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Abstract

We study the utility indifference price of a European option in the context of small transac-
tion costs. Considering the general setup allowing consumption and a general utility function
at final time 7', we obtain an asymptotic expansion of the utility indifference price as a function
of the asymptotic expansions of the utility maximization problems with and without the Eu-
ropean contingent claim. We use the tools developed in [54] and [48] based on homogenization
and viscosity solutions to characterize these expansions. Finally we study more precisely the
example of exponential utilities, in particular recovering under weaker assumptions the results
of [6].
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1 Introduction

It is a widely known result in the finance literature that in any complete market, an investor who
sold a contingent claim can replicate it perfectly by continuously trading a portfolio consisting
of cash and the underlying risky asset. However, the corresponding strategies generally lead to
portfolio rebalanced in continuous time, and which therefore are generically of unbounded variation.
Thus, as soon as any transaction costs are introduced in the market, such strategies have exploding
costs and cannot therefore be of any use. A possible way out of this is for the investor to search
for super-replicating portfolios, instead of replicating ones. However, it turns out that in a market
with transaction costs, the simple problem of super-replicating a Call option can only be solved
by using the trivial buy-and-hold strategy, therefore leading to prohibitive costs. These types of
results have been first conjectured by Davis and Clark [23], and proved under more and more
general frameworks (see among others [11], 14, [15] 18] [19] 32} 33| [34], 35 140} 4T}, 52, [56]). A rather
natural alternative approach has been first proposed by Hodges and Neuberger [29], and basically
states that the price of a given contingent claim should be equal to the minimal amount of money
that an investor has to be offered so that he becomes indifferent (in terms of utility) between the
situation where he has sold the claim and the one where he has not. Such an approach is therefore
very naturally linked to the general problem of investment and consumption under transaction
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costs, which has received a lot of attention since the seminal papers by Magill and Constantinides
[44] and Constantinides [17].

Following these two works which rather concentrated on the numerical aspects of the problem,
but contained already the fundamental insight that the no-transaction region is a wedge, Taksar,
Klass and Assaf [55] studied an ergodic version of the maximization, before the classical paper
of Davis and Norman put the problem into the modern framework of singular stochastic control
theory. Building upon these works, Soner and Shreve [5I] proposed a comprehensive analysis of
the one-dimensional case (that is to say when there is only one risky asset in the market), using
the dynamic programming approach as well as the theory of viscosity solutions (see also the earlier
work of Dumas and Luciano [25] in this direction). Their approach was then extended to the
case of several risky assets by Akian, Menaldi and Sulem [2] (see also [I]). Starting from there, an
important strand of literature concerned itself with the problem of option pricing under transaction
costs via utility maximization.

The first important result in this direction was obtained by Davis, Panas and Zariphopoulou [24],
where they showed that the problem of pricing an European option in a market with proportional
transaction costs boiled down to solve two stochastic optimal control problems, whose value func-
tions were shown to be the unique viscosity solutions of quasi-linear variational inequalities. Then,
starting with the work of Barles and Soner [5], where they derived rigorously the limiting behavior
of the aforementioned value function as both the transaction costs and the investor risk tolerance
go to 0, many papers studied practically relevant limiting regimes. Indeed, the quasi-variational
inequalities derived in [24] are difficult to handle numerically, especially in high dimensions, which
make asymptotic expansions a lot more tractabl. Thus, Whalley and Wilmott [57] considered
a formal asymptotic expansion for small transaction costs, while Bouchard [9] and Bouchard, Ka-
banov and Touzi [12] showed rigorously that as the risk-aversion of the investor goes to infinity, the
utility indifference price of a contingent claim goes to the corresponding super-replication price.
The first rigorous proof of the result in [57] was obtained, in one dimension, in the appendix of
[51]. Since then, several rigorous results |7, 27, B30, BI 49] (still in the one dimensional case), as
well as formal ones [4 28] 38, B89] were also derived. Let us also point out the work [6] by Bichuch,
where the author obtained an asymptotic expansion of the utility indifference price of smooth
contingent claims in a market with small transaction costs and on risky asset having geometric
Brownian motion dynamics. However, the multidimensional problem, which presents intriguing
free boundary problems for which regularity results remain scarce (see for instance [50] 53] for
results in a related setting or the recent paper by Chen and Dai [16] which studies rigorously the
shape of the no-transaction region), has remained out of reach until the paper by Bichuch and
Shreve [§], where they treated the case of two risky assets which diffuse as arithmetic Brownian
motions. Nonetheless, their method of proof requires not only to construct sharp sub and super-
solutions to the dynamic programing equation satisfied by the value function, they also need to do
a lengthy coefficient matching for the formal expansion, which has to be done on 9 regions of the
space, which would become 3" regions for n risky assets, and is therefore ill-suited for arbitrary
dimensions. The breakthrough for the treatment of the general problem was achieved by Soner
and Touzi [54], where they connected the asymptotic expansion for small transaction costs to the
theory of homogenization. Hence, the first order term in their expansion is shown to be written in

'Let us nonetheless mention that starting with the paper by Dai and Yi [22], who showed that the solution to the
problem of optimal investment could be written as parabolic double obstacle problem, other numerical approaches
are available (see also |20] and [21]).



terms of the so-called eigenvalue associated to the dynamic programming equation of an ergodic
stochastic control problem. This identification allows them to construct a rigorous proof similar to
the ones in homogenization theory, even though the problem at hand is not the typical incarnation
of such a type of problem, notably because the "oscillatory" (or "fast") variable only appears after
a change of variables and is not directly modeled in the original equations. Their approach, limited
to dimension one in [54], was robust enough to cover general Markovian dynamics for the risky
asset, as well as general utility functions (whereas the previous literature was limited to power
utility and geometric Brownian motion dynamics), was then extended to an arbitrary number of
risky assets in the model of Kabanov [33] by Possamai, Soner and Touzi [48]. Since then, their
method received a lot of attention, enabling notably Altarovici, Muhle-Karbe and Soner [3] to treat
the fixed cost problem, Bouchard, Moreau and Soner [13] an hedging problem under expected loss
constraints and Moreau, Muhle-Karbe and Soner [46] a price impact model. Finally, we would also
like to mention the very recent paper by Kallsen and Li [37], which uses convex duality technics to

prove rigorously the expansion for small costs in possibly non-Markovian, one-dimensional models.

Our paper remains in the context of the general approach initiated by [54], and our main goal is
to provide rigorous asymptotic expansions of the utility indifference price of European contingent
claims in general Markovian, multidimensional models and with general utility functions. To
the best of our knowledge, the only related papers in the literature are [6] and the very recent
manuscript [I3]. However, the level of generality we consider is new, in particular since both
these works are restricted to the one dimension case. Furthermore, [6] is restricted to exponential
utilities, because their scaling properties allow to deduce directly and completely explicitly the
price from the value function of the control problem. Hence, it suffices to obtain the expansion
for the value function to obtain the expansion for the price, whereas in our case, even though we
follow the same approach, the expansion for the price cannot be deduced so easily. Moreover, our
method of proof allows to weaken strongly the assumptions made in [6], since, for instance, we
roughly only need to assume C'-regularity of the option payoffs we consider, while [6] needed C*
regularity. When compared with [13], even though we think that their approach could reasonably
be extended to the same multi-dimensional setting as ours, the methods with which they approach
the problem is different from ours, since they attack directly the expansion for the price, while we
first start with an expansion for the value function. Besides, the set of assumptions under which
their result for the utility indifference price holds true also implies strong regularity for the payoff
functions, which makes our result more general in this regard.

The rest of the paper is organized as follows. In Section Bl we present succinctly the markets
we consider, with and without frictions, and we follow the general approach of [54] to give formal
asymptotics for both the value function and the utility indifference price. Section[Blis then devoted
to the main results of the paper, as well as the general assumptions under which we will be working
and the proof of the expansion for the price. Then, in Section[d], we discuss the particular example of
exponential utility and compare our result with the existing literature. Finally, Section [Bl provides
the proofs of all the technical results of the paper.

Notations: Throughout the paper, we will denote, for any n € N* and any (z,y) € R™ x R", by
x - y the usual inner product on R™. For any finite-dimensional normed vector space F, and for
any (n,p) € N* x N*, M,, ,(E) will denote the space of n by p matrices whose elements take value
in £. When n = p, we simplify the notation M,,(E) := M, ,(E). As usual, we identify M,, 1(E)
and E™. By a slight abuse of notation, the norm associated to elements in R or M,,(E) will be
denoted by |-|. The transpose of a matrix M € M, ,(E) will be denoted by M7T. We will also



denote by 1, a vector in R™ whose entries are all equal to 1.

2 General setting

In this section we describe the problem and recall how to obtain formal asymptotics.

2.1 Financial market with frictions

We work on a given probability space (€2, F,P) on which is defined a d-dimensional Brownian
motion W. For a fixed time horizon T' > 0, and for any t € [0,7], we define the filtration
F! := (Fl)i<s<r to be the completed natural filtration of the process W', defined by W! :=
Ws — Wy, s € [t, T]. For notational simplicity, we let F := F?. The financial market consists of a
non-risky asset S° and d risky assets with price process {S; = (S},...,SHT ¢t € [0,7T]} given by
the stochastic differential equations (SDEs),

s
S7

i d
as; : . ,

= r(t,S;)dt, ?j = p'(t, Sy)dt +> oI (t, S)dWi, 1<i<d,

t j=1

where 7 : [0,7] x R? — R, is the instantaneous interest rate and p : [0,7] x R? — R%

o :[0,7T] x R* — My4(R) are the coefficients of instantaneous mean return and volatility, satis-

T)—l

fying the standing assumptions that r, y, o are bounded and Lipschitz, and (oo is bounded.

In particular, this guarantees the existence and the uniqueness of a strong solution to SDEs.

The portfolio of an investor is represented by the dollar value X invested in the non-risky asset,
the vector process Y = (Y1, ..., YT of the value of the positions in each risky asset, and a short
position in a European option represented by some payoff function g : R* —s R, that he has to
hold until the final time 7. Starting from any time ¢ € [0,T], these state variables are controlled
by the choices of the total amount of transfers LY 0 <, j < d, from the i-th to the j-th asset
cumulated between time t and s. Naturally, the control processes {Li’j ,8 > t} are defined as
RCLL, nondecreasing, Ft-progressively measurable processes with L = and L = 0.

In addition to the trading activity, the investor consumes between time ¢ and 7" at a rate determined
by a nonnegative F!-progressively measurable process {cs,t < s < T'}. Here ¢, represents the rate
of consumption in terms of the non-risky asset SY, which means that the investor can only consume
from the bank account. Such a pair v := (¢, L) is called a consumption-investment strategy. For
any t € [0,7] and any initial position (X;~,Y;-) = (x,5) € R x R?, the portfolio positions of the
investor are given by the following state equation

dsi
Si

u

dXy = (r(u, Su) Xy — cy)du +R(dL,), and dY} =Y, +RY(dLy,), i=1,....,d,

where

d
RI(0) := Y (FF = 1+ X)), i=0,...,d, for all £ € Mgp1(Ry),
j=0
is the change of the investor’s position in the i—th asset induced by a transfer policy ¢, given a
structure of proportional transaction costs €3\ for any transfer from asset i to asset j. Here,
€ > 0 is a small parameter, X > 0, A% = 0, for all i,5 = 0,...,d, and the scaling € is chosen

to state the expansion results simpler. In some instances, we may forbid transactions between



certain assets by setting the corresponding transaction costs to +o00, however we will always allow
transactions from and to the bank account, that is to say that we always assume

N0\ < oo, i =1,...,d.

For simplicity, we will also denote Z := {(4, j) € {0,...,d}?, A < +oo}. For given initial positions
S, =s € ]Ri, X,- =z € R, Y, =y e R and a given consumption-investment strategy v, we
denote by S%ts, 865 XhsTV and YH5Y¥ the corresponding prices and state processes. Following
[12], the strategy v will be said to be admissible for the initial position (t,s,z,y), if the induced
state process is well defined and satisfies the following solvency condition:

36¥ > 0 s.t. (XL (YT 4 gv(80ts (ST e K, for all r € [t,T], P—a.s.,
where the solvency region K. is defined by:
K. := {(x,y) cRxRY: (z,97)T + R(£) € RLT for some £ € Md+1(R+)} .

The corresponding set of admissible strategies is denoted by ©¢(¢,s,z,y). The consumption-
investment problem is then the following maximization problem,

T )8 T t,s
vI(t, s, x,y) = sup E, {/ g i R(S07)de Ui(ce)dé + e~ Ji (&S 7)de M;’g] , (2.1)
veO(t,s,z,y) t

where x € {0,1} is here so that we can consider simultaneously the problems with or without
consumption and where k : [0,7] x R?, Uy : R — R and U, is defined by

L{;vg = U2 (EE (X%87I7V, YjévsvyvV) _ g(S/?\S)) ,
for some function Uy : R — R and the liquidation function £¢ : R x R? — R defined by

(z,y) =sup{p e R, ((z,y")" —p(1,07)") € K.} .

Such a liquidation function was considered (among others) in [9] 10} 12] and represents the maxi-
mum amount, in terms of cash, that the investor can achieve by liquidating its positions in all the
risky assets. It is also proved in [9] 10, [12], that the function ¢¢ can be rewritten as

((z,y) = inf ($7yT)T T (2.2)
reK¥

where
K} = {7“ € Ri"'l, rP=Tland r/ — (14+ XNt <0, 0<4,5 < d}.
Moreover we assume that U; and U, are utility functions which are C2, increasing and strictly

concave. We also denote the convex conjugate of U; by,
U(é) := sup {U(c) — ce}, ¢ eR,
c>0
and by Supp(ﬁl) its support, that is to say the points ¢ € R such that U, (¢) < +oo. Finally, for
future reference, we have the following expansion for the function £¢

Lemma 2.1. We have, uniformly on compact sets, 0 < @ %;ﬁ(:c,y) < +o00.
el0



Proof It is easy to see using (2.2) that for any (z,y) € R¢*+!
O0<z+y-1g—((z,y) = sup Zy (1—=r)< sup > y'(1—rP),
T’EK: i=1 T‘GK*O =1

where K" contains K, Y and is defined by

1
%0 . d+1 _ 340, .
K> {TER , 70 1and1+63)\J0§r < (1 +EXW), Ogjgd}.

