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Abstract

In this paper, we first obtain the temporal decay estimates for weak solutions to
the three dimensional generalized Navier-Stokes equations. Then, with these estimates
at disposal, we obtain the temporal decay estimates for higher order derivatives of the
smooth solution with small initial data. The decay rates are optimal in the sense that
they coincides with ones of the corresponding generalized heat equation. These results
improve the previous known results to the classical Navier-Stokes equations.
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1 Introduction

The incompressible Navier-Stokes equations can be written as

u + (u-V)u — vAu = —Vp,
div u =0, (1.1)
u(z,0) = uo(),

where x € R™, n > 2, t > 0, the vector field u = u(z,t) denotes the velocity of the fluid,
p = p(x,t) is the pressure of the fluid and the positive v is the viscosity coefficient.

Whether or not weak solutions of (1)) decay to zero in L? as time tends to infinity
was posed by Leray in his pioneering paper [10, 1I]. Kato [7] gave the first affirmative
answer to the strong solutions with small data to system (I[.I]). Algebraic decay rates for
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weak solutions to system (LI]) were first obtained by Schonbek [16], in which the Fourier
splitting method was introduced to prove that there exists a Leray-Hopf weak solution of
(L) in three space dimension with arbitrary data in L' N L2, satisfying

lu(t)]2 < C(t+1)77

where the constant C depends only on the L' and L? norms of the initial data. Later
the method in [16] was extended by Schonbek [I7] (see also Kajikiya and Miyakawa [6],
Wiegner [22] for the case R" (n=2,3,4)) and it was proved that the decay rate for Leray-
Hopf solutions of (L) in three space dimension with large data in LP N L? with 1 < p < 2
is same as those for the solution of the heat equation. That is,

()2 < Ot +1)"1GD),

where the constant C only depends on the LP and L? norms of the initial data. On the
decay of solutions to the Navier-Stokes equations, it is also referred to [2, 3, 5] Ol 13| 21]
and references therein.

In this paper, we consider the large-time behavior of solutions to the following Cauchy
problem for the incompressible generalized Navier-Stokes equations
ug + (u- V)u+ vA**u = —Vp,
div u = 0, (1.2)
u(z,0) = uo(x),

where z € R", n > 2, t > 0, A2* is defined through Fourier transform (see [19])

-~ -~
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It is known that if (u(x,t),p(z,t)) is a solution to the three-dimensional general-
ized Navier-Stokes equations, then for any A > 0, the scalings (uy(zx,t),px(z,t)) =
(A2 Ly (A, A29t), A4 =2p( Az, A2°t)) also solves the generalized Navier-Stokes equations.
The corresponding energy is

E(uy) = sup/ ]uA\2da:+/ / |A%uy [Pdzdt = NP E(u).
t JR3 0 JR3

It follows that E(uy) — oo as A — oo when o < %. In this sense, we say that the three-

dimensional generalized Navier-Stokes equations (L.2)) is supercritical if a < %, critical
for a = % and subcritical with o > %. It has been proved that when o > %, the three-

dimensional generalized Navier-Stokes equations admits a global and unique regular solution
(see [12], [23] for instance).

In this paper, we are concerned with the asymptotic behavior of solution of (L2]) in
the supercritical case v < 2. Motivated by [I6]-[I8], we will show that the weak solutions
to (L2) subject to large initial data decay in L? at a uniform algebraic rate. The decay
estimates for the higher order derivatives of the smooth solution with small initial data will
also be established in L?. To prove our main results, the Fourier splitting method due to
Schonbek [16] with appropriate modification will be applied. It should be noted that the
decay rates obtained in this paper are optimal in the sense that they coincide with ones of



the corresponding generalized heat equation v; + vA%2%y = 0 with the same initial data wug
(see Lemma 3.1 in [I5]). Therefore, our results improve ones obtained in [I7] in which the
classical Navier-Stokes equations (o = 1 in (L2])) are investigated. For completeness, the
proof of existence of weak solutions will be sketched in Appendix in the end of the paper.

