arXiv:1512.07123v2 [math-ph] 16 Feb 2017

FUNDAMENTAL GAPS OF THE GROSS-PITAEVSKII EQUATION
WITH REPULSIVE INTERACTION*

WEIZHU BAOT AND XINRAN RUANf?

Abstract. We study asymptotically and numerically the fundamental gaps (i.e. the difference
between the first excited state and the ground state) in energy and chemical potential of the Gross-
Pitaevskii equation (GPE) — nonlinear Schrodinger equation with cubic nonlinearity — with repulsive
interaction under different trapping potentials including box potential and harmonic potential. Based
on our asymptotic and numerical results, we formulate a gap conjecture on the fundamental gaps
in energy and chemical potential of the GPE on bounded domains with the homogeneous Dirich-
let boundary condition, and in the whole space with a convex trapping potential growing at least
quadratically in the far field. We then extend these results to the GPE on bounded domains with
either the homogeneous Neumann boundary condition or periodic boundary condition.

Key words. Gross-Pitaevskii equation, fundamental gap, ground state, first excited state,
energy asymptotics, repulsive interaction

AMS subject classifications. 35B40, 35P30, 35Q55, 65N25.

1. Introduction. The time-independent Schrodinger equation (in dimensionless
form by taking i = m = 1 with m the mass of the particle) [34} [ 24} 27]

N

(1.1)  H®:= [Z (—;Aj + V(rj)) + ) Vil — rk)}@ = E®,

j=1 1<j<k<N

has been widely used in quantum physics and chemistry to mathematically predict
the property of a quantum system with N particles (usually atoms, molecules, and
subatomic particles whether free, bound or localized). Here r; € R3 is the spatial
coordinate of the j-th particle, A; is the Laplacian operator with respect to the spatial
coordinate r; for j = 1,2,...,N, ® := ®(rq,...,ry) is the complex-valued wave
function of the quantum system, V(r) (for r € R?) is a given real-valued potential,
Vint(r) is a given real-valued interaction kernel for two-body interaction satisfying
Vint(r) = Vine(—r) and H is the Hamiltonian operator. When the wave function is
normalized as fR3N |®|2dr; ...dry = 1, E is the total energy of the quantum system
with respect to the wave function ®. The time-independent Schrédinger equation
, also an eigenvalue problem in mathematics, predicts that wave function can
form stationary states including ground and excited states [34] 5 24, 27]. Finding
the ground state and its energy, as well as the energy gap (or band gap) between
the ground and first excited states via Eq. has become a fundamental and
highly challenging problem in computational quantum physics and chemistry, as well
as material simulation and design.

By setting N = 1 in Eq. and performing a dimension reduction from
three dimensions (3D) to two dimensions (2D) and one dimension (1D) under proper
assumptions on the potential V(r) such that separation of (the spatial) variables for
the wave function is valid [0} 2], 32, 12 [7], one can get the d-dimensional (d = 3,2,1)
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time-independent Schrodinger equation with complex-valued wave function ¢ := ¢(x),
which has been widely used in the physics literature [34] [, 24, 27]

(1.2) H¢:= <—;Ax + V(x)> p(x) = E ¢(x), x=(z1,...,29)7 € QCRY

Using the rescaling formulas y = v/2x € R? and ¢(y) = 2-%*$(x), one can derive
the following time-independent Schrodinger equation [2) 3], 4} 36]

(1.3) Lo :=[-Ay + W(y)lely)=Eely), yeUCR?

where W(y) = V(x) = V(y/v2), U = {y|y/v2 € Q} and the operator L :=
—Ay + W (y) is called the Schrédinger operator [3]. If U is bounded, then we require
the homogeneous Dirichlet boundary condition (BC) ¢(y)|ay = 0 to be imposed. In
this case, we can also simply define W(y) = 4oo for y outside U and Eq.
can be defined in the whole space without BC. If W(y) is bounded below in U, i.e.
infyepy W(y) > —o0, without loss of generality, we can always assume that W(y) > 0
for y € U when we are interested in the ground and excited states and the energy gap.
Under proper assumptions on the potential W (y), the eigenvalues Ey, E1, E, --- of
the Sturm-Liouville eigenvalue problem under the normalization condition [3]

14 Jlel3 = /U o) Pdy=1 < ||p|3:= / () [2dx = 1,

are real and can be ordered such that 0 < E; < E; < Ep < --- with corresponding
eigenfunctions (or stationary states) ¢4(y), ¢1(y), ¥2(y), - . Then ¢4(y) and ¢1(y)
are called the ground state and the first excited state, respectively. g := Ey —E4 > 0
is usually called the fundamental gap in the literature [3 [l [36]. Assuming that
U is a bounded convex domain and the potential W (y) € C(U), based on results for
special cases, the gap conjecture was formulated in the literature [3| [4] [36] as:

32 .
(1.5) So=F1—E; > T with Dy := sup |y — z|.
1% y,zeU

The gap conjecture is sharp when d =1, U = (0, L) with 0 < L € R and W(y) =0
for y € U [3]. Recently, by the use of the gradient flow and geometric analysis and
assuming that W(y) € C(U) is convex, Andrews and Clutterbuck proved the gap
conjecture [2]. In addition, they showed that if U = R? and the potential W (y)
satisfies D2W (y) > 214 for y € R? with ~,, > 0, where I, is the identity matrix in
d-dimensions, the fundamental gap described by Eq. under the condition
satisfies 0g := By — By > V27, .

In this paper, we will consider the dimensionless time-independent Gross-Pitaevskii
equation (GPE) in d-dimensions (d = 3,2,1) [6l, 21} 32, [12] [7]

1
(16) AV +ﬂ|¢<x>|2] b(x) = ub(x), x€QCRY
where ¢ := ¢(x) is the complex-valued wave function (or eigenfunction) normalized via
(1.4), V := V(x) is a given real-valued potential, 8 > 0 is a dimensionless constant

describing the repulsive (defocussing) interaction strength, and the eigenvalue (or
chemical potential in the physics literature) p := u(¢) is defined as [0 211 [32] [7]

(1.7 u(6) = B(0) + § [ [660lax
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with the energy E := E(¢) defined as [7]

(18) B@) = [ |5I7660F + VEloGP + 500l ix.

