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Abstract

In this paper we study the fluctuations from the limiting behavior
of small noise random perturbations of diffusions with multiple scales.
The result is then applied to the exit problem for multiscale diffusions,
deriving the limiting law of the joint distribution of the exit time and exit
location. We apply our results to the first order Langevin equation in a
rough potential, studying both fluctuations around the typical behavior
and the conditional limiting exit law, conditional on the rare event of
going against the underlying deterministic flow.

1 Introduction

Let T > 0 be given and consider a small random perturbation of dynamical
system by a Wiener process. In particular, consider the d-dimensional process
X ={Xf,0<t<T} satisfying the stochastic differential equation (SDE)

dX§ = b (X§) dt + eo (XF)dWy, X§ = a0, (1.1)

where € | 0 and W; is a standard d-dimensional Wiener process. The functions
b(x), o¢(z) are assumed to be sufficiently smooth.
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If b°(x) — b(z) and 0¢(z) — o(z) as € | 0, where b(z) and o(x) are nice func-
tions, then asymptotic behavior such as law of large numbers, central limit the-
orems and large deviations have been extensively studied in the literature,e.g.,
[9, 12] and the references therein. Scaling limits of (II]) under the effect of dif-
ferent perturbations of the dynamics and of the initial condition are also studied
in the recent article [IJ.

In this article, we assume that the functions b°(x) and o¢(x) are fast oscillat-
ing, in particular we set b°(z) = $b (3:, %) +c (a:, %) and o¢(x) = o (a:, %), where
0 =10(e) L 0as e ] 0. The functions b(z,y), c(z,y) and o(z,y) are assumed to be
smooth and periodic with period p in every direction with respect to the second
variable. Homogenization of such equations has been studied extensively in the
literature, see for example [2| [I7]. Large deviations were studied in [5 [10] and
related importance sampling schemes were developed in [6][7]. Moreover, special
cases of this general equation (e.g., with b(x,y) = —=VQ(y),c(z,y) = —VV(x)
and o(z,y) = constant) have been suggested as models for studying rough
energy landscapes that describe certain proteins and their folding and bind-
ing properties. A representative, but by no means complete, list of references
is [7, [T, 1]

Our goal in this paper is twofold. First, we study scaling limits under dif-
ferent perturbations of the drift and of the initial condition. We are interested
in fluctuations around the typical behavior of Xf as €¢,0 | 0 when both the
initial condition and the drift follow a scaling limit in finite time. It turns out
that depending on the scaling and on the order that ¢ and § go to zero, we
have different limiting behavior. The result is presented in Theorem Bl It is
interesting to note that, in contrast to the case without fast oscillations, in the
case considered here, additional drift terms may appear in the equation that
the fluctuation process satisfies, see Remark B3l At this point we mention the
articles [5l 9] 10, 13| 5] for some related moderate and large deviations results,
even though the fluctuations analysis done in the current paper is not covered,
as far as the authors know, by the existing literature. The analysis of these
scaling limits is summarized in Theorem [B.1] and allows us then to study the
exit distribution in the limit as €, | 0 (see Theorem A1) in the case in which
the typical behavior of X€ exits the domain transversally in finite time.

Another byproduct of this analysis is the study of the effect that pertur-
bations by small but fast oscillations of small noise dynamical system have on
exit time for such diffusions conditioned on rare events, see Theorem We
investigate this question in the case of the first order Langevin equation for both
a periodic and for a random rough potential, see Remark [5.4l It turns out that
the limiting law of the exit time conditioned on the event of going against the
deterministic flow, appropriately normalized, follows Gaussian distribution with
enhanced variance (as compared to the small noise not oscillating case) due to
the fast oscillations, see Remark

The rest of the paper is organized as follows. In Section 2l we establish nota-
tion and mention examples and preliminary results that will be used throughout.
Section Bl contains the corresponding central limit theorem, whereas Section Ml
contains the analysis of the joint limiting law for the exit time and exit point.



In Section Bl we apply the results of Sections [3land @ to the first order Langevin
equation in a rough environment. In particular, we state the related central
limit theorem and study the conditional exit law of a one dimensional small
noise diffusion process in a rough environment in the limit as the fluctuations
and noise intensity go to zero.

2 The set-up

Let T > 0 be given and consider the d-dimensional process X¢ = {Xf,0 <t <
T} satisfying the stochastic differential equation (SDE)

dX; = [fb (Xf, ﬁ) +ec (X;, §> + e /2y (X;, ﬁ)} dt++/eo (X:, §> AWy,
) ) ) ) )
(2.1)
with initial condition given by X§ = xo + €%2/2¢¢. Here &€ is a family of random
variables that converges in distribution to % as € — 0, = d(e) = 0 ase — 0
and Wy is a standard d-dimensional Wiener process. Also, we assume that the
functions b, ¢, ¢ and o satisfy the following conditions:

Condition 2.1. i. The functions b(x,y), c(x,y),o(x,y), and V(x,y) are,
for each € > 0, periodic with period p in the second variable, C(Y) in
y and C*(RY) in x with all partial derivatives continuous and globally
bounded in both variables. Here Y = T? denotes the d-dimensional torus.

1. As € = 0 U — U uniformly in each variable and ¥ satisfies the same
reqularity conditions as any Ve.

T

1i. The diffusion matrix oo’ is uniformly nondegenerate.

We are interested in the following cases of interaction

€ {oo Regime 1, (2.2)

v € (0,00) Regime 2,

Here 7 is taken to be v = oo in Regime 1.
We borrow some notation from [5], where the large deviations principle for
SDE (Z.1)) was established, in order to present our results.

Definition 2.2. For each one of the Regimes i = 1,2 defined in (22), and
r € RY, define the operators

L; =b(z,-) Vy+ %tr [O’(I, Jo(z, ~)TV12J , and
L2 = [yb(z,-) + c(x,-)] - Vy + ’y%tr [O'(ZE, Do (x, -)Tv;j] )

For each x € RY, the domain of L, is given by D(LL) = C3(Y), fori=1,2.



Note that the existence of a unique smooth invariant measure for the oper-
ator L%, i = 1,2, is immediately implied by Condition [Z1] (see Theorem 3.3.4

x

and Section 3.6.1 of [2]). We impose the following condition for the invariant
measure in Regime 1:

Condition 2.3. For each x € R, let p*(dy|x) be the unique invariant measure
corresponding to the operator LY equipped with periodic boundary conditions in
Y.

