��¾)b�`ÛTE . Considernow any
model Ø$Ù of N?�S� 8 �S� � with Ø�Ù���� c � ����� �I� 8 �I� â c � ����� �q� â� �a)b�`ÛkE . Clearly, Ø$Ù is a modelof
both N?�S�;8 and N?�S�]� suchthateither Ø�ÙK���ec+� ����� ���98x�&)b�`ÛkE or Ø�ÙK���5â c � ����� ���5â� �!)'�`ÛkE . It thus
follows Ø$Ù��¾)b�`ÛkE . Hence,�;8P�>�C� belongsto �]éi��¸º¹S� . But thiscontradicts�;8 and �C� beingtwo distinct
maximalelementsin �'éi��¸§¹S� . It thusfollows that �'éi��¸§¹�� containsauniquegreatestelement./
Proof of Theorem 3.6. (a) Immediateby (b).

(b) Immediateby Theorem3.4andLemma3.5,sincetheconditions�Râ=�k�Oâ â , N?�>�OâeG H tight ��´dG )b�·~ � �:� � ,
and N?�S� â â G H tight ��´dG )'�·~ m � �8� imply ~ � �:� �]÷l~ m � ��� . /
Proof of Theorem 3.7. Let �dQP
1E �������1� æJ� . Assumethateverymemberof � � is toleratedunderNº�º
 	  ")��
by � � � ����� ���'å������ . Thatis, for every ���OGY�#�·~ � �:� ��Q�� � , thereexistsamodel Ø$Ù of Nº��� � � ����� ���'åK���º� such
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that Ø�ÙK�¾)'�RH"E and Ø$Ù����#�`ÛvE . Thus,for every � â Hz
����dc=GY�ic��·~ �¾c �:� c:� �������1� ���b�#GY�5�n�·~ ��� �:� ���¾�%�k� � � ����� ��]å+�S� � suchthat ���OGY�#�·~ � �:� ��Q��Râ , a model Ø$Ù of Nq���Râ existssuchthat Ø�ÙK�¾)'�ºH�E and Ø$Ù����#�`ÛkE , and
thus Ø�ÙK���ic+� ����� �T�5���k)b�`ÛkE . That is, no such � â belongsto �]éi��¸º¹S� . By inductionon �5QS
1E �������L� æJ� ,
no � â ��� with � â76 �_� ä � ����� �&�'å���UHÞë belongsto � é ��¸º¹�� .

Supposethatnomemberof � � Hq
����dc=GY�ic��·~ �¾c �:� c:� ������� , ���'�iGY�5���·~ �Ò� �:� �g�¾� is toleratedunderN��R
 	  *)+�
by �º� . It thusfollows thatno model Ø�Ù of N?�S��� satisfiesØ�ÙK���ec%� ����� �T�5�K�`Û�E and Ø�ÙK�¾)'��HþE . That
is, every model Ø�Ù of N?�S� � with Ø$Ù����ic$� ����� �V�5���I)b�`ÛkE satisfiesØ$Ù��¾)b�`ÛkE . Hence, � � belongs
to �'éi��¸º¹�� .

That is, (i) implies that every memberof � é ��¸º¹�� is a subsetof �º� , and (ii) implies that ��� is in�]éi��¸º¹S� . In summary, � � is theuniquegreatestelementin �'éi��¸§¹S� . /
Proof of Theorem 3.9. (a) Assumethat ¸º¹VH»�_N � ��� is g-coherent.By Theorem3.2, for every nonempty�C��Hz
����dcMGY�ic��·~ �¾c �:� c:� �������L� ���b�eGY�5���·~ �Ò� �:� �g�¾�%�v� , thereexists a model Ø$Ù of N»�a�]� with Ø�Ù����ic�� ����� ��n�K�`ÛkE . In particular, NP�&� hassuchamodel Ø�Ù . Thatis, ¸º¹ is satisfiable.

(b) Assumethat ¸§¹ÚH �_N � ��� is stronglysatisfiable.That is, a model Ø�Ù of Nx�P� exists suchthatØ�ÙK���`�`ÛvE for all ����GY�#�·~ � �:� �+Q�� . Thus,for everynonempty�C�$Hz
����dcMGY�ic��·~ �¾c �:� c:� �������L� ���b�eGY�5���·~ �Ò� �:� ���¾���� , amodel Ø$Ù of Nk���]� existswith Ø�ÙK���ic¡�`ÛvE , andthus Ø$Ù����ic`� ����� �>�n�K�`ÛkE . By Theorem3.2, ¸§¹ is
g-coherent./
Proof of Theorem 3.11. Assumȩ§¹²GÂ tight ��´dG )b�·~ � �:� � and ¸º¹ G H tight ��´dG )b�·~ m � �8� . By Theorem3.6(b), it
follows �_N � � � ��G H tight ��´dG )b�·~ � �:� � , where � � is theuniquegreatestelementin �]éi��¸º¹S� . Since � � �!� , it
thusfollows ~ � �:� �'÷l~ m � �8� . /
8 Appendix B: Proofs for Section 4

