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ASYMPTOTICS OF EIGENSTATES OF ELLIPTIC PROBLEMS
WITH MIXED BOUNDARY DATA ON DOMAINS TENDING TO
INFINITY

M. CHIPOT, P. ROY, AND I. SHAFRIR

ABSTRACT. We analyze the asymptotic behavior of eigenvalues and eigenfunc-
tions of an elliptic operator with mixed boundary conditions on cylindrical domains
when the length of the cylinder goes to infinity. We identify the correct limiting
problem and show in particular, that in general the limiting behavior is very dif-
ferent from the one for the Dirichlet boundary conditions.

1. INTRODUCTION

Let w be a bounded open set in R" 1. For every ¢ > 0 set Qy = (—/,¢) x w and
write each @ € Qp as © = (x1, X2) with Xo = (22,...,2,). We assume that the

matrices X X

ain(Xz2)  A(Xo

AlX) = (Atlz(X2) A22(X2)>

are uniformly elliptic and uniformly bounded on w (precise assumptions will be
made in Section 2). The limiting behavior, when ¢ goes to infinity, of the eigen-
values and eigenfunctions of the elliptic operator — div(A(X2)Vu) on Q, with zero
Dirichlet boundary conditions, was studied by Chipot and Rougirel in [7]. We
shall recall below one of their main results that was the principal motivation for
the current paper. Let p* and Uéf denote, respectively, the kth eigenvalues for the
problems

L1 —div(A(X2)Vu) = pu  inw,
(1.1) =0 on Jdw,

and

Lo —div(A(X2)Vu) = ou  in Qp,
(1.2) u=0 on 0.

The following relation between problem (1.2) (for large ¢) and problem (1.1) was
established in [7].

Theorem A (Chipot-Rougirel).

C
(1.3) p<op<pl+ g,
where C' is a constant independent of .
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The main goal of the present article is to study the analogous problem for mized
boundary conditions, at least for k = 1. Let us write 9y = I'y Uy, where

(1.4) Iy ={-0{} xwand v = (—4,{) x 0w,
and denote by )\’g the kth eigenvalue for the mixed Neumann-Dirichlet problem
—div(A(X2)Vu) =ou  in Qy,
(1.5) u=0 on ",
(A(X2)Vu).v =0 onTy.

One of our main results establishes that lim,_, .o )\% exists, but in general it is
strictly smaller than p'. This “gap phenomenon” is explained by the appearance
of boundary effects near I'y. To gain better understanding of these effects we are led
to consider first the limit lim,0 A}. Asymptotic behavior of elliptic problems set
on domains shrinking to zero in some directions are generally known as “Dimension
Reduction” problems and are addressed in [I, 3, 14] and in a setting particularly
suitable for us, in [2] . Our work establishes a somewhat surprising connection
between the theory of dimension reduction (i.e., “¢ — 0”) and the theory for “¢ —

2

oo,

In order to have a more precise description of the boundary effects and to char-
acterize the value of the limit limy_, . )\%, we introduce eigenvalue problems on
the two semi-infinite cylinders Q¥ = (0,00) x w and Q5 = (—00,0) X dw, with
mixed boundary conditions. Let vZ denote the first eigenvalue for the operator
— div(A(X2)Vu) on QF with zero boundary condition on the lateral part of the
boundary Q% . One might be tempted to expect that the equality v = v always
hold because of “symmetry considerations”. However, as we shall see in Section 6,
this equality is false in general. Our main results are summarized in the next the-
orem, that combines the results of Theorem 4.2 and Theorem 5.2. We denote by
W, the positive normalized eigenfunction corresponding to u'.

Main Theorem. We have limy o A\j = min(vL, vy). If A12.VIW; # 0 a.e. on w,

o0 T oo

then limy_, )\} < ut. Otherwise, )\} =pul, VL.

Many problems of the type “¢ — c0” were studied in the past. Besides the eigen-
value problem already mentioned [7], these include elliptic and parabolic equations,
variational inequalities and systems, see [5, 6, 8, 9, 10, 11, 12]. In all these prob-
lems it is found that the limit is characterized by the solution of the corresponding
problem on the section w. We emphasize that the limiting behavior in our problem

is very different.

The paper is organized as follows. In Section 2 we give the main definitions
and notation needed in the subsequent sections. In Section 3 we illustrate the gap
phenomenon in a simple model case where w = (—1,1) and A is a 2 x 2 matrix

with constant coefficients, namely, A = As = (15 i) In Section 4 we prove
the gap phenomenon for the general case. In Section 5 we prove that the limit
limy_s 00 )\% exists, and identify its value using the eigenvalue problems on the semi-
infinite cylinders QF and Q. In Section 6 we investigate further the problem on
a semi-infinite cylinder and use it to give a more precise description of the first
eigenfunction u, for large ¢. In the last section, Section 7, we address briefly two

natural related problems. First, we present a result on the asymptotics of the
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second eigenvalue A? as £ goes to infinity (under some symmetry assumption on the
matrix A). Second, we give a partial result for the more general case of a domain
becoming large in several directions.

2. PRELIMINARIES

For each £ > 0 consider Qy = (—/, /) x w with w a bounded domain in R"~! as
in the Introduction. The lateral part of 9€2; and the remaining part of the cylinder
(i.e., the two ends) will be denoted by v, and Ty, respectively. Let us denote by
H'(Qy) and H{(€) the usual spaces of functions defined by

Hl(Qg) = {U S LQ(Qg” (9%.1) S L2(Qg),i =1,2,.. .,n} s
and
H&(Qg) = {’U S Hl(Qg)| v=0on 8Qg} s
or in a more precise way, Hg () is the closure of C°(€,) in H'(2). The space

H} () is equipped with the norm

(21) IVolig, = [ 190
Q
A suitable space for our problem is
V(Q) = {U € H' () |v=0o0n w} ,

where the boundary condition should be interpreted in the sense of traces. Thanks
to the Poincaré inequality, V' (€;) becomes an Hilbert space when equipped with
the norm (2.1). For later use we define the sets

(2.2) Qf =1[0,0) xw and Q, = (—£,0) x w,

We decompose I'y (see (1.4)) into two parts as ', = ') UT,, where

(2.3) I'f={{} xw and T, = {-{} xw.

Similarly, for the lateral part of 9, we define,

(2.4) v =(0,0) x Ow and 7, = (—£,0) x Ow.