Under Regime 1, we assume the standard centering condition (see [Z]) for
the drift term b:

vyl =0
The variable x is being treated as a parameter here.

We note that under Conditions[ZTland 23] for each I € {1,...,d}, thereis a
unique twice differentiable function x¢(z, y) that is p— periodic in every direction
in y, that solves the following cell problem (for a proof see [2], Theorem 3.3.4):

Lixi(z,y) = =bi(z,y), / xi(z,y)pt (dylz) =0, 1=1,..,d. (2.3)
y
We write x = (x1,---,Xd). With this in hand, it will become useful to define a
function A;(x,y), i = 1,2, as follows:
Definition 2.4. For each one of the Regimes i = 1,2 defined in (2.3), let
i R4 x Y — R? be given by
)\l(xv y) = (I + VyX(za y)) C(Ia y)v and
)\2(‘/1‘.73/) = ’}/b(,’E, y) + C(.’L’,y),
where x = (X1, - -, Xa) is defined by (Z:3) and I is the identity matriz.
Moreover, let \; : R* — R% be given by

Mm=AM@ww@m,

and let X!(zx) be the flow generated by \;. That is, for each v € RY, X(x) is
the solution to the ordinary differential equation

¢
th(x)::r—l—/ i (Xyds.
0

We remark here that under Condition 21T} the invariant measure uf(dy|x) is
certainly C! in the z—variable (see Section 3.6.1 in [2]) and consequently \;(-)
is C'. Hence, the ODE for X' is well defined and has unique solution in each
regime. Moreover, Theorem 2.8 in [5] guarantees weak convergence of X¢ to



X% in C([0,T]) for any T > 0. Further, it is easy to observe that in our case
Theorem 2.8 in [5] implies that for all n > 0 and ¢ = 1,2, we have

lim]P’{ sup | Xf — X/ (wo)| > 77} =0, T>0. (2.4)

e—0 0<t<T

Our first objective is to understand the limit of the fluctuations process

X.
N = ——©Fc > aSGJ,O,

where (¢ is the appropriate normalization rate. Our second objective is to
prove a limit theorem for an exit problem of X using the limiting result for the
fluctuations process. That is, for a smooth C?-hypersurface M in R?, we are
interested in studying the joint distribution of the hitting time

T¢=inf{t >0: X(t) e M},

and the exit location X (7€) € M as € — 0 under the assumption that 7. < oo
with probability 1. Precise assumptions on the joint geometry of the vector field
X and the surface M will be given in Section [l

We conclude this section with a remark for the degenerate case €/§ — 0.

Remark 2.5. In the case €/§ — 0, the results of [3] indicate that the correct
pair (L, N x,y)) is that of Regime 2 with v = 0, as long as there is a unique
imwvariant measure to the corresponding first order operator. Due to the fact that
this operator is first order, the existence and uniqueness of an invariant measure
is a difficult issue and requires additional assumptions on the vector field c¢(x,y).
For this reason and for the additional technical difficulties in treating the related
Poisson equation (31), we decided not to treat this case in the current paper. See
however, Corollary[32 for the case v =0, in dimension d = 1 when c¢(z,y) > 0.

3 Analysis of fluctuations

In this section we establish a limit theorem for the correction of X€— X? in each
case. Before stating our results in this direction, we need additional notation.
Let us consider the auxiliary PDE problem

LiZi(r,y) = — (M (@r9) — M) /y S y)uidyls) =0, (3.1)

for ¢ = 1,2. Since, by definition, the right hand side of the PDE averages to
zero with respect to the corresponding invariant measure p'(dy|z), Fredholm
alternative implies that the function Z;(z,y) is uniquely defined, p—periodic in
y, twice differentiable in both variables and with bounded derivatives (see The-
orem 3.3.4 in [2]). The function Z; will be used to understand the dependence

of terms like
) t Xe _
I = / ()\i (X;, f) — Al(X§)> ds (3.2)
0



on € and 4.
Let us give some preliminary notation. For a function f : R? x Y — RY,
denote f; : R — RY the average with respect to p':

) = [ sl
Also, define the following functions,
\Ill(xa y) = (I + va(xvy)) \I}(‘Tv y)?
Jl (Ia y) - vaEl(Ia y)v
q1 (xu y) = (I + va)(xv y)a(x, y)aT(x, y)(I + va)T(xv y)?

and

\IJQ(‘I? y) - (I + VUE2('I7 y))\IJ(ZZ?, y)v

- 1 -

Jo(z,y) = <b(I + V,52) + Str [agTvyvym]) (z,y),

g2(,y) = (I + VyZa) (@, y)o (@, y)o” (z,y)(I + V,yE2)" (,y).
Further, for z € R, let ®! be the linearization of X along the orbit of z:

d . o .

73 2=(t) = DX(X) (), ©:(0) =2 (33)
where D)’ is the Jacobian matrix of A’. We are now ready to state our results.
Theorem 3.1. Let T > 0, and assume Conditions [ZHZ3 Set 05 = g, 05 =
%‘% m:min{%a%v% ’

0= lim < € [0, 0],
e—0 16

o 0, =0,
B5 (6:) ={ ,

and

€™ 4 € (0,00]
Let 7 be a process of the Ornstein-Uhlenbeck type such that
dn; = DX(X{(zo))dt + [¢;"1(¢; € (0,00]) + 1(¢; = 0)] Ji(X{(0))dt +
1 (6 £ 0)) [1(m = a1/2) WX (wo))dt + 1 (m = 1/2) g} (X (0))aWi
o = &l(m=az/2 and {; £0).
Then, for each € > 0, there is a process n°({;), such that
X§ = X+ B(la)n; (4)

holds with probability 1 for every t > 0, and n°(¢;) — 7°(¢;), as € — 0, in
distribution in C ([0,T]; RY).



In the case v = 0 we can give an analogous result for the one dimensional
case:

Corollary 3.2. Let T > 0 and let the dimension be d = 1. Assume that
Condition [Z1] holds, and that c¢(x,y) > 0 for every x € R,y € Y. Then, in the
case i = 2, and v = 0, the conclusion of Theorem [Z1] holds by setting in the
corresponding expressions v = 0.