Then, the following immediate consequence finishes the proof
. 5o . \i:0 Ny
sup Zy —r')=¢ Z ') = T W) A
ek — 14+ e

2.2 The Merton problem without frictions

The Merton value function v9 := v%9 corresponds to the limiting case € = 0, where there is no
transaction costs. In this case, there is no longer any need to keep track of the transfers between
the different assets, and we can take as a state variable the total wealth obtained by aggregating
the positions on all the assets. We therefore define Z := X + Y - 14. The dynamics of Z is

dsi
St

d
dZ; = (T‘(t, St)Zt — Ct) dt + Z Y;Z < T‘(t, St)dt> . (23)
=1

For given initial positions Sy = s € Ri, Zy = z € Ry and a given consumption-investment strategy
v:=(¢,Y)eRy x R?, we denote by Z©%*" the corresponding wealth process. In this context, for
any (t,s,2) € [0,T] x R? x R, the set of admissible investment-consumption strategies starting
from time t consists of the controls v s.t. Z5%%? is well-defined and there exists 6° > 0 satisfying

Zﬁ,s,z,n > _6U(S797t787 (S?S)T)T “1gyq1, T E€ [t,T], P—a.s.

We denote this set by ©°(t, s, z). The value function of the Merton problem is then

T
VvI(t,s,z) ;= sup [E; {/ pe— I k(50 gy, (ce)dE + e I RS ’g} (2.4)
)

vEOV (85,2 t

where we have defined Uy*? = Us(Z55° — g(Sh*)). We assume in the following that v9 is smooth,

and the unique classical solution of the HJB equation

~ 1
kv9 — 1209 — L% — kU (v) — sup {y (1= 114)0? + 00 DY) + 5\0Ty\2fugz} =0

y€ER4
W(T,s,2) = Us(z — g(s)), (2.5)
where Dy, := %DS, and
L0 = Z?t +p- Dy + 2Tr[aa D], (2.6)
with for i,7 =1,...,d,
. .0 2 ) .
i i Y ,J — ol — (D), _. — (D),
Ds = a D =g S asiasj, Ds = (Ds)1§z§d7 and DSS = (Dss)lﬁz,jﬁd-



Moreover, for a smooth scalar functions (¢,s,z,y) € [0,7] X ]Ri x R x R — o(t,s,z,y) and
(t,s,2) € [0,T] x RT x Ry — o(t, s, 2) we set

_ oY _0 a0
Yy = o eER, Y, = By eRY o, = 92 eR.

The optimal consumption and positioning in the various assets are defined by the functions
cI(t,s,z) and yI(t, s, z) defined, for any s € ]Ri and any z € Ry by
CI(t,5,2) =~} (1(t,5,2)) = i (U) " (0(, 5, 2)) (2.7)
_ng(t7 S, Z)UUT(ta S)yg(t7 S, Z) = (M - Tld)(ta S)Ug(ta S, Z) + UUT(ta S)Dszvg(t7 S, Z)‘

2.3 The utility indifference price

We are interested in the so-called utility indifference price of the European option g, in both models
with or without frictions. They are defined respectively by:

p“I(t, s, ) ;= inf {p eR:v(t, s,z + p,0) > v(t, s,x,O)} (2.9)

p?(t,s,xz) ;= inf {p eR:vI(t, s,z + p) > 0°(t, s,x)}, (2.10)

where v? and v° correspond respectively to the value functions of the problems (Z.I)) and (Z3])
without the option, that is to say when g = 0. Notice also that we consider here that the initial
endowments of the investor are in cash only. This is purely for simplicity and all our results could

be easily generalized if we allow the investor to have a non-zero position on the risky assets for the
problem with frictions.

2.4 Dynamic programming

The dynamic programming equation corresponding to the singular stochastic control problem v*9
involves the following differential operators. Let:

0 1
L = o +p (Ds+Dy) +7Dy+ S Tr [coT (Dyy + Dy, + 2Dy,)] (2.11)
and fori,j =1,...,d,
.0 i .0 N A 0o g 0
D, = x%, D, =y 8—y’" Dy =y'y Gyog Dy, = sy REE

D, = (D})i<i<da> Dyy := (D}))1<ij<d> Dy = (DY))1<ij<d-

Theorem 2.1. Assume that v9 is locally bounded, then it is a viscosity solution of

(m)inz{k:vf’g — Lv&9 — kU (v59), Ag ;- (027, (vZ’g)T)T} =0, (t,s,7,y) €[0,T) x RY x K,

i3)€ ’

voI(T, s,2,y) = Us (t(z,y) — g(s)), (s,z,y) € RL x K,

(2.12)

where Az&',j =e;—e; + 3N e;, 0 <i,5 < d. Moreover v>9 converges to the Merton value function
v9, as € tends to zero.

Let us point out that the result as stated above does not seem to be present in the literature
(at least as far as we know) on the subject. Several related results, can be found however, for
instance with infinite time-horizon and without consumption (see Kabanov and Safarian [36]), or
when consumption and transfers between the risky assets are not allowed (see Akian, Menaldi and
Sulem [2] or Akian, Séquier and Sulem [I]). Nonetheless, this is a classical result and does not lie

at the heart of our analysis. We will therefore refrain from writing its proof.



2.5 Formal Asymptotics for the value function

Based on [54] and [48], we postulate the following expansion for (¢, s,z,y) € [0,T) x RY x K,
voI(t, s, x,y) = vI(L, s, x,y) — ud(t, s, 2) — wI(t, s, 2,€) + o(€?), (2.13)

where we recall that z = 2 + v - 14 and we define the "fast" variable £ € R? by

. . T 9t
fim it s,ayy) = LY B0 g
€

with the additional useful convention £° = 0. We now derive the key equations verified by u9 and
w9, from the dynamic programming equation (2.12)). The easiest part corresponds to the gradient
constraint in (Z.I2]). By straightforward formal calculations, we have for (i,j) € Z

Agy - (057, (o) T)T = € (W90 + (e = ) - Dew?) + o) = & (N0d + wf, — wl ) +o(e?).

We now explore the drift condition in (2I2)). Thank to the linearity of £, we decompose the
calculation in several parts. First of all we have using (2.4]) and (2.8)

kv — Lo9 — kUL (v9) = kv? — v — - Dy —rzvd +y- (rlg — p) v?

z

1 -
— §Tr (00T (Dyyv? + Dssv? + 2Dg07)] — KUy (v4)
1 1
= (' = 9) - ((n=r1g)v! + 00" Dv?) + Sloy? o, — Slo L,

€2

2
Tyt —y)| vd, = 3

|| vY.. (2.14)

S

2
Similarly, we obtain by straightforward but tedious calculations that

4 2
et (kw9 — Lw9) = 65T1r [Dy,w? + Dgsw? + 2D w9] + o(e?) = 65T1r [ag(ag)ngJ + o(€?),

where the diffusion coefficient is given by
ad(t,s,2) = [(la — yi(t,s,2)17) diag[y?(t, s, 2)] — (y9)" (¢, 5, z)diag[s]] o (¢, 5). (2.15)

This calculation highlights the role played by the so-called fast variable £. Indeed any of the second
order derivatives of w¥ with respect to s or y, corresponds to a second-order derivative of w9 scaled
by 1/€2. These terms are then exactly of the same order as the one obtained above. Finally it is
obvious that, using the definition of ¢9 in (2.7):

kUL (099) — kUL (v9) + Kc? (V59 — v9) = kU (059) — KU1 (v9) — €2kcIud + o(€2) = o(e?).

Combining these approximations and putting them into the drift condition of ([2.12]), we obtain
that 49 must be solution of the second corrector equation:

{Agug =a’(t,s,z), (t,5,2) €[0,T) x (0,+00)! (2.16)

wI(T,s,2) =0, (s,2) € (0, +00)®+1,

where the differential operator A9 is defined by
1
Ay = ku — L0 — (TZ +y9-(n—rly) — ncg)uz — 5\0Tyg\2 Uy — o0 y? - Dy, u,

8



and the function a? is the second component of the solution (w9, a?) of the first corrector equation:

{‘JT(t,s)ﬂz

1
max max v, (t,s,2) — §Tr [ag(ag)T(t,s,z)wgg(t,s,z,f)] +a’(t,s,2) ,

(i.4)€T 2

. g g

—A"od(t, s, z) + %(t,s,z,ﬁ) — g—?j.(t,s,z,{)} =0, £ e R (2.17)
Remark 2.1. Notice that we consider naturally (ZIT) only on [0,T) x Ry x Ry, because since
the value function is known at time T, its expansion is trivial. Since we enforce that the function
u9 solution of the second corrector equation (210 is null at time T, it would seem reasonable to
think that the expansion 2I3) also holds at time T. However, as we will see in our proofs, this
will usually only be true if the Merton value function and the corresponding optimal strategy are
smooth enough at time T. If explosions are allowed at time T (which, as pointed out in Section
[4 can happen for the derivatives of y9 if g is a Call option), then the remainder in the expansion
@I3) can become unbounded near T. In the previous works by Bichuch [6] and Bouchard, Moreau
and Soner [13], strong regularity on v? up to time T was assumed (which implies then that the
payoff g has to be reqular), in order to prevent y9 and several of its derivatives from exploding at
T. With our method however, this is no longer needed. We refer the reader to Section[31] for more
details on our assumptions.

Finally, we recall from [54] and [48] the following normalization. Set

I(t 9(t 9(t
ng(t,S,Z) ::_’U;(7S,Z)’ pi= 5 7 wg(t,s,z,p) ::w (73727779(7372)p)
’UZZ(t’Saz) ng(tvsvz) ng(tasyz)vz(t787z)
9(t 9(t
ai(t, s, z) i= a’( ’S;Z) L G9(t s, 2) == My
ng(t,s,z)vz(t,s,z) 779(75,3773)

so that the corrector equations with variable p € R% have the form,

{_ loT(t, s)p‘2 1

(g}?é(zmax 2 §’Pr [@g(dg)T(t,s,Z)wgp(t,s,z,p)] +ag(t787z) ;
o ow? ow? (2.18)
=\ + t,s,z,p) — —(t,s, 2, } =0 '
o ( p) 0, ( p)

AU (1,5, 2) = 1 (t, 5, 2)9 (1, 5, )9 (1, 5, 2).

We emphasize that the first corrector equation ([2.I8]) is an equation for the variable &, (t,s,2)
are only parameters. Moreover, the wellposedness of this equation has been obtained in [48]. We
recall below the properties of w9 that we will use. Before stating the result, let us define the
following closed convex subset of R?, and the corresponding support function, with the convention
that pg =0

C = {p eRY: -\ < p;—p; <NV, (i) € I}, Sc(p) :=sup u-p, peR™
ueC
Proposition 2.1. Assume that a9(t,s,z) is non-degenerate for any (t,s,z) € [0,T) x RL x Ry
Then there exists a unique solution (w9,a%) of the equation [2I8), such that @ € Ry, p —
wI(t, s, z,p) is C* in R? with a Lipschitz gradient, such that the following growth condition holds
lim wg(t7 5, %, p)

— 17
o=+ dc(p)

9



and such that w9 (-,0) = 0. Moreover, for any (t,s,z) € [0,T) ijl_ xRy, wI(t,s, z,-) is conver, the
set Of (t, s, 2) := {p e R4, wh(t,s,2,p) € int(C)} is open and bounded, the map p — WI(t, s, z, p)
is C* on Of(t, s, z), WI(t, s, z,p) attains its minimum in p at some point p*(t, s, z) in OF(t, s, z),
and there is a constant M > 0 s.t. 0 <wpy(t, s, z,p) < Ml@g(t,s,z)(ﬂ) for a.e. p e R

Of course, under suitable regularity assumptions on 19 and v?, w9 satisfies similar properties.

2.6 Formal asymptotics for the utility indifference price

We now develop an expansion for p©9, using the expansion of v*9 defined in (ZI3]). We first recall
that, at least formally, for 4 =0 or g

v (t, s,z y) =00 (L, s, ,y) — u(t, s, 2) + o(€?).
Then, at least if v is increasing with respect to x, p“9(t, s, x) should be such that:
vI(t, s,z + pI(t,s,x),0) = v0(t, s, x,0).
We conjecture (and will prove under natural assumptions) that p*9 satisfies the following expansion
p9I(t,s,x) = p(t,s,x) + €2hI(t, s, x) + o(€?), (2.19)
for some function A9 to be determined. Using (2.13)), we obtain formally

WO (t,s,2) — €ul(t, s,2) + o(€?) = vI(t, 5,2 + pI(t, 5,7)) + €20d(t, s, + pI(t, s,2))hI(t, s, 1)
—EuI(t, s,x +pI(t, s,x)) +o(€?).

Since by definition we have v%(t, s, z,0) = v9(t, s, + pI(t, s, x)), we deduce:

ug(t7 S, X +pg(t7 3733)) B uo(t7 87$)

hg t? ) =
(t,52) Wt s, o+ p9(t, s,2))

3 Main results
We recall from [54] the following notations. For any f(s,z,y), we define the change of variable:
f(t73727§) = f(t,S,Z - 66 1 — yg(t7372) ' 1d76€ +yg(t7372))‘

We then define

Ug(t7 S, Z) B ,Ugg(t’ S, T, y)

ZTLE’g(t’ 87 ':L'7 y) = 62 bl S G Ri’ (x7 y) 6 K€7 (3'1)
and its relaxed semi-limits:
u?*(t, s, x,y) = lim a9t s 2y,

(Evt/ ,s’,:c’,y’) —>(0,t,s,x,y)

g e : —e,qg (s S 0 ]
ud(t, s, x,y) = lim aI(t', s, x'y).
(€7t/73,7m,7yl)_>(07t7s7x7y)

Finally, we introduce, u®9(t, s, z,y) := u9(t, s, z,y) — 2wI(t, s, 2,£), s € ]Ri, (z,y) € K.
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3.1 Assumptions

In all the following, we consider payoff functions g and functions r, p and ¢ such that the following
four assumptions hold.

