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Abstract

In this paper, we study the Cauchy problem of a time-dependent drift-diffusion-
Poisson system for semiconductors. Existence and uniqueness of global weak solutions
are proven for the system with a higher-order nonlinear recombination-generation rate
R. We also show that the global weak solution will converge to a unique equilibrium as
time tends to infinity.
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1 Introduction

We consider the following drift-diffusion-Poisson model for semiconductors that is a cou-
pled system of parabolic-elliptic equations:

ny = div(Vn+nV (Y + V,)) — R(n, p,z),
pe = div(Vp +pV (=¥ +V})) — R(n,p, z), (1.1)
—e?AyY =n —p— D(z).

System (LI)) models the transport of the electrons and holes in semiconductor and plasma
devices (cf. [28,29]). n = n(x,t) is the spatial distribution of electrons (negatively charged)
and p = p(x,t) is the spatial distribution of holes (positively charged). © = ¢ (z,t) is
the self-consistent electrostatic potential created by the two charge carrier species (electrons
and holes) and by the doping profile D = D(x) of the semiconductor device. The charge
carriers are assumed to be confined by the external potentials V,, and V,. This replaces
the usual assumption of a bounded domain (cf. [9,[15,29] and the references therein). The
function R = R(n,p,x) represents the so-called recombination-generation rate for electrons
and holes. The parameter ¢ appearing in the Poisson equation is the scaled Debye length of
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the semiconductor device that stands for the screening of the hole and electron particles. In
this paper, we are interested in the Cauchy problem to system (I.1]) and assume that (L.1J) is
subject to the following initial data

n(z,t)|t=0 = nr(z) >0, p(x,t)|i=0 = pr(xz) > 0. (1.2)

The generation and recombination of electrons and holes in a semiconductor play an
important role in their electrical and optical behavior [I4]. Recombination is a process by
which both carriers annihilate each other: the electrons fall in one or multiple steps into
the empty state that is associated with the hole. Generation can be viewed as its inverse
process whereby electrons and holes are created. There are several typical recombination
mechanisms that the energy of carriers will be dissipated during these processes by different
ways (cf. e.g., [14,128,29]). For instance,

1. Band-to-band recombination (also referred to as direct thermal recombination). The
energy is emitted in the form of a photon. The recombination rate depends on the
density of available electrons and holes and it can be expressed as

R(n,p) = C(np —n7), (1.3)
where n; denotes the intrinsic carrier density of the semiconductor.

2. Shockley-Read-Hall (SRH) recombination (also called the trap-assisted recombination).
A two-step transition of an electron from the conduction band to the valence band
occurs and R is in the form

(np —n7)

R M = —7
(n p) N+ rop + 13

(1.4)

where 71,79, 73 are proper positive functions.

3. Auger recombination. An electron and a hole recombine in a band-to-band transition,
but the resulting energy is given off to another electron or hole in the form of kinetic
energy. The corresponding recombination rate is similar to that of band-to-band re-
combination, but involves a third particle:

R(n,p) = (Cyn+ Cpp)(np — nf) (1.5)

Extensive mathematical study of the drift-diffusion-Poisson system has been developed in
the literature. For the initial boundary value problem of (II)) in a bounded domain Q c RY
with various boundary conditions (e.g., the Neumann type, Robin type, or mixed boundary
conditions), existence and uniqueness as well as long-time behavior have been investigated
by many authors, see for instance, [3]4}/6]8-10,17H23]25]26][32,37] and reference therein.
On the other hand, for the sake of modeling simplicity and for the particularly interesting
mathematical features, it would also be interesting to consider the Cauchy problem of (L)
(cf. e.g., [ILBLITLB0LBT]). Existence and uniqueness results and stability of strong solutions
in LP(RY) spaces (N > 2) were proven in [31] for a system analogous to ([I]). However, in
their system there were no external potentials and the recombination-generation rate R was



replaced by a given function f = f(x,t) € LY(0,T; W) with 1 < 6 < 2, % < n < N, which
expressed the variation of the charge by the external current. As far as the long-time behavior
of global solutions to the Cauchy problem is concerned, when the recombination-generation
term R is absent, exponential convergence to equilibrium with a confining potential and an
algebraic rate towards a self-similar state without confinement have been obtained in [I].
The analysis therein is based on the well-known entropy approach for diffusion and diffusion-
convection equations that has been extensively studied in recent years (cf. [2,[7,34] and the
references therein). We also refer to [30] in which an optimal LP decay estimate of solutions to
the Cauchy problem was obtained via a time weighted energy method (without confinement
and recombination-generation rate R). When the recombination-generation process is taken
into account, the situation is more complicated. In [36], the authors proved the global
existence and uniqueness of weak solutions of problem (I in R3 with an (unbounded)
external confining potential V,, = V,, = V' and under the restrictive assumption that R has
a linear growth (which, however, recovers the Shockley-Read-Hall recombination, cf. (L4])).
Besides, existence and uniqueness of the steady state and partial result on the convergence to
equilibrium were obtained. Recently, exponential L' convergence to equilibrium was proved in
[11] via entropy method for global solutions to a simplified convection-diffusion-reaction model
with confinement and Shockley-Read-Hall recombination-generation rate but neglecting the
influence of the self-consistent potential ¥. It would be interesting to study the well-posedness
as well as long time behavior of the full convection-diffusion-reaction-Poisson system (])—
(C2) with more general recombination-generation rate R including the higher nonlinear cases
(C3) and (T3).

For the sake of simplicity, we consider the whole-space case posed on R3. Similar results
can be obtained for the two-dimensional whole space case with some minor modifications,
due to the different properties of the Newtonian potential.

In order to formulate our assumptions and results, we first introduce some notations on
the functional settings. H™(R3) (m € N) is used to denote the Sobolev space W™2(R3), and
| - | m g3y is its corresponding norm. We denote L"(R?) (r > 1) with norm || - || 1r(rs) and
the vector space L"(R?) = (L"(R?))* (r > 1) with norm | - |- (rs). Moreover, for a potential
function V, we define the weighted L" (r > 1) space as follows

L'(R?, e dz) = {u € Lj,.(R%)

/R3 u(z)["e” @ dz < oo} (1.6)

. 1 .
with norm |[ul| 1r(gs eve)az) = (fgs lu(z)]"e¥ @ dz) /" We define the weighted vector space
and its norm in a similar way, which are denoted by L2(R3,e"(®)dz) and || - 2R3 ,ev @) dr)s
respectively. For any Hilbert space H, we denote its subspace

H, ={f(x)e H| f(z) >0, ae. zcR3}.

Throughout this paper, we use C, C;(i € N) to denote genetic constants that may vary in
different places (even in the same estimate). Particular dependence of those constants will
be explained in the text if necessary.