The proof of this corollary is omitted since, due to periodicity and the con-
dition ¢(z,y) > 0, the ODE 2, = ¢(x, 2;) has a unique invariant measure for any
x € R, which then allows the proof of Regime 2, presented below, to go through
with v = 0.

Before proceeding with the proof of Theorem B we mention a useful ob-
servation in the remark below.

Remark 3.3. Notice that the drift term in the effective equation for n has an
extra term J;(X]), which is present in the case {; # co. This term arises from
the fluctuations associated with the term I7" in (Z2). Hence, if {; # oo, the
contribution of this term is not negligible in the limit.

Proof of Theorem[3]l For each one of the regimes, the proof goes in three steps.
First, we deduce a convenient expression for the difference A¢(t) = Xf — X (z0).
Then, in the second step, we use the expression obtained in the last step to prove
tightness of the process nf = A¢(t)/8¢(¢). Finally, in the third step, the limit
point for the family of processes (7)., is obtained by formulating a martingale
problem. We start with Regime 2, and then finalize the proof by proving the
case in which the system is in Regime 1. For notational convenience we omit
the subscripts i, and x(, when no confusion arises, throughout the proof.

Let us first consider Regime 2, i.e., v € (0,00). Upon defining A“(t) =
X¢ — X}(xg), we obtain that A¢(t) is the solution to the equation

X¢€ X¢€ X¢ -
AAS(t) = | Sb [ XE, 28 ) 4o (X5 28 ) + e /20e [ X€ 22 ) = No(Xy)| at
0 0 0 0
e Xi
+ \/EO' Xt7 T th, (34)
with initial condition A(0) = €*2/2¢.. Let us rewrite this equation in terms of

A = X2. In order to do so, observe that, since \ is smooth, Taylor’s theorem
implies that

Mz1) = Mxa) + DoX(22) (21 — 22) + Q[N (21, 20), 21,72 € RY,

for some function Q[A] such that |z; — x| 2Q[N (21, x2) is locally bounded.



Then, rewriting (3.4)),

t € t
AS(t) = eo2/2¢¢ +95/ b (X XT) ds+/ D A(X,)A(s)ds
0

0

L) s o ()
+\// ( >dW +/ QN (K., XE)ds. (35)

In order to understand the asymptotics of the right hand side of the last display,
we need to understand the behavior of the integral term

If = /Ot [A (X XT) - A(X;)} ds.

For this purpose, apply Itd’s formula to Z(z, z/6) = (21 (z, 2/0), ..., Za(x, 2/)))
with x = X[. After some algebra, it follows that

Xt Xt
—f> [wa +6a1/2\I/€VyE+9§J2] (Xt, ; )dt

8d= (X;, ;

Xf X5
+Ve[(V,E+6V,E)o] (Xf, %)th + R° (Xf, Tt) dt,
where, for each (x,7) € RY x ), R¢ is given by

)
Ré(z,y) = [ebVIE + 5(0 + eo‘l/zllle) V.= + etr [UUT <V1Vy + ivxvz) E” (z,y).

Therefore, taking into account the PDE that = satisfies, we get that
I = /Ot (e 2wev,= + 05, ) (Xf ‘i) ds
(o ) ) i o
4—/01&1%E (X;,%)ds—l-é\/g/o VIEO'(X;,%)CZWS (3.6)

Using the definition of ¥y together with () in (B3] it follows that

€

t t
0
! €
+92/ (XE )fs )d”\[/ (I+VyE)o ( ‘)g)dw
! € € Xﬁ —_ € Xte — 6 XOE
[ e 2o 28) = 22))

t € t
+5\/z/ VmEa(Xg,%)dWs—i—/ QI (K., X9 ds. (3.7)
0 0



We are now going to use this representation to prove that the family {1} ., =
{A°/B(0),t € [0, T}, is relatively compact in C([0,T];R?). To do so we
shall use Theorem 8.7 of [], which says that the family of processes {1}, is
relatively compact in C([0, T];R?), if there is an €y such that for every h > 0,

i. there is a Nj, < oo so that

P{ sup |n;| > Nh} <h, €€(0,€), and
t€[0,T]

ii. for every M < oo,

lim sup P sup Ing, —ng,| > h, sup [nf| <M » =0.
=0 c(0,e0) t1,t2€[0,T),[t1—ta|<r te[0,T]

We will prove these two points for the family n° = A€/j3¢.
Before we proceed to prove points (i) and (ii) above, we define some extra
notation. Let

Q2 aq ¢ _ X€
05, (1) = € "Dy (E + €7 Ty, (1) / (@ ()] W5 (X 5 > ds
0

L, (1) /Ot (@0 (5)] " (I + V,)o (X XT) aw,, (3.8

so that Duhamel’s principle implies that

A0 = @00+ 050 0) [ (a2 (555 ) s

LR + By (1) / 40 (5)]~ QI

where the term R{[®] is defined as

i =t (=5, 25) ~=(x5.25))
# o) [ fon o) (05 )i

t
_ X
+ 6y/eD,, (1) / [@,,(s)] ! V.Eo (X TS)dWS.

0
We have now all the elements we need to show that points (i) and (ii) hold for
the family A¢/8¢(¢), e > 0. First, due to boundedness of the involved functions,
the definition of R¢, and Doob’s inequality for the martingale term, it is easy
to see that 5
limE[ sup ([ﬁf(f)]_lRi[@]) } —0.

el0 0<t<T



Likewise, we will show that the family of processes

A= ——
toB(
also converges to 0 uniformly on [0,7] in probability as ¢ — 0. Once we have
these two facts, points (i) and (ii) follow for A¢/B¢(¢) due to the definition of
B(¢), B3), and the boundedness of all functions. Hence, we are just left to
prove that

sup |Ag| 250, e=o.

t<T

Let v € (1/2,1) and set
m(v) =inf {t: | X7 — X;| > (89"} .
Using the quadratic decay of Q[)\], and the fact that 2v > 1, we see that

lim sup |Af] =0,
6_)OtST/\TG(V)

with probability 1. As a consequence, we are left to show that P{T < 7¢(v)} —
1. To do so, note that ([B9) implies that if 7¢(v) < T,

1=(8)"" sup [A(1)|

t<TATe(v)

< B9V + Co(BY)”,

for some random variables C7,Cy < oo, P-a.s. Hence, since the r.h.s of the last
display converges to 0, it follows that lim._,o P{7¢(v) < T'} = 0, which implies
the precompactness of the family {n® = A¢/3°(¢),e > 0}. Clearly, the tightness
of the family {X¢, e > 0} implies tightness of the pair {(n°, X¢),e > 0}.