We shall be concerned with the operator — div(A(X2)Vu) where, for each X, € w,

a11(X2)  A2(Xo)
A(X2) = (Atu(XQ) A22(X2))

is a symmetric n X n matrix, a;; € R, 412 is a 1 X (n — 1) matrix and Ags is a
(n —1) x (n — 1) matrix. The components of A(X3) are assumed to be bounded
measurable functions on w and we assume the following bound

(2.5) JA(X2)]| < Ca, ace. Xo € w,

for the Euclidean operator norm. We also assume that A(X3) is uniformly elliptic

and denote by A4 the largest positive number for which the following inequality
holds,

(2.6) A(X2)E.E > Malé?, VEER™, ae. Xs € w.
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The weak formulation of the eigenvalue problem (1.1) is to find u € H{ (w)\ {0}
and p € R such that

(2.7) /(Amvu).vv dX, = u/ uvdXs, Yv € Hy(w).

Denote by u' the first eigenvalue of the problem (2.7) with the corresponding
normalized eigenfunction W1y, ie., [ [W1)? = 1. It is well known that u' has a
variational characterization by the Rayleigh quotient:

(2.8) p' =inf {/ (A22(X2)Vu).Vu|u € Hj(w) s.t. / u? = 1}
fw(AQQ(XQ)V’UJ)V’UJ

1n
we HY (w)\{0} [, u?

Moreover, W is simple and has constant sign in € (see [13]). The choice of positive
sign leaves us with a unique Wj.

Similarly, the eigenvalue problem (1.5) has the following weak formulation: find
u € V() \ {0} and a real number X such that

(2.9) AVu.Vudr = )\/ wodz, Yv € V().
Qg QE

It is well known, see [4], that the first eigenvalue A} for (2.9) is associated with a
variational characterization,
(2.10)

sz A(X2)Vu.Vu

A\ = inf{/ AVu.Vu : u e V(y), / u? = 1} = inf 5
Q Q ueV (Q)\{0} fQZ U

It is also true, and can be proved in the same way as it is done for the corresponding
Dirichlet problem, that )\} is simple and the corresponding eigenfunction wu, has
constant sign in €y, that we should fix as the positive sign in the sequel. For some
of our results we shall need to impose a certain symmetry condition on w and A.

Definition 2.1. We shall say that property (S) holds if w is symmetric w.r.t. the
origin (i.e., —w =w) and A(—Xs3) = A(X3).

From the uniqueness of u, we deduce easily the following symmetry result.
Proposition 2.1. If property (S) holds then ue(x1, X2) = ue(—x1, —X2).

Proof. Clearly vg(x1,X2) := ug(—x1,—X2) is a positive normalized eigenfunction
for A}, so it must be equal to u,. O

3. THE GAP PHENOMENON IN A MODEL PROBLEM

In this section we treat a two dimensional model problem in order to illustrate the
main ideas behind the analysis of the general case in the next sections. Throughout
this section w = (—1,1), ¢ = (—4,¢) x (—1,1), and the matrix A is a constant
matrix depending on the parameter § € [0,1), namely,

(3.1) A=Ay = <<1s ‘15> .
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Clearly As satisfies all the assumptions made on A in Section 2. Since the eigenval-
ues of A5 are 1 £0, Ag =1 —0 (see (2.6)). In this section we shall denote a point
in R? by x = (21, 22). The problem (2.7) has the following simple form

~W = Wy in (~1,1),
Wi(—1) = Wi (1) =0.

where ;! denotes the first eigenvalue and W is the corresponding positive normal-

ized eigenfunction. Therefore, u' = (5)* and Wi(t) = cos(5t).

Proposition 3.1. For § =0 we have A} = p* for all £ > 0. For § € (0,1) we have
(3.2) (1—Hu' <\ < p*,¥>0.

10
0 1
function v(z1,z2) = Wi (x2) is clearly a positive eigenfunction in (1.5) with o = u!,
for all £ > 0. It follows that A} = u! as claimed.

(ii) Assume now that § € (0,1). Using the function v(z1,22) = Wi(x2) in the
Rayleigh quotient (2.10) yields the inequality

(3-3) A<t

Proof. (i) Since Ay = ( , the corresponding operator is just —A, and the

We claim that the inequality in (3.3) is strict as stated in (3.2). Indeed, an equality
would imply that the function v (as defined above) is a positive eigenfunction
in (1.5) for o = )\} = ', and in particular, it satisfies the Neumann boundary
condition

0= (AsVv).v = vy, + vy, = 6v,, on I ={l} x (=1,1).

But this clearly contradicts the fact that (W7) (z2) # 0 for x2 € (—1,1) \ {0}. To
prove the inequality of the left in (3.2) we first notice the elementary inequality

(3.4) (45€)-€ > (1 - 6%)|&f?, V€ = (&1,6) € R,
Indeed, (3.4) follows from the identity
(3.5) (A5€).6 = & + 20616 + & = (1 - ))& + (&1 + 0&2)°.

By (3.4) and(2.8) we get

)\% = / (A(;VU,g).VUg >(1- 62)/ |(9IQU,5|2
(3.6) 2
> (1=t [ Jue? = (1 -8t
Qp
To conclude, we show that the inequality A} > (1 —46%)u! is strict. Indeed, equality
would imply equalities in all the inequalities in (3.6), implying in particular that
we(x1,w2) = Wi(z2) in Q. It would then follow that A} = p'. Contradiction. O

From now on we shall assume that ¢ € (0,1) (the first part of Proposition 3.1
settles completely the case § = 0). Our main result in this section establishes the
following estimate about the behavior of A} as ¢ goes to infinity.

Theorem 3.1. limsup, ., A} < u', for every § € (0,1).
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In the next section, when dealing with the general case, we shall actually see
that the limit limy_, . /\} exists. As mentioned in the Introduction, an important
ingredient in the proof of Theorem 3.1 is a study of the asymptotic behavior of A}
as { — 0 (a dimension reduction problem).

Theorem 3.2. We have limg_,o A} = (1 — 6%)u’.

Proof. Tt suffices to consider ¢ < 1. Fix any « € (0,1) and let py be the piecewise-
linear function defined by

L te[-1,-1+42),
te[—1+62,1— 6],
—t e (1-60,1].
Consider the following test function
(3.7) ve(w1, 2) = Wi(z2) — d21 W1 (22)pe(2) .
Then clearly v, € V(§) is a valid test function. From (2.10), we have
fﬂe AsVve.Vuy _ fﬂe |8961'UE|2 + fQ[ |8x2v£|2 + 25 fQ[ 8x1vg8x2vg

pe(t) =

==

~
° ‘

A\ <
(3.8) fsze v} fm v
L+ L+
-—F
We consider each of the terms I1, Is, I3 and I separately. First,
1
39) - 52/ P2\ (22)|2 d = 2&52/ P2 (22)[2 ds
Q —1

Next, calculating for I,
2
I = / [W{(M) — 0z {p W7 (22) + W{(r’ﬂz)P}(Iz)}}
Q

= |W1/|2 —20 le{(@){MW{I(%) + Wl’(@)ﬂ%(%)}
Qg QE

8 [ oWy (a2) + Wilapian)-
14

L

The integral in the middle vanishes since ffe rp = 0. Hence, using |pj| < 7 and

(2.8) we get

3

where C, Csy are two constants independent of ¢. Next, for Is we find,

_ 1 25263 ! " /12 1 25263 —2a
(3.10) I =20p + 3 lpeWH' + Wipy|” <20 + (C1 4+ Col™7),
1

(3.11) I3 =26 i — Wi pe [W{ — 216 {W{p) + peW/'}]
1 ‘ 1
— a5 / W12 4 25° / 1 Wpe {Wip) + peW'} = —4es? / Pl WP
1 Q 1

Finally we compute the term I.

