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REGULARITY PROPERTIES OF VISCOSITY SOLUTIONS
FOR FULLY NONLINEAR EQUATIONS ON THE MODEL
OF THE ANISOTROPIC p-LAPLACIAN

FRANQOISE DEMENGEL
Laboratoire AGM, UMR 8088, University of Cergy Pontoise, France

Abstract. This paper is devoted to some Lipschitz estimates between
sub-and super-solutions of Fully Nonlinear equations on the model of
the anisotropic p-Laplacian. In particular we derive from the results
enclosed that the continuous viscosity solutions for the equation

SN 9;(8;ulP29;u) = f are Lipschitz continuous when

sup; pi < inf; p; + 1, where =", pie;.

1. INTRODUCTION

This paper is devoted to some Lipschitz estimates between sub- and
super-solutions for Fully Nonlinear Degenerate equations on the model of
the anisotropic p-Laplacian. Recall that the equation of the anisotropic p-
Laplacian is

i=N
> 00wl o) = f
i=1
where all the p; are > 1 and f is given, with a regularity to be precised.

This equation has been extensively studied by many authors, with dif-
ferent purposes. If the existence of weak solutions can easily be obtained
by classical variational techniques, the regularity is far to be easy to study,
and surprisingly, even when the p; are > 2 and all equal to each others, the
Lipschitz regularity was not proved until a recent time. Let us recall some
of the results obtained in that case :

Using classical methods in the calculus of variations, equation

Apu =" 0,(|0ulP"20u) = f (1.1)

has solutions in W,>? , when for example f € L ' . When p < 2, Lipschitz

loc loc®
regularity is a consequence of the technics employed in [18].

AMS Subject Classifications: 35D40, 35J15, 35J70.
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2 FRANGOISE DEMENGEL

When p > 2 things are more delicate. If f is sufficiently regular the
Lipschitz continuity is a direct consequence of the results in the paper of
Bousquet, Brasco and Julin in [10], about the widely degenerate equation

p—1 @u

Zﬁz((|&u| —0) |8Zu]) = f, (1.2)

where the §; are some given non negative numbers. In that paper, they
proved, completing in that way a previous result in [9], the local Lipschitz
regularity of the weak solutions of (1.2) under the following assumptions :

—EitherN:2,pZ2andfeﬂflf)’f/—orNZ?),pzél,andfeVVllo’fo.
Of course these regularity assumptions on f, and the gap 2 < p < 4 when
N > 3, are motivated by the difficulties linked to the presence of the §;. In
[15] I proved a local Lipschitz estimate between sub- and super-solutions for
equation (1.1), ie when §; = 0 in (1.2) for all ¢, under the hypothesis that
the right hand side is continuous. One of the consequences of this result is
the local Lipschitz continuity of the viscosity solutions when the right hand
side f is continuous and bounded, and the same result for weak solutions
when f € L7,

In [7] we extended these Lipschitz estimates for sub- and super-solutions
to some Fully Nonlinear Equations on the model of the pseudo p-Laplacian.
An example of such equation is

MZE(Vu, D*u) = f
where M is the pseudo Pucci’s operator

My (p, X) = Atr((©a(p)XOa(p)) ") — Atr((Ga(p) X Oa(p)) ),

O, (p) denotes the diagonal matrix with entries [p;|2, and 0 < A < A, and
« > 0 are some given numbers, while M (p, X) = =M (p,—X). X+ and
X~ denote the positive and negative parts of the symmetric matrix X.

When A\ = A one recovers the pseudo (a+2)-Laplacian, while when o = 0,
MofE are nothing else that the well known extremal Pucci’s operators.

We now turn to the case where the p; are different and all > 1, and to the
variational case, mainly to the case of equations of the form

N
> Oi(ai(z) |0l P0u) = f (1.3)
1



LIPSCHITZ CONTINUITY FOR SOME ANISOTROPIC PUCCI’S EQUATIONS 3

where the a; are supposed of the same constant sign, and in general Holder
continuous.