Now that we know that the family {(n¢, X¢), e > 0} is precompact, we are left
to identify its limit. We shall use (877) and the martingale problem formulation.
An inspection of 1) shows that the terms in its third and fourth line are of
lower order compared to the other terms and thus should vanish in the limit.
Let us make this now rigorous.

Consider, the process

and let ¢ € CE (R%). We identify the limit using the martingale problem ap-

10



proach. Write for simplicity § = 8¢(¢). By It6 formula we have
t o 05 t X
€y — —1 _as/2¢€ € € 7 € s €
o6 = olpte )+ [ DA Ve + % [ (x5 ) velcas

1/t . _ - e Xg
+ 25/0 tr [VVo(C) (1 +9,5) 00” (1 +7,5)" ] (XS,T)CZS

€

¢ X
/O Vo((s) (I + VyEo) (X 7) dW,

t €1/2 . 1 , . ﬁ l - . .
+/0 |:( 3 \I]2+ER) (Xsu 5 )-FﬂQ[)\](XS,XS)] Vo(CE)ds+

€

+

<%, -

5%l (7 o _ . X
+ﬂ—2€§/0 tr [vw(gs)vm:a(vm:a)ff (XS,TH ds
5y/e [* oo = [ ve Xs

It is clear from (B1) that there are different cases to consider, depending
on the order that the different terms go to zero. For the sake of presentation,
we shall only study in detail the case m = 1/2 and ¢ # 0. In this case the
limiting process is a solution to a stochastic differential equation. The other
cases follow similarly. Without loss of generality, let us simplify the problem
more and assume that ay,as > 1. Then, we actually have 8 = 8¢(¢) = /e and
our target is to prove that for any 0 < s <t <T

i B [0005) — 0009 — [ (DA () + 0717 (X)) V(o)

+5tr V900 (0] a7, | B0

This follows directly upon rewriting the left hand side of (BI1]) using (BI0). In
particular, note that the following holds:
XE
E( x5 =L )| =0.
(%)

ii. Due to boundedness of the coefficients and the bounds on the derivatives
of the auxiliary function = (see Theorem 3.3.4 in [2]), we have that

e o [ |[(Fese gr) (x5 v
imE su 5+ =R° = <
e [ s 5 ¢

Similarly to the argument used to prove tightness, we also have that

i. Due to boundedness of =

lim 68~ 'E sup
el0 0<t<T

ds = 0.

el0

ti s [ (67 QI (X, X) Vg )r = 0.

11



Moreover, it is clear that there is also a constant C' < co such that for the
remaining Riemann integrals in (B-10)

t
X¢

E sup / I‘(X;,—S)

o<t<T.Jo 4

iii. Due to boundedness of the coefficients and the bounds on the derivatives
of the auxiliary function = [2], there is a constant C' < oo such that, using
Doob’s martingale inequality, for any stochastic integral in ([B.I0)

t €
/ r(x ﬁ)dws
0 6

iv. By assumption 8= /e and §/3 — ("1 as e ] 0.

ds < C.

2

E sup <C

0<t<T

The validity of (311 together with tightness of the pair {(n¢, X¢),e > 0}
and uniqueness of the limiting martingale problem imply the claim.

Let us now concentrate on Regime 1; that is, v = co. Consider the solution
to the cell problem x = (x1,.-.,Xad), which is periodic in every coordinate
direction in y and satisfies

Llxi(z,y) = —biz, ), /y xi(@ p)uldyle) =0, 1=1,....d.

By applying It6’s formula to x(z,2/d) = (x1(z,2/9),. .., xa(x,2/))) with & =
X5, we can reduce the problem to the previous case. Indeed, by Itd’s formula,
the cell problem formulation, and Definition 2.4l it follows that

dx(Xf, %) = [(§b+ ¢) Vit %c-vy + 5tr 00T V2] +

1 X;
+§m~ (06T VY, ] + e*/20e (vm + gvyﬂ x(XE, Tt)dt

X¢ 1 X¢
+ ;—25}(;X(X;, Tt)dt + /e Kvm + gvy) a} X(X;, Tt)th

Hence, recalling the cell problem (23] we have

€

X
b<Xf, Tt)dt = [(eb +dc)-Va+c-Vy+ §5tr [UO’TVi] +

€

0

+/€ed [(VI + %Vy>a} X(Xf, %)th —dyx (Xf, %)

12



Using this in (BZI),irearranging terms, and proceeding as in Regime 2, we obtain

(With A= /\1,)\ = /\1)

AAS(t) = [Dz/_\(Xt)AE(t) + <)\ (X;, %) - /\(Xf)) + €/ + V, )T (X;, %)} dt

Xy Xy
+ VeI +Vyx)o (X;, T‘f)th +Gx (X;, T‘f) dt
Xt
4
with A€(0) = e*2/2¢¢. Here, we have defined

o Xe€

]

)
Gx(z,y) = [(eb +0c) - Vyx + etr [UUT <§vaz + vay) X] + 560‘1/2\116(3:, Vx| (z,9)

R{(z,y) = VedVax(z,y)o.

As in Regime 2, we need to understand the behavior of the term

If = /Ot {/\ <X XT) - S\(Xj)} ds.