(3.12) I:/ (W — 21 Wi pe)? = W12—|—52/ x1pF|Wi|?
o, o o,



2[352 1
=20+ 3 / pE|WH|? > 2¢.
1

Plugging (3.9)—(3.12) in (3.8) yields

1 1
(3.13) A < 82 / PIWI + it — 262 / Wi + e(0),
1 1

where e(¢) — 0 as £ — 0. Since py — 1 pointwise, passing to the limit ¢ — 0 and
using dominated convergence for the RHS of (3.13) gives

(3.14) limsup A} < (1 —6*)pt.
£—0
Combining (3.14) with (3.2) we obtain the result of the theorem. O

Now we turn to the proof of Theorem 3.1.

Proof of Theorem 5.1. Let ¢y and 1 be two positive constants whose values will be
determined later. For ¢ > ¢y + n define ¢, by

U[O(.Il—é—Féo,IQ) on (é—éo,g) X (—1,1),
(w1 lom)Walea)  on (£ — £y — 1, £ — £o) X (—1,1),

n
¢g == 0 on Qg_go_n,
Cn—(lon)Wales) - on (ly — £, —L+ Lo +1) x (~1,1),

wo(xl +€—€0,I2) on (—6,60—6) X (—1,1),

where vy, is given by (3.7). We have

[a=[ —av] a
Qe Qe\ g Qs
L—Lg _ 6 6 2 1
(3.15) :/ Vi +2 </ (1 0 1) d:z:1> </ Wf)
Qe L—lo—n n -1

[ ek
= 2 =n,
Qe ° 3

where we used the fact that ¢, is an even function in 1 on Qp \ Qs_g,. Also,

(3.16) AsV Ny = A5V, Vg, +/ AsV Ny .

Q Qe Qe—g,

Setting D = Qy_y, \ Q¢—r,—n and using the fact that ¢ is even in D while 0, ¢, is
odd on D we get

1
/ AsV e Ny = —2/ W12+25/ D, GOy o
Qo—s, n* Jo D

2
(3.17) + = |WH 12 (21 — £+ Lo + n)?
(b—Lo—nb—Lo)x(—1,1)

772

2/1 2 277/1 s 2 2qut
== Wi+= Wi|? ==+ ——.
)yt T3 )Y Ty T3
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From (3.15)—(3.17) we obtain
1
‘[Qlo AsVug, NVug, + % + %T#
fQED v, + %77
Noting that Theorem 3.2 implies that
leo A(;vao.vwo
fQEO vt?O
we obtain from (3.18) that
1
{1 =02l e(bo)} fo, oF, + 2+ 282
2
fﬂeo Ugo + 577
2.1 2 2
(e(to) = 81t Jo, vi, + %
3 .
fQED AR
Choosing /o small enough such that () — 62! < 0, and then taking n sufficiently

large, makes the RHS of (3.19) equal a negative number, say —dp. Hence, A} <
ut — 8o for £ > o+, and the result follows. O

(3.18) M <

=(1-8)p +e(b),

A —pt <

(3.19)

4. THE GAP PHENOMENON IN THE GENERAL CASE.

In this section we extend the results from Section 3 to a more general framework.
We shall use the notation from Section 2 and study the limit limy_, o, A} for A} given
by (2.10). As in Section 3 our strategy is to study first the limit as ¢ goes to 0.

Theorem 4.1. We have lim,_,( /\% = A! where

(4.1) A'= inf{/wAQQ(Xz)vu.vu— % D u € H(w), /wu2 = 1}.

Proof. The reason why we find A! as the limiting value will be clarified by the
bi1 Bz
Bi; Ba
matrix and represent any vector z in R” as z = (21, Z3) with Z3 € R"~!. Then,
elementary calculus shows that for any fixed Z; € R*~! we have

following simple observation. Let B = ( ) be a positive definite n X n

Bi275|?
(4.2) wmin(Bz).z = (BysZa) 2o — 2122217
z1€ER bll
Furthermore, the minimum in (4.2) is attained for
Bi2Z
(4.3) 2] = _ 2oz )
b11

Applying (4.2) with B = A(X2) we obtain, for any ¢ > 0,

Agy(X 2
/(A(XQ)VW).VWZ/ (AQQ(XQ)VXQUE).VX2UZ_| 12(X2) Vix, e
Q Q a11(X2)

> Al/ ug .
o)
By (4.4) the lower-bound
(4.5) liminf A} > A',
£—0

(4.4)



is clear. We note that from the above it follows in particular that

Alz)\A-inf{/|Vu|2: ueHg(w),/u‘Z:l},

(see (2.6)) and the infimum in (4.1) is actually a minimum, which is realized by a
positive function w; € H} (w).

In order to complete the proof of Theorem 4.1 we need to establish the upper-
bound part. A natural generalization of the construction used in the proof of
Theorem 3.2 would be to use
(A12(X2).V’LU1) xlpg(XQ)

a1 (X2) ’
where p; is an appropriate cut-off function. However, since the coefficients of the
matrix A(Xz) are only assumed to be L°°-functions, the function on the RHS
of (4.6) does not necessarily belong to H*. To overcome this difficulty, we use an
approximation argument, motivated by [2, Ch. 14]. We apply standard mollification
to define a family of functions {G.}.s0 C C2°(w) satisfying

. A(X3) -V
4. 1 (X)) = ——7F~———
( 7) EIL%G ( 2) all(Xg) !

(4.6) ve(x) = w1(Xa) —

n L*(w) and a.e..
We then define

(48) ’U?(Il, XQ) = w1 (XQ) - GE(X2>.TE1 .
First notice that

14
(4.9) / g [? :/ /w% — 221w Ge + (11Ge)? 22€/w% =2¢,
Qp —Jw w

. ¢
since [~ ,x1dzy = 0. Now

AV’U;V’UZ = / all(aml’l}j)2 + 2(A12.VX2’U§)(911’UZ + (AQQVXQ’UE).VXQ’UZ
Qy
= L(g) + I2(e) + I3(e) .