Throughout the rest of the paper the LP- norm of a function f is denoted by || f||, and
the H*- norm by || f|lzs. We will also set v =1 for simplicity.

Our main results are listed as follows.

Theorem 1.1. Let 0 < o < 1. Then for divergence-free vector-field ug € L?(R3) N LP(R3)
with 1 < p < 2, the system ([.2)) admits a weak solution such that

3 (2
lu(®)3 < Ot +1) 7270, (1.3)
where the constant C depends on «, the LP and L? norms of the initial data.
Theorem 1.2. Let 1 < a < 2. Then for divergence-free vector-field ug € L*(R?) N LP(R3)
with 3_% < p < 2, the system (L.2]) admits a weak solution such that
3 (2
lu(®)l3 < G+ 1)72= 6, (1.4)
where the constant C depends on «, the LP and L? norms of the initial data.
The following are decay estimates for the higher order derivatives of the smooth solution,

of which global-in-time existence for sufficiently small initial data is guaranteed in [24].

Theorem 1.3. Let 0 < a < 1 and up € L*(R3) N LY(R?) with div ug = 0. Then, for
m € N (the set of positive integers), there exist Tp > 0 and C' > 0 such that the small
global-in-time solution satisfies

m

ID™u(t)|3 < C(t+1)" 2"

for all ¢ > Ty, where the constant C' depends on m, « and ||ug||r2np1-

Remark 1.1. The following cases can be dealt with in a similar fashion:
(DIf0<a<iandu € L2(R*)NLP(R3) with 1 <p < %;3, one has

m 2 _1(2_1)_m
[D"u)]z < C(t+1) 207 e
To prove this result, we just modify the estimate (3.14]) as

IVaulloo < Ot +1) G0,

(2) If £ < <1andy € L*(R*) N LP(R?) with 1 <p < %;1’ one has

m 2 _1(2_1)_2
D™ u(B)]lz < C(E+1) 2tr e
To prove this result, we just modify the estimate (3I0) as

oo < C(t+1)" 306D,



Theorem 1.4. Let 1 < a < % and up € L?(R3)N LP(R3) with div up = 0 and ﬁ <p<2
Then, for m € N (the set of positive integers), there exist Ty > 0 and C > 0 such that the
small global-in-time solution satisfies

_m

ID™u(@)|3 < C(t+ 1) 2G5

for all t > Ty, where the constant C' depends on m, a and ||ugl| 2.

Remark 1.2. The decay rates for higher order of derivatives of the solutions was studied in
[4] for the classical Navier-Stokes equations and in [I§] for the Hall-magnetohydrodynamic
equations.

The paper unfolds as follows: Section 2 is devoted to the proof of Theorem 1] and
Theorem whereas Section 3 deals with the proof of Theorem [I.3] and Theorem [I.4l The
existence of weak solutions is given in the Appendix in the end of the paper.

2 Proof of Theorem 1.1l and Theorem

In this section, Theorem [I.Tland Theorem [[.2l will be proved. We start with two key lemmas.

Lemma 2.1. Let u be a smooth solution to system (L2)) with initial data ug € LP(R3) N
L3(R3), 1 < p < 2. Then there exists a constant C > 0 depending only on ||ugl|2 such that

(e, )] < (@ E)] + K,%) (2.1)

Proof. Taking the Fourier transform of the first equation of (L.2) yields
ﬂt(&v t) + |£|2aa(£7 t) = H(£7 t)7 (22)

where - .

Multiplying (2.2)) by elél*t gives

d 2004 2c
(el 1)) = e H (e 1),
Integrating with respect to time from 0 to ¢, we have
t
(g, 1) = e () + / eI, 5)ds. (2.3)
0
Hence .
.0 < @) + [ eI m(E s (24)

To complete the proof we need to establish an estimate for H (¢, s). Taking the divergence
operator on the first equation of (I.2]) yields

3
_Apzz

i,j=1

2

axiax]—

(u'u?).