Proof of Theorem 4.4. Theclaim clearlyholdsfor � HÞë . Assumenow �"UHÞë .��*¤� Supposethat ¸º¹ is g-coherent.By Theorem3.3(b), thereexistsanorderedpartition �_�'ä �������8� �'åg�
of � suchthat,for every �JQS
1E �������L� æJ� , eachmemberof � � is toleratedunderN by ç åè¢�`� � è . Definenow the
ranking � on ¸§¹ by ���_Ý��KHP� for every ÝÖQO� � and �5Q>
1E �������L� æJ� . Wenow show that � is admissiblewith¸§¹ . Assumethecontrary. That is, thereexistssome� â ��� that is under N in conflict with someÝêQO�
suchthat ���_ÝRâ��`w<���_Ý�� for all ÝOâ=QR�Oâ . But, Ý is toleratedunderN by 
1ÝOâ�QO�«G����_ÝRâ��`w����_Ý��¡�%÷k�Râ , and
thusalsoby � â . Thiscontradicts� â beingunder N in conflictwith Ý . Thus, � is admissiblewith ¸º¹ .�� ¤� Supposethereexists a ranking on ¸§¹ that is admissiblewith ¸º¹ . Let � be the cardinality of
=���_Ý��eG�Ý²QO�S� . Wecanassume
=���_Ý��eG�ÝWQ�¸º¹S�'Hx
1E �������1� æJ� , whereæ�HP��raF . For every �5QS
1E �������L� æJ� ,
define � � Hz
1ÝÖQR�ÖG>���_Ý��KHa�:� . Thus, �_�'ä ������� , �'å=� is an orderedpartition of � suchthat, for every �>Q
1E �������L� æJ� , eachÝêQR� � is toleratedunderN by ç åè��`� � è . Thus,by Theorem3.3(b), ¸º¹ is g-coherent./
Proof of Theorem 4.5. Let N bea setof logical constraints.We now show that �Oâ]H*
����%âc GY�nâ c �·~¶F � F�� ������� ,��� â8 GY� â8 �·~¶F � F��¾� tolerates����GY�#�·~¶F � F�� under N if f

ý â H£
8� âc ü(� â c , �����8� � â8 ü"� â8 � tolerates��ü"� under N .
Assumefirst that N>�O� â hasamodel Ø�Ù suchthat Ø�ÙjG H�����GY�#�·~¶F � F�� and Ø$Ù����#�`ÛkE . Thus,thereexistssome,§Q�ACB suchthat ,kG H�� and Ø$Ù��_,��`Û�E . As Ø$Ù satisfiesNP���Oâ and ���OGY�#�·~¶F � F�� , it follows that , is a model
of NP� ý â suchthat ,TG H£����� . That is,

ý â tolerates�&ü"� under N . Conversely, assumethat
ý â tolerates�!ü"� under N . That is, thereexistsa model ,�â of Nq� ý â suchthat ,gâhG H*����� . Hence,theprobabilistic

interpretationØ�Ù definedby Ø$Ù��_, â �KH¤F and Ø$Ù��_,��KHaE for all other ,�Q$ACB is a modelof NI�v� â suchthatØ�ÙVG H ����GY�#�·~¶F � F�� and Ø�ÙK���#�KH»F , andthus Ø$Ù����#�`Û�E . That is, �Oâ tolerates����GY�#�·~¶F � F�� under N . Hence,
tolerationfor conditionalconstraintsof the form ����GY�#�·~¶F � F�� coincideswith tolerationfor defaults �&ü"� .
Thus,theclaim is immediateby Theorems3.3(b) and4.2(b). /
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Proof of Theorem 4.9. Let � â H 
���� â c GY� â c �·~¶F � F�� �������=� ��� â8 GY� â8 �·~¶F � F��¾� . We now show that N²�¤� â �
���´dG )b�·~¶F � F��¾� hasa model Ø�Ù with Ø�ÙK���5â c � ����� �V�nâ8 �z)'�`ÛvE if f thereexists someª Q��_E � F�� suchthatN���� â �j
���´dG )b�·~ ª � ª �¾� hasamodel Ø$Ù with Ø�ÙK��� â c � ����� ��� â8 ��)b�`ÛkE . Assumefirst thatsuchª Q��_E � F�� ex-
ists.SupposeØ$Ù��¾)b�KHaE . Hence,thereexistssome, â Q�A B with , â G H/��� â c � ����� �>� â8 ���>�+) and Ø�ÙK�_, â �`ÛkE .
Define Ø$Ù â by Ø$Ù â �_,gâÒ�KHxF andby Ø�Ù â �_,��KHaE for all other ,�Q�ACB . Then, Ø$Ù â G H(Nx�a�Oân�V
���´�G )'�·~¶F � F��¾�
and Ø�Ù â ��� â c � ����� �j� â8 �>)b�`ÛkE . Assumenext Ø�ÙK�¾)b�`ÛkE . Thus,thereexistssome, â Q$ACB with , â G HT´S�>)
and Ø$Ù��_,�â��`ÛkE . Define Ø�Ù â by Ø$Ù â �_,gâÒ�KHxF andby Ø�Ù â �_,��KHaE for all other ,�Q�ACB . Then, Ø�Ù â G H£NI���Oâ��
���´dG )b�·~¶F � F��¾� and Ø�Ù â ��� â c � ����� ��� â8 �!)b�`ÛkE . Theconversetrivially holds.

