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Double scale analysis of a Schrodinger-Poisson system with
quantum wells and macroscopic nonlinearities in dimensions
2 and 3.

A. Faraj* A. Mantilel F. Nier?

Abstract

We consider the stationary Schrodinger-Poisson model with a background potential de-
scribing a quantum well. The Hamiltonian of this system composes of contributions — the
background potential well plus a nonlinear repulsive term — which extends on different length
scales with ratio parametrized by the small parameter h. With a partition function which
forces the particles to remain in the quantum well, the limit A~ — 0 in the nonlinear system
leads to different asymptotic behaviours, including spectral renormalization, depending on the
dimensions 1, 2 or 3.

1 Introduction

The quantum state of a gas of charged particles is described, in the mean field approximation,
by a nonlinear one-particle Schrédinger equation where the electrostatic repulsion is modeled by
a non linear potential term depending on the charge density through a Poisson equation. This
class of models is usually referred to as Schrédinger-Poisson systems. In this work we consider a
stationary Schrédinger-Poisson system in a bounded region of R?, d = 2, 3, for which a background
potential models a quantum well, while the nonlinear potential extends on a wider scale. After
introducing a rescaling for which the small parameter h > 0 represents an inverse length scale,
the support of the potential well squeezes asymptotically to a single point in the limit Ah — 0. An
equilibrium state of a gas of charged particles confined in the quantum well will be considered,
while the nonlinear electrostatic potential created by such a concentrated charge extends to whole
domain with different behaviour far from the well according to the dimension 1, 2 or 3.

Such a Schrodinger-Poisson problem has recently been considered in [2], [3] and [12] in a more
complex — although 1 dimensional — setting involving far from equilibrium steady states. This one-
dimensional analysis leads to a reduced model which happens to be very efficient in the numerical
simulation of the electronic transport through semiconductor heterostructures, like resonant tun-
neling diodes [4]. In particular this technique allows to forecast with high precision the nonlinear
phenomenology — like hysteresis phenomena (e.g. in [10] and [16]) and steady oscillating currents
(e.g. in [11]) — observed in such devices. A first step in the extension of this analysis to the multi-
dimensional case consists in a good understanding of the thermodynamical equilibrium where the
occupation numbers of the quantum states are given by a decreasing function of the energy.

For the sake of simplicity we shall use a low energy-filter in the definition of the partition
function f (see equation (1.5) below), that is the quantum states with an energy larger than the
threshold g are not occupied. With such an assumption only the quantum states confined in the
well have an effect on the nonlinearity. This provides asymptotically a strict separation of the
quantum and macroscopic scales with some nonlinear spectral renormalization which depends on
the dimension d = 2 or d = 3.
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Like in [2], [3] and [13] the analysis will be a mixture of nonlinear apriori estimates combined
with accurate semiclassical and spectral techniques (we refer to: [17], [8], [9] and [6]) adapted for
potentials with limited regularity. The outline of this analysis is the following. We end this section
by introducing the model — both at the macroscopic and quantum scales — and by stating our
results. In Section 2, apriori estimates for the nonlinear problem are given. The Section 3 studies
the possible asymptotic nonlinear system in dimension d = 3 and ends the proof of the main result
in this case. The analysis of the bidimensional problem is completed in Section 4, with a different
renormalization process. Some standard results are adapted to our case in the appendices.

1.1 The model

Let © be an open bounded set of R?, d < 3, and U a non positive function in C§°(R?) supported
in the ball of radius one centered in the origin of R?. The open set €2 is supposed smooth enough
(for example C? or piecewise C!' and convex) so that the domain of the Dirichlet Laplacian is
H? N HYQ).

For zq € 2, we define the potential with center xzg and radius of order h > 0

Uh(:c)—U(x_}Lw()), zeqQ.

Being our analysis concerned with the limit h — 0, we can choose, without loss of generality, h
small enough so that the support of U" is included in . In particular, defining with w and w”
the supports of U and U" respectively, we assume that w” C Q for all values of h below a suitable
positive constant: h < hg.

Next we assign the function f € C*°(R), with a threshold at g < 0 and fulfilling the conditions

flz) >0, Ve<eg, (1.1)
f(z) =0, Vz>eg, (1.2)
f'(z) <0, VzeR, (1.3)

and address, for h € (0, ho], the following problem: find V" solving the non-linear Poisson equation

—AV" =n[V in Q
h| (1.4)
L, o
where the source term is
n[V' =" fEnvl?, (1.5)
€N
with {s?}i oy given by the eigenvalues of the nonlinear Hamiltonian
H" = —p2A+ UM+ V" (1.6)

numerated from inf o(H") counting multiplicities, while { W/} <y are the corresponding eigenvec-
tors

hyh — ~hgh
{ H'"W? =W? in Q, (1.7)

Ui |pn =0

The equations (1.4), (1.5) and (1.7) define the stationary Schrédinger-Poisson system associated
with the potential well U and the function f. In practical applications, where these equations
are used for the description of the charge distribution in electronic devices, n[V"] describes the
density of the charge careers of the system, while f is a response function which depends on the
characteristics of the device and has to be considered as a data item of the problem.