Since the Fourier transform is a bounded map from L! into L, it follows that

IVp(E.t)| <|£||ﬁ(£ )|
B3 el o)

i,j=1
<Cl¢[u)u®)]x
<Cle|u(®)l3-

Similarly, for the convection term, using the divergence free condition, we have

3
- V(& )] <D [€|luiu(, 1))
<Clgl[lu(t)u(t)|2
<C¢[|u(t)|3-
Combing the above two estimates, we obtain
[H(€,1)] < Clellu®)]3. (2.5)
Inserting (2.5) into (Z4]) and using the boundedness of the L? norm of the solution lead to
~ _ C _j¢2a
[a(¢, 1)) <[uo(é)] + Wnuouga )
1
e
The proof of the lemma, is finished. O

C(luo(§)| +

Lemma 2.2. Let ug € LP(R?’) with 1 < p < 2. Then

| i@aerde < o+ 16, (2:6)
S(t)
where )

St ={e e B g < g(t)}. glt) = (7). (27)

the constant C' depends on v and the LP norm of ug.

Proof. Denote F the Fourier transform. By Riesz theorem, if 1 < p < 2, the Fourier
transform F : LP — L9 is bounded, and

[Fuollq < Clluollp, (2.8)

where % + 1 = 1. Consequently, one has

q
2 —~q 2 1—2
| mide< ([ mpdgt[ e (2.9
S(t) S(t) S(t)
Thanks to (28] and noting that the volume |S(t)| = Cg3(t), we get

/ @(6)[2de < C(t + 1) 3G,
S(t)

The proof of the lemma, is finished.



In the rest of this section, we first present a formal argument by the Fourier splitting
method (see [16]).

Proof of Theorem [1.1l. By taking L*-inner product on both sides of the first equation of
([L2]) with u, we get

d a
aHU(t)H% = —2[|A%u(t)|3-
Applying the Plancherel theorem, one has

d ~ ~
G L ard = -2 [ leaepa

()™ (2.10)

Let

S(t) ={¢ e R’ [¢| < g(t)}, g(t)

where v is a constant to be determined. Then

d -~ 2 2 -~ 2 2a 2
— d¢e < — g t dé — d

(2.11)
-~ 2d 2c ~ de.
0 [ e+ g /5 IO
Multiplying ([ZI1)) by G(t) = elo 9 (T)dr yields
d
7 (G@u@]3) < g™ BG®) /|§|§g(t) [a(€)[?de.
Note that G(t) = (¢t + 1) by 2I0). It follows that
d ~
— (¢ + 1) u@®)l3) <t +1)7" / [a(€)de. (2.12)
di e

To complete the proof we will use Lemma [2.1] and to estimate the right hand of
(2I2). Indeed, by plugging (2.1)) into the right hand of (ZI2)) and using (2.6)), we have

d 1

SR <ce+ 0 [ m@epds+cury [ e
€1<g(®) gl<g(®) [€]
<Ct+1) =G Lo+ 1)
Integrating in time from 0 to t yields
lu(l3 < C((t+ 1)+t + 17267 4 (14 1)~ "=, (2.13)

When 0 < « § and p > 1> =% 2 , we have %(% -1 < 5§§". Hence, by choosing
3

Y = 55, we obtain

When % < a <1, two cases will be considered respectively. In case of 1 < p < ﬁ,
one has %(% -1) > %. Hence, by choosing v = 3, we have

lu()[3 < Ot + 1)~ (2.14)



3

In case of ﬁ < p < 2, one has %(% -1 < %. Hence, by choosing v = %, we have
3 (2
lu(@®)[} < Ot +1)7267Y, (2.15)

Now we improve the decay rate in ([2.14). We will use (2.14]) to show that
[a(, 1)] < [ug(§)[ + C for & € S(¢).