Again, if Q is bounded, the homogeneous Dirichlet BC, i.e. &(x)|ga = 0, needs
to be imposed. Thus, the time-independent GPE is a nonlinear eigenvalue
problem under the constraint . It is a mean field model arising from Bose-
Einstein condensates (BECs) [II, 21, 26, [6] that can be obtained from the Schrédinger
equation via the Hartree ansatz and mean field approximation [7, 20, 28] [32].
When g = 0, it collapses to the time-independent Schréodinger equation . It is
worth mentioning that if the domain U in is bounded, the domain €2 in
(or ) can be defined as Q = {x|v/2x € U} via the re-scaling y = v/2x. Thus the
diameter for the domain Q becomes D := D, = D,,//2, and the lower bound in the

32 32

fundamental gap 1) for the Schrodinger equation 1) becomes T = 3753.
U

The ground state of the GPE (|1.6) is usually defined as the minimizer of the non-
convex minimization problem (or constrained minimization problem) [6] 211 26 [7]

(1.9) ¢g = argmin E(¢),
oS

where S = {¢|||9]13 := [, |6(x)|?dx =1, E(¢) < 00, ¢|an = 0if Q is bounded}. The
ground state can be chosen as nonnegative |¢,4|, i.e. ¢g = |¢g|ei9 for some constant
6 € R and i = v/—1. Moreover, the nonnegative ground state |¢4| is unique [29, [7].
Thus, from now on, we refer to the ground state as the nonnegative one. It is easy
to see that the ground state ¢, satisfies the time-independent GPE (1.6) and the
constraint . Hence it is an eigenfunction (or stationary state) of with the
least energy. Any other eigenfunctions of the GPE (|1.6) under the constraint
whose energies are larger than that of the ground state are usually called the excited
states in the physics literature [21] [32] [7]. Specifically, the excited state with the
least energy among all excited states is usually called the first excited state, which is
denoted as ¢1.

For the GPE , the ground state has been obtained asymptotically in weakly
and strongly repulsive interaction regimes, i.e. 0 < 8 <« 1 and 8 > 1, respectively, for
several different trapping potentials [I4]. In fact, by ordering all the eigenfunctions
of the GPE with a repulsive interaction and a confinement potential, i.e. 8 > 0 and
lim|y| 400 V(x) = 400, under the constraint according to their energies with
¢8, ¢, ¢,... satistying Ey(B) := E(¢5) < E1(B) := E(¢]) < E(¢5) < ..., it can
be shown that jiy(8) := (o) < pa(B) := w(¢?) [19], and thus ¢} is usually called
the first excited state. We define the fundamental gaps in energy and chemical
potential of the time-independent GPE under the constraint as

Sp(B) = E(¢7) — E(¢5) >0, 6,(8):=u(dy) — u(@}) >0, B>0,

6y = égfo&s(ﬂ), 0" = Inf 0,(8).

(1.10)

In general, the first excited state qﬁff is not unique. Since we are mainly interested in
its energy and chemical potential as well as the fundamental gaps, it does not matter
which first excited state is taken in our analysis and simulation below. The main
purpose of this paper is to study asymptotically and numerically the fundamental
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gaps of the GPE with different trapping potentials and to formulate a gap conjecture
for the GPE.

The rest of this paper is organized as follows. In Section [2| we study asymp-
totically and numerically the fundamental gaps of GPE on bounded domains with
homogeneous Dirichlet BC. In Section [3] we obtain results for GPE in the whole
space with a confinement potential. Extension to GPE on bounded domains with ei-
ther periodic or homogeneous Neumann BC are presented in Section[d Finally, some
conclusions are drawn in Section In order to distinguish two different cases, i.e.
nondegenerate and degenerate cases, we define the eigenspace of corresponding
to the eigenvalue E; (the second smallest eigenvalue) as

(1.11) Wi ={¢p(x): Q= C|Hp = E1¢, ¢|laq = 0 if Q is bounded}.

Then the dimension of Wy, i.e. dim(W;) = 1, is referred to the nondegenerate case,
and resp., dim(W7) > 2 is referred to the degenerate case. Denote Qp = H?zl(O, L;)

satisfying Ly > Lo > -+ > Lg>0and Ag =1/ H;lzl L;.

2. On bounded domains with homogeneous Dirichlet BC. In this section,
we obtain fundamental gaps of the GPE on a bounded domain 2 with homo-
geneous Dirichlet BC asymptotically under a box potential and numerically under a
general potential. Based on the results, we formulate a novel gap conjecture.

1. Nondegenerate case, i.e. dim(W;) = 1. We first consider a special case
by taking Q0 = Q satisfying d = 1 or L1 > Ly when d > 2 and V(x) =0 for x € Q in
(1.6). For simplicity, we define

2 21 2

d
T 1
2.1 A = = TN
(2.1) T 9L1+9 <L; |’ 22L§

J

In this scenario, when § = 0, all the eigenfunctions can be obtained via the sine
series [13, [14]. Thus the ground state ¢)(x) and the first excited state ¢(x) can be
given explicitly as [I3] [14] for x € Q

d
(22) 9yx) = =254 H sin ( xj) . 90(x) =25 Agsin (272;1) H sin <7ZJ> .

=2

LEMMA 2.1. In the weakly repulsive interaction regime, i.e. 0 < 8 <K 1, we have

dA d A2
(23) Ey(B)=Az+ zdﬂﬁ-i‘o(ﬁ), tg(B) = Az + E 054' o(B), 0<B<1,
372 3942 3 3942
(24) E1(B) = 212 + Az + 2d+fﬁ +o(B), m(B)= 212 + Az + 5d =08+ 0(B).

Proof. When 0 < 8 < 1, we can approximate the ground state gbg (x) and the
first excited state ¢ (x) by ¢9(x) and ¢9(x), respectively. Thus we have

(2.5) Gx) ~d)(x), ) ~H(x),  xed
Plugging ([2.5] | mto anfter a detailed computation which is omitted here
3)- (2.4

for brevity, we can obtaln (2.3
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Lemma implies that 6g(8) = Ei(B) — Eq(B) =~ % and 9,(8) = m(8) —
wg(B) = 2L2 for 0 < 8 <« 1, which are independent of 5. In order to get the

dependence on 3, we need to find more accurate approximations of (bg and gzb’f and
can obtain the following asymptotics of the fundamental gaps.
LEMMA 2.2. When 0 < 8 < 1, we have

32 32
26)  0u(B) =z + G +o(8),  0u(8) = gp + COB + (),
where
1) 6?4%’ @) %4%7 “=1,
_ 2712 3 _ 2712 3 _
Gy’ =3 &2 (ZLl + Aﬁ(A6L§+3))v Gy’ = 6471-02 ( Li+ A6(A6L2+3))’ d=2,
55677 (CLi1 — C211), 7552 (C11,1 — C21,1), d=3,
with
G| 1
I Lo o R
j=1""J i<j L2 +f? ZJ 17?

Proof. When 0 < 8 < 1, we assume
(2.8) 95 (%) = ¢y (x) + By (x) +0(B), x€Q.
Plugging (2.8)) into (|1.6), noticing (2.2)), (2.3) and (2.4, and dropping all terms at

O(B?) and above, we obtain

d A2
(2.9) Apg(x) +2420p4(x) = 2(¢2(x))3 - zdilf g(x), x €, ©g(x)|on = 0.