For the first integral we have

(410) 11(8)2/ a11G§=2€/a11G§.
Q@ w

For the second integral,

@11) D) = 2/2 /wAlg.{le ~ VG0 H - 6.3 )

—£

Qe

Since the integral of the term containing z; vanishes, we get
(412) IQ(E) == —4£/(A12.Vw1)G8.
For the last integral we have (after dropping the term with the vanishing integral),

14
(413) 13(6) = / /(AQQVU)l).le + x%(AQQVGg)VGg
—Jw

2

l
= 26{/(A22Vw1)Vw1 + § /(AQQVGg)VGE}
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By (4.9)—(4.13) we deduce that

AVv; Vg
(4.14)  limsup A} < limsup fﬂe—izf
o =0 Jo, 107

/a11 (GE)Q — 2/(A12.Vw1)G5 +/ (Agngl).le.

Passing to the limit € — 0 in (4.14), using (4.7), gives
- |A12V’LU1|2 _

lim sup )\% < /(AQQVU)l)-le AL,
€0 w ain
which together with (4.5) yields the result. O
Remark 4.1. Replacing (4.8) by
(415) ’INJE(LL'l,Xg) = W1 (Xg) — éa(Xg),Tl s

where G. is defined as in (4.7), but with wy replacing Wi, and carrying out the
same computation as in the last part of the proof of Theorem 4.1 yields

AV05).Vo§ A VW 2
(4.16) inf lim M _ /(Amvwl).vw1 _ AeVIRE
>00-0  fo [97]? w ai
Our next theorem provides an analog of Theorem 3.1 to the general case.
Theorem 4.2. We have

(4.17) limsup \} < p,

{— 00

provided the following condition holds,

(4.18) A1, VW1 #£0 a.e. on w.

In case (4.18) does not hold we have A} = p' for all £ > 0.

Remark 4.2. It is easy to construct examples where condition (4.18) doesn’t hold.

(1) (1)), the eigenfunction

W1 is radially symmetric. We use polar coordinates on w and represent each Xa
as Xo = r(cosf,sinf). Taking a11 =1 and A12(X2) = t(—sind,cos0) for |t| small
enough (in order for the uniform ellipticity condition (2.6) to hold for the 3 by 3
matriz A) yields an example for which (4.18) doesn’t hold.

Proof. (i) Assume first that (4.18) holds. Then,
(4.19) Ay <t

Indeed, this follows from

Take for example for w the unit disc in R%. For Agy = (

|A12(X2) VIV |2
ai1(Xa)

By the proof of Theorem 4.1 there exist positive values of £y and £y such that 172‘;
defined by (4.15) satisfies

(4.20) / AVT0 Vg <u1/ o0
Qe Q

Lo

A < / A22(X2)vW1.vW1 — < / AQQ(XQ)VWl.le = ,ul.
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Notice that 7;°(0, Xo) = Wi(X2). Let 7 > 0 be a parameter whose value will be
determined later. For £ > ¢y + n define ¢y as follows,

’LN)Z;(Il—é—Féo,XQ) on (6_6076) X W,

(ml_(é_%;n))WI(XZ) on (£ — 4Ly —n,L—"Ly) Xw
(4.21) e =140 on Qy_gy—y,

(—w1—(€—€0n—77))W1(X2) on (KO — ¢, —(f — 0y — 77)) X W,

5;{? (acl + 0 — ZQ,X2) on (—f, by — f) X w.

Since
-0

Q\ Qg Qe

and
0—to _
Qoo L—Lo—n n
we have
. 2

(4.22) / ¢? :/ 52012 + =z

Q Qe
Similarly
(4.23) AV ¢y Ny = AV”EO V”EO / AV ¢ Ny .

Q Qe Qg

Setting D = Q_g, \ Qo—gy—n and Dt = (¢ — Ly — 1, — {y) X w, the last integral
above can be written as

1
/ AV Ny = —2/ a11W12+2/ (A12.Vx,00) 0z, 0
Qo—s, U/ ») D

2
+ — (Il — L+l + 77)2A22VW1.VW1.
n* Jp+

The second integral vanishes since its integrand is an odd function of z; on D.
Therefore,
(4.24)

2 %M 2 2
/ AV .V eby = —/aqu + —/Amvvv1 VW, = /aqu N
Qo nJw 3 nJw 3

Combining (4.22), (4.23) and (4.24) we obtain
Jo, AVGe.Voe  Jo, AVT.VT + = f an W7 + Znpt
A< < o :
- fm ¢ B fsz[ |Teg |2 +3n

Therefore,
~ ~ ~ 2
L f% AV VU — fﬂe O 12+ % [, auW?
(4.25) Ap—p < — .
fm |05 12 + 3n

y (4.20) it is clear that we can fix a large enough value for 7 such that the RHS
(4 25) is negative, and the result for case (i) follows.
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(ii) By (4.4) we have Ay < A} for all £ > 0. On the other hand, using u(z) = Wi (X2)
as a test function in (2.10) gives A} < p'. Thus we have,
(4.26) A <N <pt, VE>0.

In view of (4.26), the result for the case where (4.18) doesn’t hold would follow

once we show that in this case Ay = p!. The Euler-Lagrange equation for an

eigenfunction v of the quadratic form in (4.1), with eigenvalue X is
{ - diV(AQQV’U) + diV((Alg.V’U)Aiz/all) =\ inw,

v=0 on dw.

(4.27)

Of course v = wy satisfies (4.27) with A = A;. But since we assume that (4.18)
doesn’t hold, v = W is also a solution of (4.27) with A = p'. However, only the
first eigenvalue of the problem (4.27) can have a positive eigenfunction, so we must
have A; = p! as claimed. O

5. CHARACTERIZATION OF THE LIMIT limy_, o )\}

In this section we obtain more precise results on the asymptotic behavior of the
eigenfunctions{u,} and the eigenvalues {\}} as £ goes to infinity. We shall see that
when (4.18) holds, the eigenfunctions decay to zero in the bulk of the cylinder and
concentration occurs near the bases of the cylinder. We denote by [z] the integer
part of x.