A first step when studying regularity is to get the local boundedness of the
solutions, and surprinsingy, if the supremum of the p; is too large, this can
fail : let us cite to that purpose [20] and the paper of Marcellini [26] which
exhibits a counterexample to the local boundedness when a; = 1 for all 1,
p;=2fori<n-—1andp, > 22—:%. This critical value is confirmed by the
results obtained later : let us cite in a non exhaustive way [12], [27, 28], [8].
From all these papers it emanates in a first time that a sufficient condition
for a local minimizer to be locally bounded is that the supremum of the p;
be strictly less than the critical exponent p* defined by

11 np
=\ —1 E: —x
p = — —7]) = —.
2 n=" P n—p

Note that in the case where p; = 2 for ¢ < n — 1, the condition p, < p* is
exactly p, < 22—:;). In a second time, this local boundedness is extended by
Fusco Sbordone in [19] to the case where sup p; = p*.

A second step for the regularity is the local higher integrability of the local
minimizers : In [16, 17] , Esposito -Leonetti-Mingione consider a large class
of functionals, including (1.3) . More recently some authors are interested
in the case of the systems, [5] [13, 14], and also in the further regularity C'1:
under conditions on the exponent ¢ > 2 for the functionals [ |[Vu|* + [8,ul?,

([1], [11]), see also [2] for other more regular functionals.

I want to point out that in the present paper we consider lower semi-
continuous (LSC) super-solutions and upper semi-continuous (USC) sub-
solutions, then in the case of solutions they are continuous.

We now state the precise assumptions on the Fully Nonlinear operators
that will be considered in this paper and we state our main result. Fix
; >0,1<i<N, for any ¢ € RV, let ©5(¢) be the diagonal matrix with

entries |qz|% on the diagonal, and let X be a symmetric matrix.

Let S be the space of symmetric matrices on RY. In the sequel |z| =
S Va2, for z € RY and for X € 8, |X| = 2=V |\ (X)), the A (X) being
the eigenvalues of X. Let F be defined on RN x RY x S, continuous in all
its arguments, which satisfies F(x,0, M) = F(x,p,0) = 0 and such that :
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There exist 0 < A < A, such that for any M € S and N € S, N > 0, for
any x € B(0,1)

Atr(©a(9)NOa(q)) < F(w,q, M + N) = F(z,q, M) < Atr(©(q) NOa(q))-
(1.4)
There exist v¢ €]0,1] and ¢y, > 0 such that for any (¢, X) € RY x S, for
all (z,y) € B(0,1)?

N

|F(2,q,X) = Fy,q, X)| < eyl =y O laal™) X, (1.5)
1

There exists cg such that for all ¢,¢' € (RV)2, 2 € B(0,1), and X € S

N

|[F(a,q, X) = Flz,q', X)| < ep(Y [lail™ — la}|* )X (1.6)
1

We will also consider a first order term h which satisfy : h is continuous
on RN x RN and satisfies for some constant ¢y, :

Pz, q)] < cn Y lai| ™ (1.7)

We present some examples of operators that satisfy (1.4), (1.5), and (1.6)

-Suppose that L(z) is a Lipschitz matrix such that v/AI < L < v/AL. Then

satisfies the hypothesis above.

-For0 < A< A

ME(g, X) = Atr((0a(9)XOa(q))") — Mr((0a(9)XOa(9))7)
= sup tr(A04(q)XOa(q)).
M<A<SAI

and

These operators, denoted as the @ Pucci’s operators, satisfy all the as-
sumptions above. The case where «; = 0 for all i reduces to the standard

extremizing uniformly elliptic operators. Observe also that for the pseudo
anisotropic p-Laplacian :

Fg, X) =Y (pi = Dlal” X (1.8)

%
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satisfies the previous assumptions with A < inf;(p; — 1), A > sup;(p; — 1) and
a; = p; — 2 for all 4.
-Suppose that a is some Lipschitz function such that a(x) > a, > 0. Then
F(z,p, X) := a(x) M3 (p, X)

satisfies all the assumptions before.
We now present the main result of this paper : Suppose that & = sup oy,
and o = inf «;.