Then a bootstrap-type argument will lead to a better decay rate. Using (2.5) and (2.14),

for%<a§1andoz7é%,wehave

" ¢ e
/ 9| F (€, 5)|ds <Cé] / (s 4+ 1) "5 ds
0

0
20 6a—>5
<o e —
<2 jel((t+ 1)~ )

(2.16)
20 1 6a—5
< 1) 2« 1) 2a —1
<Oy (4 )R - )
<C.
Ifa= %, we have
t o t
| e e syids <clel [ s+ 1)
0 0
2.17
<C(t+1)75In(t + 1) (2.17)
<C.
Hence by (2.3), (2.16) and 2.17)
(€, ¢)] < [ug(§)| + C, for & € S(t).
This, combined with (2.12)), yields
d _
SR <o [ @ePd et [ ag
dt l€l<9(0) el<a()
<C(t+1y 776D o 4 1715,
Integrating with respect to time yields
2 — —as(2-1) — o
[u(®)llz SC((E+1)77 4+ (E4+1) 220 7+ (E+1) 2)
<C((t+1)77 + (t+ 1) GD),
By choosing v suitably large, we have
lu)l3 < Ct+1)" =60,
]



Proof of Theorem [1.2. Two cases will be considered respectively.

Case I. When 1 < a < % and _4_32a < p < 2, similar to the proof of ([212]), (213) and
(ZTI5), one has
3 /(2
lu(®)|2 < C(t+1) 2 G,

Case II. When 1 < a < % and 1 < —4— < p< ﬁ, similar to the proof of (2.12]),

3—2a
(ZI3) and (2I4), one has

5—4a

lu@)|f < CE+1)7 2. (2.18)
It follows from (2.5) and (2.I8) that

t t e
/ ) F (e, )| ds <Cé] / (s + 1) "5 ds
0

0

20[ 6a—>5
< t+ 15 1
SCeq 5+ = —1) (2.19)
<O 2i5(t+1)_%((t+1)%—1)
<C(t+1) .

3a—
«a

Thanks to ([2.3), we have |u(¢,t)| < C(|ug(§)|+ (t+ 1)73) Applying ([2.12)) again leads to

S+ 1 () SO+ 1RG4 (e 1p-di

Integrating with respect to time and choosing ~ suitably yield
3 (2
lu(®)3 < O+ 1) 7200,
The proof of Theorem is finished.

O

Remark 2.1. The proof of Theorems[I.T]and [[.2lis formal and we assume that all the calculus
in the proof make sense. To make it more rigorous, we apply the a prior estimates to the
approximate solutions constructed in the Appendix. Let us recall that uy is a solution of
the approximate equation

Orun + PJN(UN . VUN) + A2auN =0,
div uy =0,

un(z,0) = Jnug,

where Jy is the spectral cutoff defined by

IN(€) = Lon (€D F(E)

and P is the Leray projector over divergence-free vector-fields.

It is shown that the uy converges strongly in L%(0,T; L2 (R3)) to a weak solution of

the generalized three-dimensional Navier-Stokes equation (L2]) in the Appendix. Hence the
L? decay of uy will imply the L? decay of the weak solution of (LZ).



3 Proof of Theorem [1.3l and Theorem [1.4l

In this section, we will give the proof of Theorem [[.3] and Theorem [[.4l Before that, we
recall the following result established in [24].

Theorem 3.1. Let s > %—2@ with 0 < a < %. Suppose that uy € H*(R3) with div ug = 0
and there exists a constant e such that ||ug||zs < e. Then there exists a unique solution
u € L>®(0, +o0; H®) satisfying

d (6%
Zllullir < =A%l (3.1)

Lemma 3.2. Let 1 < p < 2. Suppose that ug € LP(R3) N L*(R3) with div ug = 0. Then,
for any |£] <1 and j > 0, we have

Ru(e.t)] < CUTE) + ) (32
where C' depends only on ||uo|| rpnr2-
Proof. Since |£] < 1, we have

[Mu(e,0)] < [Flate, o) < [a(e, 1)
Using Lemma [2.T] leads to the desired (3.2]). O

The following are decay estimates for high order derivatives of the smooth solution.