Substituting (2.2)) into ([2.9), we can solve it analytically. For the simplicity of nota-
tions, here we only present the case when d = 1. Extensions to d = 2 and d = 3 are

straightforward and the details are omitted here for brevity [33]. When d = 1, we
have

(2.10) pg(x) = 0<z< L.

V26 . 3rx
87]'2 S Tl s

Plugging ([2.10) into ([2.8) and using ||¢)§||2 =1, we get

644 — B2L3 < > BV2LL (:m)
——————=sin 7 + sin ,
1

2.11 Blx) ~
(2.11) ¢, (=) 39701, 82

Inserting (|2 into and (1.7) with V(z) = 0, we have

w2 38 32 9 w2 33 362
37 Tar, e T OV B =5t o T g

(212) E,(B) = +0(8%).

Similarly, we can obtain results for the first excited state

2m® 38 B on2 38 382

213) Ei(f) = + 7 — Iz T ar,
(2.13)  Ei(B) 72 TiL,  6an? L2 " 2L, 64n?

+0(6%), () = +o(8%).
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Subtracting (2.12)) from ([2.13)), we obtain (2.6)) when d = 1. O

LEMMA 2.3. In the strongly repulsive interaction regime, i.e. 5> 1, we have

A2 4ApA 8A
(2.14) By(8) = 56+ 0 36 +2A2 74 +o(1),
(2.15) 1g(B) = A3B + 2AoA352 +245 - As+o(1), B> 1,
A2 4A0(A3Ly +1) 1 2(AsL; +1)? 845
2.1 E(B) =203 20 T gy 28l T ) 200 1
(2.16) 1(B) =B+ 3L, Bz + % 5 o),
240(AsLy +1) .1 2(AsLy + 1)?
@11 (s = apy Rt ADIET o),
1 1
where
1 1{d>2} Lig>2y
(2.18) Ag,:ZL—j, Ag=4 > Tl As=As+4 ) L
j=1 1<j<k<d 1<j<d

with 1{4>2y the standard set function, which takes 1 when d > 2 and 0 otherwise.

Proof. When > 1, the ground and first excited states can be approximated by
the Thomas-Fermi (TF) approximations and/or uniformly accurate matched approx-
imations. For d =1 and = (0, L), these approximations have been given explicitly
and verified numerically in the literature [10, [IT], 13} [14] as

(219)  ¢ylx) ~ ’§¢Zg> o1(x) ~ ?¢ﬁA), 0<z<L,

where
¢ (x) = tanh (y/fiz) + tanh (VA(L — 7)) — tanh (VL) , 0 <z < L,
O () = tanh (/i) — tanh (/Aa(L = 2)) + tanh (V7 (L/2 = @)

with pg and p; determined from the normalization condition 1l and tanh (\/ﬁL) =
1. These results in 1D can be extended to d-dimensions (d = 1,2, 3) for the approxi-
mations of the ground and first excited states as

(2.20)

d
(2.21) 95 (%) ~ o) (x) % H @), xeq,

(2.22) o0 = ) = [ o) (o H%m

where ug (ﬁ) and ,ul(ﬁ) are determined from the normalization condition (1.4). In-
serting ([2.21)) and ( into (| and , after a detailed computation which is
omitted here for brev1ty, we can obtam 1 - 0
From Lemmas [2.1}2:3] we have asymptotlc results for the fundamental gaps.
PROPOSITION 2.4 (For GPE under a box potential in nondegenerate case). When
Q = Qg satisfying d = 1 or Ly > Ly when d > 2 and V(x) = 0 for x € Q in (1.4),
i.e. GPFE with a box potential, we have
(2.23)

92+ olB), 5tz + o5, 0<p<l,
. 5L _ 2L
(5E(ﬁ)_{ 4A0ﬂ2+A1+0( ) 5M(ﬁ)_{ 2A052 L%—’_O(l)’ ﬁ>> 1.
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Proof. When 0 < 8 <« 1, subtracting (2.3)) from (2.4]), noting (1.10f), we obtain
(2.23)) in this parameter regime. Similarly, when 5 > 1, subtracting (2.14)) and (2.15])

from ([2.16) and (2.17)), respectively, we get (2.23]) in this parameter regime. O

,,,,,,,,,,,,,,,,,,,

- Bzo
; --B=40
2! —p=800
ok
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Fic. 2.1. Ground states qﬁg (z) (left) and first excited states ¢f(z) (right) of GPE in 1D with
Q = (0,2) and a bozx potential for different 8 > 0.

200 T T T T T T T T T

150 -

= E(P )

3
5o B, ]
- E(9y))
o . . . . . . . . .
o 50 100 150 200 250 300 350 400 450 500
163

FIG. 2.2. Energy Eq(B) := E(¢j) < E1(B) = E(¢} = ¢} , ) < Ea(B) := E(¢} ,,) of GPE in

l,xzy

2D with Q = (0,2) x (0,1) and a bozx potential for different 8 > 0.

To verify numerically our asymptotic results in Proposition we solve the
time-independent GPE numerically by using the normalized gradient flow via
backward Euler finite difference discretization [8 [0} [7, [10] to find the ground and first
excited states and their corresponding energy and chemical potentials. Fig. [2:1] shows
the ground and first excited states for different 8 > 0 in 1D, Fig. [2.2]shows the energy
of the ground and excited states which are excited in x1- or xs-direction, while the
first excited state is taken as the one excited in zi-direction, and Fig. depicts
fundamental gaps in energy obtained numerically and asymptotically in 1D, 2D and
3D. From Fig. [2:3] we can see that the asymptotic results in Proposition 2.4 are very
accurate in both weakly and strongly repulsive interaction regimes. In addition, our
numerical results suggest that both g (5) and 6,,(5) are increasing functions for 5 > 0
(cf. Fig. 2.3).

For a general bounded domain Q and/or V(x) # 0, we cannot get asymptotic
results on the fundamental gaps, but we can study the problem numerically. If Q
and V(x) are symmetric with respect to the axis, we can compute numerically the
ground and first excited states and their corresponding energy and chemical potential
as well as the fundamental gaps via the normalized gradient flow method [8 [9} [7] [10].
We remark here that for a general bounded domain €2, discretization in space can be
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Fic. 2.3. Fundamental gaps in energy of GPE with a box potential in 1D with Q = (0,2) (top),
in 2D with Q = (0,2) x (0,1) (middle), and in 3D with Q = (0,2) x (0,1) x (0,1) (bottom).