The small parameter h > 0 arises from a rescaling after considering two length scales, the
macroscopic one where the particles behave like classical particles and the microscopic one where
the quantum effects have to be taken into account. From this point of view it should be noticed



that on R?, the Schrédinger operator —h2A+U(%522) is unitarily equivalent to —A+U(z) through
the unitary map: L?(Q) — L?(Q")
UM (z) = hEU" (ha + 20), x € Q" (1.8)
with

Q"={zeRhx+a0€Q} . (1.9)

It is easy to show that, under this transformation, the system of equations (1.4) - (1.7) reads as
(-a+U+ V) B = hEl i Qn,

—AVh = p2d S fEM[TE? in QF (1.10)
ve =0, @

90h g =0 ’

OOk

where the Poisson term is related to V" by
Vi(z) = Vi(he + z0), zeQ. (1.11)

In this picture, the parameter h defines an isotropic dilation of the domain Q" such that, in the
limit A — 0, Q" covers the whole space R?. We will refer to (1.10) as the Schrodinger-Poisson
problem at the quantum scale, while the equations (1.4) - (1.7) describe the problem at the classical
scale. In both settings, the stationary states form a set of real normalized functions

Im 07 = 0; [ W] ) =1, (1.12)

=1. (1.13)

Im ! = 0, ”@g
L2(Qh)

The analysis of our Schrodinger-Poisson system, will involve the operator
Hy=—-A+U; D(Hy) = H*R?), (1.14)

whose point spectrum, o,(Hy), contains a finite number of points embedded in [— ||U||;« ,0). In
particular, we make the following assumptions

op(Ho) # 2 (1.15)

and
e1 :=info (Hy) <eg . (1.16)

The reader may refer to Proposition 7.4 in [18] to see that (1.15) is always true for d = 1, 2 and
U < 0. On the other hand, for d = 3, potentials fulfilling this condition can be obtained by possibly
replacing U < 0 with AU < 0, A > 1 large enough. The hypothesis (1.16) — which prevents the
solution to (1.4) - (1.7) to be trivial — will be extensively used in this work.

1.2 Results

The aim of this analysis is to understand the asymptotic behaviour of the unitarily equivalent
systems (1.4) - (1.7) and (1.10) as h — 0. This in order to provide a simplified modelling for the
nonlinearities produced by charged particles confined in quantum wells (d = 3), wires (d = 2) or
layers (d = 1). Such a program has been carried out in [2], [3] and [13] with efficient numerical
applications in [4] for out-of equilibrium 1D problem. A variation of it (actually simpler than the
analysis in [2][3][13] for no scattering nor resonant states have to be considered here) provides the
result for the present 1D-Dirichlet problem with 2 = (0, L): the Poisson potential V" is uniformly
bounded in W1°°(Q) and converges in C%*(Q), a € (0,1), to V; defined by

_ (22‘21f(€i+/8))( — %)z, 0<z <,
Volz) = { (Xis1 fle +ﬂ))fﬂ(Li r), xo<x<L,



where {e;,7 > 1} is the point spectrum of Hy and $ is the unique solution to the nonlinear equation
B=xo(l—F)> s flei+B).

Hence for the 1D problem, the nonlinear effect produced at the quantum scale remain visible
at the macroscopic scale in the limit h — 0. This is no more the case in dimension d > 1.
Indeed, due to the different behaviour of the Green function of the Laplace operator in dimension
d = 2 and d = 3, the potential at the classical scale V" is expected to converge to 0 as h — 0,
although a simple ad absurdum argument shows that some nonlinearity still affects asymptotically
the spectrum of the quantum Hamiltonian. The complete description of this requires the analysis
of the asymptotic behaviour of both V" and V. Again the differences of the Green functions of
the Laplace operator in dimension d = 2 and d = 3 require different kind of arguments and lead to
different results: a renormalization of the logarithmic divergence has to be introduced in dimension
2, not in dimension 3.

Our main results, whose proofs are given in Sections 3 and 4, gather the asymptotic information
for the 3D and 2D cases.