Theorem 3.3. Let 0 < o < 1. Suppose that ug € LP(R3) N H*(R3) with 1 < p < 2 and
s> % — 2q, satisfying div ug = 0. Then, there exists a Ty > 0 such that for any ¢ > Tj the
global-in-time solution established in Theorem [3.1] satisfies

lu(®) e < G+ 1) 726D, (3.3)
where C' depends on « and ||ug||gsnre-

Theorem 3.4. Let 1 < a < 2. Suppose that ug € LP(R%) N H*(R?) with s > 2 — 20 and

3_12a < p < 2, satisfying div ug = 0. Then, there exists a Tp > 0 such that for any t > Ty

the global-in-time solution established in Theorem B.1] satisfies

()% < C(t+1)"2GY, (3.4)

where C' depends on « and ||ug|| gsnre-

Proof of Theorem and [3.7] We adopt to the Fourier splitting method again. It
follows from (3.1) that

i 7 2 Nso, 2 _ 200/ 17> 2 As. 2
o[ R + e oPde < - [ e (ate.f + Fule e

Similar to the proof of Theorem [[.Tl and Theorem [.2] we have

d

G [P + R 0P a1 [ a0 + Rl e,
R3 €l<g(t)

9



Similar to (L3 and (I4]), using Lemma [B.2] we get
Ju®)lf < C(t+ 1726
for any t > Ty. The proof of Theorem B.3] and 3.4] are finished. O

To prove Theorem [I.3] and [[.4] we first present the following commutator estimate.

Lemma 3.5. Let s >0 and 1 <p < oco. Then

1A*(F9)llp < CIAFllp gl + 147G s 1l (3.5)
IA*(fg) — FA®gllp < CUA® Fllpy g llpe + 11V Fllg 1A gllgs (3.6)
1_ 1 1 _ 1 1
whereﬁ—p—l—l—p—z—q—l—l—q—z.

The proof is referred to [8] and the details are omitted here .
Now we give the proof of Theorem [[.3] and [[.4]

Proof of Theorems[1.3. For any m € N, applying A" on both sides of the first equation
of (L2)), multiplying the resulting equation by A™u and integrating by parts, we obtain

d m mro m m
%HA ul|3 + [[A" T3 = —/ A" - A" (u - Vu)dz. (3.7)
R3
By B3), we have

d m mr« mr« m—«
AT + AT ull3 <CA™ Ul AT (@ ),

(3.8)
<[ AT AT oo
Since . L1
[y < ClA™uls T Al ¢, 5 <a <L,
one has
d m, |12 m4ao, |12 m4a é m 2_%
g AT ullz + A" ully <A™ ullF[|A™ully = lufleo
1 2a (39)
<A™ ull3 + Cllulse™ [A™ull3.
Using Theorem [[.T] and Theorem B.3] yields
1 1 3
[ulloo < Cllull3[|A%u]l3 < O+ 1) (3.10)
for any ¢ > Ty and 1 < a < 1. Putting (310) into (3.9), one has
d -
EHA’”UH% AT ulF <O+ 1) 72 A3 (3.11)

<C(t+ 1) A ul3

10



for 5 <a <1 Inthecaseof 0 <a <3 , we can also establish the similar estimate as in
(BII). Indeed, by divergence free condltlon B0 can be rewritten as

%\\Amullé + A3 = — /11@3 A" (A" (u - Vu) —u- VA™u)dx. (3.12)
Use the commutator estimate (3.0) to get
%HA’”UH% + A3 <Ol Vulloo | A™ull3- (3.13)
It follows from Theorem [[.1] and Theorem B.3] that, for any ¢ > T and 0 < o < %,

[Vl <Clluls IIA3UI|§ <SCt+1)

(3.14)
<C(t+1)7!
Hence, we obtain that, for 0 < o <1,
d m m-r+o — m
P ull3 + (AT ul3 < O+ 1) A3,
Let 3 I+
Dit) = € € B €] < )}, 1> o+ gy = (o bk =01
Then
Al = [ 6o e
> [ jePeATue e
=50 (3.15)
>R oIAm - 207 [ AT g
[€1<fi(t)
= OIAT = 724 [ ATt e,
where ¢ = 0, 1. Inserting (B.15]) with ¢ = 1 into (B.I1]), we get
d m, |12 m [+1 2a+2 m—1
g + —opamagg < o % g (3.10