Theorem 1.1. Suppose that F is continuous, that F(x,p,0) = F(x,0,X) =
0, Fsatisfies (1.4), (1.5), (1.6), and that h satisfies (1.7). Suppose that
a<a+1, and that 1 > vp > a — a. Suppose that u is USC, bounded and
satisfies in B(0,1)

F(z,Vu, D*u) + h(z,Vu) > f,
that v is LSC, bounded and satisfies in B(0,1)
F(x,Vv, D*v) + h(z,Vv) < g,

and that f and g are continuous and bounded. Then for all r < 1, there
exists ¢ depending on (r, N, |u|so, |V]co, | floo, |9]lcc) and on the data linked to
the operator, (say (ci, \, A, YF, Cypy CF, ) ), such that for all (z,y) € B(0,r)?

u(z) <v(y) + sup (u—v)+clz —yl.
B(0,1)

We intend by weak solution some solution which belongs to Wlif(B (0,1)
and satisfies —>_. 0;(Q;u[Pi~20;u) = f in the distribution sense : Equiva-
lently u satisfies : for any ¢ € D(B(0,1))

Z/|3iu|pi23¢u3i90= /f@-
i
As mentioned in (1.8), the Pseudo aniotropic p’ Laplacian satisfies the as-

sumptions in Theorem 1.1, and then

Corollary 1.2. Suppose that u is a weak, continuous solution in B(0,1) of
=Y aul(orul20u) = .
i

that all the p; are > 2, that f is continuous. Suppose that sup, p; < inf; p;+1.
Then for all v < 1, w is Lipschitz continuous inside B(0,r), with some
Lipschitz constant depending on (r,pi, N, | floos |t]oo)-



6 FRANGOISE DEMENGEL

The remainder of this paper is organized as follows : In Section 2 we
give some preliminary results, in Section 3 we prove Theorem 1.1 and its
corollary.

2. PRELIMINARIES

We suppose in this section and the next one that w is defined on RT,
continuous on zero, C2 on ]0, 1] and such that w(0) = 0, w(s) > 0,for s >

0, w'(s) > 3,w"(s) <0 for s < 1. We define for some constant M > 1

g(z) = Mw(|z|).
Then
T
Dg(x) = Mw’(\ﬂﬁl)‘;|
and
' @z  W(z])
D2g(o) = (@ (al) - £ 20T 4 )
z| 7 |x? 2]
Taking € < m and defining

H = D?*g + 2&(D?%g)?, (2.1)
one easily sees that there exist % > By > % and vy < % such that

Slehyror Sl

+vH

HzMQ@w—w )
ERAE ]

For o; > 0 we define the diagonal matrix (©4)j(z) = (%)7 (5f
Then

ajta

aita; W (| W' (| = || P il P
(G&H@&)ij _ Ml-‘r 5 ](BHWHOSUD —vu (’ ‘)) < (‘ ‘)) | Z| z|2]| J
|z |z ||
/ a;+1 )
+ 'YHMH_% w (‘x‘) |l’1|a’5i
|z
For z a vector in RY and for € > 0 given, we define
I(z,€) = {i € [1, N, |ai| > |7}
Note that since there exists i such that |x;| > 12l " as soon as || < 6§ =

VN’
eXp(_logeN)a I({E, 6) 7& (Z)
We then have the following




LIPSCHITZ CONTINUITY FOR SOME ANISOTROPIC PUCCI’S EQUATIONS 7

Proposition 2.1. Let w, H, O as above. Let & = sup oy, a = inf; ;. For
all x £ 0, |z| <1, for any € > 0 such that I(x,€) # 0, and such that

w'(|l)

w// T w// T
B (1= Njaf) 9 Mo ) < ) < D <0, (2
then ©zH (x)O4 possesses at least one eigenvalue smaller than
2 MW ([])) 2" (| )] (2.3)

Proof. Let us define

Then using '(|z]) > 3,

wff < Mee () Y el
1€l (x,€)
< 25‘_9M_9]1:‘_Ea (w/(]x\))fg Z ]a:z‘Q
1€l (x,€)
Apply 'w on the left and w on the right of ©5HO5. One gets
(Cier(ae lzil*)?

j?