12
0 e
.................................................................................. 10 !
8 - SCrEEE
= | setii = 8
= | e =
S el - e S
T —m Vo — 10 6
D P Vo = 100 372
ab %7 4
[0} 50 100 150 200 [0} 50 100 150 200
B B

Fi1G. 2.4. Fundamental gaps in energy 6g(B) (left) and chemical potential 6,,(8) (right) of GPE
in 1D with Q = (0,2) and V(z) = Vo(z — 1)? for different Vo > 0 and 8 > 0.

performed by using the finite element method instead of finite difference or spectral
method for the normalized gradient flow to compute the ground and first excited
states [I5]. For arbitrarily chosen external potentials, the first excited state might not
have any symmetric property. In this case, we can obtain numerically the first excited
state by using the numerical method proposed in [I5]. Fig. depicts fundamental
gaps in energy and chemical potential of the GPE in 1D with Q = (0,2) and the
potential V(z) = Vo(z — 1)? for different V; and 3. Fig. ﬁ plots the fundamental
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gaps in energy and chemical potential of the GPE in 1D with © = (0,2) and some
nonconvex trapping potentials for different 5 > 0.

4.5 5 =
at e T
,,,,,, 372 4 /"/ 3
35+ - 2r7 - 2L
= T = >

Fi1G. 2.5. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with
Q = (0,2) and non-convex trapping potentials: (I) V(x) = —10x2, and (II) V(z) = 10sin(10(z — 1))
for different B > 0.

Based on the asymptotic results in Proposition[2.4)and the above numerical results
as well as additional extensive numerical results not shown here for brevity [33], we
speculate the following gap conjecture.

Gap conjecture (For GPE on a bounded domain with homogeneous Dirichlet
BC in nondegenerate case) Suppose () is a convex bounded domain, the external
potential V(x) is convex and dim(W;) = 1, we have

372 372
2.24 0% := inf > — .= inf > —
( ) E égan(/B) = 9p2’ 5,u égoéﬂ(ﬂ) = 9p2’
where D := supy ,cq [X—2| is the diameter of . In fact, our numerical results suggest
a stronger gap as

372 81740 372 9t |Q|

(225)5 (ﬁ)> 2D2» Ogﬁg 64D2 bl (5 (5)> 2D2 OSBS 16D27
: E = 4p1/2 > 81740 5 = 231/2 > art |
3D[Q[1/2 Bz 64D2 IIER Bz 16D2? »

where || is the volume of Q. On the other hand, Fig. suggests that the gap
conjecture (2.24)) is not valid for non-convex trapping potentials.

2.2. Degenerate case, i.e. dim(W;) > 2. Again, we first consider a special
case by taking = Qo satisfying L; = Ly := L and d > 2 and V(x) = 0 for
x € Qin . In this case, the approximations of the ground states and their energy
and chemical potential are the same as those in the previous subsection by letting
Ly — Ly = L. On the contrary, the approximations of the first excited states are
completely different with those in the non-degenerate case.

LEMMA 2.5. For weakly repulsive interaction, i.e. 0 < § < 1, we have for d > 2
32 13d A2

372 13d
T As+ o A2B 4 0(B), u(B) + Ay +

T 2r? 32 A 1 40P +olB):

(2.26) Ev(B)

Proof. For simplicity, we only present the 2D case and extension to 3D is straight-
forward. Denote

(227)  ¢0(x) = \/zsin (7%”) . () = \/gsin <27er> ., 0<z<L.
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When d = 2 and 8 = 0, it is easy to see that ¢1(x) := ¢7(x1)¢)(x2) and py(x) =
@9 (x1)¢)(x2) are two linearly independent orthonormal first excited states. In fact,
W, = span{1, p2}. In order to find an appropriate approximation of the first excited
state when 0 < 8 <« 1, we take an ansatz

(2.28) ap(X) = ap1(x) + bpa(x), x = (z1,22) € Q,

where a,b € C satisfying |a|> + [b|> = 1 implies |¢apll2 = 1. Then a and b will
be determined by minimizing E(p, ). Plugging :2.28) into (1.8), a simple direct
computation implies that

B - 37”2 A4 %// aSin(zﬂ—xl)Sin(sz) +bsin(@)sin(27rx2) 4 i
Pab) = 27,2 2T A 0,12 L L L L
32 98 g b2 +a
= o7z + e+ gz lal” + PblY) + 575 (4lal’b + a?b* + a%?)
3 2 9 _
=gt 8% " 4%(%%2 +2a°b? — |af*[b]).

To minimize E(pq4), noting |a|? + b2 = 1, we take a = € cos(f) and b = ¢ sin(f)
with £,7,0 € [—m, 7). Then we have

32 943 I}

Elpep) = —5 + A+ — —

(Par) = 55 42T 513 ~ 1512

which is minimized when § = +7/4 and £ — n = +7/2, i.e. a = +ib. By taking

a = 1/\/5 and b = Z/\/§, we obtain an approximation of the first excited state gbf

when 0 < 8 <K 1 as

sin®(20) [1 — 4.cos (2(¢ — )],

(2.20) 6P (x) ~ % [0(1)60(@2) + 0 (31) ()], x €.

Substituting (2.29)) into (L.8)) and (1.7)), we get (2.26) when d = 2. O
LEMMA 2.6. When d =2 and 8> 1, we have

(2:30) E(8) = 2+ B0 T n(8) + o)),
(231) mB) =2 2B LT 5 4 o(n(a).

T2 2 T are

Proof. From Lemmal[2.5] when 0 < 8 < 1, the first excited state needs to be taken
as a vortex-type solution. By assuming that there is no band crossing when g > 0,
then the first excited state can be well approximated by the vortex-type solution when
B> 1 too. Thus when § > 1, we approximate the first excited state via a matched
asymptotic approximation.

(i) In the outer region, i.e. |x — (L/2,L/2)| > o(1), it is approximated by the
ground state profile as

(2.32) B0 67" (x) = 4 |15 010, (1)L, (),

where qi)(Ll)#(x) is given in 1} with g = p1(8) the chemical potential of the first
excited state.
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(ii) In the inner region near the center (L/2,L/2), i.e. |x — (L/2,L/2)| < 1, it is
approximated by a vortex solution with winding number m =1 as

(2.33) 1 (x) ~ ¢™ (x) = %f(?“)ew, x = (L/2,L/2)] < 1,

where r and 6 are the modulus and argument of (21 — L/2)+i(x2 — L/2), respectively.

Substituting (2.33]) into (1.6]), we get the equation for f(r)

1 1 1
(2.34) =) = F )+ o fO) w2 ) = mf(r), v >0,
r 2r
with BCs f(0) = 0 and lim, 4~ f(r) = 1. When S > 1, by dropping the term
—3f"(r) in (2.34) and then solving it analytically, we get

2 2
(2.35) F) ~ falr) = ,/%, r> 0.

Combining the outer and inner approximations via the matched asymptotic technique,
we obtain an asymptotic approximation of the density of the first excited state as

230) o]6x) = 161007 = \ [ | 7200 + (002, (w)el) ) = 1] xea

Substituting into the normalization condition ||¢f l2 = 1, a detailed computa-
tion gives the approximation of the chemical potential in . Plugging into
and noticing , a detailed computation implies the approximation of the
energy in (2.30). The details of the computation are omitted here for brevity [33]. O

From lemmas and we have the following result about the funda-
mental gaps for the degenerate case.