To complete the proof, we use the inductions for m. The case m = 0 has been proved in
Theorem [I.Jl Assume that

3 m—1
A2 < Cp1(E+ 1)1, g = — .
APl € Couma (04 )P0, s = 4 T
Then, thanks to (3I6]), we have
d
(4 DA™ ) < Cpoa (¢ + 1) 7P 7 50 (3.17)

Integrating (8I7)) in time from Tp to t yields
(t+ DA™ (O[3 < (To + DA™ u(T0) |3 + o (¢ + 1) Pm1 78

11



which implies

IA™u(t)[|3 <Cp(t + 1)Pm—17a

3

<Cp(t+1)"2a"

RI3

The proof of Theorems [[.3] is finished. O

Proof of Theorems[1.7] In case of 1 < o < %, since g —2a € (0, %), we obtain that, for
any m € N, m > % — 2a. Therefore, Theorem [3.1] implies

d m mr«
g < - a3 (318
Inserting (B.I5) with ¢ = 0 into (BI8)) yields

l 2042

l
m, |2 m, (|2 < - m—1 2. .
AT ullz + 7 1Al < Ol )= A" ull2 (3.19)

f
dt
Adopting to similar procedure in the proof of Theorem [I.3] we finish the proof of Theorem
L4 O

A Existence of weak solutions

In this section we show that the generalized Navier-Stokes equations with > 0 have a
global weak solution corresponding to any prescribed L? initial data.

We start with a definition of weak solutions for (LZ) with L? initial data ug. Let T' > 0
be arbitrarily fixed.

Definition D.1. The function pair (u(x,t),p(x,t)) is called a weak solution of the problem
([L2) if the following conditions are satisfied:

(1) w € L(0,T; T2(R2)) N L2(0, T; HO (RY),
(2) for any ® € C$°([0,T) x R3) with ®(-,T) = 0, we have

T
/0 (1, By) — (A%, AB) — (1 - Vs, Bt = —(u(0), B(0)),

(3) div u(x,t) =0 for a.e. (z,t) € R® x [0,T).

The following theorem states that there exists global-in-time weak solutions of (L.2)).

Theorem D.1. Let T > 0 be fixed and a > 0. Assume that ug € L?(R3). Then the system
(L2) possess a weak solution obeying Definition [D.1] over [0, T1.

We will use the Friedrichs method to prove Theorem (D). Before that, let us recall
the following Picard theorem [I4] and Bernstein inequality [1].

12



Theorem D.2. (Picard Theorem on a Banach Space). Let O C B be an open subset of a
Banach Space B and let F': O — B be a mapping that satisfies the following parameters:

(i) F(X) maps O to B.

(ii) F is locally Lipschitz continuous, i.e., for any X € O there exists L > 0 and an open
neighborhood Ux of X such that

IF(X) = F(X)|lp < L|X = X||p, forall X,X € Ux.

Then, for any Xg € O, there exists a time T such that the ODE
dX
E - F(X),X|t:(] == X(] € O

has a unique (local) solution X € C'[(~T,T);O]. In addition, the unique solution X (t)
either exists globally in time, or 7' < oo and X (t) leaves the open set O ast " T.

Proposition D.3. (Bernstein inequality). Let B be a ball of R%. Then, there exists a
positive constant C such that for all integer k > 0, all b > a > 1 and u € L%, the following
estimates are satisfied:

O\ ktd( 1

sup [|0%ull < D|ulla, suppit C AB.

o=k

Proof of Theorems|[D.1. For N > 1, let Jy be the spectral cutoff defined by
InF(€) = 1. (1EDF ().

Let P denote the Leray projector over divergence-free vector-fields. Consider the following

o~

ODE in the space L%, = {f € L*(R?) : suppf(¢) € B(0,N)},

{ u + PJIN(PJyu - PINVu) + PJIyA%Yu = 0, (1)

u(x,0) = Jyugp.