tw(@&H@a)w = M<5Hw”(|$|)—’wa/(|x’)>

]

v S

’.%‘| i€l(z,e)

. i 2

i€l (x,e€)

W' (|x]) Zi(;é](:c,e) |$2|2>
YH

] |2

= MY Jwf) (B ()

i€l(x,€)

Zi T,€ |QI;'L|2 ! "
e AR <|xr>>)
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< MY (wl?) (Baw”(l2))
i€l(x,€)

T )

< MCY [ e,
i€l(x,€)

since w” < 0, as soon as (2.2) is satisfied. Finally since w” < 0, for |z| <1 :

fw(©zHOz)w BH oa-a o Q) de
( w2 ) < 7H2* MH*W”(WD(W/(’$|))7|5U|

IN

270 M () (@ (J2])) = ||
O

We end this section by recalling the definition of viscosity sub- and super-
solutions :

Definition 2.2. u, USC is a sub-solution of F(x,Vu, D*u) + h(z,Vu) = f
in an open set Q if for all & € Q and for all ¢ € C%, such that (u — p)(z) <
(u—@)(Z) in an open neighborhood of T in

F(z,Vp(z), D*¢(2)) + h(z, V(7)) > f(2),

while v, LSC is a super-solution of F(x, Vu, D*u)+h(z,Vu) = f in an open
set Q if for all T € Q and for all p € C? such that (u — p)(z) > (u — ¢)(Z)
in an open neighborhood of T in §2

F(z,Vp(z), D*p()) + h(z, Ve(2)) < f(2).

It is classical in the theory of Second Order Fully Nonlinear Elliptic Equa-
tions that one can work with semi-jets, and closed semi-jets in place of C?
functions. For the convenience of the reader we recall their definition :

Definition 2.3. Let u be an upper semi-continuous function in a neigh-
bourhood of . Then we define the super-jet (¢, X) € RY x S and we note
(g, X) € J> u(T) if there exists v > 0 such that for all x € B,(Z),

u(z) < u(@) + (g0~ ) + 3 "o~ D)X (@~ 2) + ol — 7).

Let u be a lower semi-continuous function in a neighbourhood of T. Then
we define the sub-jet (¢, X) € RN x S and we note (¢, X) € J>~u(z) if there
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exists v > 0 such that for all x € B, (),

w(@) > w(@) + (g, — )+~ Yo — )X (x — ) + ol |z — 7[?).

2
We also define the “closed semi-jets”

jQ,iu('f) - {<q7X>7E| (xnaQnaXn)a (qnyX’n) e J27iu(xn)
and (p, Gn, Xn) — (Z,q, X)}.
We refer to the survey of Ishii [23], and to [24] for more complete results
about semi-jets: The link between semi-jets and test functions for sub- and
super-solutions is the following :

u, USC is a sub-solution if and only if for any T and for any (¢, X) €
J% +u( ), then

F(z,q,X) + hz,q) > f(Z)
and the same with analogous changes is valid for super-solutions.

Let us now recall Lemma 9 in [23] and one of its consequences for the
proofs in the present paper

Lemma 2.4. Suppose that A is a symmetric matriz on R?N and that U €
USC(RN), Ve USC(RN) satisfy U(0) = V(0) and for all (z,y) € (RV)?

U@+ Vi) < ylatna (D).

Then for all € > 0 there evist XY € S, XY € S such that
(0, X¢) € J2FU(0), (0,X¢) € J*FV(0)

—(é+\A|)<é ?)g < X< XV > < (A+ea?).

Lemma 2.5. Suppose that u and v are respectively USC and LSC functions
such that, for some constant L > 1 and for some C? function ®

Y(,y) == u(z) = v(y) — Lz — wof” = Lly — zo|* — ®(z,y)

has a local mazimum in (Z,y).
Then for any €, there exist Xg, Yz such that

(DI(I)('@7§) + 2L({E - xO)? _) € j27+ ( )7
(—D2®(Z,9) — 2L(§ — x0), —Yz) € J>0(y)

and
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1 I 0 X.—201 0
_%+*M+U<o I) = ( 0 n-zm)

(A+m%+<é?>

with

IN

and A = D*®(z, 7).