By Theorem4.7, ¸§¹WGÂ»��´dG )b�·~¶F � F�� if f �_N � �T�S
���´dG )'�·~ ¬ � ¬ �¾�M� is notg-coherentfor all ¬ Q�~ E � F1� , whichis
equivalentto �_N � �»�&
����b´dG )'�·~ ª � ª �¾�M� notbeingg-coherentfor all ª Qj�_E � F�� . By Theorem3.2andtheabove
argumentation,thelatteris equivalentto �_N � �!�O
����'´dG )b�·~¶F � F��¾�M� notbeingg-coherent.By Theorem4.5,this
is equivalentto �_N ��ý ��
M�'´>üï)��M� being ã -inconsistent.By Theorem4.6,this is now equivalentto ´�ü")
beinga ã -consequenceof �_N ��ý � . /
9 Appendix C: Proofs for Section 5

Proof of Theorem 5.1. Thestatementfollows immediatelyfrom Theorems3.2and4.5andtheobservation
that 
8�dc`ü"�ic ������� , �b�$ü"�5�n� hasamodel , suchthat ,?G HÞN and ,?G Hµ�ic5� ����� �S�5� if f 
����dc=GY�ic¢�·~¶F � F�� ������� ,���b�eGY�5�K�·~¶F � F��¾� hasamodel Ø�Ù suchthat Ø$Ù>G H²N and Ø$Ù����ic`� ����� ���n�K�`Û�E . /
Proof of Lemma 5.2. Assumefirst that NTG Hq�+) . Then, the statementis immediateby

ý ée��¸§¹S�KHaëVH�'éi��¸§¹ â � . Assumenext that NqUG HI�+) . Then,thestatementfollows from theobservation that every model, of Nê�x
8�dc#ü"�ic �������1� �b�$ü(�n�5� with ,lG H��ic�� ����� �V�5���q) satisfies,�G Ha) if f every model Ø$Ù ofNT�T
����hcMGY�ic��·~¶F � F�� ������� , ���b�eGY�5�K�·~¶F � F��¾� with Ø�ÙK���ec'� ����� ���5���!)b�`ÛkE satisfiesØ$Ù��¾)b�`ÛvE . /
Proof of Theorem 5.3. Theclaimfollows from Theorems3.4,4.5,and4.9,Lemma5.2,andtheobservation
that N?��
8�dc`ü"�ic �������8� �b��ü"�5�n�dG Ha´�üï) if f NT�v
����dcMGY�ic��·~¶F � F�� �������=� ���'�iGY�5���·~¶F � F��¾�dG HW��´dG )b�·~¶F � F�� . /
Proof of Lemma 5.4. Immediateby Lemmata3.5and5.2. /
Proof of Theorem 5.5. ��*¤� Assumȩº¹»ã -entailśSü") . By Theorem5.3,it follows N�� ý â G HW´S ï) for
some

ý âMQ ý ée��¸º¹S� , andthusalso NP� ý � G H²´� ï) .�� ¤� AssumeNP� ý ��G HÞ´� ï) . Thus,by Theorem5.3, ¸º¹êã -entailśSüï) . /
Proof of Theorem 5.6. By the proof of Theorem4.5, tolerationfor conditionalconstraintsof the form����GY�#�·~¶F � F�� coincideswith tolerationfor defaults �&ü"� . Thus, the claim follows from Theorem3.7 and
Lemma5.2. /
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