Next, we make the following assumptions on confining potentials V;,, V},, the recombination-
generation rate R and the doping profile D:



(Hla) There exist constants py, pp > 0 such that

%V, %V,
am; > pul, 872” > p,l, VreR3

in the sense of positive-defined matrix. Moreover, there exists K > 0 such that

AV il pomsy < K, |AVpl|Loomsy < K. (1.7)

H1b) There exists K’ > 0 such that
(

V(@) = Vp(2)|| oo rsy < K’ < +00. (1.8)
(H2a) The recombination-generation rate R = R(n,p, z) is of the form

R(’I’L,p,ﬂj‘) = F(’I’L,p) (np - 52#11”;0) )

where pu,(z) = eV (@), (x) = @), § is a positive constant standing for the scaled
average intrinsic carrier density of the semiconductor. Without loss of generality, we
assume that § = 1 in the remaining part of this paper.

(H2b) The scalar function F' : R? — R is a Lipschitz continuous function with linear growth,
namely, there exist constants c1,co > 0 independent of n,p such that

|F(ni1,p1) — F(ng,p2)| < ci1(ln1 —na| + [p1 — p2|), Yni,p1,n2,p2 €R,

|F(n,p)| <co(l+|n|+[p]) Vn,peR.
Moreover, F(n,p) > 0 if n,p > 0.

(H3) D(z) € L'(R3) N L(R3).

Remark 1.1. It easily follows from (Hla) that the confining potentials Vi, (x) and Vy(z)
are uniformly convexr and can be bounded from below by a finite number Vi, € R. Thus,

Vb

ltnllze < Vo and ||ppllre < e~ Without loss of generality, we assume in (1) that

the diffusion coefficients and carrier mobilities are equal to one. Moreover, for the sake of

/ Undx :/ ppdr = 1.
R3 R3

The above simplifications do not affect the subsequent analysis. We also infer from (L)) that
the norms on L? (R3, ew(x)da:) and L? (R3, evp(x)dzn) are equivalent.

A typical example for the confining potential is @ (cf. e.g., [12[11]). We remark that

simplicity, we set

the confining potential is introduced in the Cauchy problem (although somewhat unphysical)
in order to prevent the particles from escaping to infinity as time progresses. For the Cauchy
problem of drift-diffusion-Poisson system without generation-recombination term, different
types of large time behavior for the cases with or without confining potential have been illus-
trated in [1] (see also [3] for a related system modeling the bipolar plasma).

Now we state the the main results of this paper.



Theorem 1.1 (Well-posedness). Suppose that (Hla)-(H3) are satisfied. For any initial data
ny € L*(R%,e""@dz) 0 LO(R3), pr € L*(R3, "»@dz) N L®(R3), ny, p; > 0, problem (LI)-
([T2) admits a unique global weak solution (n,p,) such that for any T > 0,

n e L®(0,T; L*(R3, eV @ dz) N L®°(R%)), Vn e L*(0,T; L3R, ""@)dz)),
pe L>®(0,T; L*(R3, *@da) N L®°(R?)), Vp e L2(0,T;L*(R?, ¢"»®) dz)),
Ng, Pe € L2(0=T§ (Hl(Rg))/)a

n(t) >0, pt)>0, tel0,T], ae xecR3,

Vi € L0, T; L™ (R3)), Ay € L®(0,T; L>(R?)),

where 1 = (x,t) is given by the Newtonian potential

_ 1 [ n(yt) —ply.t) — D(y)
st = [

3
with S3 = % being the surface area of the 2D unit ball.

2
Theorem 1.2 (Long-time behavior). Under the assumptions in Theorem [I.1], we have the
following uniform-in-time estimate for the global solutions:

[P ()] oo (0,4-00; 27 (R3)) F 1P(E)[] o0 (0,405 (R3)) < 00, V7 € [1, +00]. (1.9)

Moreover, for every fized t* > 0, the global shifted solution (n(t + s),p(t + s),¥(t + s))
(s € (0,t*)) of problem (LI)—(L2) converges to the unique steady state (Neo,Poos Vo) that
satisfies (A2) as t — 400 in the following sense:

nt+:) = neo, pPlt+:) = P in Ll((O,t*) X R3),
Vip(t + ) = Vipso in L2(0,*; HY(R?)),
Pt +-) = oo in L2(0,¢%; LY(R?)).

Remark 1.2. Our results holds for arbitrary but fized € > 0. In the following analysis, we
Just set € = 1 without of loss of generality. We note that the quasi-neutral limit (namely,
zero-Debye-length limit € — 0) of the drift-diffusion-Poisson system is a challenging and
physically complex modeling problem for bipolar kinetic models of semiconductors, which has
been analyzed by several authors, see, e.g. [27,[35] and the references cited therein.

As we have mentioned before, for a class of recombination-generation rate with at most lin-
ear growth, existence of global weak solutions to problem (LI)—-(L2]) in R? has been obtained
in [36]. However, argument therein fails to apply in our present case due to the higher-order
nonlinear reaction term R that includes both the band-to-band and the Auger recombina-
tion (cf. (H2a)—-(H2b)). On the other hand, well-posedness results for drift-diffusion-Poisson
system with higher-order recombination-generation rate have been proved in the bounded
domain in RV, N < 3 (see [8-I0] for the case with I being bounded, and [37] for the case
that F' has a linear growth). Since now we are considering the Cauchy problem in the whole
space that is unbounded and the carriers are confined by unbounded external potentials,
the methods for the initial boundary value problem cannot be applied directly. We need



to exploit and employ several techniques in the literature to prove the global existence and
uniqueness of solutions to problem (LI)-(L2]). In order to overcome the difficulties from the
higher-order reaction term R, we first introduce a L* cut-off to the unknowns n,p in R and
study an approximation problem associated with our original system (LI)—(L2). To deal
with the unbounded confining potentials, we then transform the approximate problem into a
new form by introducing some new variables with proper weight functions. After obtaining
the well-posedness of the approximate problem, we try to derive proper uniform estimates
based on a Stampacchia-type L estimation technique (cf. [9]) that enable us to pass to limit
and show the existence of global weak solutions to the original system (LI)—(L2]). Finally, we
get uniform-in-time L" (r € [1,400]) estimates for the global solutions under more general
assumptions by extending the methods in [111[36] and investigate the long-time behavior of
global solutions.

The remaining part of the paper is organized as follows. In Section 2, we prove the
well-posedness of an approximate problem and obtain some uniform estimates that are in-
dependent of the approximate parameter. In Section 3, we prove the existence of global
solutions to the original problem (LI)—(L2) by passing to the limit and show the uniqueness
of the solution. In Section 4, we obtain some uniform-in-time estimates of the solutions and
show that as time tends to infinity the global solutions will converge to a unique steady state.

2 Well-posedness of the Approximate System

In order to overcome the difficulty brought by the higher-order nonlinearity R, we intro-
duce and study the following approximate problem in this section. For any ¢ > 0, consider

Ong = diV(vna + 16V (Ve + Vn)) - N(na7paax)7
(AP) 8tp0' = le(Vpa +p0'v(_1/}0 + ‘/p)) - R(n07p0'7x)7 (21)
—AYy =ng — py — D(J}),

subject to the initial data
no($7t)|t:0 =ny, p0($7t)|t=0 =PI (22)

The approximated recombination-generation rate R in [21) is given by

R(na,pg,x) = R( "o Po a;)

1+ons 14+ o0ps’

no— po' no‘ pO’
= F - . 2.3
<1+ana’1+apg> <1+0n01+ap0 ,un,up> (23)

Now we state the main result of this section.