Assumption 3.1 (Smoothness of y9, v9, y* and v°). For 9 =0 or g, we have
(i) The map vV (t, s, z) is C122 in [0, T) x (0, +00)4*! and CO*0 in [0, T] x (0, +-00)4*. Moreover,
for any (t,5) € [0,T] x (0, +00)%, the map z — vV (t,s,2) is C* in (0, +00) and we have

vI(t,5,2) >0, (t,5,2) € [0,T] x (0, +o0)**1,
C(s,z)

(t,s,2) < T

v, (t,s,2) €[0,T) x (0, +00)**!,

for some continuous function C'" and some p € (0,1].

(ii) The map y(t, s, z) is CH22 in [0,T) x (0, +00)*1 and C*00 in [0, T] x (0, +-00)4*. Moreover,
for any (t,5) € [0,T] x (0, +00)¢, the map z — y’(t,s,2) is C' in (0,+0c) and there exist some
constants (co,c1,n) € (0,+00) x (0,+00) x (0,1] such that for any (t,s,z) € [0,T] x (0, +o00)4*!

yf’i(t,s,z) >0, ¢g < yf(t,s,z) <14 and [aﬁ(aﬁ)T] (t,8,2) > 11y, 1 <1 <d,

and for any (t,s,z) € [0,T) x (0, +o00)¢*!

C(s,2)
(T —t)t-n’

y’ls?s i| (t787z) S

+

1
Ysz

_l’_

1
Yzz

+

vy

]+
for some continuous function C'.

Remark 3.1. It can be readily checked that if it happens that y° does not depend on z, then even
though Assumption [31(ii) does not hold (since y? = 0), all our subsequent proofs still go through.
It will be important for us later on when we treat the case of exponential utility in Section [{.1]

Remark 3.2. We assumed here that the first-order derivatives of v° and y® with respect to z are
well defined at T', unlike the other derivatives which may not exist at T. This is basically due to
the so-called remainder estimate that we obtain in Lemmal[5.4) since these terms are the only ones
which appear in conjunction with Ui and its derivatives. We may have let them explode at time
T with a certain speed, but we would then have needed to control the growth at infinity of Uy and
its derivatives. The above assumptions being already technical, we refrained from doing so, but we
insist on the fact that in particular ezamples, our general conditions may be readily improved simply
by looking at the remainder estimate obtained and using it in the proof of the viscosity subsolution
property at the boundary in Section [5.7.

We now state an assumption on the regularity of the solution of the first corrector equation with
respect to the parameters (¢, s, z).

Assumption 3.2 (First corrector equation: regularity on the parameters). For ¢ = 0 or g, the
set OY(t, s,z) (see Proposition[21) as well as a®(t,s,z) and p*(t,s, z) are continuous in (t,s,2) €
[0,T) x (0, +00)1. Moreover, both w” and @”(-,€) := w?(-, &) — w?(-,n°()p*(-)) are C122 in
[0,T) x (0,4+00)* and satisfy for any (t,s,2,€) € [0,T) x (0, +00)¢*+! x RY

(|| + |ws| + [@ss| + |2 | + |@sz| + |@22]) (5, 2,8) < Clt,s,2) (1 +[€]) (3.2)
(|wel + [wsel + |mael) (8,5, 2,8) < Oty s, 2), (3.3)

U

for @ =w" or @Y and for some continuous function C(t, s, z).
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The above assumption can be readily verified in dimension d = 1 for which the functions w9 and
a? are given explicitly in terms of the Merton value function and its derivatives. However, it would
be a very difficult task to verify it in the general framework considered here. Our intention is
simply to state directly what are the kind of regularity we must assume to recover the expansions,
and then these can be checked on particular examples. For further reference, we also insist on the
fact that by definition, the function w9 is non-negative.

A fundamental step in any homogenization proof is to show that the correctors are uniformly
locally bounded. In our context, this means that we need to show that u®¢ is locally uniformly
bounded. Since by definition it is a positive quantity, we only need an upper bound. We put this
as an assumption.

Assumption 3.3 (Local bound of @9). The family of functions u®9 is locally uniformly bounded
from above.

Of course, one could argue that we are avoiding a major problem here. However, exactly as
for the previous assumption, given the level of generality we are working with, verifying that it
holds for generic models goes beyond the scope of this paper. However, we will show later on in
Section 1.1] that when utilities are exponential and under an additional regularity assumption
(which is always satisfied when d = 1), Assumption B3] is satisfied. Let us nonetheless sketch the
arguments of an alternative approach which would not require in general this additional regularity
assumption. First of all, notice that we can without loss of generality only consider the case where
all the A/ = 400 for 1 < i,j < d and where x = 0 (i.e. no consumption allowed). Indeed, the
corresponding value function is clearly smaller than v9, and thus the corresponding @Y is greater
than the one for which we want to find an upper bound. Hence, it suffices to consider this case.

The first step is then to construct a regular viscosity sub-solution to the dynamic programming

equation (2Z.I2) which has the form
V€7K(t7 87 z? 5) = Ug(t7 87 z) - E2Kug(t7 87 z) - 64wg(t7 87 Z7 5)7

where u9 and w9 are the solutions to the corrector equations and where K is a large constant.
Indeed, using comparison for (2Z.12]), this would then imply that VeK < ¢99. from which we can
immediately deduce the required upper bound for u%9.

Of course, the first problem would then be that we are not sure that u9 and w? are smooth. For
u9, since it is the solution to a linear PDE, this could be readily checked as soon as we have
enough regularity on af. However, for w9 as soon as d > 1, we cannot reasonably expect it to
be more than C' in €, since variational inequalities with gradient constraints in dimension greater
than 1 are generally not C?. Nonetheless, this issue can easily be solved by replacing w9 by a
function W9(t, s, z,&) = w9 (n?(t, s,2)p)/(n?(t, s, 2)vi(t, s, z)), where @9 is the first component of
the solution (w9,a%) to the following equation,

* 2 * —~ ~
_a | _ %A i, 0w 5 Ow _
Jnax, maX{ 5 5 Aw(p) +a, =N+ o (p), =A o, (p) ¢ =0, (3.4)

with the normalization w(0) = 0 and where the positive constants c’{,c§,xi, X are s.t. for some
constant M > 0

Iy > oo’ eIy > ad(al)y, No= XN = MX:= M(m?gz)\i’j.
i.j
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Then, as shown in [48], the unique solution w? is given as, wW9(p) = 2?21 w?(pi), where w? is the
explicit solution of the corresponding 1-d problem, which is known explicitly and is C2.

To prove the viscosity sub solution property, one can then argue exactly as in the proof of Lemma
3.1 in [48]. This proof is made under assumptions ensuring homotheticity in z of the functions ap-
pearing, but the general approach will be valid in other cases as well, albeit with more complicated
computations. For instance, in the case where Us is an exponential utility, and the frictionless
market is the Black-Scholes model, the dependence in (¢, s, z) of all quantities involved is known
explicitly (see the formulas in Section M for details). Basically, one has to check that for M large
enough the gradient constraints

€o- (VoK V;’K) <0, holds whenever MM + gw (p) <0,

’ 4 pZ
- (VK V;.’K) <0, holds whenever — MM+ gw (p) <0.
) g Pi

Then, by choosing K large enough, one has to show that the diffusion operator in (2.12]) applied
to V& is a non-positive quantity, which would then give the desired result.

Since we assumed that a9 is uniformly locally bounded, we can define for (to, so, zo, yo) € [0,T] X
(O,oo)d x R x R with o+ yo-1g >0

b(t07307x07y0) ‘= sup {ue7g(t7saxay) : (t,S,.Z',y) € BTO(tOwSOwTanO)? €€ (0760]}' (35)

Then using the continuity of w9, there exists rq(to, so, Zo,yo) > 0 and €(to, S0, T0,y0) > 0 such
that b(to, so, o, Yo) < 0.

Our final assumption ensures that we have a comparison theorem for the second corrector equation.

Assumption 3.4 (Second corrector equation: comparison). For @ = g or 0, there exists a set of
functions C which contains u*’ and u? and such that u1 > ug on [0,T] x (0, +00)!, whenever
uy (resp. ug) is a Ls.c. (resp. u.s.c.) viscosity super-solution (resp. sub-solution) of (2Z16]) in C.

Once again, we will not attempt to verify this assumption. Nonetheless, we insist on the fact that
the PDE (2.10) is linear, so that we can reasonably expect that a comparison theorem on the class
of functions with polynomial growth will hold as soon as a9 itself has polynomial growth.

3.2 The results

Theorem 3.1 (Convergence of u“9). Under assumptions[31], [3.2, and[5.4), the sequence 4“9
converges locally uniformly to a function u9 depending only on (t,s,z) and which is the unique

viscosity solution of (2.10).

The proof is relegated to Section [l

Theorem 3.2 (Expansion of the utility indifference price). Under assumptions (31, [3.2, and
we have for all (t,s,x):

pSI(t,s,x) — pI(t,s,x) — 2hI(t, s, x)
2
€

— 1, locally uniformly as e — 0,

ug(t,s,x—i—pg(t,s,x))—uo(t,s,x)

where h9(t,s, ) := T s o ipe o)
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Proof Step 1: We first show that p? is continuous in (¢, s, z). Since v9 and v° are C? and v9 is
partially strictly concave w.r.t. z, we have that v > 0. The continuity of p9 follows easily. Indeed
assume on the contrary that there exists (to, s, o), € > 0 and (¢, $p, ) — (to, S0, To) S-t.

’pg(tmsmxn) _pg(t07307x0)‘ > €.

W.lo.g., we can assume that p9(t,, sn, 2n) > p9(to, S0, o) + €. Then we have by definition of pJ
and the fact that v9 is increasing w.r.t. the xz-variable that for all n > 0

09ty Sny Tn + P2 (t0, 50, 0) + €) < V0 (tn, S, Tn),

v9(to, s0, 20 + P (to, S0, o) + €) > v°(to, S0, T0).

Then by continuity of v9 and v” we obtain from (B.6]) that v9(tg, so, o + p?(to,s0, o) + €) >
v0(to, 80, 7o), which contradicts (B.7)).

Step 2: Let (to,s0,70) € [0,7] x RY x Ry. We consider r > 0 s.t. on B, (to, so, 7o), the quantity
us9(t,s,x + p(t,s,x)) and u°(t, s, x) converge uniformly to, respectively, u9(t, s,z + pI(t, s, ))
and u°(t, s, ). Notice that the existence of r is guaranteed by the result of Theorem [B.1] together
with the fact that pJ is continuous. We use the notations p? (resp. hY) for p9(t,s,z) (resp.
h9(t,s,z)) for simplicity. For any § € (—1,1), we have uniformly on B, (to, s, Zo):

v99(t, 5,2 + p? 4+ €2hI + €26,0) = vI(t, 5,2 + p?) + € (h9 4 6) vi(t, s,z + p7)
— u(t, s, +p9) + o(€?)
= v°0(t,5,2) + €60vI(t, 5,2 + p?) + o(e?).

Hence, the following holds uniformly on B, (tg, so, Zo)

€9 (¢ g 2hg 25 _ E,Ot
v9I(t, s, 0+ pI + € 2+e ) —w (,s,x):5Ug(t,87$+pg)+o(1). (3.8)

€

We now claim that for any § > 0, there is some €*(J) such that we have for ¢ < €*() that on

BT(t()asO)xO):
Pt s, @) + €h(t,s,x) — €6 < p 9(t, s,3) < pI(t, s,x) + EhI(t, 5, 1) + €76,

which implies directly the required result. It remains to prove the claim. Assume on the contrary
that we have § > 0 and (€, tp, Sn, T ), where for alln > 0, (t,, $n, 75,) € By (to, s0,20) and €, — 0,
such that, for example, for all n > 0

pemg(tm Sn, xn) > pg(tna Sn, xn) + eihg(tm Sn, xn) + 525
Then by definition of p®9, we have that
v (b, Sp, T + 09 + eihg + 6%5) — ve"’o(tn, SnyTp) <0,

which contradicts ([B.8) for n large enough. The other inequality can be shown similarly. O
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4 Examples and applications

In this Section we will specialize our discussion to a simpler case, in order to highlight how our
method allows not only to recover existing results but to go beyond them. Throughout the section,
we place assume a Black-Scholes dynamic for the risky asset, that is p, ¢ and r are constant. The
investor also aims at solving the following versions of the stochastic control problems (2] and

2.4)

T
eittsaa)i= sp B [ttt (¢ (X vty gtsn) )
(¢,L)eO(t,s,2,y) t

T

vI(t, s, z) = sup E; |:/ kU (Cg)df + U, (Z;vt,s,z _ g(ST)):| 7 (4.2)
(c,0)€00(t,s,2) t

corresponding to the case k = 0 in (2.I). We will now show, for a particular choice of utility

functions, that we can calculate almost explicitly all the quantities involved in the asymptotic

expansion (2.19)), as well as check that all our assumptions hold under certain explicit conditions.

For further reference and use, we recall that in this setting, the so-called Black-Scholes price of the

claim g, denoted by VY is given by
VI(t,s) = EP [e‘r(T_t)g(Séls)] ,

where Q is the so-called risk neutral pricing measure defined by

d
d% =& (—a_l(u —1rly) - Wr).

Moreover, it is a well known result that as soon as g has sub-exponential growth at infinity, V9 is
also the unique (classical) solution to the following PDE
1
—VJ —rl; -DVI — §Tr [O‘UTDSSV‘[]] +rV9=0, (t,s) €0,T) x (0, +oo)d, VIT, ) = g(-).
(4.3)

We also recall that in the special case where d = 1, [64] gave an explicit solution to the 2nd

corrector equation (see their Section 4.1),

wi(t,s,z,&) =
o? 4 02 bo A0 )01 .
" [_ B T e e O ER ff]) (t,5,2), if 6] <&
v(t,s,2) [—1—36 (AY X0 g - onlg} ,if €< —& (4.4)
Ug(ta S, Z) |:_1_36 ()\1’0 + )\0’1) 60 + )\170§:| N if f 2 60,

where /3
3 (ag)2(t7572) 1,0 0,1
=&t =nI(t - (AT AT
£o 60( 7872) n ( 7372) <4(779)2(t,8,z)0'2 ( + ) )
which in turn allows us to have an explicit form for the function a¥(¢, s, z) in terms of the Merton

value function
a2vi(t,s, 2)

2
Wfo(t,saz)- (4.5)

ad(t,s, z) =

Let us now assume throughout this section that U;(z) = Us(x) = —e™7*, for some v > 0.
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4.1 Derivation of the expansion

We start by giving the solution to the Merton problem corresponding to € = 0. In the case Kk =0
(no consumption), the solution when d = 1 can be found for instance in [0] (see also the references
therein). The generalization to the consumption and multidimensional case is an easy (but lengthy)

exercise, so that we omit its proof.