Theorem 5.1. Assume (4.18) holds. Then, there exist a € (0,1) and a positive
constant ¢ such that for £ > £y we have, for every 0 <r < ¢ —1,

(51) / ug S a[é—T] ,
QT
and

(5.2) / |Vaug)? < el
Qr

Proof. Let ¢ and ¢ satisfy 0 < ¢ <0 —1. Define py = py(x1) by

1 |I1|S€/,
(5.3) py(x1) =0 +1—|z1| |z| € (0,0 +1),

Using v = p?/ue € V() in (2.9), we get
/ (AVuy).V(p2 ue) = )\}/ poug
Qg QE

ie.,

6a) [ (AVu) Fpeu) - [ A0 Vop =N [ dat.
Qy Qp Qe

Since p,ue € HY (), by the Rayleigh quotient characterization of o} (see (1.2))
we have

(5.5) O'l}/ ugpy, S/ AV (ppue).V(pyue) .
(o) o
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Combining (5.4)—(5.5) with (2.5) we get

(o} —)\})/ ugpl S/ ui(AVp, ).V, :/ u(AVp, ).V,
(o (o Q1 \ 2

< CA/ uj .
Q1 \

By (1.3) and (4.17) there exists 8 > 0 such that for £ > ¢, we have o} — \} > .
Therefore, from (5.6) we deduce that

(5.6)

Cath) [ wtscaf
Q, Qpryy
This leads to
(5.7) / u? < a/ u?,
Q, Q.
with o = CS-ALB < 1. Applying (5.7) successively for C=rr+1,...,r+ [l—r]—1
yields

(5.8) / u? < ol / u? = ol
Q. Qe

To prove (5.2), we fix r € (0, — 2) and then use (5.4), with ¢ = r, combined with
(2.6) and (3.3), to obtain

(5.9) /\A/ |Vuz|2§/ AV (prup).V(prug)
Q. Q2

:/Q U?(Avpr)-Vpr+/\%/ prug < (CA+M1)/ uj
e

Q Qrq1

Finally, (5.2) follows from (5.8)—(5.9) for r < £ — 2. Choosing a step size of % in
the first part of the proof would allow r < ¢ — 1. O

The decay of the eigenfunction in the bulk immediately implies concentration
near the two ends of the cylinder.

Corollary 5.1. If (4.18) holds then for every r € (0,¢ — 1] we have
(5.10) / u% >1—al" and AVuy.Nuy > )\% —cralt=l,
QZ\QT QE\QT

To have a more precise description of the asymptotic behavior of )\% we introduce
two variational problems on semi-infinite cylinders. Set

QL =(0,00) xw and QL = (—0,0) X w,
and denote the corresponding lateral parts of the boundary by

vt =(0,00) x Ow and 7 = (—00,0) x dw.
Define the spaces

VOQL)={ue HY(QE) : u=0o0n~E},
and set
(5.11) vi = inf Jog AVEVu
0£ueV (0L) fgoio u?
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Remark 5.1. In case property (S) holds (see Definition 2.1) we clearly have vl =
v as we can use the transformation v(z1, X2) — v(—z1,—X2) to pass from a
function in V(QL) to a function in V(Q) (and vice versa) that has the same
Rayleigh quotient. In general we can only assert that vy, = vt where 0L, is defined
as in (5.11), but with A being replaced by A, given by

) ( a1(X2)  —Aa(Xs)
A(Xz) = <_/11}512()2(2) A2;2(X2§ ) .

This is easily seen by applying the transformation v(x1, X2) — v(—x1, X3).
The next lemma gives the possible range of values for v%.

Lemma 5.1. We have

(5.12) 0<vi<ul.

Proof. By Remark 5.1 it is enough to consider v1. The fact that v > 0 follows
from the Poincaré inequality. In order to show that vt < u! we set for each & > 0,

ve(x) = e "W (X2).

Clearly v € V(1) and a direct computation gives
(5.13)

/+ AVv. Vv, = /+6726m1 (a1152W12 — 2E(A12.VW1)W1 + AQQVWl.le)
QL QL

= (/ 6_2”1)(;11 —|—5‘2/ CL11W12 —28/(A12.VW1)W1),
0 w w

and

o 1
5.14 2= (= ).
(5.0 [oz= ] =5

By (5.13)—(5.14) we obtain
fQ; AVv..Vo.
fQ; v2

so by sending € to 0 we deduce that vt < pl. O

= /Ll — 26/(A12.VW1)W1 +€2/ a11W12,

It is easy to identify vE with the limits, as £ — oo, of certain minimization
problems on Qf This is the content of the next lemma (see (2.3) and (2.4) for the
definitions of 7;* and I'F).

Lemma 5.2. We have 1/2[0 = limy_ o )\é’i , where

(5.15) S\;i = inf{/i AVu.Vu : u € HY(QF), /i > =1,u=0 onyfULT}.
Q@ Q@

Remark 5.2. It is a standard fact that the infimum in (5.15) is actually attained.

The unique positive normalized minimizers will be denoted by ﬁj[.

Proof. We present the proof for 5\;,—% as the proof for X;’_is completely analogous.
Note first that the limit lim, . )@’Jr exists since the function ¢ /\;’Jr is non
increasing. Indeed, if ¢; < ¢3 then any admissible function in (5.15) for 5\2+ can

be extended to an admissible function for S\é:r by setting it to zero on QZ \Qj1
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A similar argument shows that :\;

density of the space
(5.16)
Vi QL) ={ueC®QL)NV(QL) : IM = M(u) >0s.t. u=0on (M,00) x w},

in V(L) implies that for each v € V(L) \ {0} and any ¢ > 0 we can find an £,
and v € Vi(Q%,) with supp(ve) C € such that

fgz; (AVo.). Vo, fsz; (AVu).Vu
fQ;‘o vg fﬂz—o u? -

and (5.15) follows (for A,;'). O

"+ > ut for any £ > 0. On the other hand, the

Our next result complements the result of Theorem 4.2 in two ways: by showing
that the limit limy_ )\} exists and by identifying its value.

Theorem 5.2. We have

(5.17) lim A} = min(vl,v).
£—00

Proof. (i) We shall first show that

(5.18) limsup A} < min(vl,vy).
£— 00

We may assume w.l.o.g. that v, = min(vL,vL). Given ¢ > 0 we may find by
Lemma 5.2 an £, > 1/ such that XZJF < vt +e. Since )\%/2 < 5@* by the
definitions (2.10) and (5.15), we easily deduce (5.18).

(ii) We now treat the case where (4.18) holds. Let u, denote the positive normalized

minimizer in (2.10). Define vo(z) = p(x1)ue(x) where p is given by

0 Z1 < _17
(5.19) p(r1) =q1+a1 a1 € (-1,0),
1 X Z O .
By (2.5) and (5.19) we have
(5.20) / (AVvy). Vo, < / (AVuy).Vuy + C'A/ |Vue|?.
(—=1,0) xw QF (—1,0)xw

Define wy i1 (w1, X2) = ve(z1 + £, X2) on ©,,, and notice that it is an admissible
function for the infimum defining :\;J:l (see (5.15)). By (5.20) and (5.1)—(5.2) we
obtain, for some positive constant C,

(5.21) / (AVwys1).Vwegg < / (AVuy).Vuy + cal.
o

241 er
Denote
N :/ (AVu,).Vuy and Di :/ ue|?
af *

4
so that in particular we have

(5.22) NS +N; =)\ and Df +D; =1.
By (5.21) and an analogous construction on QZH we have

- _ NS +Ca < N; +Ca
(5.23) PR L, B VAP

+1 — D

L L
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From (5.23) and (5.22) it follows that

(5.24) min{\, 7, A5 < DA 4 Dy N < M+ Cal

Passing to the limit £ — oo in (5.24) and using Lemma 5.2 yields

(5.25) min(v,v) < ligm inf A},
— 00

which combined with (5.18) clearly implies (5.17) (when (4.18) holds).