PROPOSITION 2.7 (For GPE under a box potential in degenerate case). When
Q = Qg satisfying Ly = Ly :== L and d > 2 and V(x) = 0 for x € Q in (1.6), i.c.
GPFE with a box potential, we have

(i) when 0 < B < 1 and d > 2,

3m2  5dA3
(2.37) dp(B) = 202 T3

(ii) when B> 1 and d = 2,

3r?  5dA3
Bro(®). 6.8) =55~ 16"

B+ o(B);

_n(B) + O(1).

(2.38) 55(8) = 53 W(8) + O, 3,(8) = 7

2L
Again, to verify numerically our asymptotic results in Proposition 2.7] Fig. 20|
plots the ground state gi)g, the first excited state qbf = ¢f,v’ and other excited states

qﬁf’x and ¢f,c7 of the GPE in 2D with Q = (0,2)? and a box potential for different
B > 0, which were obtained numerically [8, [0, [7, 10]. Fig. depicts the energy
Ey(B) = E(¢f) < Ex(B) = E(¢} = ¢ ,) < E(#; ,) < E(¢} ) for different 3 > 0 and
the corresponding fundamental gaps in energy, and Fig. shows the fundamental
gaps in energy of GPE in 3D with = (0, 1)3 and a box potential. In addition, Fig.[2.9
depicts the fundamental gaps in energy of GPE in 2D with ! = B;(0) = {x | |x| < 1}
and a box potential.
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F1G. 2.6. Ground states qbg (top row), first excited states — vortex solution |¢IB = ¢*f,v\ (second
row), excited states in the x1-direction d)?,z (fourth row) and excited states in the diagonal direction

qb'ie (fifth row) for B =0 (left column), B =10 (middle column) and B = 500 (right column). Here
the phase of the vortex solution — first excited state — is displayed in the third row.
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Fic. 2.7. Energy Eg(8) = E(¢g) < Ei(8) = E(¢] = ¢],) < E2(8) := E(@,) =
E((ﬁf,m) < E3(B) := E((bf’c) of GPE in 2D under a boz potential with Q = (0,2)? for differ-
ent 8> 0 (top) and the fundamental gaps in energy dg(B) (bottom). Here a band crossing in energy
happens at =0 for the excited states (cf. top).
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\1.‘2 o numerical
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= 13t
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el

FIG. 2.8. The fundamental gaps in energy of GPE in 3D under a boz potential with Q = (0,1)3.

Based on the asymptotic results in Proposition[2.7|and the above numerical results
as well as additional extensive numerical results not shown here for brevity [33], we
speculate the following gap conjecture.

Gap conjecture (For GPE in 2D on a bounded domain with homogeneous
Dirichlet BC in degenerate case) Suppose 2 C R? is a convex bounded domain,
the external potential V' (x) is convex and dim(W;) > 2, we have
(2.39) 52— inf 0p(8) > . 6% = inf 6,(8) > S

BT s PVY = 9p2 BT g0 MY = 8D2

3. Fundamental gaps of GPE in the whole space. In this section, we ob-
tain asymptotically the fundamental gaps of the GPE (1.6) in the whole space un-
der a harmonic potential and numerically under general potentials growing at least
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o) 100 200 300 400 500 600 700
3
/

Fic. 2.9. The fundamental gaps in energy of GPE under a box potential with Q = B1(0). It
is obviously that the fundamental gap is larger than the lower bound proposed in the gap conjecture

, which is % ~ 1.234.
quadratically in the far field. Based on the results, we formulate a novel gap conjec-
d
ture for this case. Here we take Q = R? and denote V,(x) = 1 Zl yia3 satisfying
j=
O<m<7n<- <7

3.1. Nondegenerate case, i.e. dim(W;) = 1. We first consider the special
case by taking V' (x) = V},(x) satisfying d = 1 or 71 < 72 when d > 2. For simplicity,
we define

d L d 2, d=1,

5
1 Bo=[[\35 Bi=5>_ % B=]lw Ca=qm d=2
j=1 j=1 J=1 4?”7 d=3.

In this scenario, when § = 0, all eigenfunctions can be obtained via the Hermite
functions [13, 14]. Thus the ground state ¢J(x) and the first excited state ¢7(x) can
be given explicitly as [13] [14]

22
V%5

d 1 d '
(3.2) ¢2(x) = H (%) Yo, (%) = /2 H (%) e~ 77, xeR%L
j=1 j=1

ENG

LEMMA 3.1. In the weakly repulsive interaction regime, i.e. 0 < 8 <K 1, we have
By
(3.3) Ey(B) = B1 + 75 +0(B), wue(B)=DB1+BoB+o(B), 0<B<KI,
3B 3B
(34 Bi(B)=m+Bi+=8+0(8), mB)=mn+Bi+ =6+ 0(p).

Proof. When 0 < 8 < 1, we can approximate the ground state qbg (x) and the
first excited state ¢ (x) by ¢9(x) and ¢9(x), respectively. Thus we have

(3.5) P (%)~ ¢)(x), ¢l (x)~el(x), xeRL

Plugging (3.5)) into (1.7) and (|1.8]), after a detailed computation which is omitted here
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for brevity [33], we can obtain (3.3 and (3.4)). O

LEMMA 3.2. In the strongly repulsive interaction regime, i.e. 5> 1, we have

V2

a+2
) i (B) = ™t =g + =+ (1),

(d+2)B>f

(3.6)  pg(B) = u;fF—< .

2

24+d op

4+d“g +0o(1), Ei(B) :Eg(ﬁ)Jrg’YlJrO(l), 8> 1.

(3.7)  Ey(B) =

Proof. When 8> 1, the ground and first excited states can be approximated by
the TF approximations and/or uniformly accurate matched asymptotic approxima-

tions. For d = 1 and V(z) = ali x , these approximations have been given explicitly
and verified numerically in the hterature [10, 1T, 13, 4], and the results can be ex-
tended to d dimensions (d = 1,2, 3) as

(g™ = V(x))+

, x € RY,
B

(3.8) Bp(x) = 6" (x) =

, MA ,/gl(x [tanh 14/ g2 x)) 1] , 91( ) > 0&xq > 0,
91 (x) ~ ¢y ,/gl(x 2 [1+tanh 1/ 92 x)] x) > 0&z1 < 0,

othervvlse,

(3.9)

d d
where (f)+ = max{f,O},gl( ) = pM —l jzlﬁx? and ga(x) = p}'4—1 j:27j2'x?7

and u Fand pM4 can be obtained via the normalization condition Inserting
and . into (1.7 , after a detailed computation which is omltted here for

brev1ty B3], we get (3.7). O
From Lemmas [3.1] and [3:2] we have asymptotic results for the fundamental gaps.