A proof of Lemma 2.5 is detailed in [7], for example.

3. PROOF OoF THEOREM 1.1

In this section we prove the main result of this paper. Before entering
the details of the proof let us mention that several Holder’s and Lipschitz
regularity results have been obtained for related nonlinear degenerate elliptic
but homogeneous in the gradient, let us cite in a non exhaustive manner [23],
[6].

Note that Theoreml.1 can be obtained only once we have proven the
following Holder’s estimate. So we will prove first

Theorem 3.1. Suppose that F is continuous, F(x,p,0) = F(z,0,X) =0,
satisfies (1.4), (1.6), (1.5), and that h satisfies (1.7). Suppose that & < a+1,
that vyp > & — a and that u is USC, bounded and satisfies in B(0,1) in the
sense of Definition (2.2)

F(x,Vu, D*u) + h(z, Vu) > f,

that v is LSC, bounded and satisfies in B(0,1) in the sense of Definition
F(x,Vv, D*v) + h(z,Vv) < g,
and that f and g are continuous and bounded in B(0,1).Then for all v < 1

and for all v < 1 there exists ¢ depending on (1,7, N, |t|so, |V|oos | floos |]oo)
and on the data linked to F and h, such that for all (x,y) € B(0,7)?

u(x) <wv(y)+ sup (u—v)+clz —y|".
B(0,1)

Remark 3.2. One can delete in that theorem as well as in Theorem 1.1 the
assumptions ” bounded” for u and v. Indeed, with the upper-semi continuity
(respectively lower semi continuity) assumption, u (respectively v) is locally
bounded from above, (respectively bounded from below) and one must replace
|[ufoo, V] in the previous dependances by supp( 1y u and —infpg 1) v.
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Let us devote a few lines to explain how we will obtain the results.

Suppose that w(s) = 7 with v €]0,1[ in the Holder’s case and w(s)
behaves near zero as s in the Lipschitz case. In a classical way when one
deals with viscosity solutions, ([23], [25], [22], [3]), we define

d(z,y) = u(z) —v(y) — sup(u — v) — Mw(|z — y|) — Llz — z,|* — Ly — z,|*

where z, € B, M and L will be chosen later independently on z, . As in
Section 2 we denote g(z) = Mw(|z|). We need to prove that ¢(z,y) < 0 in
B(0,1), which will imply the result. Indeed taking y = z, and making z,
vary, one gets that for all x € By and y € B,

u(z) < v(y)+sup(u —v) + Mw(|z — y|) + Lz — y|?

which gives the result.

We argue by contradiction and suppose that there exists (x,y) in B(0,1)
—2

such that ¢(x,y) > 0. The supremum of ¢ is achieved on (z,y) € B(0,1) .
We begin to impose some conditions on L and M in order to be able to
use lemma 2.5, in particular we need (Z,y) to be interior points. So we

introduce some ¢ €]0,1[ which will be chosen later small depending on

(N, [t|oos |V]0os 7s Ay Ay | flooy |9]oo), define M = 1 4+ % ,and L =

1+ %. The hypothesis on L ensures that (z,7) € B3,,. Futher-

more by the assumption on M, |z — gy| < §. We shall provge that tak-
ing 0 small enough depending only on the data, using the fact that w
and v are respectively sub-and super-solutions, we get a contradiction with
(b(jag) = sup (b(xvy) > 0.

Using Lemma 2.5 , for all € > 0, there exist X¢, Yz € S such that, defining

¢ = Mu/(1% — g =L + L(E — o), ¢¥ = Mo/(|7 — 91) = — L(F - o),
_ T—7j

(¢", Xe) € J*Tu(z), (¢¥,—-Yz) € J* 0(y)

with (recalling that H is given by (2.1))
X, — (2L + 1)1 0
0 Y: — (2L +1)Id

IN

~(i%se-ni+2) (5 7)
(3.1)

IN
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We now take € = and from now we drop the index € for simplicity

for X, Yz.