(iii) Finally, we turn to the case where (4.18) doesn’t hold. In this case we know
already from Theorem 4.2 that A} = ! for all £. The proof of (5.17) will be clearly
completed if we show that v, = v = p'. We shall only show that v = p! as
the argument for v is identical. By Lemma 5.1 we have v1 < u'. The reverse
inequality is a special case of Theorem 6.1 (ii), see below. 0

The argument of the above proof can be used to derive an additional information
that will be useful in the next section.

Proposition 5.1. If v{, < v3 then limy_o [o+ [Vue|® + [uel* = 0.
14

Proof. We use the same notation as in the proof of Theorem 5.2. Passing to the
limit £ — oo in (5.24), using Lemma 5.2 and (5.17) yields

(hmsup DZ_)V;O + (1 —limsup D )v{ < th N =g

00 )
£—00 {—s00 —00

so necessarily limsup,_, ., D = 0. Next, by (5.23) we have for £ large,

NS oo Nf+N; Nf+N;
(5.26) —L M\t - Cat < e N {ﬁ L=\

D, D, D/ + D,
Since in our case, limy_, . )\} = limy_ o 5\}:1 = v}, and we know already that
limy—, oo D, =1, we deduce from (5.26) that lim; N;‘ = 0. O

6. THE PROBLEM ON A SEMI-INFINITE CYLINDER

In this section we further investigate the minimization problem (5.11). By Re-
mark 5.1 it is enough to consider v,. There are two main questions we are interested
in. First, we want to identify the conditions under which the infimum in (5.11) is
attained. Second, we would like to know when the inequality v%, < u! hold. The
next proposition shows that the two questions are closely related to each other.

Proposition 6.1. If
(6.1) v < ut,

then vy, is attained. The minimizer 4™ is unique up to multiplication by a constant,
has constant sign and satisfies

—div(A(Xo)VaT) =viat in QL
(6.2) at =0 on~L,
A(X2)Viat).r =0 on {0} x w.
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Proof. The existence of a minimizer will be achieved by taking the limit { — oo
of the minimizers {@/} in (5.15) (see Remark 5.2). Since {ug} is bounded in
H'Y(QL), a subsequence {u } converges Weakly to some limit ™ € H'(QL). Take
any ¢ € VS(QJr ). Since 1/ =limg :\ by Lemma 5.2, we can pass to the limit
in the following equality, that holds for Ek > M(p) (see (5.16)),

ok AV Ve =N, /gz; EAs

and obtain that

(6.3) / AVat -V = V:O/ aty
ot ot

Since (6.3) is valid for any ¢ € Vi(QL), and by density also for any p € V(QL), we
obtain that 4™ is a solution of (6.2). To conclude that it is a minimizer realizing
v in (5.11) we only need to prove that it is nontrivial, i.e., that 4™ # 0. Actually,
we are going to show that [ (4%)® = 1 and @* > 0. For that matter we will

prove decay estimates for &2’ for large 1, that imply concentration near x; = 0,
using the same technique as the one used in the proof of Theorem 5.1.
Let ¢ and ¢’ satisfy 0 < £ < ¢ — 1. Define p, = p, (x1) by

0 $1§€/,
po(w1)=qa =0 z1e (0 +1),
1 Ilzél—Fl

By the Euler-Lagrange equation satisfied by &Z we have

/(Ava;). (P2a)) =\ /pe laf)?.
Qf Qf

12

Repeating the argument used to derive (5.6) we obtain

(6.4)
(0 — A7) / 2 < (0}, — ) / a2 < / i (A ).V
N\ of of
- / i P(AV ). Yy < Ca / e
e/+1\Q’f' e/+1\Q’f’

Using (1.3) together with (6.1) and Lemma 5.2 we deduce that there exist lo>0
and 8 > 0 such that for £ > ¢, we have 04/2 — )\1 * > B. Therefore, we deduce from
(6.4) that

C
(6.5) / |a;|2gd/ i with &:= =—2—.
N\ 2 \Q B+ Cy

Fix any r > 1. Applying (6.5) successively for £ =7 — 1,7 —2,...,r — [r] yields

/ |a;|2gaw/ fif 2 = &b, ve s -,
QN\Q, Qf

14

In other words,

(6.6) / a2 >1-all.
QF
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Since iy, — @ strongly in L?(Q;"), we deduce from (6.6) that
(6.7) / (@t)? >1-al".
QF

This already implies that " is a nontrivial nonnegative solution to (6.2) and there-
fore, a minimizer in (5.11). Applying (6.7) with arbitrary large r, we get that
fQ+ (@t)? = 1. The uniqueness of the minimizer follows by a standard argument,
usiaﬁg the fact that any minimizer must have a constant sign. 0

Open Problem: Is it true that (6.1) is also a necessary condition for the existence
of a minimizer realizing v} ? In Theorem 6.1 below we will show nonexistence of a
minimizer when v = p!, but under the additional condition (6.9).

The next result provides a sufficient condition for (6.1) to hold and another one for
it to fail.

Theorem 6.1. (i) Assume that (4.18) is satisfied. If the following condition holds,

(6.8) /(Amvwl)w1 >0,
then (6.1) holds.

(i) If

(6.9) A19. VW1 <0 ace. inw

then v, = ut. Moreover, in this case there is no minimizer realizing v,

Proof. (i) Assume that (6.8) is satisfied. A similar computation to the one done in

the proof of Theorem 4.1 (see also Remark 4.1) shows that {27} given by (4.15),

satisfy not only (4.16), but also
Jo- (AV©5).VT;

inf lim £—~ == /(AQQVWl)le -

|A12 VIV |2
£>04—0 fsr |05 |2 '
14

ail

Indeed, we only need to note that the term corresponding to the second term on
the RHS of (4.11) is of the order O(¢?). Hence, we can fix values of ¢; and &; such
that the following analog of (4.20) holds,

(6.10) -m ::/ (AV;}). Vgt — p / 0517 <0.
_ o

Qel £y

For each o > 0 we define a test function in Vo, (QL) by
05t (2 — 41, X 0,/
(Il,X2) = o (xl ,2(1 2,)2 ) e [ , 1)7
Wl(Xz)e 1= xr1 € [f OO)
Above we used the fact that ;' (O Xs2) = Wi (X3). We have,

/ |2a|2:/ |~51|2 / —2azl /Wl :/ ~51|2+i
ok Q

oo

and

/Q;(sza).vza_ / (AVE). V!