Theorem 2.1. Suppose that assumptions (Hla)-(H3) are satisfied. For any o > 0, ny €
L2(R3, @) dx) N LAR?), p; € L2(R?,"»@dx) N LYR?), ny,p; > 0, problem @I)-(Z2)
admits a unique global weak solution (ny,ps,¥s) such that for any T > 0,

ny € C([0,T]; L*(R3,e"»@dz)), Vn, € L*((0,T); L*(R?,"»@dz)),
P € C([0,T); L*(R?, " Wda)),  Vp, € L*((0,T); L*(R?, "7 dx)),



ne(t) >0, pg(t)>0, te0,T], ae xR

Ve = Yy (x,t) is the Newtonian potential with respect to ny(x,t), ps(z,t) given by

w (w t) 1 / no’(yyt) _po(y,t) — D(y) dy7 thh 53 _ o272

53 |z —yl e

~—

The proof of Theorem [2.1] consists of several steps. First, we derive some properties for
the new reaction term R under assumptions (H2a)-(H2b).

Lemma 2.1. Under assumptions (H2a)-(H2b), the function R = R(ng,pe,x) satisfies the
following properties
(i) R has at most a linear growth for any ny,p, >0, i.e.,

|R(novpcr, z)| < Co(a(z) +no + po), (2.4)

where 0 < a(z) € L*(R3) N L®(R3) and a(z) € L% (R3,e"@dx) N L2 (R, %@ dz).
(i) R is Lip-continuous in L% (R3 Vi(m)dm) i = {n,p}, such that for any n((,l), n((,?) €
L2 (R3, %@ dz), p, p? € 12 (R3, %% (®)dz), it holds

IR, 5, ) = B0, 52, ) s s ehoran

S K (”ng_l — n0_2)”L2(R3,eVi(”)dm) + Hpo— - po- HL2(R3,eVi(x)dx)) ; (25)

where the constant K may depend on c1,co,0 and Vi in Remark [Tl

Proof. We observe that for any ¢ > 0, it holds

<p, Vo>0. 2.6
1—1—0'90_(’0 7 (2:6)

Due to the above simple facts and assumptions (H2a)—(H2b), we can verify that

IN

|R(ncr7p07$)| _Mnlup

Ng po' Ng pO’
1
C2< —I—14—cmc,+1+0’po>‘1—1—0’71014—(710(7

2 1 1
Co <1 + ;) Hon fp + co <; + ;) (ng —l—pg). (27)

IN

Then we can simply set C, = ¢ (1 + = 241 ) and a(x) = pnpp, which obviously satisfies the
required conditions by assumption (Hla

For any n((;l), n((,—) € L2 (R3 Vn(a ) 6 L2 (R Vp(x)dzn), we infer from (2.0))
that
(1) (2) (1) (2)
Ny Ne < |ngl) n@ Po Do < |pgl) —p((,2)|, (2.8)

ON (2)

1+ ongy 1+ ong M

1+ ops 1+ p(2)

and as a result,

n(l) (1) (2 (2

1+0n((,—)1+0p((,—) 1+0n((,—)1+0p(2)



- p((,l) n((fl) - n(2) n(2) p((fl) (2)
1+ Jpgl) 1+ cm(l) 1+ cm(2) 1+ cmg) 1+ o*pc(7 ) 1+ O'p(2)
1
< —(Ind) =0+ - pP)). (2.9)
Denote ) )
ng ps )
Fj:F( Gk (j))’ j=L2
14+ons’ 1+ ops
Then we get
HR( 7p<(7 )7 ) R(n((g)’p((g), ')”LQ(RS,eVi(w)dx)
< (F - F2)Nn#p||L2(R3,eVi(z)dx)
R
1
Lo 14 opt) 1400 14 0p? ) || s e
n((f) (2)
+ (Fl - FQ) 2) 2)
Ltong 14 0ps” || 12@s ¢vite) ag)

= L+ Lh+1I3 i={n,p}. (2.10)

For the case i = n, it follows from (2.6]), [2.8]), (2.9), (H2a)-(H2b) and Remark [[.T] that

I I I I\
I 1 - n
1+ angl) 1+ an(z) 1+ ap(l) 1+ ap(2) : L2(R3,eVn (@) dz)
< Nlea(Ind) = nf| + 1p8) = PP it 2 @5 V@1
< 21072V <||n((;1) =P 2w eva@raz) + 15 — P ||L2(R3,evn(w>dm)> ;
2 ngl) pgl) 1) (2) 1) (2)
[2 < — |1+ ) + (1) (‘TIU — Ny ’ + ’pcr — P ’)
o 1+ong 1+ ops L2(R3,eVn (%) dz)
<

202 2
o <1 + ;) <”n<(;1) - n<(72)”L2(R3,eVn(f)dm) + Hpc(;l) - p<(72)”L2(R3,eVn(’C)dm)> )

1
I3 < —2||01(|”<(71) - ”572)| + |P((;1) —P((;2)|)||L2(R3,evn(w>dm)
261
< o2 (Hn - n£r2)||L2(R3,eVn(f”)d:c) + ||p£rl) _pc(rz)HL2(R3,eVn(f”)dx)) J

where V}, is the lower bound of V,,, V), (see Remark 1.1). Collecting the above estimates
together, we see that (2.5]) (¢ = n) holds with

. 2 2\ 2
K =2ce ™ + 22 (1 + —> + %1
g (o g

The case i = p can be treated in the same way. The proof is complete. O



Next, for any fixed o > 0, we introduce the following transformation of unknown variables
(cf. [21136])

Vn (@) Vp (z)

u(z,t) == ng(z,t)e 2, v(x,t) = py(z,t)e 2, (2.11)

then it follows from system (2.1]) and a direct computation that u and v satisfy the following
transformed approximate system

up — Au+ Ay (2)u = fi(u,v,1q),
(TAP) Vg — Av + Ap($)v = f2(u7vv¢0)7 (212)

Vn (z) Vp ()
—AY, =ue "z —ve "2z — D(z),

where
1 5 1 1 9 1
An(x) = IVVa@) = AV (@) + K, Ap(e) = V(@) = SAV (@) + K

with K being the constant in (Hla) (see (LT)). System (2.12)) is subject to the initial data

Yn (@) Vp ()
u(z,t))i=o = nr(x)e” 2 =ur, v(z,t)lt=0 =pr(zr)e 2 :=wvr. (2.13)

It follows from (L7) that A,(x) and A,(x) are bounded from below, i.e.

K K
77 Ap(x) 2 77

Under the transformation (2.I1]), the right-hand side of ([ZI2)) are given by:

Ap(x) > a.e. x € R3

Vi (z)

fl(u7 v, ¢0) = Ku+e 2 (diV(noVTZJa) - R(noapcr))
1 9 _Vn() _ V(@)
:Ku+Vu-V1[)U—§uV¢U'VVn—ue : +uve 2 + D(z)u

Vn(z) ~

—e 2 R(no7p07$)7

Vp(x)

fo(u,v,,) = Kv+e 2 (diV(—pUV”L/JU) — ]?(na,pa))

Vp(z) _ Va(z)

= Kv—Vuv- Vi, + %vwa VV,—v?e 2 +uve 2 — D(x)v

Vp(z) ~

—e 2 R(nmpmx)'

In what follows, we first prove the local well-posedness of the transformed approximate
problem (2.12)—(2I13).