For this purpose, apply It6’s formula to Z(z, x/9) = (Z1(z, x/9), . .., Za(x, 2/0))
with x = X[. Taking into account the PDE that = satisfies, we get

t € t €
/ A X;,é — (X9 ds:é/ cV,E X;,é ds + R(t)
0 5 € 0 : 6
P ve Xi\  of ve X6
‘?(“(XW)“(XOT))
2

62 [ X¢ 5 t xe
ri = [ (o emu) vz (0 5 Jasr fert [Lrw, 205, 5 o
o [ 9.2+t [oo"vuv,2)) (x4 X Vas 1 22 [ e [rorvuvaz] (e K Yas
0 P z Vy—= 507§ D) o Vo 575

X ! X
—S)dWS + éﬁ/ vyE(f(X;,—S)dWS
6 € 0 ’ 6

where the lower order term R5(t) is

52 t
+—\/E/ VJCEo(XSE,
€ 0
Hence, we get that
t 5 It xe
Aé(t) = 60‘2/2554—/ Dm)\(XS)AE(S)dS—i- _/ vaE (X;,TS) ds
0 € Jo
,£>dW

s 5 S
A ()_(S,Xsﬁ)ds

€

t X t € t
—|—/ Gxl X5, —= d8—|—/ Ri(x:,—s)dWS—i—RE(t)—i—/
0 d 0 d 0

€ ‘XrtE XO 62 = € Xte - e XS
sl G) (e )] - (2 ) -=( 5)).
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Using these expressions, tightness follows after using Duhamel principle using
the same arguments as for Regime 2. The identification and uniqueness of the
limiting point follows by the martingale problem by considering the process

62 B _ . X¢€ _ . X¢ B . Xe€ . X¢
=i+ (= 5) ~=(x6.38) o (3w 5) - (30, 5E))

and we applying It6 formula to a test function ¢ € C? (RY) with stochastic
process (5. Using the resulting expression, the claim follows by the martingale
problem formulation as in Regime 2. Thus, the details are omitted. |

4 On Asymptotics for the Exit Time and Exit
Location

Let us state the main result in regards with the correction to the exit. First
we describe our assumptions on the joint geometry of the vector field A and the
surface M. We define

T =inf {t >0: X/(z9) € M},

and assume that 0 < T? < oo, for each i = 1,2. Also, for each i = 1,2,
we denote 2! = X} (z0) € M and assume that \;(z) does not belong to the
tangent hyperplane T,:M of M at z'. In other words, we assume that the
positive orbit of zo under the vector field \; crosses M transversally.

Let us introduce a local basis around the exit point z? in order to express
the correction. Given z € R?, let T,M be the tangent space of M at z. For
i = 1,2, define the projections 7' : R — R and iy R? — T, M by

v =" N(2) + T, v ERL

That is, 7 is the (algebraic) projection onto span(X;(z*)) along T°M and 7},

is the (geometric) projection onto T,: M along span(\;(z?)).
We have now all the elements necessary to state the main theorem:

Theorem 4.1. With the notation of Theorem [31], let ¢; < oo and assume

additionally that €05 — 1, for some ¢ > 0, as ¢,6 | 0. Then, in the setting
introduced above and under these assumptions, for i =1,2,
1 j j i =i i i

W(TE — CZ—WI7 _X:e - Zl)_>(_7TZnT(£), T‘—MT]T([))' (4.1)

in distribution as ¢ — 0.

4.1 Proof of Theorem [4.1]

The proof will be given in several steps. We use some of the ideas of the proof
of Theorem 1 in [1], even though, due to the averaging effects, several new
ingredients are needed.
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Under the assumptions of the theorem, note that 3°(¢) = €®, where
B=C¢1(¢=0)+ml(¢+#£0).

It follows that in Regime ¢ = 2, § = min {(,1/2, a1/2, aa/2}.

The following corollary of Theorem [B]is essential in our proof. After the
proof of this corollary, we will restate Theorem [B.I] in a more convenient way
for the propose of this proof. Let us start with the corollary:

Corollary 4.2. Under the same assumptions as in Theorem [31), if, as € — 0,
t© =0, t(e/d —y)e ™ = 0, and m = az/2, then

sup [ ™ (Xf — X}) — €% 250, € 0. (4.2)
t<te

Proof. First, let us focus on the case i = 2. In this case, observe that, since
m = «/2, from (B.8]) we have

€05, (1) = €7 Py ()€ + €M7y (1),

where 75 is a process such that for any family (s¢)c>o such that s¢ — 0, it
follows that

sup |, (t)] =0, €—0.
te(0,s¢]

Hence, from (33) it follows that
€ MAN(t) = Pay ()€ + 75, (1)
‘ _ 1
+ €MD, (1) /0 (@4, (s)] " (b([+ VyE) + 5tr [UUTVyVyE]) (X
t
+ETRD] 4 Dy (1) / (@ ()]~ QN (Ko, X0 ds,
0
which implies the result since §¢t€/e™ — 0, and, as in the proof of Theorem [3.1]

Re[®] is of order ¢, and Q[)] of order (5¢)? as ¢ — 0. For Regime 1, the result
follows analogously from the expression obtained for A€ in this case. O

We now give a useful restatement of Theorem Bl Before doing so, some
additional notation is needed. For ¢ = 1,2, let

Ol (t) = 1(m = a2/2)®%, (H)€°
+1(m = a1 /2)8% (1) /O @i (s)] " (X7 ds
+1(m = 1/2) (t) / t (@8, (s)] ' q(XDaw,, t>0.  (4.3)
0

and
i (1) = ®, (1) / [ ()]

We have the following result:
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Theorem 4.3. Assume Regime i = 1,2 and let Conditions [Z.HZ.3 holding.
Consider the stochastic process

() = O, (D1 (€ # 0) + Hy, (1) [6771(6 € (0,00]) +1(6;=0)] . (4.4)
Then, for each € > 0, there is a process n°(¢;), such that
X§ = X{ + B(€o)n; (L)

holds a.e. t > 0 with probability 1, and n°({;) — 7°(¢;), as € — 0, in distribution
in C ([0,T];RY).

The proof of Theorem 3] follows essentially by Theorem Bl and Duhamel’s
principle. The details are omitted.

The following Lemma 4.4, allows us to rewrite X7._, and X7, in appropriate
forms.

Lemma 4.4. Let w € (8/2,5). Then, for each i = 1,2, there are two a.s.-
continuous stochastic processes Y& such that

sup Y5 250, e—0,

te(0,ev]
and a.e. t € [0,¢*] a.s
XS =2 —th(2) +€° (n;,t(é) + T?**i) (4.5)
and ~ I .
Ko =2+ ) + (71 (0) + 1), (4.6)

where n°(0) is a stochastic process such that for any w € (8/2,0),¢ € [0,00], it
follows that

7(0) = 7°(0), € — 0, in distribution in C([0, S];R?) for any S > 0. (4.7)

Proof. We will omit reference to the regime i when no confusion arises. Let
Xi(z) ( X_¢(z)) be the positive (negative) orbit of xy under the flow A. Note,
in particular, that

d _. L -
7 Xx1(2) = £Ai(X34(2)),  Xolz) =2,
for every x € R%.