1
1+4|D2g|

We will prove the following claims, both in the Holder’s case and in the
lipschitz case

Claims. There exist 7 > 0 and ¢ > 0, such that, if § is small enough and
|z — g| < & the matrix Oz(X + Y)Os has one eigenvalue py such that

11 (Oz(X +Y)0gz) < —CM1+Q‘55 - gj‘f% (3.2)

There exist 7; < 7 and ¢; fori=1,...,4 such that the four following asser-
tions hold :

for all j > 2, pj(05(X +Y)05) <Mz —g|™™,  (3.3)

|F(Z,4°, X) = F(Z,q,X)|,|F(5,¢", =Y) = F(§,q,-Y)| < eaM "2z — 5|77,
(3.4)

‘F<i'7Q7X) - F(g7Q7X>‘ + ‘F(‘f7q7 _Y) - F(ga q, _Yﬂ S C3Ml+g’j - y’_‘IB?
(3.5)

(@, ¢%)| + [h(5, a")] < e+ — g™, (3.6)

All these claims permit to obtain a contradiction both for the two cases
Lipschitz and Hélder. Indeed remark that by (1.4)

F(z,q,X) < F(@q¢-Y)+A> pl(0a(q)(X +Y)Ou(q))

Jj=2
+ M (Oalg)(X +Y)Oa(q))

hence one has
f(@) F(z,q% X) + h(z,q%)
F(T,q,X) + h(Z,¢%) + M 2|z — g™
F(z,q,~Y) + h(g,q") =AM 2z — g7 + NAey M 2|z — |77
oMz — g7 4 ey MYz — g™
F(7.0.Y) + h(§.q") = AM ]z — 5+ NAe, M2z — g
C2M1+g‘j — g+ CSMHg‘j — g7+ C4M1+g‘f — g™
F(5,¢",=Y) + My, q") = eAM'™ |z — |77 + NAey M2z — [~

VAN o VAN S VAN VAN VAN
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+ 2eoMMT — g7 f sM Tz — G|T 4 eaM ez — g™

— cA al= —|—T
< 9@ — EMH*\:U -7, (3.7)

as soon as 0 is small enough in order that
CLANS™™ + 20267 4 egd ™+ ead < TN

Finally supposing also that § satisfies %6_% > | floo + |g|oo One gets a con-
tradiction.

So to prove the results in Theorem 3.1 and in Theorem 1.1 it is sufficient to
prove (2.2), (3.2), (3.3), (3.4), (3.5), and (3.6) when w(s) = s” and v € [0, 1].
Once this done we obtain for any v < 1, the Holder’s estimate. We then
define conveniently w, behaving like s near zero, and prove the above claims
in that case.

As a first step to get ( 3.2), ( 3.3), both in the Holder and in the Lipschitz
case, let us derive two important consequences of Proposition 2.1 and of

(3.1):

i) All the eigenvalues of ©4(X + Y)O4 are less than cLMW' (|7 — y|)®.

ii) There exists at least one eigenvalue of ©5(X +Y)Og, less than

M (17 = g)) (' (12 = g1)* 2 - gl=.

0 O
right and on the left. Next apply the resulting inequality to (‘z,'z) on the

Indeed to prove i) let us multiply equation (3.1) by ( Oa 0 > on the

left and to < i > the right,  being any vector : One gets the result.

To prove ii) let e be a unit eigenvector for some eigenvalue of ©;5HO5
which is less than o M2 (z2—y) (w'(|Z — g]))* |2—7|*®. Then by applying
to ( 0;X04 0

0 Oz;Y 04
on the left one gets that ©5(X +Y)O4 has at least one eigenvalue less than
4te(O5zHOz)e.

the vector ( 2 ) on the right and to its transpose

3.1. Proof of (2.2), (3.2), (3.3), (3.4) and (3.6) in the Holder’s case.
Here w(s) = s7 with v €]0, 1] and then ¢° = M|z — §|"~2(Z — §) + L(Z — z,),
¢ = M|z —y|""2(2 —y) — L(§j — x,). For further purposes we also introduce
q = M|z—3|""2(z—%). Note also that using (3.1) there exists some universal
constant ¢ such that
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X[+ Y] <eM|z -3 %+ L.