Proposition 2.1. Suppose that (Hla)-(H3) are satisfied and ur, vy € L% (R3). Then for any
o > 0, there exists T, > 0 such that problem [212) (213 admits a unique solution (u, v,y )
on [0,T,], which satisfies

u,v € C([0,T,]; L3 (R*),  Vu,Vv e L*(0,T,;L*(R%)),
uVV,,vVV, € L*(0,T,; L*(R?)).

The potential v, is given by

Vin (y) Ve (v)

_ 1 u(y,t)e_ 2 _U(y7t)e_ 2
0= [, oo

— D(y)

dy.



Proof. We consider the following auxiliary linear problem of the transformed approximated
problem (ZI2))-(Z.13)), such that for any @,v € C([0,T]; L*(R3)), Vi, Vo € L2(0,T;L2(R3)),
aVV,,9VV, € L*(0,T;L?(R?)),

Ut — AU + An(x)u - fl—’_(a71~)7$0)7
(ATAP) S v, — Av + Ay(z)v = f5 (@, ,1)5), (2.14)

u(x7t)’t=0 =ury, U(xat)‘tzo = vy,

where 1/30 satisfies
~ (= W=
— Ay =ae” "2 —ve "2 — D(x), (2.15)

and the nonlinearities ffr , f;r are given by

~ Vn (z) Vn () ~ ~ Vp(x)
Fi(a,0,00) = Kt +e 2 [div (11+e_ 2 Vzpa) “R <ﬁ+e_ 2 Gtem xﬂ :

~ Vi (z)

~ Vp (@) Vp (x) ~ Vp(z)
Fi (@,0,0,) = Ko +e 2 [—div <@+e_ % V%) —R <11+e_ > ote 2 a;)] ,

with @ := max{0,a}, o1 :=max{0,7}.

Since now the nonlinearity R in the approximate problem ([2.1)) satisfies the properties in
Lemma [2T] using assumptions (Hla)—(H3) we are able to prove the local well-posedness of

problem ([ZI2)-(2I3]) by the contraction mapping principle as in [36, Theorem 2.2]. Since
the proof is the same, we only sketch it here. Denote

Sr = {(u,v) e C ([0, T]; L*(R3) x L2(R?))
(Vu, Vo) € L? (0, T; L*(R?) x LA(R?)) -

2 2
U(O) =ur > 0, U(O) =wv; >0, Oléltaé}%“ <HUHL2(R3) + HUHLZ(RB)) <2M,

T
[ (1900 )+ 1700 ) < 201,

/T/ ([ut)VV,|* + [0(t)VV[?) dt < 2M.}
0 R3

where
M = ”UIH%%RS) + ”UIH%%RS)-

Then we can prove that there exists a sufficiently small T, > 0 such that the mapping
G : (a,0) — (u,v) defined by ([2I4]) maps X7, to itself and is a strict contraction. Hence, the
contraction principle entails that G has a unique fixed point in X7, such that G(u,v) = (u,v).
Next, due to the special structure of the approximated recombination—generation rate R,
using the idea in [I5], one can show the nonnegativity of the fixed point (u,v) of G, provided
that the initial data ur,v; are nonnegative (cf. [36, Theorem 2.2]). Since ot = a, v =0
if @, > 0, we see that f;" (i, 9,%y) = fi(@,9,%,) (i = 1,2) for @,% > 0. Thus, (u,v) is the
local solution of problem (ZI2)—(2.I3]). The details are omitted here. O
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Lemma 2.2. Assume that (Hla)-(HS3) are satisfied. For any T > 0, if n;,pr € L"(R3) N
LY(R3), r € N, we have

76 (D) s ®3) + [IPo (D) | 25 3y < Cr, 0<t<T, s=1,..,r. (2.16)

Moreover,
Vol Lo ms) < Cr, 0<t<T, (2.17)

provided that ny,p;y € L*(R3) N LYR3). In particular, the constant Cr is independent of
o> 0.

Proof. Integrating the equations for n, and p, in ([2I) on R3, we infer from (Z6)), (H2a)-
(H2b) that

d
i (HnUHLl(RS) + HpaHLl(RS))

= —2/ R Nl , Po ,x | dx
R3 1+on, 14 0op,s
NoPo Ny Po
= 2 - F , dx
/RB <(1+ana)(1+apa) Mnﬂp> <1+an0 1—|—ap0.>

nU pU
< 2 F d

2¢9 / nbip(1 + o + po)dx
R3

C(1+ ol L1 msy + PollL1®s))

IN

IN

which yields

1o (D)l £ sy + IPo (B)l| 1oy < (lrrllp sy + Ipallosges) +1)eT, Ve [0,T]. (2.18)

Next, multiplying the equations for n, and p, by nl,pl (r € N) respectively, integrating on
R3 and adding the resultants, we obtain that

1 d il il 47= 7“;1 2 T'J2rl 2
1 ( + g )da:—i-( T2 s V(ng > + V(pg ) dx
_ r r+1 r—4+1 r+1 r—4+1
= 7 L, el =g )+—T+1/R(AV71 + AVyp,)de

nO' pO'
— R ) , r "Ydzx.
/]R3 <1+0n0 14+ ops x> (ng + po)dz
Since n,, ps > 0, we observe that
Ng Do
— R ) ;x| (nl + pl)dx
/Rs <1+0n0 1+ op, >(‘7 Pe)

F , n. + p.)dx
3 (14 0ny)(1+opy) <1+an0 1+apg> (ng +15)

o pO’ T T
d
/ /’Lnup <1+O"I’Lo 1 +Jpa> (no +po) €z

(" +p" +n T 4 prthde,

11



On the other hand, from the Poisson equation and the elementary calculation
(@ =t —a)=-> a"WFa-b?<0, Va,b>0,

we infer from (H3) that

r r+1 r+1 — r _ D r+1 r+1 dr
5 [ A = e = [ =+ D) )

< 1@ ey [ 7+ 25

Besides, it follows from (H1a) that

r
r+1

/ (AVnt + AVpitde < K/ n 4 pit ) de.

Summing up, we have

1 d vl il 4r il
r4+1dt Jy ( *Ps )dx+(r+1)2 R3 V(”” >

< C/(%+%+%ﬂ+%ﬂﬂx
RS

< C (1 +nl 4 pgﬂ) dx.
R3

Then it follows from the Gronwall inequality that

T
”%H’JL(RS + ”pUHLr+1(R3 / / 'V n ;Ll
0 R3

provided that [g; ( r+l —|—p§+1) dr < oo.

2

+ \v@;—?)