Due to Strong Markov property and Lemma the process Xf = X{ir
satisfies the SDE (ZI)) with respect to the Brownian Motion W (t) = W (t+T)—
W(T) and initial condition X§ = z + ¢’1%.(£). Hence, we can apply Lemma 3]
to this shifted equation, to obtain

X = X{(=") + i (0),
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where = Cifi=2,m = min{f, 1/2,a1/2} > ¢, and 3 = 1 in other case. The
process 7 is such that 7¢(¢) — %*(£), as € — 0, in distribution in C([0, S]; RY)
for any S > 0, where 7j° is defined by

(0 = OLOL(L#0) + [(1(L € (0,00)) + L(C = 0] Hi(t),  (48)
where
6L() = B (1) (0
+ 100 = 1/2)L(0) [ o) (K2 ) ds

100 = 1/2)®i (1) /O (@7 (5)] " /2 (X1 (2))dW,

and £ = lim._,€™(e/6 —~)~". Note that £ = 0 if and only if m > ¢. In this
case, § = ( < m < min{1/2,a;1/2}. Hence, in any case, m = (3, and, from the
definition of 3, 8 = 3.

Using these results, it follows that

Xy =2+ ) + ¢ (0 + 1),

where T{" = ¢ (Xj(2") — (' + tA(z%))). Hence to show that ([EH) follows,
we have to prove the convergence of Y4+ towards zero and ([@7). Let us start
with the former, to show that T¢*¢ converges towards 0, use Lemma 6 in [I]
to find two positive constants C; and Cy such that for any ¢ > 0, and € R?,

sup | X4, (z) — (2" £tM(2))| < Cre®2 (t|lx — 2] + t2). (4.9)
s<t

This implies the convergence to 0 of T ¢ We are left to prove ([@1). In order
to so, recall that m = (3, and Corollary 2] implies ([T]).

To get (1), note that, for ¢ € [0,7T], Lemma 3 Equation (£9]), and the
fact that X7 ,(z¢) = X" ,(2") imply that

Xp_y = X%ft(QUO) + 6’377%4(5)
= X1, (") + 6677"}—15(()
ORI (TORS v}

where YO ! = ¢ (X7, (%) — (z* = tAi(z"))) converges to 0 due to @J). O

Using Lemma [£4] we can write now an alternative characterization of the
time 7¢ that will be used to explicitly write out the correction X¢. — z°.

Parameterize the hypersurface M as a graph of a C2-function F? over T, M,
ie., y i 28 +y+ Fiy) - \i(2) gives a C?-parametrization of a neighborhood
of z in M by a neighborhood of 0 in T,M. Moreover, DF(0) = 0 so that
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|F(y)| = O(|ly|?), y — 0. With this definition, it is clear that, for w € R? with
w — z small enough, w € M if and only if m,(w — z) = F(mp (w —2)). Moreover,
Lemma 4] and a direct application of Lemma 8 from [I] gives that for every

we (BB, N |
ll_r)r(lJP({T =7FIn{|r* =T <e}) =1,

where 7¢ = inf{t > 0 : @ (X{ —2') = F (7}, (Xf —2"))}}. Hence, from
now on, we fix w € (5/2,8) and condition on the intersection of the events
Qf = {7 =7} and Q5 = {|7° = T < e~ }.

Let 7¢ = T — 7, so that 7 = T — 7¢, and (since we are conditioning in Q$
) |7¢] < €. In case 7¢ > 0, the conditioning on €, and (X)) imply that

—7;E + EﬁTri (ﬁ%i_;-e (é) + Tjﬁ7€77i) = F(DE’+),
where D+ = —#¢mt \;(2) + €8, (neTLf-e(f) + T;’:’i). Hence, since 2w > 3,
it follows that
1{T > 73N QN Q) e P (7 = T — w'ni_.(0)) =50, €—0. (4.10)

In the case 7¢ < 0, the reasoning is completely analogous. Indeed, using (4.4)),
we can get that

1{T' <7y nQ N Q) e P ((rf = TY) — w'if o (0)) 250, €—0.  (411)
By adding up (@I0),and (@I1]), and using (&) in @I0) it follows that
e’ (¢ = T") — 7'n%(£), in distribution, as e — 0.

These computations give us the convergence of the time component. Once
we have the time component, the spatial component and the joint convergence
follows as in [1]. This completes the proof of Theorem ETl

5 First Order Langevin Equation in a Rough
Potential

In this section we apply Theorems [B.1] and [£.1] to a small noise diffusion process
in a rough environment in Regime 1, i.e. we assume that § goes to zero faster
than e does. We change the notation to include the dependence on 4.

To be precise, we consider the first order Langevin equation in a rough
potential, defined as

—%VQ <X§76> VA% (X,f"s)

where 2§ — g as € | 0. Note that the rough potential V- (z, £) = eQ(z/) +
V(x) is composed by a large scale smooth part , V(x), and by a smaller scale

dXtE)(s _ dt + vV2e DdWy, XS = JJB (51)
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fast oscillating part, eQ(z/5). We assume that V is a C3(R?) function while @
is C2(R?) with period p.

By (23] we know that X° converges in probability, uniformly in t € [0, T7,
as €/0 1 00, to X where X is the solution to the ODE

X = AMXy), Xo= o,

driven by the vector field A defined in Definition 24l In this case is easy to see

that the invariant measure p(dy) of £L = —VQ0, + Dd? is given by the Gibbs

distribution u(dy) = K~ te~ = dy, where

K:/e_Ql(Dy)dy.
y

In dimension d = 1, after some algebra, we get that

M) =~V (@),

where K = Jr e dy.

Let us first see how the central limit type of Theorem Bl translates in
this special case of interest. In many problems of interest, one is interested in
understanding the behavior of the process starting within the neighborhood of
a stable point of V' (x), assume that such a point is = x¢. In Figure[l] we see a
simple example of such a potential function. To account for this fact we assume
that xf = xo + €%2/2¢¢ where the random variable £¢ — €9 in distribution as
el 0.