We now take € positive,

w-(@-e) 1-ye-0-a7), (3.8)

which is possible since yp > & — a and (1 —v)(1 —a+a) > 0.
Concerning 9§, we will suppose first that is enough small in order that
aL < M™a=a and 2L% < M<. Note that this implies in particular that

|X|+ Y| <2cM|z — g2 (3.9)
Furthermore in order to check (2.2) we will suppose that
1 11—
—log(——7+——) |-
0 <exp <2€ 0g(6N(2 - fy)))

Indeed supposing 9 so, one has for |z| < ¢

W' (| . 3 Y
N (=Bl + o e < SNlal (2 - )
1—
< ’Y( 1 7) ",L,|fy—2
< Gl

Note that 6 < e gegN, which implies that as soon as |z| < 6, I(x,¢€) # 0.

To prove (3.2) note that 7 = (2 — ) + (1 — v)a — @e is positive by (3.8)
and convenient, by using Proposition 2.1.

Secondly ( 3.3) holds with 77 = (1 —y)a < (2—7) 4+ (1 — v)a — ea by

(3.8). Indeed one has by the choice of L and for some constant ¢;

1i(Og(X +Y)0g) < c; LM%z — g,(vfl)d < clM“@]a? _ g’(vfl)d‘

To prove (3.4), we need to evaluate ), [|¢7|* — |¢;|*|| X].
For that aim we use :
Af i S TIg7 1™ = 1qal™] < lgf — @™ < LYE — mo|™ < 271,
hence using (3.9)
a7 1% = lail |1 X] < 2¢(2L)* M|z — §'~% < 2eM 2z — 572,

by the choice of ¢ and its consequence on L and M.
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-While if a; > 1 [|¢7|* —|q;|*| < ailaf —ail(lg”|+]a)™ ™! < caLM !z —
g|O=D@E=D "and then [|¢¥|% — |g:|*|| X | < a2cLM®|z — g|(~D@-D+1=2 <
2cM ez —g|(-D(@=D+7-2 Gathering these two estimates, (3.4) holds with

o=2—-7)+ 1 —=7v)(sup(l,a) —1) <2 —v+ (1 —y)a — e by the choice
of e in (3.8).

To prove (3.5) let us observe that
|F(z,q,X) = F(y,0, X)| < crplz—g["|q|”|X]
< epy®20T — gr M|z — g‘(v—l)&ﬂ—?'

Note that by the definition of M there exist some constants ¢ depending
only on the data such that

M1+a‘£ _ g"YF ’j _ g’(W*l)EFF’Y*Z ch+g5~y(a7g) |5: B ﬂ|(772)+(771)5‘+71’

cM1+g|£ _ y|(v—2)+v(—5+g)+(7—1)@+w

IN A IA

cM'Te|z — |0 =D +ya-atyr

and then (3.5) holds with 73 = (2—v)+a—ya—vr < (2—7)+ (1 —7y)a—eca.
We finally check (3.6). One has

[0(2, )|+ |17, 4*)] < enN (Jg° |7 + g < 20, NMH0 |z — | 0D+

and by the definition of M one has for some constant which can vary from
one line to another

M1+a|j _ g|(7—1)(1+d) cMites—(@—a) |z — g|(%1)(1+@)

<
< CMH_QW _ g"y—l—&-'yg—o‘z

and then one has (3.6) by defining 7y = 1 —y+a—vya < 2—v+ (1 —7y)a—ae
since ea < yp — (@ —a) <1— (a—q).

3.2. Proof of (2.2), (3.2), (3.3,) (3.4) and (3.5), (3.6) in the ”Lip-
schitz” case. We define w(s) = s — ﬁs”ﬂ where 0 < 7 < 1 will be

precised later, and s < 1 . w is extended constantly after 1. Note that for
s <1, 1 <w(s) <1, and then w(s) > %, and w is C* on |0, 1.