2
>dmdt§ Cr, reN,

Since X " bt D)
ne(y,t) — po(y,t) —
%:_/ e P Yy,
Ss |z — 9]
ne\Y, — Po\Y, - y r—y
Vb (2,t) = 53/ = dy.
For any = € R3,
V(e t) <0 [ @D —Pe:) ZDWI
R3 |z —yl

It follows from [30], Corollary 2. 2] (a direct consequence of the Hardy-Littlewood—Sobolev
1

inequality [38]) that for any 1 < ¢’ < ¢ < oo with 1 = ? -3
IVYollLaws) < Cllne — po — D(@)l| Lo (g3)-
Besides, if ng, p, € L0, T; L7 (R?) N L' (R3)) with ¢/ > 3, then we have
Vipe € L=(0, T; L (R?)).

The proof is complete. O

12



Based on the a priori estimates obtained in Lemma 2.2] we can prove existence of global

solutions to problem (ZI))—(22).

Proposition 2.2. Suppose that all assumptions in Proposition [21] are satisfied. Assume in
addition that ny,p; € L*(R3). Then the local solution (ny,p,,1,) obtained in Proposition
21 is global.

Proof. Multiplying the first two equations in (ZI2]) by u and v respectively, integrating on
R3, we get
1d
2dt
= / fl(uvv7¢U)Ud$
R3

lullZ2 sy + 1Vl T2 s +/ Ap(2)udz
R3

1 1
= K u2daz+—/ uzAz/Jde——/ u?Vih, - VVydx
R3 2 R3 2 R3

_Vn(l‘) _Vp(l')
Vi (z) ue 2 ve 2
—/ ue 2 R TR Vo X dx,
R3 1+ oue "2 1+ ove "2

1d
30 + Vol + [ Ayle)ido

= / f2(u7U7¢U)Ud$
R3

1 1
= K v2dx——/ UzAl/Jde—i-—/ V2V, - VVpdr
R3 2 R3 2 R3

Vo) _ Vn(=z) _ Vp(x)

p(x ue~ 2 ve "2

—/ ve 2 R TR AOR dzx.
R3 1+ oue” 2 1+ ove "2

From the Poisson equation for ,, Lemma 2.2 the Gagliardo-Nirenberg inequality

3 5
[[ull s ) < CHVUHEQ(RS)HUHEQ(RS)

L3(R3
and the Young inequality, we have
/ (u? — v?) Atpgdz
R3
= / (u® = v?)(—ny + po)dz + | D(z)(u® —v?)dx
R3 R3
2 2
< (2 g g, + 1912 3 g ) Olrelzsges + o lzssy)
1D () o ey (el ) + 013
1
< 5 (IVulfagus) + IV0lege) ) + C (lullFage + I0ls g )-

We infer from the assumption uy, vy € Li(R?’) and the Cauchy—Schwarz inequality that

1 1 1 1
/ nrdx < —/ pndr + —/ u%daz < 400, prdxr < —/ ppdx + —/ v%dx < 400,
R3 2 Jgs 2 Jgs R3 2 Jgs 2 Jgrs

13



namely, ns,p; € L'(R?). Lemma, implies that if the initial data satisfy nz, p; € L*(R3) N
L'(R?), then the estimate (ZI7) holds. As a consequence, we get

1
< 19l llulas [ | o?IVV )

/ w2V, - VV,dx
RS

1
< _/ W[V, Pda + Crllull 72 gs),
8 Jrs

and

IN

1
IVl oo || o%19Ws o)

1
S /RB V| VVp|2dz + Crl[v]|72 g

/ V2V, - VVpdx
RS

IN

It follows from the nonnegativity of (u,v) and assumptions (H1b), (H2b) that

Vi () _Vn(l‘) _Vp(l')
Vi (2) (= ue~ 2 ve 2
—/ <ue 2 tove 2 )R O, s X | dx
3 _Vn(= _ W@
R 14+ oue™ 2 14+ ove 2

 Va(@) _ Vp(a)
Vn (z) Vp(z) ue 2 ve 2
< ue 2 +wve” 2 F AOK Vol o PopdT
R3 1+oue "2 1+ ove "2
Vi () Vp () _Va(x) _Vp(=)
< C (ue 2 F e 2 > <,un,up +ue” "2 Hwve 2 > dx
R3
< O (1 lullZa sy + Iloll7
> L2(R3) L2(R3) ) -

Recalling the definitions of A,,, A, and (L1), we have

1 1
Ap(x)ude = / (—\VVn]2——AVn+K)u2da:
R3 R3 4 2
1
—/ u?|VV,|?dz, (2.19)
4 Jgrs

Y

and
2 1 2 1 2
Ap(x)vide = <—|VV},,| - —AV},+K>U dx
R3 R3 4 2
1
> Z/Rg V|V V|2 da. (2.20)
As a result, we have
d
= (s gy + N0l aqgs) ) + I VulFa sy + V012
1 1
+—/ W V'V, [ 2da + —/ V2|V, |2 dx
4 R3 4 R3
< Or(L+ lulfems) + 0ll72(gs))-
It follows from the Gronwall inequality that for any 7" > 0 and ¢ € [0, T,

[u(®)ll 2 @3y + o)l L2(r3) < O, (2.21)
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T
/0 (Va2 ) + V0] g )t < Cr, (2.22)
T
/ / 2|V V, 2dz + v2[VV, [2)dadt < Cr, (2.23)
0 R3

where C7 is a constant depending on T', c2, Vi, [lusllp2msy, [|vrllzzm®s), Inllnasys [Pl oaws)
but it is independent of o.

Then we are able to extend the local solution (n,,ps, 1) obtained in Proposition 2] to
the interval [0, T] for arbitrary 7' > 0. The proof is complete. O

Proof Theorem 2.1l Recalling the transformation (2I1]), we conclude Theorem 211
from Propositions 2.1] The proof is complete.

3 Well-posedness of the Original Problem

In this section, we prove the existence and uniqueness of global solutions to the Cauchy
problem of original system (LLI]). For this purpose, we shall derive some a priori estimates
on the solutions (n, ps,¥,) of the approximate problem that are uniform in the parameter
o > 0. Then, we pass to the limit as ¢ — 0 to achieve our goal. In Lemma 22 we have
already shown the uniform estimates on ||ng ()| ®s), |Po()||r-ms) on arbitrary interval
[0,7]. Next, we proceed to obtain uniform estimates on the L® norms of n, and p, via
a Stampacchia-type L estimation technique (cf. [9,[33]). The following technical lemma
plays an important role in the proof. It shows that a nonnegative, non-increasing function
will vanish at some finite value under suitable growth condition that indicates certain rapid
decay of the function.

Lemma 3.1. Suppose that w(k) is a nonnegative non-increasing function on [kg,+00), and
there are positive constants v, 3 such that

w(k) < ME)(k — k) wk)P, VE>E > ko,
where the function M (k) is non-decreasing and satisfies
0 <k "M(k) <My, VkE€ ko, +00).

Then
1428 48 148
w(k*) =0 with k* = 2ko <1 +2 82 Moﬁ“/ w(kO)T>

Remark 3.1. Readers may refer to [9, Lemma 2.3] for the proof of Lemmal3 1l Besides, we
note that the conclusion of Lemma[31) implies that w(k) =0 for all k > k*.