Q)

1
+ % <012/ CL11W12—204/(A12.VW1)W1 +/(A22VW1).VW1>
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Therefore, using (6.10) we get
AVz4.Vz, g W2 — [ (A, VW)W —
(6.11) u;—ulg—fﬂi" < 2 Jy Wi fw; e W=
fsz; |2a fQ;l |”£1| +2q

Since 71 > 0 and fw(Alg.VWﬂWl > 0 by (6.8), it is clear that we can choose «
small enough to ensure that the RHS of (6.11) is negative, completing the proof of
(6.1).

(i) We notice that not only V(Q3°) is dense in V (23°) (see (5.16)), but its subspace

Vo) = {u € V,(Qh) : 36 = d(u) > 0 s.t. u(e) = 0 for dist(z,1E) < 5} :

is dense as well. By elliptic regularity and the strong maximum principle we know
that TW; is continuous and positive in w (see [15, Chapter 8]). We shall use the
following version of Picone identity,

(6.12) (AVu).Vu — (AVU).V(%Q) — A(Vu— %vv).(vu - %Vv) >0.

Using (6.12) with any u € VO(QL) and v = Wi, integrating and applying the
generalized Green formula yields

(6.13)
o</ A(Vu— —VW).(V —ivw)—/ (AVu).V —(AVW)V(U—2)
S Q; u W1 1)- u W1 1) = QIO u).vu 1) W1
'LL2 'LL2
= AVu).V —‘r/ div(AVIV) (— —/ AVIVL.v)(—
/Q;( u).Vu o iv( 1)(W1) {o}m( 1u)(Wl)
2
_ 1,2 u®(0, Xs)
_/Q;(AVU)VU Hmu +/w (Au.le) Wl(XQ) .

By (6.13) and (6.9) we deduce that

u u
(6.14) 0< /Q; A(Vu — lewl).(w - lewl) < /Qm AVu.Vu — plu?.
By the density of V2(QL) in V(QL) it follows that (6.14) holds for every u €
V(QL), ie., vL > ub. Finally, applying (5.12) we get that v1 = u'. To conclude,
assume by negation that v1 is realized by a minimizer u. Then, by (6.14) we get
that V(Wil) = 0 a.e., implying that u = ¢W; for some constant ¢ # 0. But this is
clearly a contradiction since Wy & V(QL). O

Remark 6.1. An immediate consequence of Theorem 6.1 and Remark 5.1 is that if
(4.18) holds and [ (A12.VW1)Wy =0, then we have both v, < p' and vy, < p'. A
special case is when property (S) holds. Another direct consequence is that whenever
(4.18) holds we have min(vL,vy) < p'. However, this fact follows already from
our previous results, by combining Theorem 4.2 and Theorem 5.2.

Our last result provides a description of the asymptotic profile of the eigenfunc-
tions {u,} near the ends of the cylinder. We denote by @* the unique positive
renormalized minimizer for vZ, when it exists. For each ¢ > 0 we define:

o (21, X2) = ug(wy — £, X5) on Qf,

(6.15) o _
0, (21, X2) = ue(x1 + 4, X2) on Q, .
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The next theorem describes two possible scenarios that may occur: concentration
near one of the ends of the cylinder, or concentration near both ends.

Theorem 6.2. (i) If vl < vy then, for every r >0,

(6.16) of —at in HY(Q)) and 5, —0in HY(Q).

(ii) If both (6.2) and property (S) hold then we have ¥, (z1,X2) = ¥, (—x1, —X2)
and for every r >0,

(6.17) of —at in HY(QF) and o, —a~ in H'(Q; ).

T

Proof. (i) The convergence of {0, } to 0 in H'(€2;) for all r > 0 is clear from
Proposition 5.1, so we only need to prove the result for {3, }. Since {7, } is bounded
in H! (er), given any sequence £} — 0o, we can apply a diagonal argument to {f;zc}
to extract a subsequence, still denoted by {¢;}, such that ﬁéz converges weakly in
H(Q}) and strongly in L*(Q;) to some function v € HY(QL), for every r > 0.
By (5.1) and Proposition 5.1 we have

(6.18) / |f;;|2:/ |w|2:1_/ |ue|2—/ lug)> >1—all +0(1),
Qf Q\ Qe Q. Qf

1

where o(1) stands for a quantity that tends to 0 when ¢ — co. Passing to the limit
in (6.18) with ¢ = ¢, yields,

(6.19) / W2 > 1— ol
QF

and since r is arbitrary, we get that fQ+ [vT|? = 1. In addition, we clearly have

(6.20) v = Jim A > lim [ (AVuy).Vug
—00

{— 00 Q

k— o0

> limsup/ (AVS/) ).V, 2/ (AVvT). Vo'
of " ok

From (6.19)—(6.20) we deduce that [+ (AVvT). Vot = v ie., v is a nonnegative
normalized minimizer, realizing v in (5.11). Therefore, it must coincide with ™.
Finally, defining on (0, 00) the function

f(r) =1lim sup/ (AV@Z).V@Z; - / (AVa™).Vat,
k—oo JQif Q;F

we see that on the one hand it is a nonnegative and nondecreasing function, while on
the other hand lim, _,~, f(r) = 0. Hence f(r) = 0, implying the strong convergence
62; — a4t in H'(Q;") for all » > 0. The uniqueness of the possible limit implies the
the same convergence holds for the whole family {o, }.

(ii) In this case we have the symmetry relation wue(zy, X2) = we(—x1, —X2) by
Proposition 2.1, and the same argument as in (i) gives the result. (]

Remark 6.2. Theorem 6.2 provides a description of the profile of ug near the ends
of the cylinder. As pointed to us by Y. Pinchover, a description of the profile of
wg in the bulk can be given using the characterization of positive solutions in an
infinite cylinder, given in [17]. Indeed, setting ve(x) = up(x)/ue(0), and employing
Harnack’s inequality and the boundary Harnack principle (see [16, Theorems 1.2
and 1.3]) we obtain a subsequence {vy, } that converges uniformly on each cylinder
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Q., 7 >0, to a imit v. The function v is a positive solution on the infinite
cylinder Qoo = (—00,00) X w of —div(A(X2)Vv) = Asov salisfying v = 0 on
N = (—00,00) X Ow, where Aoo = limy_00 A} = min(vi,vy) (by Theorem 5.2).