PROPOSITION 3.3 (For GPE under a harmonic potential in nondegenerate case).
When V(x) = Vj(x) satisfying d = 1 or v1 < 72 when d > 2, i.e. GPE with a
harmonic potential, we have

71— 2B+ 0(8), N = PB+o(B), 0K,
(3.10)  dp(B) = {f %ulP) = {{% +o(1), B> 1.

771 + 0(1)7
Proof. When 0 < 8 <« 1, subtracting (3.3) from (3.4]), we obtain (3.10) in this
3.6

parameter regime. Similarly, when S > 1, we get the result by recalling (3.6)) and

D). 0

REMARK 3.1. Similar to Lemma when B > 1, by performing asymptotic
expansion to the next order, we can obtain

V2o V2(d +2) 7t ( Cy

>d+2+0(f)’_di2)7 B> 1,

(3-11) 5E(5) = 7’71 1 Bzﬁ
(12) b9 = V2, HAEDTTE (CaNTE
: w\P) =5 1 Bof © ’ '

Again, to verify numerically our asymptotic results in Proposition [3.3] Fig.
shows the ground and first excited states of GPE in 1D with 7, = 1 for different
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F1G. 3.1. Ground states (left) and first excited states (right) of GPE in 1D with a harmonic
potential V(x) = x2/2 (dot line) for different 3 > 0.

10 T T T
8 -
> 6
=
[<%)
= 3
i et )
——E(¢),,)
2 ——E(6]) b
o . . .
(o] 50 100 150 200

F1G. 3.2. Energy Eg(B) := E((f)g) < E1(B) := E(¢f = ¢[13,z) < E2(B) := E((i)f’y) of GPE in
2D under a harmonic potential with v1 =1 < v2 = 2 for different 8 > 0.

B > 0, which are obtained numerically [8, [, [7, [10]. Fig. shows energy of the
ground state, first excited state, i.e. excited state in the x;-direction, and excited
states in the xy-direction and Fig. depicts fundamental gaps in energy obtained
numerically and asymptotically (cf. Egs. , and ) in 1D, 2D and
3D. From Fig. [3:3] we can see that the asymptotic results in Proposition [3.3] are very
accurate in both weakly repulsive interaction regime, i.e. 0 < # <« 1, and strongly
repulsive interaction regime, i.e. 8 > 1. In addition, our numerical results suggest
that both 6g(8) and 6,,(3) are decreasing functions for 5 > 0 (cf. Fig. [3.3).

Again, for general external potentials, the ground and first excited states as well
as their energy and chemical potential can be computed numerically [8, [l [7, [10].
Fig. depicts fundamental gaps in energy and chemical potential of GPE in 1D
with V(z) = I—; + Vo cos(kz) for different 8, Vo and k, and Fig. shows the
fundamental gaps of GPE in 1D with different convex trapping potentials growing at
least quadratically in the far field for different g > 0.

Based on the asymptotic results in Proposition|3.3|and the above numerical results
as well as additional extensive numerical results not shown here for brevity [33], we
speculate the following gap conjecture.

Gap conjecture (For GPE in whole space in nondegenerate case) Suppose the
external potential V(x) satisfies D2V (x) > 421, for x € R? with v, > 0 a constant
and dim(W;) = 1, we have

\/§ \/§
= > =i > .
9 Yo 5# [}}I;fofsu(ﬂ) =9 T

. X =1 >
(3.13) 05 = Inf 0p(5) 2
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Fic. 3.3. Fundamental gaps in energy of GPE with a harmonic potential in 1D with v1 = 1
(top), in 2D with v1 =1 < v2 =2 (middle), and in 3D with y1 =1 < y2 = 3 = 2 (bottom).

3.2. Degenerate case, i.e. dim(W;) > 2. We first consider a special case
by taking V(x) = Vj(x) satisfying d > 2 and v = 75 := 7. In this case, the
approximations to the ground states and their energy and chemical potential are the
same as those in the previous subsection by letting v — 73 = . Therefore, we only
need to focus on the approximations to the first excited states, which are completely
different with those in the non-degenerate case.

LEMMA 3.4. For weakly interaction regime, i.e. 0 < 8 < 1, we have for d > 2

(3.14) E\(B) = o + ——B+0(B), m(P) = +—F—F+0p).

Proof. For simplicity, we only present the 2D case and extension to 3D is straight-
forward. Denote

(3.15) ¢g(x) = (l>% e + ) () = m (%) ! xe_%.

s

When d = 2 and 3 = 0, it is easy to see that ¢1(x) := ¢{(z1)¢)(2x2) and @y(x) :=
¢9(x1)p)(x2) are two linearly independent orthonormal first excited states. In fact,
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Fic. 3.4. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with
V(z) = % + Vo cos(kx) satisfying Vok? = 0.5 for different 8, Vo and k.

0 20 40 60 80 100 0 20 40 60 80 100
£ /
Fic. 3.5. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with
() V() = & +0.5sin(z), (1) V(z) = & —a, (II) V(z) = & + =+ for different 8 > 0.

W1 = span{®1, p2}. In order to find an appropriate approximation of the first excited
state when 0 < 8 < 1, we take an ansatz

(3.16) ©a,b(X) = ap1(x) + bpa(x), x € R?,

where a,b € C satisfying |a|? + [b|> = 1 implies |¢ap|l2 = 1. Then a and b can be
determined by minimizing E(p,5). Plugging (3.16) into (1.8, we have for 8 > 0
VB 2 g2 2 22 VB
3.17 E(pay) =37+ 12 b2+ 2 b|2)2] > 3y + 2,
(317)  Blpas) =3y + 1o [la® + B2 + 2l + )] 2 3y + L
which is minimized when a?+b? = 0, i.e. a = +ib. By takinga = 1/v/2 and b = i/v/2,
we get an approximation of the first excited state as
R e I g

(3.18) B2 (x) & dyo(x) = %(wl +ixg)e = ﬁre 7 ",

where (r,0) is the polar coordinate. Substituting (3.18)) into (1.8]) and (1.7)), we get
E1). D

LEMMA 3.5. For the 2D case with strongly repulsive interaction, i.e. d = 2 and
B> 1, we have

(319) £1(3) = E" + 3 [S1(3) + 0373 (8) = " + 3 S 1005 + 074,
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where ,ugF s given in and E;fF = Zi—j u;fF.

Proof. From Lemma [3.4 when 0 < 8 < 1, the first excited state needs to be
taken as a vortex-type solution. By assuming that there is no band crossing when
B > 0, the first excited state can be well approximated by the vortex-type solution
when 8 > 1 too. Thus when 8 > 1, we approximate the first excited state via a
matched asymptotic approximation.