We shall apply Picard Theorem to show the existence (local) and uniqueness of solution to

#1). We write

% = —PJn(PJyu- PIyVu) — PIyA**u £ F(u).

Then F satisfies the local Lipschitz condition. In fact, for any u,v € L%, by the Holder
inequality and the Bernstein inequality, we get

|PJn(PJInu- PINVu) — PIy(PJyv - PINVv)le
<|[|PIN(PJINn(u—v)-VPJIyu)|l2 + || PIN(PJIyv - VPJIN(u—v))||2
<[P In(u—=0)ll2[VPINulloo + [V PIN(u =) 2| PInv]o
5
SN2 ([Jullz + [[vfl2) lu = v]l2.
By the Bernstein inequality, it follows that
|PINA%*u — PJInA* 0]
<[ TN A (u —v)]|2
<N |u — vlfs.

13



Consequently,
5
IF(u) = F(o)ll2 < (N2 ([[ullz + [[o]l2) + N**)[lu = v]|2.

Picard Theorem implies that (AI) has a unique local (in time) solution wuy €
CY([0,Tn); LA). Recall that P? = P, J% = Jy and PJy = JyP, it is easy to check that
Pupy and Jyuy are also solutions of (d.1]). By the uniqueness, Puy = uy (i.e. divuy = 0)
and Jyuy = uy. Then (&I]) can be simplified as

Oun + PJN(UN . VUN) + A2auN =0,
div uy =0, (4.2)
un(z,0) = Jyug.

Multiplying the first equation of ([4.2]) by uy and integrating by parts, we obtain

1d o
5&”“N(t)”% + A% un(®)]3 =0,
which implies that
¢
lun ()13 +2/0 [A%un(s)]13 ds = [lun (0)[I3 < [luoll3- (4.3)

This implies that uy remains bounded in L?V for finite time, whence Ty = T.

Next, we will use Aubin-Lions lemma [20] to prove the strong convergence of uy (or its
subsequence) in L2(0,T; L?(2)) for any Q C R3. In fact, for any h € L?*(0,T; H3(R3)) and
a < g, we obtain

T T
/0 (PJIn(un(s) - Vun(s)), h(s)) ds S/O [un(8)ll2llun ()l e _[IVA(s)||s ds

T 3 5-2a 1t2a
< C/O lun () [[2[[A%un (s)[|2IVZR(s)lly © [IR(s)]ly ®  ds

< Cllunllpoeo,1; L2 w3y 1A un | 220,75 L2 3y 1Pl L2 0, 7; 13 (R3))

< Clluoll3l1Pll 20,7 13 (r3y)
(4.4)

where the Holder inequality and the Gagliardo-Nirenberg inequality have been used. The
Hélder inequality and Sobolev embedding H3(R?) < H®(R3), a < 3 yield that

T T
/ (A2 (s), h(s)) ds < / A% () |2l A®R(5) |2 ds
0 0

<( /OT MA%N(s)Hgds)m ( /OT HAO‘h(s)H%dS>1/2

< luoll2/lAll 2 0,7; 73 (®2)) -
Combining these estimates with the first equation of ([£.2]), we obtain

Oy € L2(0,T; H3(R3)), (4.5)
which together with (@3] yields that

uy —u in  L*0,T;L*(Q)) for any Q C R

14



We choose Q1 C 2y C €23 C ... with smooth boundary satisfying U5°,€); = R3. For
any fixed i = 1,2,..., we obtain that there exists a subsequence of {un}3_; still denote
by itself, such that uy strongly converges v in L?(0,T; L?(£;)). By the diagonal principle,
there exists a subsequence {un;}72; of {un}3_; such that uy; strongly converges u in
L%(0,T; L*(Q;)) for any i = 1,2,... and hence in L?(0,T; L2 (R3)). These convergence
guarantee that u(z,t) is a weak solution of (L2)).

When o > %, it can be proved in a similar way that system (L.2]) possess a weak solution
obeying Definition [D.1l The proof of the Theorem is finished.

O
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