Theorem 1.1 Let d =3 and let V" (resp. V") solve (1.4)(1.5)(1.7) (resp. (1.10))
1. The potential at the classical scale, V", converges strongly to 0 in HL(Q):
h 1/2
v HH(}(Q) = O(h'/?) .

2. By fizing the threshold es associated with f, there exists a unique (A, W) € (0,+00) %
HY(R3R) such that eg = info(—A + U + W) and

{ [~A+U+W] x=¢esx, with xe€ H*R3), Xl 2gey =1, (1.17)

AW = A |x|*.

3. With above notations, the potential at the quantum scale V" satisfies

lim H1th/h7WH —0.
h—0 Lo (R3)

4. There exists hy > 0 such that the eigenvalues e are larger than s and f(el) = 0 for all

i > 2 and all h < hy. The particle density at the quantum scale, h™">", fEM[wh)? =
L2
h=Lf(eh) \IJ?’ for h < hq, satisfies

}IL% ||19hh71f(6}11)|®}11|2 - A‘X|2HL1QL2(R3) =0.
Remark 1.2 The third statement prevents V" (z) = Vh(”;}f") from converging to 0 in the L°°-
norm.
Theorem 1.3 Let d =2 and let V" (resp. V") solve (1.4)(1.5)(1.7) (resp. (1.10))

1. The potential at the classical scale, V", converges strongly to 0 in H}(Q)

h = !
1V* 130y = © (Ilnhl) '

2. Take the thresﬂold eg associated with f and e; = info(—A +U) and set 6 =es —ey. Then
the potential V" at the quantum scale satisfies

lim [V g =0
h—0 L>({|z|<—kInh})

for any fixed k > 0.



3. There exists hy > 0 such that the eigenvalues e are larger than es and f(e*) = 0 for alli > 2
2

and all h < hy . The particle density at the quantum scale, ),y FEMEr? = f(eh) ‘ ~’f‘
for h < hy, satisfies

=O(|lnh|™Y),

’2
L2(R2)

lon f(eh) |1

2
‘ = lim [In | f(e") = 276.

h—0

lon f(e]) ’i’?

lim [ln A| ‘
h—0 L1(R2)
Remark 1.4 Contrarily to the 3D case, the total charge in the quantum well converges to 0 but

still has a spectral effect due to the logarithmic divergence of the Green function of the Laplace
operator.

2 Asymptotic estimates in dimension d = 2,3

In this Section our investigation is confined to the 2D and the 3D case. We give some preliminary
results related to the asymptotic behaviour for h — 0 of the charge density and the eigenvalues
related to the Schrodinger-Poisson problem. The classical or the quantum scale pictures will be
alternatively adopted depending on the strategies of the proofs. From the lower bounds

—~AV">0 inQ,and —AV">0 inQ", (2.1)
with homogeneous Dirichlet boundary condition, the maximum principle implies
Vh>0 inQand V">0 inQ". (2.2)
Thus, V" and V" define positive perturbations of the unitarily equivalent Hamiltonians
Hb = -p?A+U", D(HPM = H*n H}(Q) (2.3)
and
H=-A+U, D(H}) =H?nHNQY) (2.4)

respectively. The spectra of H and H! are bounded from below by the norm ||| Lo (ra) and we
can state

inf {e'}, = = 1Tl o - (2.5)

Due to the definition of the source term (1.5), V" and V" are generated by those energy levels eh
placed below the cut off g of the characteristic function f. In order to study the semiclassical
behaviour of our system, we are interested into the spectral properties of the Hamiltonians

H"= -R*A+U"+ V", D(H")=H?>nH;(Q) (2.6)

and y R R
H'= A4+ U+V", D(H") =H*>nH}(Q") (2.7)
in the spectral interval [— ||U]|; « , €s), as b — 0. In particular, a uniform bound for the number
of eigenvalues e € [ ||U||;« , €s) as b — 0 is required. Let us denote with {e?}ieN the point

spectrum of the unitarily equivalent Hamiltonians H(}} and I{I('f~ As noticed above, the operators
H" and H h are obtained as positive perturbations of H? and H* through the Poisson potentials
V" and V" respectively. Then, the minimax principle implies that

el <eh VieN. (2.8)
On the other hand, the eigenvalues e!' € [—||U||;~ ,es) converge to eigenvalues of the operator
Hy = —A+ U on R? as h — 0. Such a standard result is a consequence of exponential decay

estimates in classically forbidden region (the reader may refer to [8] for a general presentation and
to Lemma 4.5 for a variation of those arguments in our nonlinear framework). Previous remarks
lead to the following result.