Lemma 3.2. Suppose that all assumptions in Theorem [21] are satisfied. Assume in addition
that ny,p; € L>®(R3). Then for any T > 0, we have

[ne @)@y < Cry po(®)llLoo@msy < Cr, 0<t<T, (3.1)

where the constant Cp is independent of o > 0.
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Proof. Denote
ko := max{||ns|| oo (m3), [|Prl| oo 3y} > 0. (3.2)

For any k > kg, we introduce the sets
Bnk(t) = {l‘ € R3,’I’Lo(l‘,t) > k}v Bpk(t) = {l‘ € ngpo(x7t) > k}v
and for arbitrary T > 0, we set

wr (k) = OiltlETGBnk(tN + [Bpr(t)])-

It is obvious that wp(k) is a nonnegative, non-increasing function on [kg, +00). Moreover, we
infer from the L'-estimate (ZI8)) that for arbitrary but fixed T' > 0, wr(k) is bounded.

For any k > ko and f(-) € HY(R?), it follows from k& > 0 and (f — k)t < |f| that
(f — k)T € L?(R®). Moreover, for the weak derivative of (f — k)", we have (see [24, Lemma
7.6] or [33, Theorem 1.56])

Vfiff>k

— k)t =
Vi {o if f < k.

Hence, (f — k)t € H(R3). Recalling Theorem 1] and the lower boundedness of V;, and V,
we find that
e, Pe € L*(0,T; H'(R?)),

which indicates
(ne — k), (po — k)™ € L*(0,T; H' (R?)).

Now, multiplying the first and second equation in ([2.1)) by (n, — k)t and (p, — k)™ (k > ko),
respectively, integrating on R? x (0,t) and adding the resultants together, we obtain

5 (1606 = B P2y + 1o 8) = 1) e

2
¢ 2 2
+ [ (1900 = 1) s + 190 = ¥ ey )

[ T+ Ve — B+ T 4 V) )] i

' Ng Do T n
_/0 /[R3R<1+Ung’1+o'po’$> [(no_k) +(pcr_k) ]dl‘d’r
t

=: / (Il + IQ)dT, (33)

0

where we have used the facts that ||(n; — k‘)+||2L2(R3) = ||(pr — k:)+||2L2(R3) = 0 due to the
assumptions ny,p; € L®(R3) and k > ko (cf. 3.2)).
Integrating by parts and using the Poisson equation for 1,, we expand the term I; as

follows

L = div[(ne — E)V(We + Vi) (ng —k)Tdz+k | A@py + Vi)(ng — k) dx
R3 R3

+/ div [(po — k)V(—ty + Vp)] (Po — k)+d37 +k A=y + V},)(pa - k)+dx
R3 R3
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_ k/ AW + Vo) (g — k)T + A(=th + V) (0o — k)¥] da
]R3

V(s 4+ Vy) - Ving — k)Tdx

\

]R3

(=Yo + Vp) - V(ps — k)Tdz

\

RS

— / A[(ng — k)T — (py — k)T )dz + k/ [AV,(ne — k)T + AV, (po — k)] do
R3

R3

_/ (ne — k)+v(¢g +V,) - V(ns — k‘)+d:17
R3
~ [ or = (g £ ) Vs~ )
- k/ (=16 +po + D(2)) [(ne — k)" — (po — k)*] da
RS
—I—k:/ [AV,(no — k)T + AV, (ps — k) 1] da
R3

3 [ T e +V2) - Tllno — %o~ 5 [ D=0 +Vy) - V(o — 0o
R3 R3

_ k/RS(—nU +10) [(no — k)" = (po — k)] da

+k [ D@) [0~ B~ oy ) da

+k [ (AVyp(ne — k)" + AVy(po — k)T) da
R3

1

+§ /RS(_TLU + po)([(no — k)+]2 —[(po — k)+]2)dx

b3 [ D)o~ KT ~ (0o — b))
R3

+% /R3(AVn[(na — k)T + AVyl(po — k) ])de

It is easy to verify that
J1 <0, J4 <0, Vk>k. (3.5)

Besides, it follows from (H2b) that
L<e /Rg ntin(1 4 1 + Do) (o — k)T + (p — k)T i= . (3.6)
Then we infer from B.3)—(3.0) that
5 (100 = ¥ Baqas) + 12 1) = ) e
[ (1900 = 0 sy + 1900 = 1) e )i

t
< / (Jo+ Js + J5 + Js + J7)dT.
0
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By assumptions (H1b) and (H3), we have

t t
/ JsdT| + / JedT
0 0

1 t
1D (@)l Lo es) /0 1(ne = &)1 22gs) + | (po = k)T |72 ey dr

IN

t t
AV ]| s) /0 1(no — B 112 sy 7 + 1AVl g /O 1o — B 22 asyd

t
< c / 1t — 1) 22z + 12 — B)* By dr

Let n > 0 be a small constant to be chosen later. Using the Holder inequality and Gagliardo—
Nirenberg inequality, we get

t

JodT| + /tJ3dT
0 0
< k/ot/RS(|D(x)|+|AVn|)(no—k)+dxdT
v [ [ D@1+ 18000 — 8 der
< RID@) )+ 1AV 1) | e — B sl Bl s
(D@ + AVl e [ o — Ky B
< Chwr(k)} / 190 = K 122 ) |t = B 123 g
+Chor(k)} / 19 — k)11 Za o (2 — K 123 g 7
< T / 19010 — W) ooy + 1900 — &) By dr
T / 110 = k¥ sy + 1o = R * i
4
+n (k)3

and

t
< / / tinkipl(ne — k)T + (po — k) + 2k + 1] [(ng — k) + (po — k)| dudr
0 Jr3
t
= ¢ 1(no = k) 1172 gy + (e — B) T 122 (gay dr
t t
+C(2k + 1)/ / (ng — k)T dxdr + C(2k + 1)/ / (po — k)T dzdr
R3 0

RS
c / (0 — B Zaasy + 1o — B 22 g )

IN
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+C(2k + Dwr(k)3 /Ot (e — k)"l Lawsy + [ (ps — k)1l L3ra)) dT
< T /Ot IV (no = k) FIlE2ggs) + 1V (0o — k) FIIE2 e dr

HC+T) [ lne = 9 gasy + 1 pe = 1) e

+%(2k +1)2wr(k)A.

Taking

in the above estimates, we obtain that
1(n6(t) = k) F[I72ms) + (0o (8) — &) ¥ 172 ms)
[ U0 = 1 ey + 190 = 1) o)
< 1 [ (Ine(r) = 1) ey + 12w (1) ~ 1) )
+ TCo(k? + Dwr (k)3

It follows from the Gronwall inequality that for ¢ € [0, 7]

ol

126 (8) = &) 72y + 120 (1) = B) |72y < €T TCo(k? + Dwr (k)

On the other hand, for any t € [0,T] and k> k> ko,

0 =0 Moy = [ 1ol =)o
Bnk(t)

v
S m\
—~
3
S
=
|
RA
~—
no
ISH
S

1o ) — B 22y = / (o (t,) — k)*Pde
Bpk(t)

vV
=
q
=
|
RA
S~—
[N}
Qu
8

We deduce from B.7)-(B9) that
wr(k) < eTTCH K +1)(k — k) 2wp(k)s, Yk >k > k.