The following proposition states the central limit theorem in this particular
case. We point out the presence of the additional drift term J; (X;).

Proposition 5.1. Consider the solution to the SDE (&1l) in t € [0,T] where
€/0 1 oo. Under the setup of Theorem [31] we have that the process ng(f) =
XB‘G;(;)Q converges in distribution in the space of continuous functions in C ( [0,T]; Rd)

to the process 1, which is as follows.
i. If £ =0, then 7 satisfies the ODE
dijy = [DAN(Xo)7e + Ju(Xe)] dt, 70 =0

ii. If £ € (0,00], then 7 is solution to the Ornstein-Uhlenbeck process

dijy = [DNX)i + 0V (X)) di4+1{m = 1/2}q %AW, ijo = °1{m = ay/2}.

p22D
KK

In dimension d = 1, we have that \(z) = —iV’(I) and @3 = —

KR
and

- B p , 2/ < P Q(y)>/ p Qe
Ji(x) = ———|V'(z 1——e™D 1— —e "D )dz|dy.
(@) KKD|<>|ﬂl % ngw( 2o ) dz | dy
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)

Figure 1: Q(z/8) = cos(z/8) + sin(z/6§), V(z) = 12? with e = 0.1,5 = 0.01.

The proof is a straightforward application of Theorem [3.J] and thus omitted.
Notice that unless Q = 0 or £ = oo, the term J;(z) # 0 has non zero contribution
in the limiting fluctuation process.

Next, we study the related conditional exit law, the result is in Theorem
From now on we assume that the initial point is xf = 29 and restrict the
analysis to dimension d = 1 and to taking first § | 0 with € fixed and then taking
€} 0. Essentially, this corresponds to the case £ = co.

Let us assume for concreteness that V(z) is strictly convex, has unique
minimum at x = zo such that V(zg) = V'(20) = 0, V(x) > 0 for = # zp and
V'(z) # 0 for  # zy. Without loss of generality we assume that zp = 0.
Consider an interval I = [z_,z4] containing x¢ and assume that 0 < z_. In
Figure[Il we see a simple example of such a potential function.

Let us define the exit time

70 =inf {t >0: X°(t) ¢ (¢, ah)},

and consider the event B&® = {X;’fs = x_}. From the assumptions of V, it

follows that lim._oP {BE";} = 0. Large deviations for such and more general
processes of similar structure have been studied in [5]. Our goal in this section is
to study the behavior of the exit problem from I for this process conditioned on
the rare event B*® when § goes to zero much faster than e and provide a limit
theorem using Theorem .11 With some abuse of notation, we shall denote this
process as X °|ge.s. In Remark [5.4] we discuss the case when Q is a stationary
and ergodic random field.
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We investigate how the fast oscillations of the small perturbation function
Q(y) affect the conditional exit law. We first derive the process to which
X9 ges converges to by first taking ¢ | 0 with e fixed and then taking ¢ | 0. We
do this using the Feller characterization of one-dimensional diffusion processes
given in [8] and the related weak convergence results of [I1]. These results are
recalled for the convenience of the reader in Appendix [Al

In order to formulate our results we need to introduce some more notation.
Let us define the 1-dimensional torus that the fast motion takes place as T'.
We shall use the notation,

1
=3 [ o (5.2

for the mean value of a periodic function g with period p.

Theorem 5.2. Let S > 0 be given. Given the assumptions made on the func-
tions Q(y) and V (x) above, we have that conditioned on BS°, the process X °
converges weakly, as 0 | O with € fized, in the space of continuous function
C ([0, S];R) to a process which at least up to the time that it exits the interval
I =[z_,xy], satisfies

A v (%) A :
dX{ = | ———F5+ + V(X)) | dt + Ve———=dW;, X0 =20

(A =N

where the function ¥¢(x) = o(€) as € | 0 uniformly in x.

(5.3)

The proof of this theorem is deferred to the end of this section. With this
result at hand, Theorem [£.1] implies the following result for the limiting distri-
bution of the conditional exit time 7.

Theorem 5.3. Let

T(xz0) = <ef%> <e%> /zj VC/ZEJy) < 0.

Given the assumptions made on the functions Q(y) and V(x) above, we have
that conditioned on B, the distribution of ﬁ(TE"; —T(zg)) converges weakly,

as first 6 L 0 and then € | 0 to a Gaussian random variablee with mean zero and

variance given by
_Q\ / e\1Z [t 1
2D‘<€ D><€D>’ /IO Wdz (54)

Proof. We only give a sketch of the main arguments, since based on Theorems
and 1] the proof follows along the lines of Theorem 2 in [I]. For notational
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convenience let us define

and recall that R
: v (%)
AMz) = —————~——.
ey
Let us define X; to be the solution to the ODE

d

— X ==X (Xt) . Xo = a0

and let @, () solving the ODE

%éwo ()= -\ (Xt) b, (1), $.(0)=1

By Theorem and applying Theorem 1] for ¢ = 1, we obtain that

R T(Io) . .
., (T(20)) /O o1 (s) 5dW,

weakly, as first 6 | 0 and then € | 0. Thus, the limit is a centered Gaussian
random variable. The rest of the proof amounts to proving that the variance of
this Gaussian random variable reduces to (54)); this is done in a similar situation
in the proof of Theorem 2 of [I] and thus omitted. This concludes the sketch of
the proof of the theorem. O

The results hold in the case of a random environment. In particular we have
the following remark.

Remark 5.4. Even though we have stated Theorems and [2.3 only for a
periodic function Q(y), the proof of Theorem[5Z below immediately shows that
the statements are true also when Q(y) is a stationary, ergodic random field
defined on some probability space (V,G,v). For everyw € ¥, Q(y,w) is C*(R) in
y with bounded and Lipschitz continuous derivatives up to order 2. In particular,
in this case we have

(8= [ ], ()=

where EY is expectation under the random environment. In the case of Theorem
(5.3, it seems plausible to prove that the convergence is weak in C ([0, T];R), in
probability with respect to v.