(i) In the outer region, i.e. |x| > o(1), it is approximated by the TF approximation
as

(3.20) qﬁ?(x) ~ PO (x) & (2ﬂl2g272)+7 r > o(1),

where p = pq () is the chemical potential of the first excited state.
(ii) In the inner region near the origin, i.e. |x| < 1, it is approximated by a vortex
solution with winding number m =1 as

(3.21) % (x) ~ ¢ (x) = %f(r)ew, x| < 1,

Substituting (2.33]) into (1.6]), we get the equation for f(r)

(3.22) Fr) 4+ pf2(r) = p f(r), r >0,

1., 1, 1 y2r?
_if (T)—Zf(r)—i—ﬁf(r)—i— 5
w21t£1 BC f(0) = 0. When 3> 1 and 0 < r < 1, by dropping the terms —2 f/(r) and
15— f(r) in (3.22) and then solving it analytically with the far field limit lim, _, ;o f(r) =
1, we get (2.35). Combining the outer and inner approximations via the matched
asymptotic technique, we obtain an asymptotic approximation of the density of the

first excited state as

2mr? (2 = %)y
3.23 Px) == 62 (x)|? ~ > 0.
(3.23) pr(x) = (X)F ~ = 2r? 25 , o>

Substituting into the normalization condition ||¢?[|y = 1 and (L.7), a detailed
computation gives the approximation of the chemical potential and energy in .
The details of the computation are omitted here for brevity [33]. O

From Lemmas we have asymptotic results for the fundamental gaps.

PROPOSITION 3.6 (For GPE under a harmonic potential in degenerate case).
When V(x) = Vp(x) with d > 2 and v1 = 2 := v, i.e. GPE with a harmonic
potential, we have

(i) when 0 < <K 1 and d > 2

(4—d)By

(3.24) 5E(5):7—T5+0(5)7 5#(@:7—?5 o(B);
(i) when 8> 1 and d = 2,
N T 1o (2B) =N T 1o (2B)
329) 55 =3\ [Fme) +o (M), 6,0 =2 T o (D).

which implies g (B) — 0 and §,(8) — 0 as § — .
Again, to verify numerically our asymptotic results in Proposition [3.6] Fig. |3.6
plots the ground state (bg, the first excited state q’)f = qb'f,v, and the higher excited
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Fic. 3.6. Ground state ¢g (top row), first excited state — vortex solution |¢ﬂ = ¢f,v|(second
row) and higher excited state in x1-direction qﬁf’m(bottom row) of GPE in 2D with a harmonic
potential (v = 1) for B =0 (left column), B =10 (middle column) and 8 = 100 (right column). The
phase of the first excited state ¢f = d)fu is displayed in the third row.

states ¢>fz7 of GPE in 2D with a harmonic potential (y = 1) for different 5 > 0,
which were obtained numerically [8, @, [7, 10]. Fig. depicts the energy E4(f) =
E(qﬁg) < Ey(B) = E(¢} = qbf’v) < E((;S’fm) for different 8 > 0 and the corresponding
fundamental gaps in energy, and Fig. shows the fundamental gaps in energy of
GPE in 3D with a harmonic potential. In addition, our numerical results suggest that
both §(3) and 6, (5) are decreasing functions for 5> 0 (cf. Figs. [3.7§43.8).

Based on the asymptotic results in Proposition|3.6/and the above numerical results
as well as additional extensive numerical results not shown here for brevity [33], we
speculate the following gap conjecture.
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of GPE in 2D under the harmonic potential V(x) = 112& for different 8 > 0 (top) and the
fundamental gap in energy g (B) for different 8 > 0 (bottom).
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Fic. 3.8. The fundamental gaps in energy of GPE in 3D under a harmonic potential V(x) =
(2 4+ 22 + 23)/2 for different 8 > 0.

Gap conjecture (For GPE in the whole space in degenerate case) Suppose the
external potential V(x) satisfies D2V (x) > ~21; for x € R? with v, > 0 a constant
and dim(W;) > 2. When 0 < 8 < 1, we have

(326) 5E(ﬂ) > Yo — 01/87 5#(6) > Yo — CQBv

where C7; > 0 and Cy > 0 are two constants independent of 5. In addition, we have
limg_, 400 05 (8) = 0 and limg_, 4 o §,(8) = 0.

We remark here that the fundamental gap dg(8) gives an upper bound of the
critical rotating speed Q2 in rotating BEC for 8 > 0 [35] 16, 6 [7], which implies that
limg_, 100 27 = 0.
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4. Extensions to other BCs. In this section, we study the fundamental gaps
of GPE on bounded domains with either periodic BC or homogeneous Neumann BC.

4.1. Results for the periodic BC. Take 2 = €y and assume that ¢ satisfies
the periodic BC. When d = 1, it corresponds to a BEC on a ring [7]; and when d = 2,

it corresponds to a BEC on a torus. In this case, the ground state ¢? is defined the
same as in (1.9) provided that the set S is replaced by S = {¢ | [|¢]3 := [, |¢(x)[*dx =

1, E(¢) < o0, ¢ is periodic on 00}, and the first excited state (b’f and the eigenspace
W, are defined similarly. We have the following results for the energy and chemical
potential of the ground and first excited states.

LEMMA 4.1. Assume V(x) =0, for all 3 >0 and d = 1,2, 3, we have

_ 272

2 2 2
(1) By(8) =208, uy(8) = 43, BB =y + 208 m(s) =Ty + A28
1

L3

Proof. For any ¢ € S, the Cauchy-Schwarz inequality implies that

2
1
(12)  1=[ei= ( / |¢|2dx) < [forax [ tx = 5 [ tottax.

Thus, for all 8 > 0 and any ¢ € S, we have

1
@3 B = [ |15+ Giolt| ax> 545 = 5 [ 1aoftax = B0 = o)

Therefore, for all g > 0, we have

(4.4) qﬁg(x) = gzbg(x) = Ao, x € Q.

Plugging (4.4]) into (1.8) and (1.7) and noticing V(x) = 0, we obtain the first two
4.1)).

equalities in |

As for the first excited state, for simplicity, we only present 1D case and exten-
sions to 2D and 3D are straightforward. When d = 1 and 8 = 0, it is easy to see that
@1(x) 1= V24 cos (2mx/L1) and po(x) := V/2Agsin (2rx/Ly) are two linearly inde-
pendent orthonormal first excited states. In fact, in this case, W1 = span{¢1, p2}. In
order to find an appropriate approximation of the first excited state when 0 < 8 < 1,
we take an ansatz

(4.5) ©ap(x) = api(z) + bpa (), 0<z<Ly,

where a,b € C satisfying |a|? + [b|> = 1 implies |¢ap|2 = 1. Then a and b can be
determined by minimizing E(p,5). Plugging (4.5) into (1.8, we have for 5 > 0

272 I6] 272 B8
4. E(¢ap) = 2lal? + 1b2)2 2 p22] >
(4.6) (Pa,) [2 +4[1 [ (lal” 4+ [6]F)" + |a” + 07| ] 2 ?% +72[1,

which is minimized when a?+b% = 0, i.e. a = +ib. By takinga = 1/v/2 and b = i/v/2,
we get an approximation of the first excited state as

(4.7) ¢ () m ¢¥(x) := Age™/ 1 0<x < L.
Similar to (4.2) and (4.3]), we can prove rigorously that for all 5 > 0

(4.8) qﬁ'f(x) = (;5?(37) = Age??me/ L 0<z< L.
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Plugging (4.8)) into (1.8]) and (1.7, we obtain the last two equalities in (4.1)). O
(@1

From (4.1, it is straightforward to have (with the proof omitted here for brevity).
PROPOSITION 4.2 (For GPE on a bounded domain with periodic BC). Assume
V(x) =0, we have

(4.9) 55(8) = 8,(8) = =

Based on the above analytical results and extensive numerical results not shown
here for brevity [33], we speculate the following gap conjecture.