Proposition 4.1. The value function for the stochastic control problem ([&2) is given for any
(t,S,Z) € [O,T] X R+ X R+ b’y

vI(t,s,2) = —exp (—yvi(t) (2 — VI(t,s)) + va(1)),

provided that kvi(t,s,z) <y, and where

vy (t) == ot e_T(TT_t) r—r)

va(t) = HeT(T_t):_ — [%(O’UT)—l(M 1) (= 1) (k — )T — 1) — k(T — t)e" @Y
—K <er(T—t) — 1) <%(00’T)_1(,u —r1g) - (u—rly) + log(r) — 2>
+Hlog2 (/fe”(T_t) +27‘ — K}) — log? (7’)] .

Moreover, the optimal trading strategy and consumption are given by

¥9(t,5) = DVI(t, 5) + %(aoTrl(u — 1)y (t)

cI(t,s,2) =k <—% (log(v1(t)) + v2(t)) +v1(t)(z — VI(¢, s))) .

Remark 4.1. It can be checked directly that when k = 0, the above reduces to the formula given
in Remark 3.4 of [6]. Moreover, the condition kvd < v is here to ensure that ¢ > 0. When k = 1,
it can be verified directly that it is for instance satisfied if z > VI(t,s) and r is small enough.

Using the above proposition, we recover the expected result that the utility indifference price
p9(t, s, z) does not depend on z in this case, and is simply given by the Black-Scholes price V9(t, s)
of the contingent claim g. We refer the reader to Theorem 1 and Section 3 in [24] for further details
on this general result. Next, we deduce immediately that the matrix a9 is independent of z and
that 19 is independent of (s, z) and are given by

@t,5) = (=g [(00") 7 (u = r1)] — dinglsViciogls)) o, 9(0) = —

1
~yui(t) ()
Hence, it is clear from the first corrector equation in (2.I8]) that w9 does not depend on z, so that

we have the factorization

ad(t,s,z) = —vI(t, s, z)al(t,s).
We then naturally expect to be able to write the solution to the second corrector equation as
uI(t,s,z) = —vI(t,s,z)ud(t,s), where, after easy calculations using the PDE (2I7), a9 must
satisfy

1
—@d —rlg - Dyid — —Tr [0 Dyyit?| + Koy (H)a? = a?(t, s
ad(T,-) = 0.
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By the classical Feynman-Kac formula, we deduce immediately that
T u
ad(t,s) = EC [/ e~ viw)dvge (y Ghsyay |
t

Finally, the expansion (2.19) takes the form

2

p“I(t,s) =VI(t,s)+ (@9(t,s) —a'(t,s)) + o(€?).

Yo (t)
Furthermore, when d = 1, we can use (£I) to deduce that

2
3

2 _ 2
a(t,5) = o} (0) S (Z (A 4+ 1) (“UJ - m(t)s%%(t,s)) ) ,

which, when k = 0, gives us exactly the expansion proved in Corollary 3.8 of [6].

Let us now give sufficient conditions under which all the above calculations are rigorous and under
which Assumptions B.1] and [B.4] are satisfied. Concerning Assumption [3.3] we verify it in the
next section under additional assumptions, by constructing a nearly optimal strategy (note that
this approach was used by Bichuch [6] and Bouchard, Moreau and Soner in [I3]). Moreover, we
also recall that if we assume in addition that x = 0 and d = 1, the expansion obtained in [6]
also allows us to obtain immediately that Assumption B.3]is satisfied. We give a result for d = 1
because it allows us to give precise conditions, since we now everything explicitly in this case.

Proposition 4.2. In the framework of this section, fix d = 1. If we assume that for 9 = g or 0
(i) There exists a constant cg > 0 such that

/‘I/_

PAVA,
— sV . (¢
"}/0'21)1(?5) $ ss( 78)

> ¢o, (t,s) €[0,T) x (0,400).

(ii) V? is CY* in [0,T) x (0,+00) and continuous on [0,T] x (0,+0c) and there exists n € (0,1]
such that

and there exists v € (1/4,1] such that

Vsﬂ + Vsis ] (t7 S) < %7 (tv 3) S [07T) X (07 +OO)7

+ |V

V2| (ts) < # (t,5) € [0.7) x (0, +o0).

for some continuous function C. Then Assumptions[31, [3.2 and [37) are satisfied

Proof. We start with Assumption Bl First of all, it is clear that v¥ is C%22 in [0,T) x (0, +00)?
and continuous in [0, 7] x (0,400)2, since V¥ is and v! and v? are C* on [0,7]. Moreover, we
have that v is actually C* in z € (0,4o00) for every (¢,s) € [0,T] x (0,+00). In particular, v?,
is bounded on (¢, s, z) € [0,7] x (0, +00)? and

vV (t, s, 2) =yl (t) exp (—yvl(t) <z -V, 8)) + vg(t)) >0, (t,5,2) €[0,T] x (0,400)%

Next, notice that y” does not depend on z (see Remark [B.1)) and that

9 H—=r 279
t = — —5*VI(t
« ( 73) o <’70’2’U1(t) s ss( 7S)> ’
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so that we clearly have (a”)2(t,s) > c¢; for some ¢; > 0. Then, the estimates on the derivatives
of y¥ are immediate consequences of the assumed estimates on the derivatives of V?. Hence
Assumption B]is satisfied. Let us now look at Assumption B2l We have in this framework

2/3

2,9 (¢ 3 (A0 1 )\0.1 _ 2
aﬁ(t7s,z) = wyvl(.ﬁ) ( ( + ) < o rt) _ 82‘/32(t7 S)> ,

2 4y (v1)2(t)  \vo?ui(

which implies that a” is continuous in [0,T) x (0, +00)%. Then, using [@4), the required estimates
and regularity in (¢,s,z) for w’ and OV are direct consequences of the fact that V? is C1* in
[0,7) x (0,+00)? and that v” is C* in z € (0,+00) for every (t,s) € [0,7] x (0,+00). Next,
p*(t,s,z) is a solution to a cubic equation so that it has the same regularity as its coefficients,
which then implies that @” also satisfies the required regularity and estimates. Hence Assumption
is satisfied.

Finally, concerning Assumption 3.4l as mentioned before, obtaining a comparison theorem for
viscosity solutions with polynomial growth is a classical result. Moreover, in this particular case,
it is easy to check using Feynman-Kac formula that the PDE (6] has a unique smooth solution
which admits the following probabilistic representation

u9(t, s, z) = —BvI(t, s, z)EQ

4
’ 2 —k [Fu()de (BT SE5)V21/9 (4. §bS ? d
] vy (u)e ¢ o2 - (u)( u ) V;s(u7 u ) ul,

2

where = 22 (1001 419)

2
3

. When g = 0, this can actually be further simplified to obtain

3 /T
uo(t,s,z) = —Bvo(t,s,z) <,U027‘> / U%(U)E_Hft Ul(g)dﬁdu.
t

Of course, for all this to be meaningful, the above expectation should be finite, which is once again
an implicit assumption on the payoff g. It is easy to show that a sufficient condition for this to be
true is that there exist some 3 € (0,3/4) such that

C(s)

v L\

(t,s) <

4.1.1 A nearly optimal strategy

In this section@, we derive, under additional regularity assumptions, an asymptotically optimal
strategy for the problem (2.IJ), which incidentally shows that Assumption [3.3] holds. Such an
approach has also been used in [6] and [13].

We will assume here that & — w9(t, s, €) is C? on R?, for every (t,s) € [0,T] x (0, +00)¢. We can
then define the following sets, for any (¢,s) € [0,7] x (0, +00)¢

1 1, _ _
To(t,5) = {€ € R GlatePaut(0) - 5T [07(@) T (0,901 (09)] +(09) =0 |
We expect that, at the first order in €, the no-transaction region looks like

NTI(t,s) := {(az,y) eRxRY y—yI(t,s) € eTI(t, s)} .

2The approach followed here has been suggested to us by Mete Soner and Nizar Touzi in private communications.
We would like to thank them deeply.
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Indeed, according to the expansion we obtained, the region where the gradient constraint for w9
is not binding is a natural candidate for being a first-order approximation of the region where
the gradient constraints for v©9 are not binding either, which justifies the introduction of the
set TY9(t,s). Moreover, we also remind the reader that the fast variable £ was defined as (y —
y9(t, s, z))/e, which explains the introduction of the set NT“9(¢, s). Then, according to the classical
results on utility maximization with transaction costs (see for instance [51], the optimal strategy
usually consists in doing nothing while on the interior of the so-called "no-transaction" region, and
making transactions when on its boundary. Thus, for any (i,j) € Z, at the first order, we expect
that transactions between assets ¢ and j only occur on the set

(ONT“9) (t,5) := {(2.) € R x RY, y = y(t,5) € € (9T%)" (t,5)}
where
(OT) (ts) = {€ € DT (t,5), =N+, (1,5, 701(£)€) = W, (¢, 5, 701.(£)€) = 0}

This naturally leads us to consider the following Markovian consumption-investment strategy,
defined, for any (t,s,x,y) € [0,T] x (0,+00)? x R x RY by
v = (c9(u, SZ’S, ZZ’t’s’x’y),LZ),

u

where Z&H5*Y .= X545 4 y,O05Y 1, with
‘ u u
XobsT — 4 4 / (rXghs* — c“9(w, S5°, ZGH5™Y)) dw + / RY(dLS), t <u <T,
¢ t

u u
YOSy =g 4 / diag[Y.S"*Y] (pdw + odW,,) + / R(dL:), t<u<T
t t
(Xobsm yetsv)y e NT9I(t,s), u € [t,T],

u
LZ’Z’] :/t 1(va’t’s’z7Y£’t’s’y)6(8NTe’g)i’j(t78)dLil;Z’]’u € [t,T], (Z,j) S I

(4.7)

The system (A7) is a classical Skorohod problem with reflection on the boundary of NT“9(¢,s).
It is well-known (see for instance [43]) that it will admit a solution if this boundary is smooth.
Though, as seen in the above calculations, we know in the present framework that this assumption
is satisfied when d = 1, it is not clear at all in higher dimensions. We nonetheless do not try to
address this difficult problem here and simply assume the following.

Assumption 4.1. The first corrector equation admits a C? solution w9(t,s,-) for every (t,s) €
[0,T] x (0,+00)%, and the Skorohod problem ([&T) also admits a solution (XS4 YEbsY).  Fyr-
thermore, @9 is C%2 on [0,T] x (0, +00)?, we can take n = 1 in Assumption [T (i), @ as well as
all the functions of s in Assumption [3.2 have polynomial growth in s, uniformly in t.

We emphasize again that when d = 1, the first part of Assumption d1lis immediately satisfied. The
regularity of 49 is an implicit assumption on the regularity of @9, which can be checked directly
when d = 1, as all the quantities are explicit. Besides, we take n = 1 in Assumption B.1] for
simplicity, since it prevents all the quantities appearing from exploding at 7. The polynomial
growth assumption is simply an assumption on @Y, which can also be verified easily when d = 1.

Let us now define

Ve’g(tvs7x7y) = Ug(tvs7z) - Ezug(t787z) - €4wg(tvs7z7£)

=v9(t,8,2) (1 + a9 (t, s) + W(t, 5,701 (t)€)) .
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Under Assumption 1] we can apply the remainder estimate of Section below as well as the
fact that 9 and w9 solve the corrector equations to obtain for any (z,y) € NT“9(t, s)

£V67g(t7saxay) - cg(t737z)vxg’g(t737x7y) = Ul(Cg(t,S7Z)) - 62R6(ug7wg)(t73727€)' (48)

Moreover, using Assumption B.I] and given that we can factor out 9 in all the above functions, it
can be readily verified that

IR (u?, w9)| (L, 8,2,8) < [vI(ts,2)] (R1+ Rz + Rs),
with

R1 < C(ele] + €€ (1 + |y?)) (1 + |a?] + |ad]),
Ra < €'C(s)(L+ [y?] + [y?*) (1 + €l€] + €)1+ [¢] + €71,

Ry < Cls)e (L+[€)(L+ ]z = VI|) + %64(@9? +el(L+]€f)).

Notice also that we know from the solution of the second corrector equation that the set 79(¢,s)
is bounded for fixed (¢, s). Therefore, by definition, if (z,y) € NTI(¢, s), then & is bounded, uni-
formly in €, by some continuous function of s (remember that ¢ lives in a compact set). Therefore,
using Assumption 1] the above estimates can be rewritten

Cs) 4

Ry < eC(s), Ra < €C(s), Ry < *C(s)(1 4 |z — VI|) + 0]

Besides, it can checked immediately that there is some €y such that for any € < ¢, we have
A (Ve (Ve )T (¢, s,2,y) 2 0, on (ONT9)™ (¢, 5). (4.9)

Next, we apply [t0’s formula to V99 between ¢t and some stopping time 7, which localizes the local
martingales appearing. We have, using (4.8)), (£9) and the fact that (X%"5% YL5Y) solves (47)),

B | [ et st Zg ek U (00 ) - () |
t

> VOI(t,5,2,) + B [Ur (€(XF07, YE0™Y) = g(S§7)) = Vo9(ry, L, Zelom)]

_E / RE(u?, w9)| (u, S5°, 25555, £)du}
t

> Ve’g(t, S,$,y) +E [Ul (fE(X;’t’s’m,Y;’t’s’y) _ g(S?F’S)) _ Ve’g(Tn, Sf—fa Ze,t,s,m,y):|

Tn

T
- | [ IR )] (088 25104, )
t

Then, we use the fact that U; and V9 are non-positive to take the lim on the left-hand side, the
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lim on the right-hand side, so that, applying Fatou’s lemma, we obtain

T
E [ / U (9 (u, L, Zg052))du + Uy (£(X", Yo 9(5548)>]
t
> VIt s,0,) + B[Oy (X0 Y00 — g(S0)) = VT, S5, 25|

T
—€’E {/ IR (u?, w?)| (u, SL5, ZZ’t’s’m’yaf)du]
t

t,s

S E [e—’Y(Z;’t'S'z'y_g(ST ) (1 . e«/(Z;t,s,x,y_ée(X;;t,s,ﬂY;)t,s,y)) + 64@9(177 Séj*s,’}/'Ul (T)§)>]

. _
PR / RE (09| (u, 84, Z55 €)du| + VoIt 5,2, )
LJt i

t,s

2 nyg(t, S,iU,y) + E {E—V(Z;’t,s,z,y_g(ST )) (_063 ‘Y;,t,s,y‘ eCe3|Y;)tvS»y| o 64(1 + C(S;ls))>i|

T
_ K / RE(u?, w)| (u, S°, Z55Y, €)du |
t

Arguing exactly as in the proof of Lemma 3.2 in [6], it can be verified, using in particular the
polynomial growth in s of the functions appearing in the estimates, that

E [(Ul(z;vtvs’xvy - g(S;S))( + 09 (u, S5, ZEBEY) | 4 | ZHSmY — VI (u, Sff)” < +00.