Now in Lemma [B.1] we set

M(k) = e TTCOy(K* +1) >0, v=2, B=

19
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The function M (k) has the following property

M(k) k241
K2 k2

1
eclTTCQ S <1 + ?> eClTTC2 = MO, vV k S [k0,+OO)
0

Therefore, there exists a constant
K = 2k (1 + 215M§wT(ko)§> > ko,
which is independent of ¢ such that
wr(k*) = 0.

Namely,
ne(z,t) <k* and  py(z,t) <k*, ae in R®x[0,T].
The proof is complete. O

Proof of Theorem .1l It follows from Lemma 2.2 ([2.22]) and Lemma that the
following uniform estimates (independent of the parameter o > 0) hold:

10 Loo (0,719 (m3Y) + Dol Loo (0,1 L9 (m3Y) < O, (3.10)
70| L2 (0,711 ®3)) + 1P | 20,7, (R3Y) < Cr, (3.11)
||V7/)0||Loo(o7T;Lq’(R3)) + HA¢0||L°°(0,T;LQ(R3)) <Cr, (3-12)

where ¢ € [1,+o0], ¢ € [%, +00].
Besides, we infer from (2.23]), (2.11]) and (Hla) that

T
[ [ oiovipas + p2wv e
0 R3

IN

eV /T/g(u2|VVn|2dx + 02| VV,|?)dxdt
< Cr. C (3.13)
Then by the equations for n, and p, in (2.1)) and B.10)—(B13]), we obtain that
10en6 | 2 0,75 (R3Yy) + 10Po L2071 (R3Y)) < O
From the uniform estimates (B.10)—(312), we deduce that there exist
n,p € L>(0,T; L™(R?)),

with
Vu, Vp € X0, T;L*(R%)), 8w, 8p € L*(0,T; (H' (R?))"),
and ¢ with Ay € L>(0,T; L®(R3)), Ve € L*(0,T; L*(R?)) such that for a sequence {o;} N\,
0 as j — 400 (not relabeled when taking a subsequence),
=N, po; —p, weakly-star in L>(0,T; L™ (R3)),
Vng, = Vn, Vp, — Vp, weakly in L*(0,T;L%(R?)),

Ng.
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Oing, = Oin, Oy, — Oip, weakly in L*(0,T; (H'(R?))"),
Atpy, = Atp,  weakly-star in L(0,T; L™(R?)),
Vibe, = Vb, weakly in L?(0,T;L*(R?)).

Moreover, on account of the compact embedding theorem we have (up to a subsequence if
necessary and without relabelling for the sake of simplicity)

Ng; =N, Pg; — P, strongly in L*(0,T; L} (R?)), thus also a.e. in R? x (0,T).

Then, for any ¢ € L%(0,T; C°(R?)), we have

(N0, Vibg; — nVQ/J)Vgpdxdt‘

]R3
< (no; —n)Vipy, V(pdxdt‘ / (Vipo, — V)nVpdrdt
R3
< HV%J | Lo (0,752 (R3)) 100 — nHL2(0,T;L2(supp<p))||V90||L2(0,T;L°°(R3))
(Vipo, — V) (nV)drdt
R3
0, aso; —0,

similarly,

— 0, aso; = 0.

RS (pUj v¢oj - pV?,Z))V(pd:Edt

Next, we study the convergence of the recombination-generation rate. The uniform bound
(BI0) and (H2b) yield that

<Cr.

HR(n"’p"’ x)‘ L2(0,T;L2(R3))

Thus there exists G € L%(0,T; L2(R?)) such that (up to a subsequence)
R(ng,po, ) — G, weakly in L*(0,T; L*(R3)) as o; — 0. (3.14)

For any bounded domain Q C R3, there holds

T Ng; 2 2 T 2
A.L(f;?@“”)th /1/7%‘””““+A  omenrazit

as g; — 0,
which implies that
No, 3
— t 1 L?(0,T; L} (RY)). 3.15
[y~ stongly in 20T 1, () (3.15)
In the same manner, we have
Po; 72 2 (3
— t 1 L0, T; Li, .(R?)). 3.16
1+ O-jpcrj b strongly 1n ( s Ly loc( )) ( )
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Since F' is Lip-continuous (see (H2b)), we infer from (B.15) and (B.16) that on any bounded
domain Q C R3, the following convergence (up to a subsequence)

2
Po;
~F dzdt
//[ (ch 1+oypaj> (”’p)} !
2 Do 2
< c/ /< —n) +<#—p> dzxdt
1+ cr]noJ 14 0jpo;

as o; — 0,

namely,

Ny )
F( % ) pO—J > — F(’I’L,p),
1+ OjNg; 1+ 0;Do;

strongly in L?(0,T; L},.(R?)) and a.e. in R® x (0,7T). (3.17)
As a result, we have the point-wise convergence of R (up to a subsequence)
R(ng,po,x) — R(n,p,z), ae. in R®x (0,T), (3.18)
which together with ([B.I4]) implies that G = R(n,p, z) and
R(ng,po,x) — R(n,p,z), weakly in L?(0,T; L*(R?)) as gj — 0.

Based on the above convergent results, now we are able to pass to the limit by letting
o;j — 0 in the approximate problem (Z.I)) and obtain a global weak solution (n,p,) of
problem (LI)—(L2). The system (L)) is satisfied in the following sense that for any ¢ €
C5([0,T) x R?),

T T
— / / nprdrdt + / (Vn+nV(p+V,)) - Vedrdt
o Jrs 0o Jr3

T
—I-/ R(n,p,x)god:ndt:/ nre(z,0)dz, (3.19)
0o Jrs R3

T T
—/ / pgptdxdt+/ / (Vp+pV(=9+V})) - Vodzdt
0 JRrs 0o Jrs
T
+/ / R(n,p,x)cpda;dt:/ pro(z,0)dx, (3.20)
0 Jms R3

/OT /R3 Vi - Vodzdt = /OT /Rs(n —p — D)pdudt. (3.21)

Finally, we prove the uniqueness of global solutions to problem (LI)-(L2]). Let (n;, p;, ¥;)
(i = 1,2) be two solutions to problem (LI)-(L2]) with initial data ny;, pr;. Set now

n=ny—ng, p=p—p2 Y=Y —1P2, ny=mny—nr2, Pr=Dpr— P2

Taking the difference of the equations for n; and no, testing the resultant by n, we find that
1 2 ! 2
SO e + [ 1Vnlaodr
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1 t t
= 5””1”%2(]1%3) — / / nVn - VV,dzdr — / / (nViy + naVp) Vndadr
0o Jr3 0o Jr3

t
—// (R(nl,pl,az)—R(ng,pg,x)>ndxd7'
0o JRs

1
= §|’nIH2L2(R3) + FE1 + By + E5. (3.22)

Using the uniform estimates for n;, p;, ¥;, we have
1 t
B+ Bl < 5(IAValm) + 1801 o) [ Inlfauaydr