From [17, Theorem 5.1] (that handles a much more general situation) it follows
that such v is a linear combination of one or two exponential solutions of the form
Vo () = ®o(X2)e*™r. In particular, when property (S) holds it follows that v takes
the form

0(2) = (Xa)e™ + g(—Xp)e o
for some ae > 0, if (4.18) holds, and v(x) = ¢cW1(X2) if (4.18) doesn’t hold.

7. SOME ADDITIONAL RESULTS

So far we only studied the asymptotic behavior of the first eigenvalue A} and the
corresponding eigenfunction uy. The analogous behavior of the other eigenvalues
)\f, )\g’, etc., is also of interest. For the case of Dirichlet boundary condition this
was done in [7]. For our case of mixed boundary conditions we have the following
partial result for \2.

Theorem 7.1. If property (S) holds then

lim AZ = lim A} .
{—00 {—00

Proof. Define h, and h; on €y by

_ W (x40, Xo on 2, ,
(@) = { ) ot
0 on 2,

and
h+ _ ﬁZ($1 —K,XQ) on Qz_,
£ o on Q,

where i, , ﬂ} are defined in Remark 5.2. Set H, = ash, + ﬂgh}, where ay, B¢ are
chosen such that

/ uHe =0 and of + 57 >0.
Qp

Such a choice is possible since we have to satisfy one linear equation in two un-
knowns. From the Rayleigh quotient characterization of A7 we get, since the func-
tions hj and h, have disjoint supports,

(7.1)
AVu).Vu AVH, . NVH
/\ﬁzmin fm(iz g = 0 nge—lzf
fsz@ u fsze H;
F f (AVA)V + 5} o (AVAE)VE] 230 4 523l
aj fQ; (hy )2 + 57 fQj(hZFV af + b7
But the symmetry property (S) implies, by the same proof as that of Proposi-

tion 2.1, that @/ (z1,X2) = i, (—x1,—X2) and \p" = A7, Therefore, (7.1)
implies that the RHS of (7.1) equals /\;’Jr and we obtain that

A<M <NT=N

The theorem then follows from Lemma 5.2 and Theorem 5.2. O

‘O#UEV(QU,/

Qe
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In the previous sections we considered the case of a cylinder which goes to infinity
in one direction. We now consider the more general case of a domain that tends to
infinity in several directions. In the rest of the paper we set

Q= (=0, 0P x w,
where 1 < p < n and w is a bounded subset of R"™P. The points in {2, are denoted
by
X = (Xl,XQ) with Xl = (xl, .. .,Ip) and XQ = (Ierl, . ,CCn) .
Let A(X3) be a n x n symmetric, positive definite matrix, uniformly elliptic and

uniformly bounded on w, as in the previous sections. Now we consider the following
decomposition to sub-matrices:

A1 (Xa) Ap(Xy)
AX2) = <A§2(X2) A22(X2))

where Aj1, A12 and Agg are p X p,p X (n — p) and (n — p) X (n — p) matrices, re-
spectively. We still denote by p' and W the first eigenvalue and the corresponding
eigenfunction for the problem (1.1). Let C; denote the i-th row of the matrix Ao,
and denote by B; the (n —p+ 1) x (n —p + 1) matrix

_ (@ii(X2)  Ci(Xa)

Bz(XZ) - <Cf(X2) Agg(Xg)) )
for 1 < i < p. Since the matrix B; can be viewed as a representation of the
restriction of the operator associated with A to the subspace of R™ consisting of
the vectors v = (v1,...,v,) satisfying v; = 0 for all j such that ¢ # j < p, we
conclude that the matrices B;(X2) are also uniformly elliptic for X5 € w.
The following eigenvalue problem is the generalization of (1.5) to our setting:

—div(A(X2)Vu) =ou  in Qy,
(7.2) u=0 on (—{{)F x dw,
(A(X2)Vu).r =0 on d(—¢,0)? X w.

As before we denote by /\% the first eigenvalue and by u the corresponding normal-
ized positive eigenfunction. We have the following generalization of Theorem 4.2.

Theorem 7.2. We have
limsup \} < p,

l— 00

provided the following condition holds,
(7.3) A12. VW7 £0 a.e. onw,

where O denotes the zero element in RP. In case (7.3) does not hold we have A} = p*
for all £ > 0.

Proof. Assume first that (7.3) doesn’t hold. Then there exists i € {1,...,p} for
which (A12VW7); is not identically zero (a.e.) on w. It follows that the hypotheses
of Theorem 4.2 (for the case where (4.18) holds) are satisfied for the eigenvalue prob-
lem associated with the operator — div(B;(X2)Vv) on the domain Qy = (—£,£) X w
in R*~P+1. Hence, there exist functions ¢, (z1, X2) € V(Qy), £ > 0, such that

(7.4) lim sup Ja, (Bi(XQ)V;f)e).V(bg o
£— 00 fQ[ gf)é
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Define on Qy, ve(X1, X2) := ¢¢(x;, X2). Noting that

/(AVUZ).VW:(%)pfl/ (BiVy).V¢y and / vp = (20771 [ 47,
Qp Qe

Qy Qe
we get from (7.4) that

fQ[ AV’Ug . V’Ug 1

lim sup )\} < limsup 5 1
£—00 =00 fQ[ Uy

Assume now that (7.3) does hold. Next we apply a simple generalization of an
By Bio
Biy By
matrix, where By; and Bag are p x p and (n — p) x (n — p) matrices, respectively.
Represent any vector z in R™ as z = (Z1, Z3) with Z; € RP and Zs € R""P. Then,
by a similar computation to the one leading to (4.2)—(4.3) we get that for any fixed
Zy € R"P we have

argument from Theorem 4.1. Let B = ( ) be a positive definite n x n

(75) Zmei]%p(BZ).Z = (BQQZQ).ZQ — (Bl_lleZg).BngQ,
1

and the minimum in (7.5) is attained for
7y = —B (B122s) .

Applying (7.5) with B = A(X3) we obtain, for any ¢ > 0,
(7.6)

(A(XQ)VUE)VUE Z / (AQQV)QU[).V)Q’U,E — (A1_11A12VX2UZ).A12VX2’U,E
Qy

1 2
> A / uy ,
Qp

where A! is defined, generalizing (4.1), by

Qe

(7.7) A = inf {/ AxVu.Vu — (A1_11A12Vu).A12Vu D u € H (w), / u2 = 1} .

The infimum in (7.7) is attained by a unique positive function, denoted again by
w1, that satisfies

7.8
(78) w; =0 on dw.

{ — diV(Agngl) + diV(AIiQAl_llAlngl) = Alwl inw,

But if (7.3) holds, then W is also a positive eigenfunction in (7.8), with eigenvalue
pt. As in the proof of Theorem 4.2 we conclude that A = p! and the result follows
from (7.6) (since clearly A} < ut). O
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