We therefore have

T
v99(t,5,2) > E [ / Ui (c?(u, SL*, ZG955%Y) ) du + Uy (eE(X;tvs’x, Yoy — g(Séls))}
t
> VE’Q(ty $, T, y) - 063 = Ug(tv S, Z) - €2ug(t7 S, Z) - 063 - 64@9@7 5,701 (t)g)y

for some C' > 0. Hence, the strategy we have exhibited coincides with the value function v*9 up
to the order €2, and is "nearly" optimal. Furthermore, the above inequality implies immediately
that Assumption [3.3]is satisfied.

4.1.2 Discussion on the Assumptions in this setting

As we have seen above, the fact that the diffusion coefficient ¢ should not be equal to 0 translates
directly in our setting into

o () = V(L) £0.

This is an implicit assumption on the payoff g, which may not be satisfied if s>V, can become
arbitrarily big, which would be the case for a Call option for instance (for which g(z) = (z— K)™),
since this quantity explodes to 400 as t goes to T, when we are at the money forward (i.e.
s=K e_’"(T_t)). This condition also naturally appears in the recent work of Bouchard, Moreau
and Soner [I13], and under a stronger form in [6] (see Assumption 3.2). However, we would like
to insist on the fact that in our approach, we do not need to assume regularity on the payoff g
directly (except continuity) but on its Black-Scholes price which is much more regular in general.
Hence, our assumptions are less restrictive than the ones in [I3] and [6]. For instance, it can be
checked directly that for any € > 0, the payoffs of power-calls g(x) := ((x — K)*)¢ are covered by
our results. Since those payoffs are C! and not C?, they could not be treated using the previous
literature (which required C* regularity of g). We would also like to point out that the quantity
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of interest here is then s2Vik(t,s), which is the so-called activity rate of portfolio Gamma which
plays a central role in the formal asymptotics obtained by Kallsen and Muhle-Karke in [38] 39].

Notice also that a Call option does not satisfy the assumption that the third order derivative of
its Black-Scholes price does not explode at time T at a speed strictly less than (7' —t)~!, however,
we believe that this condition can be improved by maybe using other test functions in our proof
of the sub solution property at the boundary in Section 5.4l This, as pointed out in [6], leads to
conjecture that the expansion should also hold in the case of Call options. We leave this problem
for future research. However, if one considers a Digital option g(s) = 15>k, then one can readily
check that the function @9 becomes infinite, which shows that the expansion cannot hold in this
case, and that the corresponding first order term, (if it exists) goes to 0 more slowly than €2
We emphasize that the exact same phenomenon was already highlighted by Possamai, Soner and
Touzi [47] in a market where the frictions came from the absence of infinite liquidity. Moreover,
the techniques of proof used in this paper to show the expansion for Call option can certainly be
adapted in our setting.

5 Proof of Theorem [3.1]

We would like to point out immediately to the reader that several of the proofs below (especially
the proofs of the viscosity sub and super-solution properties inside the domain) are very close to the
ones given in [48]. Nonetheless, they also provide some corrections to small gaps that we identified
in [48], and are made under assumptions which are a little bit more general (in particular, we no
longer require the upper bound for y? in their Assumption 3.1) and we therefore think that they
can be of interest. However, the proof of the viscosity sub-solution property at the boundary is
new, and the derivation of the remainder estimate has to be done with a lot more precision than
in their case, because of the possible explosions at the boundary.

5.1 First properties and derivatives estimates

Denote by L the upper bound of the set C, we define, \ := Max; j)e1 Ao\ = ming jyezr B
We would like to mention that for notational simplicity, we state all the results of this section for
u®9 and v99, but they of course still hold true for u° and v4°. That being said, we have first the

following easy result, whose proof can be found in [48] for instance
Lemma 5.1. Let (t,s,2,y) € [0,T) x (0,00)% x K.. Then
usI(t,s, x,y) = —eLlvi(t, s, 2) [y — y?(t,5,2)] ,
so0 that under Assumption[3.3 we obtain that, 0 < ui(t,s,z,y) < u9*(t,s,z,y) < oo.

We start with a technical lemma, which will be used in the proof of Lemma 5.3l The proof follows
exactly the same arguments as the ones given in [48], with some modifications due to the fact that,
unlike in [48], we do not assume any upper bound for yZ. We therefore provide them for the sake
of completeness.

Lemma 5.2. Under assumption[3.]], and[33, the gradient of D9 exists almost everywhere and
there erxists a universal constant A such that for all (t,s,2,&) € [0,T) x (0, +00)¥*! x Re, we can
find some €* := €*(t, s,z) > 0 such that

\ﬁg’gl(t,s,z,g) < A o9|(t, 5, 2,€), fore < €, and ©99(t, s, 2,€) < (t,5,2,€), Ve > 0,
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Y(t,s,2,6) == D(t,s,2)vi(t, s,z —€) + €|l —yI(t,s,2) 1g|uI(t, s, — €,y)

+ Ezyg’i(tv S, Z) E’g(t7 S, T,y — 662‘) + €3C(t7 $,2 — E) (1 + |£|) D(t7 S, Z)

’ |yg(7f,S,Z) _ yg(t,s,z B €)|
€

—|—63C(t s, 2—6 Zygl t s Z)|y9(t,s,z)—yg(t,s,z—e)—eei|7
€
=1

+E3C(ts,2—€) |1 —yi(t,s,2) 14

where C' is the function appearing in Assumption[3.2 and where
D(t,s,z) =1 —yi(t, s, 2) - 14| +yI(t,s,2) - 14.
Proof Step 1: first estimate. By Theorem 2.1l we have for all 1 < ¢ < d in the viscosity sense that
0 (vp%0y9) >0 and AG; - (vy9,v,7) > 0.

We deduce immediately from the definition of %9 that for all 1 <i <d
4)\1’ 0 3)\i 0
- t -
1+€3)\ZO s 28) - 1+ SNi0Y>
N 509(L,5,2,6) — XMyt s, 2) - 00 (¢, 5, 2, €) —07(t,5,2,6) 20 (5.2)

(t S z) 27g(t7 87 Z7 g) + ﬁelg(t7 87 Z7 g) 2 07 (5'1)

Now since we have by Assumption B.I] that for all 1 < ¢ < d, yg’i(t,s,z) > 0, we have, by
multiplying (5.1 by y?'and summing for all 1 <4 < d that in the viscosity sense

y2'(t, s, )N tsz)\lo ‘. )\Zog’tsz)A
Now, we know that there exists a €*(t, s, z) such that
t )\ZO
1—632M >0, for e <€'(t,s,z2), (5.4)

so that in the viscosity sense, we have for € < €*(t, s, z)

zd Ai’oyg’i(tysvz)

e, i=1 ~ TLe3Ni0 e,
yI(t, s, z).vg I(t,s,2,&) > — 32 y J;;i(t YT, ero99(t, s, 2, ). (5.5)
L—e* )i o

Using this estimate in (5.2), we deduce

)\z 0,95 t,s,
0,i 4 e Zz 1 13’-63)(\7’ g 2 ~e,g
§Z (tSZ§) A™e 1+ Uy (t737z7§)

3 y? (ts2)\
1—e ZZ 1 Z1+63)\z0

_ 1-— A
< N <1 + CO) 099(t, 5,2,6) = e Z099(t, 5,2, &), for € < €*(t, s, 2),
€0 €o
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where we used Assumption Bl and the fact that the map # — z/(1 — z) is non-decreasing.
Similarly, using (5.5) in () leads to

4i.0 35d AOy9l(ts,2)
€*A\b €Y i D R
0 (t, 8, 2,€) > “Treno | ! + ; " E(mzwo 029(t,5,2,€)
— € ZZ 1 1_‘_;3’)\10

A
> —645’0?‘(]@,8,2,{), for e < €*(t, s, 2).

Now since by the concavity of v9 in (z,y), we know that its gradient exists almost everywhere and
since by Assumption B.I] y9 is twice continuously differentiable, we have that 957 exists almost
everywhere and we have for € < €*(t, s, 2), [0¢7] < Ae*02?, where A :=\/cp.

Step 2: second estimate. We now estimate 95Y. We first notice that, remembering that v©9 is
clearly non-decreasing with respect to « and to ¢’ fori =1,...,d

099(t,8,2,8) = (1 —yi(t,s,2) - 1g)v59(t, s, 2,y) +yz(t s,2) v, 8,2, y)

<1 =yilt,s,2) - Lafvp?(t, s, 2,y) + Z yei(t s, 20 (8 s, 2y). (5.6)
i=1

Then by concavity of v in z and of v¥ in z and since v*9 < v9, we have:

vI(t, 8,2 —€) —v9I(t, 8,2 — €,)
- )

Ity s, x,y) < vi(t,s,2 —€) +
Then by definition of u%9, we have:
U;g(t7 Saxay) < Ug(t7 8,2 — 6) te (u€7g(t7 $,T — 67y) + 62wg(t7 8,2 — 6765)) )

where

y—yg(t,s,z—e :€+ yg(t7872) —yg(t,S,Z—E)
€ €

e :=

Then we recall from the estimate of wY given by Assumption that:

‘wg(t7372 - 6756)’ < C(t7372 - 6)(1 + ‘56‘)
< C(t,S,Z) (1 + |£| + 6_1|yg(t737’z) - yg(t,S,Z - 6)|) )

for some continuous positive function C. Hence, we deduce

v (t, 5,0, y) < 0I5, 2 —€) +euI(t, s,z — €y)

|yg(t7 S, Z) - yg(tv $,2 — €)|>

€

+3C(t,s,2 —¢€) (1 + ¢+
Now following the same arguments, we also have for all 1 <i < d:

|y9(t,s,z) - yg(t,s,z - 6) - €€i|>
€

+630(t,8,z —€) (1 + €] +

Plugging the estimates for vgY and v;’ig in (5.6), we obtain 957(t, s, 2, &) < 7(t, s, 2,£). 0
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Lemma 5.3. Under assumption[31}, [3.3 and [3.3, u*9 and ui are only functions of (t,s,z). Fur-
thermore, we have:

ud(t,s, z) = lim ﬂe’g(t', s 2 —yI(t, s ) 14, y9(t, 8, z/))
(E7t/78/7'zl)ﬁ(07t787'z)
uI(t,s,z) = lim ﬂe’g(t’, s 2 —yI(t, s ) 14, y9(t, S, z')).

(E,t’,S’,Z’)H(O,t,S,Z)

Proof We split the proof in two parts:

Step 1. We first show the lemma for ¢ € [0,7). The result is a consequence of the gradient
constraints in (24) thanks to which we obtained the estimates of Lemma 5.2l By definition of 49,
we have that for every (t, s, z,£), there exists €*(t, s, z) such that for any e < €*(¢, s, 2)

29\ (E,5,2,€) < 2059 (t, 5,2, )] + Elul(t,5,2,6)] < E (A (t,5,2,6) + Clt,5,2))

where the second inequality (and the constant A) comes from Lemma Then for any & € R?
such that 1 — Z?:l ¢l = 0, we have for € < €*(t, s, 2)

d
‘ (Z Ehei - eo> (U, us9)
i=1

Next, we remind the reader that w9 is locally bounded. Fix therefore some (tg, so, o, ¥%0), a

1 e c
= = [0 ag?| < eléol (A" (t,5,2,8) + Ot 5,2)) .

ro > 0 small such that 4“9, and the continuous functions v and C are bounded uniformly on
By, (to, 0, 0, Y0). Now recall also that €*(to, o, 20) is defined (see (5.4))) such that

d gyt i,0

t A

1-€) y="(to, 50, 20) >0, for e < €*(to, 50, 20)-
=1

14 e3\60

However, since the left-hand side above goes to 1 as e goes to 0 and since it is continuous in (t, s, 2),
then reducing e if necessary, this inequality will also hold for any (¢,s,x,y) € By, (to, S0, Z0,%0)-
Therefore, we can find a constant K independent of € and large enough such that for all & € R?
such that 1 — Z?:l ¢ = 0, the maps

t— uS9(t,s,x —t,y + t€°) + eKt and t — —uI(t,s,x —t,y + t£°) + eKt,

are non-decreasing. Then by definition, we obtain that u*9 and u] are independent of the &-
variable.

Step 2. The previous proof does not hold at t = T because the gradient constraints verified by w9
may not hold at T, since w9 may not be defined there. By definition of the relaxed semi limit, we
have, ul(T, s0, 20, Y0) = l1(50, %0, Yo) A l2(50, 0, Yo ), where
11(80733073/0) = lim inf ﬂe’g(Tvs7x7y)
(E7S7m7y)_>(07807m07y0)
lo(sg, = lim inf u®9(t, s, x,y).
25020800 = S ooy ST Y)

We consider separately these two terms. Freezing the variable ¢ = T, we obtain that
11(s0, 0, y0) = lim inf a9 (t, s, x,y)

(e,8,2,y)—(0,80,%0,Y0)
Ua(z — g(s)) — Ua (£(x,y) — g(s))

= lim 2 =0.