From Theorems and [5.3] we can get some interesting conclusions on the
effect of the small but fast oscillations eQ(z/d) on the underlying potential V'(x).
We have the following remark
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Remark 5.5. Theorem gives a second order approzimation for 74 con-

ditioned on BS® when €,6 are small. We notice that compared to the process
without any fast oscillations (i.e. take Q(y) = 0), the standardized limiting con-

<6f%><e%>f. By

ditional exit law has variance multiplied by the constant

Hoélder’s inequality, it is easy to see that

() ()2

Therefore, the limiting conditional variance has been enhanced by the factor
2
<ef%> <e%>’ due to the fast oscillations.

We conclude this section with the proof of Theorem

Proof of Theorem[572. By Lemma 3 in [I] we know that conditioned on B9,
X 9 hehaves, for each €, 6 > 0, as a diffusion process with infinitesimal generator
L% given by

L0 = pefd (3:, %) Oy + €DO?,

where 6( )
e (BN _ € (T _ I CO N
0 (05) =52 (5) -V () 26D 5

he(z) = exp{é /Om EQ’ (%) + V! (y)} dy}-

Then, as it is ease to see, the operator L% can be equivalently written in
the Dye,s Dye,s characterization of Feller [8] (see Appendix [A] for some related
results from the literature). In this case, the corresponding u%(z) and v (z)
functions are defined as

x y
u® () :/0 exp{—%/o be’é(z,g)dz} dy, and

v (x) = /I 1 ex L /y be (2 E)dz d
a 0 eD P eD 0 ’ 6 Y.

By [I1], we know that if u¢(x),v¢(x) are the limits of u®’(x),v*°(z) as § J 0,
then the process corresponding to the operator D,cs D,es will converge weakly
in C ([0, S]; R) to the process corresponding to the operator DyeDye. Our task
now is to investigate these limits.

and

Let us first investigate u®°(z). To simplify notation, denote ®(x) = —%,
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U(z) = — V(&) and C(y) = [ ®(p)dp. With this notation at hand, we have

D
ufﬁ(x)_/ozexp{—$ yb”( 5)dz}dy
xp{—g (%) —%/Oylll(z)dz}exp{—2 Oy%dz}dy
:/Omexp{—C(g) —%/Oyllf(z)dz}

xp ¢ (3) = L 70 (p) o}
xexp{ / fo exp{—C(2) =1 9”\11 dz}dy. (5.5)

By the mean value theorem we know that for a periodic function g € L*()), for
a > 1, we have that g (2) — (g) in L{, (R) as § | 0. The convergence is in the
weak sense in the spaces of functions for any arbitrary bounded interval in R.

Using this on (5.5), we have that as 6 | 0, u“%(x) — uf(z), where

. x . 1 (v -1 [J¥(2)dz
u (x):/o (e >exp{—€/0 U (z )dz}exp / fo T ‘I’(p)dpdwdz dy
I e Coln |-t e _
= (e~ )exp U (z)dz pexps—2In|e = Jo 1| ¢ dy.
0 €Jo

(5.6)

Il
O\é
@

Due to our assumptions, we have that foy U (z)dz < 0 for y > 0. Thus, it is
easy to see that as ¢ [ 0

y 1 (Y 1
n (67%‘[0 V(z)dz _ 1) = ——/ VU (2)dz + %\I/E(y)
0

€

where ¥¢(y) = o(e) uniformly in y. Hence, this and (5.06]) implies that as € | 0
we have

w(z) = <e<>/Ozexp{—%/0y\ll(z)dz}exp{—21n (e*%foy@(ﬂdz - 1)}dy
:<e<>/Ozexp{—%/Oykll(z)dz}exp{—2 (—%/Oyllf(z)dz—i—iklle(y))}dy
_ <e—4>/omexp{—% (—/Oyllf(z)dz—i—\lfe(y))}dy

On the other hand, in exactly the same way we get that v"%(z) — v¢(x),
6 1 0, where

V() = <%>/jexp{% (—/nyp(z)dz+xpf(y))}dy

with the same ¥¢(y) = o(e) as € | 0.
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The limiting u(x) and v(x) correspond to a process characterized by the
generator (see Remark [AT])

ic= (é(x) + \Ile(x)) D + 40>

where
& 2D
C )
2N V' (x)
R CIEY
which concludes the proof of the theorem. O

A Feller’s Characterization of One Dimensional
Diffusions

Consider a stochastic process in one-dimensional characterized by its generator

d? d
LI() = g0(x) T4 1 0(@) L

with smooth enough coefficients a(z) > 0 and b(x). For the convenience of
the reader, we briefly recall the Feller characterization of all one-dimensional
Markov processes, that are continuous with probability one (for more details
see [§]; also [16]). All one-dimensional strong Markov processes that are contin-
uous with probability one, can be characterized (under some minimal regularity
conditions) by a generalized second order differential operator D, D,, f with re-
spect to two increasing functions u(x) and v(x) and its domain of definition. In
particular, u(x) is continuous and v(z) is right continuous. In addition, D,,, D,
are differentiation operators with respect to u(x) and v(x) respectively, which
are defined as follows:

D, f(z) exists if D} f(z) = D, f(z), where the left derivative of f with
respect to u is defined as follows:

iy i L= ) = f(2)
Dy f(@) _1;?8 u(z — h) — u(z)

(A.1)

provided the limit exists.

The right derivative D f(z) is defined similarly. If v is discontinuous at y then

o flyt+h) - fly—h)
Dud ) = I sy ) —oly =)

Remark A.1. For ezample, il is easy to see that the operator L in (A1) can
be written as a D, D,, operator with uw and v as follows:

* v 26(2) T2y 2
u(x) :/ eI TS “dy  and  v(z) :/ eld 55 “dy. (A.2)
0 o a(y)
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The representation of uw(z) and v(z) in (A2) is unique up to multiplicative and
additive constants. One can multiply one of these functions by some constant
and divide the other function by the same constant or add a constant to either
of them.

Another useful result in this direction is that of [I1], where it is proven that
if we have a sequence of operators {D,eD,c,e > 0} uniquely characterizing a
sequence of Markov processes {X €, e > 0} such that u(z) — u(z) and v*(z) —
v(x) as € } 0, such that D, D,, corresponds to a strongly continuous homogeneous
Markov process X, then X¢ — X. as € | 0 in distribution in C([0, T]; R) for every
T > 0.
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