¢
Hln2ll oo 0,725 ) /O (elIVnlz sy + CIVIRsgsy ) dr. (3.23)
On the other hand, by (H2a)-(H2b), we deduce that

|Es| < 3 F(n1,p1) — F(na, p2))npinppdrdr
®
\ F(ny,p1) — F(na, p2))napindzdr
R
\ F(na, p2)(nip + npa)ndzdr
R
<

c (V},, Hni|’L°°(O,T;L°°(R3))7 HP:’HLO@(O,T;LOO(W)))
t
[ Ul agesy + ol (3.24)

In a similar manner, we have the following estimate for p

1 t
3l + [ IVplEaquoydr

IN

1 1 t

il + 5 (18Vellmes + 180 lieims)) [ Il
¢ 2 2

+Ip2ll oo 0,723 (R3)) /o <€||Vp||L2(R3) + Cﬁ‘|v¢||L5(R3)) dr

+C (Vo Imill oo (0,7 100 (3) » 1Pill Loo (0,7 200 (R3)) )

t
x / (Il + 1922 s )dr- (3.25)

Since 1) satisfies the Poisson equation —Av = n — p, then it follows from [30, Corollary 2.2]
that

| CW%G ray < C H”H%z R3) T HP”2L2 R3) | - (3:26)
(R3) (R3) (R3)
Therefore, taking e sufficiently small satisfying

1
O0<e< g 9 min {1 ||n2||Loo (0,713 (R3)) ||p2||Loo OTLS(RS))}

we deduce from (B.22)-(320]) that
t
)12 ey + I ey + [ (19 1a o)+ 190l s
2 2 ! 2 2
< H"IHLZ(RB) + HPIHLZ(Ra) + CT/O <”n”L2(]R3) + HPHL2(R3)> dr.
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From the Gronwall inequality, we can conclude the continuous dependence on the initial data
that

I 2qes) + 101228y < (In122as) + 1132 ) €57, W€ [0,T],

which yields the uniqueness. The proof is complete.

4 Long-time Behavior

In section 3 we have proved the existence and uniqueness of global solutions to problem
(CI)—(T2). However, the global-in-time estimates for the solution (n,p,v) depends on T
that can be chosen arbitrary. In this section, we extend the results in [11[36] to our current
problem (LI)—(L2]). For this purpose, we first need to obtain some uniform-in-time estimates
on the global solution.

Let o = ng (nr—pr)dz. We easily see from (L.I]) that the difference of charges is conserved
for all t > O:

/ (n(t,-) — p(t,-))dz = a. (4.1)
R3

The relative entropy associated with (LI]) is as follows:

e(t) ::/RS [n(ln%—l) —i—noo} dx+/RS [p<ln£—1> —|—poo} da

1
+ —/ IVip — Vijoo|*dz,
2 R3
where (Neo, Poos Yoo ) 18 the steady state of system (L)) that satisfies

Noo () = Dpe Y= pu,, D, € RT,

Poo(2) = Dpe¥>py, Dy € RT,

NooDoo = Hnlhps fRS NoodT — ng Pocdl =
— Aty = Noo — Poo — D(2).

(4.2)

Remark 4.1. Denote I = [g; e Voo Vnl®) gy J = Jgs e¥e=Vo(@)dy. Then the coefficients Dy,
and D, in [£2) are given by (cf. [36, Lemma 3.1])

o+ Va2 +41Jg
21 ’

Vo244l —a
B 2J

D, = D,
satisfying Dy, Dy = 1.

Following the argument in [36, Theorem 3.1, where the special case V,, = V, = V was
considered, we can still prove the existence and uniqueness of (700, Poo, Yoo )-

Proposition 4.1. Suppose that assumptions (Hla), (H1b) and (H3) are satisfied. Then the
stationary problem (A2 admits a unique solution (Yoo, Moo, Poo) Such that

oo € DV2(R?) = {¢(z) € LO(R?) | Vo € L*(R%)} .

Moreover, 1 € L®(R3) and Vi) € L®(R3) NL23(R3).
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Then we have

Lemma 4.1. Suppose the assumptions of Theorem [I1] are satisfied. The global solution
(n,p) of problem (LI)—-([L2]) satisfies

sup [In@®)llzr sy + Pl Lr ey ] < 00, Vr € [1,+00].

Proof. By a straightforward calculation, we have the dissipation of the relative entropy

d

Zelt) = -D(t) <0, (4.3)

with the entropy dissipation
n |2 |2
D(t) = —/}Ran‘vm(ﬁﬂ dx—/Rgp‘Vln(ﬁ)‘ dz
_/ R(n,p,:n)ln< P >d:17,
R3 o p

where N = Dye *Wp,, P = Dye?Vp,.

Based on the entropy dissipation inequality, we can obtain uniform L™ bounds (r € [1,+00))
for n(t) and p(t) exactly as in [36, Lemma 4.1]. It only remains to show the uniform L
estimate. We note that L> bounds of solutions to a simplified drift-diffusion system (without
self-consistent potential ¢ and with a recombination-generation rate of Shockley—Read—Hall
type) have been obtained in [I1] via a Nash—Moser type iteration method and the results could
be extended to the case with self-consistent potential [I2]. For the convenience of the readers,
we sketch the proof for our present case with a more general recombination-generation rate.
For r > 2, using integration by parts and the nonnegativity of n,p, we get

[t e 2 [ <(v(nT)‘2+(v(pT>(2> "

- r A¢(nr+1_pr+1)+r/ (AVnnr+1+AT/I,pr+1)dx
R3 R3

—(r+1) R(n,p,z)(n" + p")dx
RS

= —r/ (n— JU)(nT,Jrl — prﬂ)daz +r D(a;)(n”l — pT’H)dm
R3 R3

+r/ (AV,n™ 4+ AVpp T da
R3

~r+1) [ Foup) @ e+ (1) [P Fp)o + 5o

RS

IN

P Dl oo es) + 1AVl o) /R e
+7(| D]l oo 3y + 1AVl oo g3)) /RB o

+O(r+ 1) /R (U0t p)(a” + )
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< Co+1) [y e + O+ 1) [0+ (1.4)
where we use the facts that
(n—p)(n™*L — ) >0, F(n,p)(n+ip +np'h) > 0.
Since

(r— 1)7’% >0forr>2, lim (r— 1)7’% =1,

r—-+o00

by the Young’s inequality and the uniform L' estimate of n,p, we deduce that

1 2—r
/ + e < — [ (ot pde+ (r— ) / (" 4+ ) da
R3 T R3 R3
C
< 5t c’ /R3 (n" T Ydz, V> 2, (4.5)

where the constants C,C’ are independent of r. Therefore, it follows from (£4]) and (4.5

that
d el e+l Ar / ‘ ri1 ‘2 ‘ ri1 ‘2
T R3(n +p )dw+r+1 ” V(rm) +V<p2) dx

§0(r+1)/

RS

5 (4.6)
(nr-l-l +pr+1)d$ + 7,

where C' is independent of r. Based on the differential inequality (4.0]), we can argue as
in [II, Supplement Lemma 5.1] to obtain the uniform L* bounds for n(¢) and p(t). The
proof is complete. O

Proof of Theorem Lemma[4.T]yields the uniform-in-time L" estimates (I.9]). Then
the conclusion of Theorem [[.2] follows from the same argument as in [36, Theorem 4.1]. The
proof is complete.
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