(6757'T7y)—>(0780 »ZO ,?JO)
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Then by Step 1, we know that

I5(sg, xo, = lim inf u9(t, s, x,y) = lim inf ud(t, s, x,
2( 0 0 yO) (E7t7syx7y)—>(07T7807x07y0)7t7éT ( y) (tys7m7y)_>(T7307m07y0)7t7£T *( y)
= lim inf ud(t,s, z),

(t,8,2)—(T,80,20) t#T

so that we obtain the required result for uf. The same arguments lead to the result for u* (T, s, z,y).
O

5.2 The remainder estimate

We now isolate an important estimate introduced in [54] and [48], which will be of crucial impor-
tance in the proofs of sub and super-solutions properties below. Following the seminal work of
Evans [26] on the perturbed test function technique, it will be convenient for us to consider, for a
test function ¢ of the second corrector equation (2.I€]), potential test functions ¢ for (Z12) of the
form

VI(t, s, 2) — 26°(t, 5, 2) — €*w(t, s, 2, ),

where ¢¢ will be a perturbation of ¢, and @ a smooth function close to w?. The aim of the following
Lemma is to provide a detailed estimate of the remainder terms in the expansion of the parabolic
part of (212) when applied to such a function, which was formally obtained in Section We
emphasize here that unlike in [48], we want to have a very precise estimate, in particular when it
comes to the derivatives of y¥ which appear. Indeed, as mentioned in Remark 1], these derivatives
may explode at time 7', which will cause some difficulties when proving viscosity solution properties
at the terminal time in the subsequent sections. Such a problem was not present in [48] which
considered only the infinite horizon case.

Lemma 5.4. Let U¢(t, s, z,y) == vI(t,s,2) — 2¢(t,s,2) — e*c(t, s, 2, &), with smooth ¢ and such
that w satisfies the same estimates as w9 in Assumption[32. We then have

Tt s,0,) = (k(ts) W — LV = O1(V5)) (2, 5,2,)
= 62 |: - % |0T(t7 S)£|2 ng(t7 S, Z) + %Tr [ag(ag)T(t’ S, z)@ff(t S, z,&)]
- qub(t) S, Z) + R€(¢7 ﬁ)(tv S, Z, g):| 9
where R (¢, w) := R (P, w)(t, s, 2,&) verifies
R(6, @) < K (elé] + ) (14 Iy?] + [yo[2) (L+ Iy + y2] + [y 2]+ Iyl + [y2] + [y2)
X (14 [o] + |pzz| + |dsz] + €' R (@) + 'K (14 ¢ (1 5,2,9)) (1 +|y2| + y2)
X (L[] + 1622 + €l 2 + el + e eoel) [ (85, 2),

where K is a positive continuous function which depends only on r, u, o, Ui and v9 and where the
quantities R (w) and (¢ are defined in the proof.

Proof For notational simplicity, we will omit the dependence of the coefficients in the parameters.

We have:
T(UO)(t,s,2,y) = kU — LU — kU (T)
= ko9 — Lo9 — kO, (v9) — € (k¢ — L&) — € (kdo — L&) + 1 | U1 (v9) — U (xy;)] .
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We now consider separately every term. We first recall from Section that:

|2ng.

kvd — Lod — kUL (vf) = —% 0" (y? —y)
Similarly to the previous calculations, we have
k¢ — Lo =k — L0 —rz¢. —y - [(n —11q) ¢ + 00" Dysg] — %|0Ty|2¢zz
= 496~ 596, + (y° —y) - (1~ r10) 62 + 00" Dsc6) — 56 (1079l — | y?)
Define then
Ry = (y? —y) - (u—r1la) ¢: — %qﬁzz (lo"yP* = 1o"y1%) = (y = y%) - 00" Dz
We clearly have that

jof?

R (t,s,2,8)] <e (\5! =1l |6:] + = (2ly?1IEl + elél?) 22| + \U\QKHDszé!)

< Ki(t,s,2) (elé] + €[€1%) (L4 [y9]) (1 + || + |do] + |0s2])

where K is a positive continuous function which depends only on o, r and p. The third term is
more tedious. We sum up the calculations here

. 1 . . 1 )
@yl < 1l 4 % (1 Iy2D) el Il < el + S IvSliel,
L T
ol < [l + Llyllel, [l < 0] + L1y e
1 - -
iyl < Comst s+ 2 (1 + 2D el + yLal1e]) )
. 1 . . .
3] < Const ([ + ¢ (1-+ 132D el + ¥ 1] + 52leD )

. 1 . .
el < Const ([l + 1 (14 Iy2D) el + ¥ e )

We deduce that
1 -
Tr [00” (Dyy + Dys + 2Dy,) @] = 5T [a9(a9) ee] + Ra(w),

where
i) < Const (1?2 + 1) (1l + T (1 + ) el + ] )
- Consts 17|+ el (el + 2 (1+ V2D el + Iyl + v )
- Constlsf? (1l + £ (1 + 13 [l + 2] )

We therefore deduce

2
—e' (kw — Lw) (t,5,1,y) = %Tr [ag(ag)TL%'gg] + 'Ry (w),
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where
N R L
Ra(ew) < M1+ Il + Ly el + lulls] (Il + Iyl
g - LTI
Il (U191 + elel (18] + Lyl
g 2 1 g -
il (%] + el (1 + 2 (L+ 92D e
. 1 . .
- Comst 172+ 16P?) (1] + 1 (1+ 2 el + )
. 1 . . .
+ Comstls (7] + €] (1] + 7 ((1+ ¥2D) el + Iyl + 2l

. 1 . .
+ Constls? (1l + 2 (1 + 92D ol + 21l

< Ks(t,s,2) (L+ele] + 21€%) (1+[y?] + [y?)°)
X (L4 [y?| + ly2l + ¥ + IyLl + [v2.] + lyZ]) R (w),

where Ks(t,s, z) is a positive continuous function which depends only on r and p and where
R(w) = || + [@r] + [@s] + [@02] 4 [@2a] + [@sz| 4 [@ss| + €7 (|| + [2e] + [oe]) -

Summarizing up, we have that the remainder R¢(¢,w) denoted R for short here verifies:
R (6, @)I(t,5,2,€) < |IRg| + €' |Ra(w)| + [Un (vd) — U1 (45) + 620g¢zl] (t,s,28).

We now estimate the last term above. Recall that ¢f = —U] (v{(t, s, z)). Hence, we have, omitting
the dependence in (t, s, z,§)

Ry, = U1 (¥5) = U1 (v]) — €c9¢. = U1 (W5) — U1 (vd) + (W5 — o) U] (vd) + 71,

where r = e*w, Ul (v?) verifies |r1| < UL (v9)] (|&-| + € y?||e|) . Then we have, using that
ﬁl is concave
U3(95) — U3 (v9)

|01 (w5) = O (v9) + (W5 = w0 (09)] < w5 — g

Then since U; is C? we have that

01w — T (09)

< |05 = 0] (15,2, 6), where (“(ts,2,6) == sup |0} (m)],
meKe(t,s,z,£)

where K€(t,s,2,&) := Supp(U;) N {m € R, |m +vI| < H(t, s, z,€)}, with
H(t8,2,6) = [oZ] + € (|6a] + € (a] + € Hyllee])) -

Then we obtain

~ ) 9| . 912| &, |2
o1 (19:1+ IZD) - aconst (1o et (jo+ EHEL ) ) ez

€
' Ks(t,s,2) (1+C(t,s,2,8) (L+ 1y + [ye))
x (L [&a] + [ + € |: | + €| + ¢ )

IN

‘Rﬁl

IN
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where K3 is a positive continuous function which depends only on U, and v9. Finally, we have

IR| < K(t,s,2) (el¢] + I€1) (1+ y?] + 1y )
(L4 [y? 1+ Y2+ 12+ 1yl + [y%] + 1y%D) (14 [02] + |dz2] + 85| + 'R (@)
+ e K(ts,2) (1+C(ts5,2,8) (1+ |y + 1y2)
X (14 [@:] + [ + €| + || + ¢ Vel

where K is a positive continuous function which depends only on r, u, o, Uy and 9.

5.3 Viscosity subsolution on [0,7) x R? x R,

We focus here on the interior of the domain. Consider (tg,s0,20) € [0,T) x R¢ x Ry and ¢ €
C%([0,T) x R% x Ry, R) such that for all (t,s,z) € [0,T) x R? x Ry \ {(to, 50, 20)}:

0= (u*hq - ¢)(t07 50, Z(]) > (u*7g - ¢)(t7 S, Z).

We want to show that A9¢(to, o, z0) — a?(to, S0, 20) < 0. We separate the proof in 4 steps.
Step 1: By Lemma [5.3] there exists a sequence (t¢, s, 2) — (o, So, z0) when ¢ — 0 such that

aI(t¢, s, 25, 0) — u™9(to, so, 20)-
Then we have that [ := a%9(t¢, s, 2¢,0) — ¢(t9, s, 2°) — 0 and (2, y°) — (20, yo) where

($E7ye) = (Ze - yg(t57 SE) Ze) : ]-dvyg(tev 867 zE)) 3

(x0,y0) == (20 — ¥7(to, S0, 20) - 14, ¥ (to, 50, 20)) -

Now since u° is locally bounded from above, there exists 19 > 0 and ¢ > 0 depending on
(to, S0, To, yo) such that:

by = sup {uI(t,s,z,y), (t,s,2,y) € By,(to, S0, T0,Y0), € € (0,€p]} < 400,

where, reducing rg if necessary, the ball is strictly included in the interior of the domain, and
where, reducing €y if necessary, we can assume w.l.o.g. that (¢, s,z y°) € By (to, S0, To,yo) for
€ < €9. We now build a test function from ¢ for v“9 in order to apply the PDE associated to v©9.
We define for (e,8) € (0,1]? the function ¢)° and the corresponding ¢° by:

PO (L, s, 2,8) == vI(t, 5, 2) — € (lf; + o(t, s, 2) + D(t, s, z,£)> — 1+ 8wt s, 2, ),
where ®¢ is defined by
i)e(t, s,2,8):==c¢ ((t —t) 4 (s — 5) 4 (2 — 29 + HW9) (¢, s, 2, {)) ,
and c is a constant chosen large enough so that for € < ¢q

D > 1+ by — ¢, on By, (to, s0, 0, Y0)\ By, /2(to, 50, 70, Y0)- (5.7)

Notice that ¢g is independent of €. The constant § will be fixed later. We also emphasize that by
assumption, w9 and @9 are only C! in ¢ on the whole domain.
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Step 2: We now show that for € and ¢ small enough, the difference (v99 —%°) has a local minimizer
in By := By, (to, S0, %0, Yyo). Indeed it is sufficient to show that I 0 has a local minimizer where:

UE@(tvs)x)y) — 1/)676(t787$7y)

€2
= u579(t7 S, T, y) + li + ¢(t7 S, Z) + q)e(t7 S, T, y) + 62511)‘(]('@ S, 2, 5)
- €2wg(t7S7Z777g(t787z)10*(t787z))‘

16’6(t7 87 x? y) =

Now since w9 and p*(t,s,z) are continuous, w? is non-negative and using (5.7, for § > 0 small
enough and € < ¢y, we have for any (¢,s,z,y) € 0By:

1
IE"S(t, s,x,y) > —uSI(t,s,z,y) + 1S+ 1+ b, — Ew(t, s, 2,09 (t, s, 2)p*(t, 5, 2)) > 3 + 1 >0,

for € small enough. Now since Ie’é(tﬁ, s, 2%, y°) — 0 when € — 0, this implies that for € small
enough, I has a local minimizer (t€, 53¢, 3¢, §) in By and we introduce:
ge - yg(t~€7 §E7 56)

€= 74§ - 1y, and &€ := .
€

To summarize, we have:

min(0°% — %) = (090 — O (E, 5, 2, €, with [ — to| + |5 — so| + 2 — 20| < 7o, |€°
0

r
<X
€

I

for some constant 1. Now since 1 is at least C'!, we have that by the dynamic programming

equation verified by v®9 that:
AS - (080,50 (T, 8,25, §°) > 0, for (i,5) € T. (5.8)

Step 3: Our aim in this step is to show that for e small enough, 19 is actually C? in €. Thank to
Proposition 211 it is enough to show that for e small enough we have:

pe = £ mI(E€, 55, 5°) € O4(E, 55, 59,

where Of(t, s, z) is the open set introduced in Proposition 2.1 Assume on the contrary that there
exists €, —» 0 such that for n large enough p ¢ OF(te, 5, zen). Then since @9 is C' and
thanks to (2.I8]), we have:

—)\ig’jgvg(fﬁn, §n 2 + (@gn — ngg)(fE”, 56",56”,56”) = 0 for some (ig,j4) € Z.

We obtain then by boundedness of (fe", §én, Z6n, enfe")
particular the constant ¢y introduced there)

(5:8) and using Assumption 3.1 (and in

n’

- 4606%(6nwg)3(£6n7 '§En7 26n7 gen) <w§zg - ngg) (Eﬁn’ '§6n7 Zena ggn)

+ Eivg(fen7 56", gEn) |:)\i3,j(’} _ (1 + 5)(@?8 o ngg)(tN&L’ 56", 257L7ﬁen)] + o(ei) > 0.
And by positivity of w9, we have:

0 < —degABI8pg (£, 5, 2 )en (en?) (17, 57, 27 €)= ON6I6 D od (1, 57, 27) 4 o(e)

< =G0 B3I (0 5 3) 4 o(€D),
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which leads to a contradiction when n goes to 4o0.