We define o* = inf{a;,; > 0} . Let e < inf (lggﬁ%{))’ WFIELEL&_Q)) and T
such that 7 < €, then 7 + ea < inf(a — @ + vp, M)
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We suppose

8(|ufos + [v[oo) 8(Jufo + [v]os)
) (1—r)2

and that ¢ is small enough in order that ML® + L3 M® < MYe We

introduce also v < 1 such that 7 inf(1,a*) > 7 + ea which is possible since
inf(1,a*)
e

T+ea<e+ex <
1 T
We also suppose that § < exp PEINTHD | Then for |z| <6,

2e—T
W (|z 3N 1 _
N (= al) + Dl < 3G+ Dlal T
T —147
< —
< Tl

< P a)

and then (2.2) is satisfied.
Note that §%¢ < &, and then since there exists i € [1, N] such that |z;| >

%, for « such that |z| < dn, I(z,¢) # 0. We introduce as in the last

subsection
d(z,y) = u(z) — v(y) — sup(u — v) — Mw(|z — y|) — Llz — z,|* — Ly — z,|*

and suppose by contradiction that the supremum of ¢ is positive . Then it
is achieved on (Z, %) which belongs to B%,, and is such that |z — | < d.

2
Recall that since the estimate u(z) — v(y) < sup(u — v) + ¢|z — y|? has
been proved in the last section, one has L|Z — x,|? < c14r |2 —=y|" and then
2 )

1

Lz —w,| < i, L2z —g]%. (3.10)
2
The analogous is true for § — x,. In particular as soon as ¢ is small enough,
Lz — 3, < X
This will be needed in the estimate (3.4).
Note that here one has ¢f = M (T — i) + L(Z — ©0i), ¢ =

M%(@ — i) q = M%(@ —9i) — L(yi — @) and then for any

i, 4 <|g;| <M and & < |g?|,|¢!] < 2.

Y
—
I
|
<
7

Applying Proposition 2.3 one gets that (3.2) holds with 7 =1 — 7 — ea.
We now prove claim (3.3) : One has for all i € [1, N]

1i(Og(X +Y)0g) < (2L +1)|04]* < 1 LM® < ¢ M He
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by the choice of ¢ and its consequences for L and M and then (3.3) holds
with m =0<1—7—e€a.

For the following estimates, we need to observe that inequality (3.1) im-
plies here that there exists ¢ such that

|X|+ Y| <cM|z— gt + 20 < 3cM|z — 3| (3.11)

by the assumption on L.

To prove (3.4), let us recall that (3.10) holds.

Suppose that 0 < «; < 1 which implies if such an index exists, that o« < 1.

For such a i one has using (3.11 ) for some constant ¢z which can vary from
one lie to other

. . . _ R R _ =
laf 1% = lal ™ |IX] < laf — @il ™| X] < ealz — 5| =" L= Mz — g™

< Mtz — g

yoy
51

by the choices of L and M, while if o; > 1 the mean value’s theorem implies,
always with the choice of L and M, still using (3.11)

. . e o 1 11,4

g1 = 1@l (1X] < eolgs — gF MMz — g7t < epL2]z — gl F M
< eoMMez — gz

Combining the two inequalites, (3.4) holds with 7 = 1 — 3 inf(1,0*) <

1—7—e€a.

We now prove (3.5). One has for some constant c¢3 which can vary from

one line to another
|F(Z,q,X) — F(¥,9,X)| cp|z — g Mz — gl
63M1+Q6—O_Z+Q|j _ ,g|'7p—1

63M1+g’i' _ g”YF_l'i‘Q_O_é

INIA TN

by the choice of ¢, hence (3.5) holds with =1 —vp —a+a<1—7—ea
by the choice of 7.

We finally check (3.6): One has for some constant ¢4 which can vary from
1 one line to another

< C4M1+07

< C4M1+25—(5l—2)

< C4M1+Q’fl_3 _ g’—(&—g)

a same estimate holds for |h(y,¢¥)|, and then (3.6) holds with iy = & — a <
l—-7T—easincet+ea<ypr—at+a<l—a+oa.
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Since all the claims are proved one concludes by (3.7).

Proof of Corollary 1.2

We just give a hint of the proof. Adapting arguments as in [4], [15], Propo-
sition 2.7, we obtain that weak continuous solutions are viscosity solutions.
Then one applies Theorem 1.1 with u = v.
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