Gap conjecture (For GPE on a bounded domain with periodic BC) Suppose
the external potential V' (x) is convex, we speculate the following gap conjecture

) 272 272

(4.10) oy = égfo dr(B) > D o = éI;fO(S (8) > o7

4.2. Results for homogeneous Neumann BC. Assume that Q C R? is a
bounded domain and ¢ satisfies the homogeneous Neumann BC, i.e. 0n¢|5, = 0 with

n the unit outward normal vector. In this case, the ground state ¢? is defined the
same as in ([1.9) provided that the set S is replaced by S = {¢| |83 := [, |¢(x)[*dx =

1, E(¢) < 00, Ondly, = 0}, and the first excited state qﬁ’f and the eigenspace Wi are
defined similarly.
Similar to Lemma (with the proof omitted here for brevity), we have
LEMMA 4.3. For the ground state gbg, we have for B >0

~ —_ ~2 ~
(111) 6(x) = 600 = ——— 1= Ao, x €T Ey(8) = 208, uy(8) = 3B,

1/f91dx

However, for the first excited state, we first consider a special case by taking
) = Qp and distinguish two different cases: (i) non-degenerate case d =1 or Ly > Lo
when d > 2 (& dim(W;) = 1); and (ii) degenerate case L1 = Lo and d > 2 (&
dim(Wy) > 2).

LEMMA 4.4. Assume Q = Qg satisfying d = 1 or Ly > Lo when d > 2, i.e
non-degenerate case, we have

(i) in the weakly repulsive interaction regime, i.e. 0 < f < 1,

7r2

2L

7.(.2

3A0
CT#] —— B+ 0(B);

(4.12) E(B) = 2+ 205 o(), g (B) =

(ii) in the strongly repulsive interaction regime, i.e. 5> 1,
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2
(4.13) Ey(8) = %/3 + /31/2 L2 +o(1), m(B) = A3B + —6”2 L2 +o(1).
1 1

Proof. Here we only present the proof in 1D case and extension to high dimensions
is similar to that in Lemma [2.3] When d = 1 and 8 = 0, the first excited state can
be taken as ¢{(z) = V24, cos(ﬂx/Ll) for x € [0,L1]. When 0 < 8 < 1, we can

approximate qbf (x) by ¢9(z), i.e

(4.14) ¢ () ~ ¢%(z) = V2Aq cos (mz/ Ly ) 0<z< .
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Plugging (4.14)) into (1.8) and (1.7) with V(x) = 0, we obtain (4.12]). When 5 > 1, i.e.
in strongly repulsive interaction regime, the first excited state can be approximated
via the matched asymptotic method shown in [13], [14] as

(4.15) ¢ (x) ~ {WA(x):H'u{;A tanh (\/M{WA (%—x)), 0<z<IL.

Substituting (4.15) into the normalization condition (1.4) and (1.7)), we obtain (4.13)),

while the detailed computation is omitted here for brevity [33]. O

LEMMA 4.5. Assume Q2 = Qq satisfying L1 = Lo := L and d > 2, i.e. degenerate
case, we have

(i) in the weakly repulsive interaction regime, i.e. 0 < f < 1,

2 5A% 2 5A8

(4.16) Ey(B) = 572 Tﬁ +0o(8), m(B)= 572 Tﬁ + o(B);
(i) in the strongly repulsive interaction regime, i.e. > 1, and d = 2,
(117) Bu(8) = 5 + ST () + (). pa(8) = Ly + S5 (B) + olin(B)).

Proof. The proof is similar to that for Lemmas [2.58{2-6] in the box potential case
and thus it is omitted here for brevity [33]. O

Lemmas implies the following proposition about the fundamental gaps.

PROPOSITION 4.6 (For GPE on a bounded domain with homogeneous Neumann
BC). Assume Q = Qg and V(x) =0, we have

(i) ifd=1 or Ly > Ly when d > 2, i.e. non-degenerate case,

(4.18)
e = {0 o [Fa e, 0si<l
- _
s o, PO AL 2o, e

(i) if L1 = Lo := L, i.e. degenerate case, with 0 < 8 < 1 and d > 2,

> B 2 B
(419)  65(8) = 555 + gz +olB) 8u(B) = 55 + 155 +0B).
For the degenerate case with B> 1 and d = 2,
(420)  8u(8) = 575 W(B) +o(ln(B)), 8,(8) = 575 n(8) + o(In(B)).

The above asymptotic results have been verified numerically [33], which are omit-
ted here to avoid this paper to be too long. In addition, our numerical results suggest
that both 65(8) and 6,(5) are increasing functions for 5 > 0 [33].

Based on the above asymptotic results and numerical results not shown here for
brevity [33], we speculate the following gap conjecture.

Gap conjecture (For GPE on a bounded domain with homogeneous Neumann
BC) Suppose Q is a convex bounded domain and the external potential V' (x) is convex,
we speculate a gap conjecture for the fundamental gaps as

2 2

67° = inf 0,(B) >

. X =i > — —_—
(4.21) OF égfo 0u(B) = 2D2’ BT S0 2D2
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5. Conclusions. Fundamental gaps in energy and chemical potential of the
Gross-Pitaevskii equation (GPE) with repulsive interaction were obtained asymp-
totically and computed numerically for different trapping potentials and a gap con-
jecture on fundamental gaps was formulated. In obtaining the approximation of the
first excited state of GPE and the fundamental gaps, two different cases were iden-
tified in high dimensions (d > 2), i.e. non-degenerate and degenerate cases which
correspond to the dimensions dim(W;) = 1 and dim(W;) > 2, respectively, with
W1 the eigenspace associated to the second smallest eigenvalue of the corresponding
Schrédinger operator H := —%A + V(x). Our asymptotic results were confirmed
by numerical results. Rigorous mathematical justification for the fundamental gaps
obtained asymptotically and numerically for the GPE in this paper is on-going. Fi-
nally, we remark here that the fundamental gaps in the degenerate case are the same
as those in the nondegenerate case when one requires the solution ¢ of to be
real-valued function instead of complex-valued function.
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