Step 4: Since 9% is smooth enough, we are now able to use it as a test function for the parabolic
operator in (2.12)). By the supersolution property of v“9, we have:

k,”UE’g _ E,lpeﬁ _ ﬁ1(¢§76)(£67 567575,@6) 2 0

Since (¢, s,z) — OF(t,s,z) is continuous by Assumption and since (2,5, 2¢) is bounded, we

know that ()¢ is bounded. By standard results of the theory of viscosity solutions, we then have
a sequence (€,), such that €, — 0 and such that

(tn7sn7zn7§n) = (t~5n7§5n756n756n) — (t073072075)7

for some € € R%. We then have
1 2 1
—§ng(tn, SnsZn) ‘O’T(tn, sn)fn‘ + 5(1 + )T |a?(a)T (tn, sn, zn)wgg(sn,zn,fn)
_Ag¢(tn7 Sna Zn) - Ag@ﬁn (t7h Sn7 ‘TﬂJ yn) + an(¢ + Q)fn’ (1 + 6)wg)(tn7 Sna 277,7 gn) 2 07
where the remainder term R (¢ + @, (1 + §)W9)(tn, S, 2n,&n) is controlled using the result of
Lemma[5.4l We know that w? is C? at the points (¢, S5, 2n, &n) but not necessarily at (to, so, 20, ),

which might be so that j := £/(19(to, s0,20)) € 0O4(t,s,2). Now we remind the reader that by
definition of w9 and since p, € OY(ty, Sn, 2n,&n)

1 2 1
_§ng(tn73nazn) |0'T(tn73n)§n| + §TI‘ {ag(ag)ngJ (tnysnyznafn) = _ag(tnasnazn)y

so that:
ag(tﬁsm Zn) - Ag¢(tna Sny zn) — A9 (tna Sny Tn,y yn) + 5<ag(tm Sn, Zn)

1
502 (b 20) [0 (b 30)6a|” ) + R (& + @6y, (14 8)09) (s s 20, ) > 0.

Therefore, wgg no longer appears directly in the above equation, except in the remainder R (¢ +
¢, (1 + 0)wY) for which it is implicitly understood that we do the same transformation. Now by
continuity of the map (¢,s,z) — a9(t, s, z) stated in Assumption B.2] and since we clearly have
that R (p+¢, (140)w09)(tn, Sns 2n, En) — 0 (recall that we are away from T here, so that none of
the quantities in the upper bound given in Lemma[5.4] can explode) and AIP " (t,,, Sy, Ty, Yn) —> 0
when n — oo, ®¢ and all its derivatives go to 0. Finally, we obtain

1 ~
ag(to, S0, Zo) — .qub(to, S0, Zo) + 5 (ag(to, S0, Z(]) — 52122(750, S0, Zo)|O'T(t0, 80)f|2> Z 0.

Recall that §~ may depend on § but is uniformly bounded. Then we can send § to 0 to obtain the
required result. 0O

5.4 Viscosity subsolution on {T} x R? x R,

In contrast with the previous section, the use of u%€ is not necessary here, and we will therefore
concentrate only on u9°.

Let (so, 20, ®) € (0, +00)41 x C% ((0,+00)41) be such that

0= (w9 — )T, s0,20) > (W™ — @)(t,s,2), V(t,s,z) €[0,T] x (0, +oo)d+1\{(T, 50520)} -
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By definition of viscosity solutions, we want to deduce that ¢(T),sg,z9) < 0. Assume on the
contrary that ¢(T', sg, z9) > 29 for some § > 0. Then we have for 79 > 0 small enough,

o(t,s,z) >0, Y(t,s,2) € [T — 1o, T] X Bry(0, 20)- (5.9)

Let us then consider a sequence (%, s, 2¢) converging to (T, sg,z9) such that @49 (t., s¢, z¢,0) —
u*9(T, so, z0). We introduce:

1S = U (te, 8¢, 2¢,0) — P(te, Se, 2¢) — 0. (5.10)
By assumption [3.3] there exists 0 < r{ < rg such that:
b* := sup {ﬁg’g(t,s,z,O), (t,s,2) € [T —mr,T] x Brl(so,zo)} < +00.

We will denote for simplicity By := [T" — r1,T]| X By, (0, 20). We split the proof in two parts.
Step 1: We first show that there is some €y such that t. < T for any € < ¢g. Assume on the
contrary that we have a sequence €, — 0 such that u%9(t,, s, , ze, ) — u9(T, 89, 29) and such
that t., = T for countably many n. Extracting a further subsequence if necessary, we can assume
without loss of generality that the sequence (¢, ), is actually stationary at 7. We then have

U €n € _U EE” €En) JE - €
BT, s ) = L2 = 8000) = U 1) = 95s)),

where (e, , Ve, ) = (Ze,, —Y9(T, Se,,, 2e,, )s YI(T, Se,, » 2e,,))- Since y9(T, -, ) is continuous by Assump-
tion B, we have by definition of ¢¢:

d

1 1 310,75

€
g " (‘TE'rL? yEn) - ZEn
3
En

for some constant C' independent of n and €. Since U? is C!, we deduce that

Ua(2e, — 9(8¢,)) — U2l (e, Ye) — 9(Se,))

2
€n

as n — +00, wich contradicts (5.9) and (5.10).

Step 2: Similarly as in Section (.3l and in [54] and [48], we build a test function ¢ for v9°.
Let p € (0,1) be a constant which will be fixed later. We define 9¢ by

— 0,

P (t5,2,6) 1= 09(t,5,2) — (5 + d(t, 5,2) + (1,5, 2)) — '@ (€),

with ®€(t, s, 2) 1= lo(T — t)P + 11 ((5 — 50)% + (2 — 2)?), @(€) := |€|*, for some constants I; and Iq.
By definition, we have 4€9(t, s, z,0) < b* for all (¢, s, z) € B;. We now choose 1 large enough and
lp so that on B1\Ba where By := [T' — 5, T] x B%(so,zo), we have

O(t,s,2) + (t,5,2) + €67 > 24+ b

We then have that v¢ — 1€ has a local minimizer in B;. Indeed on 0B, for € small enough, since
l$ — 0, we have:

Ue’g(t787xay) - we(t737x7y) 2
62 = = uE’g(t S, T, y) + li + qb(t) S, Z) + q)e(t7 S, Z) + (y - yg(t7 S, Z))

> b+ 1S+ 240" > 0.
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Since v99(te, e, TeyYe) — Y (te, Sey e, ye) = 0, we then have the existence of a local minimizer
(te, 3¢, Te, Je) € By. We denote by (%, 3¢, Ze, 55) the corresponding minimizer after the usual change
of variable. We also recall that by classical results on viscosity solutions, we have (f, 3¢, Z.) —
(T, s0,20) as € goes to 0. Now by the viscosity supersolution property of v¢ at (f, 3, Zc, Jc), we
have, since we recall that we do have ¢, < T

(anl)lgz{kwe - ﬁibe - Kﬁl(w;)a Aze',j ' (1/127%) }(Esagea‘%sygs) Z 0. (5'11)

Step 3: We now show that there exists € such that for e < € the sequence (ge)0<5§g is bounded. Since
the sequence (tc, 3, Z, &) is bounded, we indeed easily compute that the gradient constraints in

(EI1) implies for (i,7) €
ALy (05) (R 2 ) = @ (N80 e %) — 260 — 07) - &) +o(%) 2 0
Then for i = 0 and j > 1, we obtain, since A%/ € Z for any j > 1, that for € small enough
€ > —\%9y9(i,, 5, %) > —Const,
where Const > 0 is uniform in e. Then for ¢ > 1 and j7 = 0, we obtain that for e small enough
£ < N99(t,, 5, %) < Const.

Hence (£°) is bounded for € small enough.
Step 4: We now deduce from (5.I1I) and Lemma [5.4] that at point (€, 5, 2€, 7¢):

o v
2

Since for € small, (56) is bounded, @ only depends on & and @€ and all its derivatives with respect

aTE

’ + Tr [0 (a?)T] — A9(IE + ¢+ @) + RIS + ¢ + P, fz)) > 0. (5.12)

to s and z are bounded, we obtain by Lemma [5.4] and Assumption Bl that for some Const > 0

€(1€ € -~ Y o~ o~ F Const
Rl + ¢+ @, )| (e, S, Ze, &) < Gm-
Now by definition of .49 and ®€, we observe easily that

P pl
AL 46+ @) (52 =ty 1"

where 7€ is bounded near 0, so that by (5.12)) and Assumption BI{i), we obtain

Dl Const Const
. p~o . o?s te 01~1$ e
(T —t)t=P (T —t )t (T —t)tm
where 7 := —r° 4+ Tr [@9(a9)"] , is bounded near 0. Choosing p = (1 A p)/2, this leads to a
contradiction for € > 0 small enough, since t. goes to 7. O
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5.5 Viscosity supersolution

We are interested in this section in the supersolution part. We first note that since 4“9 > 0, the
supersolution property on {T} x R% x R is indeed trivial. We then only focus on the interior of
the domain. Our aim is then to show:

Proposition 5.1. Under Assumptions [31), [3.4 and [3.3, ul is a viscosity supersolution of the
second corrector equation (ZI8) on [0,T) x (0, 400)d+!.

We first recall some crucial properties proved in [48], that we shall use in the proof of Proposition
.1 The first one concerns a regular approximation of @? by convolution. Consider v : R* — R
a positive, even, C* kernel with support in B1(0). We then define for m > 0:

W) = [ 0 Q€O

where v™(x) := m~%(z/m). The proof of the following lemma can be found in [48]:

Lemma 5.5. Under Assumtion[3.3, we have for any m > 0 that:
(i) w9™ is C?, convex in & and for any (t,s,2,€) € [0,T) x (0, 4+00)4T! x R?,

0 <w9™(t,s,2,&) < Lvd(t,s,z)(1+m)(1+[¢]).

(ii) @9™ is smooth in (t,s,2) € [0,T) x (0, +00)™, and satisfies the following, uniformly in m,
(0P + [0f ™| + [0f™] + [wd"™ | + [@f™ | + [@"| + [@2"]) (-,§) < C()(A +m) (1+[¢])
(|ogm| + g+ |a2]) o) <€)

02" | (46) < COM e, (5.13)

where C(t, s, z) is a continuous function depending on the Merton value function and its derivatives,
and BI(t, s, z) is some ball with a continuous radius, centered at 0.

(iii) For every (i,5) € T and every (t,s,z,&) € [0,T) x (0, +o00)+! x R?
—NId(t, s, 2) + u?gi’m(t, $,2,8) — ng’_m(t, s,2,€) <0.

(iv) For every (t,s,2,&) € [0,T) x (0,4+00)4*! x R, we have

1 1
308 (t5,2) [ 0@ Jolts)T (€ - O de = 5Tx [a?(@n) T (b5, 2.€) + a%(t.5.2) <0,
R4
To build a test function in the proof of Proposition b1l we will also use the following result.

Lemma 5.6. For any § € (0,1) and any v > 0, there exists a’ = a® > 1 and a function
ROV . RT — [0,1] such that h®" is C=, h% =1 on B1(0) and h® = 0 on By,s(0)°. Moreover, for
any 1 <1i,5 <d and for any € € R?

o,v vo o,v S, S, %
W) < 22, Jel nE¥1 < v, and 1€ 1Y) + ) <
for some constant C* independent of 9.

This Lemma and its proof can be found in [48]. We conclude these preliminary results with the
following useful lemma, which follows directly from Lemmas and
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Lemma 5.7. For any 6 € (0,1), v > 0 and m > 0, the map T := WI™RYY is smooth and satisfies
the following estimates

(T 1Ce] + ] 4 [T 4+ [Tal + [Toz| +[Te2]) (2,5, 2,8) < Oty 5,2) (1 +m) (14 [€]) 1,5

(ITel + [Tsgl + [ Teel) (2,5, 2,6) <4C(E, 5, 2) (1 + (1 +m)(1+ !S\)Vé\/a> Lig|<as

3
vévd
3

|Tee(t, s, 2,6)| < C(t, s, 2) (1 +2 +C*(1+m)(1+ \5])) Licj<as> (5.14)

where C(t, s, z) and C* were introduced in Lemmas and [5.0.
Proof of Proposition [5.1]
Let (tg, 50, 20) € [0,T) x (0, +00)™! and ¢, C? s.t., V(t,s,2) € [0,T) x (0, +00)*1\ {(to, 50, 20) }:
0= (uf — @)(to, 50, 20) < (uf — @)(t,s,2).
We want to show that A9¢(to, so, z0) — a?(to, S0, 20) > 0. Assume on the contrary that:
A9(to, s0,20) — a?(to, S0,20) < 0, (5.15)

Then there exists g > 0 such that A9¢(t,s,z) —a¥(t, s, z) <0 on By,(to, S0, 20)-

We proceed in 5 steps. The first two steps consist in defining a test function for the dynamic
programming equation (2.I2]). The third one is devoted to prove that the gradient constraint for
this test function is not binding, so that the parabolic part is. The last two steps lead to the
required contradiction of (B.15]).

Step 1: By Lemma [5.3] there exists a sequence (t€, s, 2¢) — (o, So, 2z0) when ¢ — 0 such that
a€7g(t€7 867 z67 0) — ug(t(]v 50, Z(])-
e—0

We have [ := a%9(t€, s, 2¢,0) — ¢(t¢, s, 2¢) — 0 and (z¢,y) — (x0,y0), as € goes to 0, where

(xe’ ye) = (ze - yg(te’ 867 zE) : 1d7yg(t67 867 ze)) )

(z0,90) = (20 — ¥?(t0, 50 20) - 14, ¥? (o, 80, 20)) -
We then consider ¢p > 0 such that for all € < ¢

r
|t€ — to| + |s€ — so| + |2° — 20| < ZO’ and |I¢| < 1.

Consider next a constant ¢y > 0 such that:

4
sup {o(t,s,2) + C(t,s,2)} +3 < qo <T_0> 7
(t,8,2)€Bx, s2(t0,50,20) 12

where C(t, s, z) is the continuous function appearing in (5.13]). We then introduce:
¢ (t,8,2) == d(t,s,2) — qo ([t — ] + |z — 2°* + |5 — 5| 1) .

We then have for € < ¢y and (¢, s,2) € 0B, /2(to, S0, 20) that [t — | + |z — 2] + [s — s > /4,
and thus that

1 7o\ 4
yt—tﬁ\4+\z—z€y4+ys—s€\4z8—1(yt—t€y+\z—zﬁy+\s—sﬁ\)42 (1—g> .
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Then on 0B, /5 (to, s0, 20), We have:
O (tys,2) + 12+ C(t,s,2) = ¢(t,s,2) + C(t,s,2) — qo (|t — iEE|4 + |z — z€|4 +|s— SE|4) + 17
< qo <I‘;) —3—q <\t—tﬁy4+1z—z€\4+\3—36\4) +1
< <(I§>4 T sfy4> _o<—2 (5.16)

Consider next the function ®€ := ¢ — ¢ + . By linearity of the operator 49, and Assumption
B.1 we have that there exists ¥ > 0 such that b < oo, where

b:= sup{ |AIDE| (t,5,2), e <€, (t,5,2) € BTO/2(tO,SO,ZO)}- (5.17)

Throughout the rest of the proof, we let m € (0, 1]. Now for any § € (0,1) and v > 0, let h%" be the
function defined by Lemma[5.6] and introduce a parameter £* := 1V §yVE*, where {y > 0 is greater
than n9(t, so, z0) times the diameter of O9(ty, s, z9) and large enough so that for every [¢]| > &,
w55 "(t,s,2,6) =0, for every (t, s, z) € By, 2(to, S0, 20), and £* is such that for any £ € Bg*(O)C and
(t,s,2) € BT0/2(t0,so,zo) we have

—Evgz ‘JT§| — AP+ @) > %Tr [a?(a)T] C(t,s,2) (C* + %) +1, (5.18)

where C* is the constant introduced in Lemma and C(t, s, z) is the function introduced in

Lemma [5.5] (we remind the reader that they are both uniform in m). Define then H(€) := h%” <§>
and the test function

VOOt 5, 2,E) =09, 8, 2) — €2(¢°(t, 5, 2) + 1F) — € (1 — 0)w9™(t,5,2,€)H(E).
Step 2: In this part, we introduce a second modification of the test function. Introduce
Ig’é’m(t,s,z,f) =€ (AE’Q 1/1567”> (t,s,2,8),
we want to show that I¢%™ has a local maximizer on the interior of the domain. By definition,
IO (b 5, 2,6) = ¢°(t, 5, 2) — US9(t,5,2,E) + 15 — EwI(t, s, 2, ) + €2(1 — §)H(E)wI™ (t, 5, 2, ).
Recall that for £ =0, w9(-,-,-,0) = 0, so that by definition of I, we have
I‘;’E’m(te, $4,250) = 62(1 — 9)wd™(t, s, 24, 0),

which goes to 0 as € goes to 0, uniformly in m € (0, 1], because of the uniform bounds given by
Lemma Hence, there exists e; such that for any € < eg A € A €1,

IO (t€, s€, 2€,0) > —1. (5.19)

Using successively that v©9 < v9, 0 < w9 (t,s,2,£) < 2C(t,s,2)(1 + [£]) (with C(¢,s,z) still
being the continuous function appearing (5.13]) and where we used the fact that m € (0,1]) and
0 < H(§) < 1j¢j<qogx, We have

Ie"s’m(t,s,z,{) < o%(t,s,2) + 15 + 62(1 — O H(&wI™(t, s, z,§)
< ¢%(t,5,2) + 15 + 262 (1 = 8)C(t, 5, 2)H(E) (1 + [€])
< ¢ty s, 2) + 1+ 262C (L, 5, 2) (1 + a’€¥),
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where a’ is the constant introduced in Lemma Then for any € < €0 := 1/2(1 4 a%¢*), we have
It 5,2,6) < ¢°(t5,2) + 15+ C(t, 5, 2).

Introduce then Q4 s0.20) = {(t,s,2,€), (t,s,2) € BTO/Q(tO, 50,20) }. The above implies in partic-
ular that for e < eg A e Aeg A €?

J(e,6,m) := sup Ie’é’m(t,s,z,ﬁ) < 00
(tvsvzvg)eQ(tO,so,zo)

Moreover, using (2.16]), we deduce that for (t,s, z,€) € 9Q4.s,2) and for any e < eg A ONep N
I99™M(t,s,2,6) < —2. (5.20)

We can now consider a sequence (fn, Sns Zn, én) in int (Q(to,swo)) such that

N 1
16757m(tm8nyzna£n)2 (Eém) m’

It is now time to penalize the test function to obtain the existence of an interior maximiser, which
is not obvious with our previous construction. We consider f : R — [0, 1], smooth such that

f(0)=1and f(xz) =0if x > 1. Define

JBmnt 5, €) = 01,5, .6) — S (I~ &l
9 87 Z, L 9 37 Z7 n n .
Consider then

resma(y 5,2, 1= e (19 < GImn) (1,8,2,8) = 1997 (1,8,2,) + 21 (€~ &)

By definition of (£,, §,, 2n,fn), we have for any (t,s,2,&) € Q,

50,20)

. A R A 1 1
LMy, Sy 2y &) = 10 (s Sy 2y ) + = 2 IO (8, 5,2,8) + o

Notice that for |£ — £n| > 1, we have To%™™(t 5, 2,&) = I9%™(t,s,2,&). For n large enough, we
then have that

sup Ie’é’m’"(t, $,2,€) = sup IE’5’m’”(t, s,2,§),

(t7syz75)€Q(t0,so,zo) (t7s7z75)€ ’ELtO’S()?ZO)

where Q (to,50,20) = {(t,s,z,f), |€ — fn\ <1, (t,5,2) € Quy,so,20) } is compact. Then since &%
is continuous, this implies the existence of (¢, sy, 2n,&n) € Q(to 50,%0) which maximises J6%™",
We also observe that (¢, sy, zn,&n) € int (Q(to,SmZO))' Indeed, it is clear that we have for € <
eg N\ O A €e1N €?

IO b 5, 20, €n) 2 1O (E, 5%, 25,0) = T90 (8, 5%, 2,0) > 1,

and for (t,s,2,£) € 0Q(t,,s0,29), We have using (5.20)

1 1
TNt s 2 €) < T9OM(t 5, 2,6) + — < =24+ = < —1, for n > 1.
n n
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We then have for n > 1 and € < ¢g A €” Ae; A €2, that by the viscosity subsolution property of v¢9
at the point (tn, Sn, 2n,&n) (With corresponding (¢, Sn, Zn, Yn))

(ZH;)IQZ{ k¢5,6,m,n _ Ewe,é,m,n _ [7'1 (T/):ec,é,m,n)’ AZE',j . (T/)gé,m,n’ ¢;,6,m,n)} <0. (521)

Step 3. We now show that for € small enough, and n large enough,
D™ = AL - (WSO SO (b, Sy Ty Yn) > 0 for all (i, §) € T
It is easy to compute that for (i,5) € Z, we have D™ = 3G — E€ — F" with

G = [)\i’jvg(tn,sn,zn) — (1= 0)(@W? ™ H)e(tn, Sns 2n,En)-(6i — ej)] ,
ES = )‘i’j€7(1 - 5)(1Dg’mH)(tm Sns Zn ;s gn) + AW [65(¢z(tm Sn, Zn) - 4(]0|zn - Z€|3)
+66(1 - 5)(@g7mH)§(tn7 Sn, Znygn)-(ei - yg(tna Sn, Zn))] )
e /(1€ = &al) : .3
FOl = e (6 = 6 ) - (ei —ej+A"e (ei - yz(tny Sn, Zn))) :
n ’é‘n - é‘n‘ ( ) !
By the properties of h%” obtained in Lemma and the estimates of Lemmas [5.5] 5.7 we have:

|E€| < AW e [|¢z|(tn, Sns Zn) + 40 |20 — 2> + 262C (tn, Sny 20 ) (1 + 1€n) L1, <aser
vévd
+ €C1(to, 50, 20)C(tn, 85, 2n) (1 +2(1+ |£n|)3—£*> 1|§n|§a5§*]
< Oy(to, 50, 20)€° [1 +€ <1 + V6a5) + 62CL5€*}

for some functions C (g, so, 20), C2(to, S0, 20) Which depend on y?, ¢, and the function C.

Similarly, recalling that |¢, — fn\ < 1, we obtain easily for some constant Cs(tg, o, 20), which
depends on y?
n €
[F"] < 03(750,80,2”0);-
We then study G¢. By Lemma [5.5(i) and (iii), we have
G = Nvd — (1 =) (wg™ - wg;m)H — (1= 6)w™(He, — He,)
> XN0d = A(1 = 8)vd — (1= §) Lol (1 + &) (|He,| + |He; )

> iy (5_ W(l —6) (|He,| + \Héj\)> :

We then fix the value of v of k" by v := g’%, so that by Lemma [5.6] we have for all 0 < ¢ < d,
(1+[€])Hg, (&) < %, and G¢ > \*/§%vf. Notice that the choice of v only depends on A and L, so
that the previous constants are not affected by our choice of v. Since the sequence (t,, sy, 2,) lives
in a compact set and v > 0 and is continuous, we obtain for some constant Cy(t, so, z9) > 0 that

Di’j > 63)\i’j5204(750, 20, Zo) — CQ(t(], S0, Z0)€5 [1 +€ (1 + 1/5(16> + 62(165*] — Cg(to, S0, ZO)%

Then for some constant C' and some €‘5, we have for all € < & and all n > Ce5 that

€ A6%Cy(to, 20, 20) — Ca(to, s0, 20)€” [1 +e <1 + 1/56155*) + 62@55*} — Cy(to, 50, 20)— > 0,

n
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so that D% > 0. By the arbitrariness of the pair (i,j) € Z, we obtain that for e small enough and
n large enough

et (e Lot G () ) (b, 50,2, ) < 0. (5.22)
Step 4: We estimate the remainder associated to (5.22]). By the calculations of Lemma [5.4]

‘2 - Ag(¢ + q)e)(tn7 Sns Zn) + ’R,e,é,m,n

1
Jedmn — 5@22(15”, Sy Zn) ‘O’T(tn, $n)én

1
+ 5(1 - (S)TI‘ [ag(ag)T(tna Sn, Zn) (wg7mH)§§ (Sna Zn, gn)} ’ )

where for all 0 < e <1,
‘Re,&m,n‘ < C6 (d’fn’ + dan + 64 + 63 + 6271_1), (5-23)

where C? is a uniform constant depending only on 8. Indeed, we know by Lemma 5.7 that @9 ™ H
has the required estimates for the evaluation of the remainder estimate in Lemma [5.4] (it is easy to
do the correspondance between w9 h% and w9 H ). Then by Lemma [5.4] and since €€ = y — y¥9
is bounded on the ball B, /2(t0, 50, 20), we see that, uniformly in m and ¢, we have

. . - 1 . 1
(05,2 < 1021+ & (161 41851+ (1027 + Z1y2ll (0" )|+ o v2IK ) ).

where $¢ was introduced in the proof of Lemma [(£.4] and K3 is a uniform constant. Then the
quantity (¢(t, s, 2,§) is uniformly bounded on B, /2(to, 50, 20), uniformly in m, but not in 4. Sim-
ilarly, we obtain easily that the quantity e*$R¢ ((u?g’mH )+ % f) is bounded by some constant
depending only on (%o, o, 20) and §. Hence we have for some function K? depending on y9 (and

its derivatives), the constant C(¢, s, z) introduced in Lemma 5.5 K7 and § that, uniformly in m:

[Redm| < RO(to, 50, 20)(elén] + €2[6al?) + € RO (t0, 50, 20)(1 + ¢~ e 2),

We then need to show that (&) remains bounded as € goes to 0. Indeed, we have from Lemma
and Lemma

svd 2C* i
V3€* + W(l + |£|)) 1\5\§a5§* < C(t,S,Z),

‘(d)g,mH)&‘ (t,s,2,8) <C(t,s,2) <1 +2

where C' is a continuous functions depending on the function C' appearing in Lemma and &*.
Now since we only consider elements (%, s, z) € Q4,s,20) compact, we have by (5.22):

T 2
(08t sz 2L R < (4554 8 +09(9)T| ) (20

< sup (A9(¢+ @) + |af(a?)T| C) < Const.
(t,5,2)€Q1,50.20)

Then with (5.23)), we obtain for

Ch = sup C(t,s,z) and Cy := inf (—v,)(t,s,2z) >0,
(tysvz)EQ(to,so,zo) (t’s7z)eQ(t0'30'ZO)
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since v is strictly concave in z and smooth, that
2 ) 2, 4,3 ¢ <
Colénl” — C <€(|5n| + €lén|* + €+ + E) < (.

Assume next that |£,| goes to 400 (up to a subsequence) as € goes to 0. Then, the left-hand side
above would go to +o0o, which contradicts the fact that it is bounded. Then the sequence (&) is
bounded by some 56, depending only on 8, and not on m since we then know that R¢%™" —s (
when € — 0 and n — oo, uniformly in m € (0, 1].

Step 5: Following [48], we show that [¢,| < £* for n large enough (uniformly in m, but not in
J), where £* was introduced in Step 1 of the proof. We consider now n large enough and e small
enough so that for all m € (0,1], [R“%™"| < 1. Assume on the contrary that |¢,| > £*. By our
choice of £*, we know that mgg”(-, §n) = 0 on Q4,,20)- In the following we omit the dependance

w.r.t. (tn, Sn, 2n,&n). From (5.22]), we have, using in particular the fact that £ > 1

— A (p+ ) < —

L o"e ) 1-9

5 Vzz Tr [ag(ag)T (wg,mH)&} _ ReSmn

dd A
<Tr [ag(ag)T] C(tm Sn, Zn) (C* + %) +1,
where we used Lemmas and Furthermore, we remind the reader that the function C' is the

one introduced in Lemma [5.5)(ii), and the constant C* is the one introduced in Lemma [5.0]

This last inequality is in contradiction with (5.I8]), so that we actually have |&,| < £*. Now since
(&r) 1s a bounded sequence, we have by classical results of the theory of viscosity solution that, up
to extraction, there exists £, with |§5’m| < 1, such that (t,, sn, 2n, £n) — (to, 50, 20, £5™) when
n — oo. Recalling that H = 1 on Bg«(0), and H is C2, we obtain by (5.22), (5.23) and Lemma
B.5l(iv) that at the point (g, sg, 20, £5™):
1

1
0 2 —i?]gz

aTg‘S’mf + ; 5Tr [ag(ag)Tu?gém} — A%

T ¢&6,m |2 .
> — g+ (1= 0)at — 5o LTS L I28 [ gy ac
R4

Now since |€%™| is bounded by &* independent of § and m, we obtain by sending § and m to 0
that A9¢(to, so, z0) — a¥(to, S0, 20) > 0, which contradicts (G.15]). O
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