Lemma 2.1 There exists a finite natural Ny such that Yh € (0, ho]

# (o(HY) N[~ [|U]l g~ »£5)) < No (2.9)
# (c(H") N[ U]y~ se5)) < No (2.10)

where o(H) denotes the spectrum of H.

Next we focus our attention on the Schrédinger-Poisson problem at the classical scale. To this
concern we recall the variational formulation of this problem given in [12] for dimensions d < 3.
Rephrasing the results of this work for our system, we can state that the solution to the equation
(1.4)(1.5)(1.7) is equivalent to the minimization problem

1
inf J(V); J(V)== [ |VV(2)*de+Tr[F(H"V))], 2.11
Jnt ) 30 = 5 [ [VV@)Rde+ T [F (1) (2.11)
where F' is the positive function
+oo
F(x) :/ f(s)ds, (2.12)
while the Hamiltonian H"(V) is given by
H"V)=-R*A+U"+V, DH"(V))=H*NHQ). (2.13)

Moreover, the function J(V') is Fréchet-C* w.r.t. V| strictly convex and coercive, that is a-convex,
on H}(Q) and (2.11) admits a unique solution in this space. The following Proposition is a direct
consequence of this result.

Proposition 2.2 The solutions to the Schrodinger-Poisson problem (1.4)(1.5)(1.7) are bounded
in HY(Q) uniformly with respect to h.

Proof. From the variational formulation recalled above, the solution V" is the minimum of the
convex map J(V), therefore we have

3 [ IV @Pdo + Tr [F (V)] < J(0) = Tr [F (H"(0)]

where H"(V") simply coincides with the Hamiltonian H”, while H"(0) can be identified with H
defined in (2.3). The relation

Tr[F (H'(V")] = ) F(el) >0,
i<No

with Ny given in Lemma 2.1, implies

V™ sy < 277 [F (H3)] - (2.14)

The explicit expression of the r.h.s. here is
e [F (Hy)] = Y Flel).
i<No
The result easily follows by combining (2.14) with the inequality
ZF(e?)SNO sup F<oo.
i<No z€[~||Ull oo €5)
]

From equation (1.4) we have

||n[vh]||H*1(Q) < ||Vh||Hg(Q) : (2.15)

The forthcoming Corollary is a straightforward consequence of (2.15) and Proposition 2.2.



Corollary 2.3 The charge density n[V"] is bounded in H—1(Q) uniformly with respect to h.

Next we use the assumption (1.16) and the estimates in Lemma A.1 of Appendix A to get
uniform upper and lower bounds for the spectral points of H" as h — 0.

Lemma 2.4 For hg small enough, the condition
eh < eg (2.16)

holds for all h € (0, hy).

Proof. We use a reductio ad absurdum argument. Let h € (0, ho] be such that e} > eg. It follows
from (1.2) and from the definition (1.5) that the corresponding charge density, n [Vﬁ], and, then,

the Poisson potential V" are null in €. In these conditions the Hamiltonians H” and H(’;l coincide
and we have

eh=el >eq. (2.17)

On the other hand, we already noticed that ! — inf o (Hy) as h — 0. Then from the assumption
(1.16), the condition

el <eg (2.18)
definitely holds for A — 0, which is in contradiction with (2.17). =
Theorem 2.5 The spectral points S?SNO fulfill the condition
lim inf e > eg. 2.19
im inf e > es (2.19)
In particular, for i =1 we have

Jim, eh=eg. (2.20)

Proof. We work in the classical scale. Since (|\I/ﬂ2) he(0,ho] 18 @ family of probability measures it
is weakly relatively compact in the set of bounded non negative Radon measures on €2 with total
mass < 1. We first check that it converges to d,, with the help of exponential decay estimates.
From Lemma 2.4, it is known that: € < g for all h € (0, hg]. Thus we can apply the estimates
(A.5) to write

‘/ |\I/}f|2g0 dz
Q

2
<[ gl et a
supp ¢

<Nl e wl]| | sup e <Ol sup e
L2(Q) TrESupp ¢ TESupp ¢

for any ¢ € L>°(€2), while ¢(z) is the Agmon distance from z, related to the potential (U" — )
and defined by the relation (A.7) of the Appendix. When supp ¢ is a compact set in Q\ {zo}, the
inequality (A.15) says that there exists ¢, > 0 such that

\Ifh2<pdm
| 1
Q

holds for A > 0 small enough. By taking the limit as h — 0, we get

/ ’\IJHQQO dx
Q

for all continuous function ¢ € C°(Q2) with suppp C Q\ {z¢}. Hence the probability measure
|Wh|2 converges in the narrow sense to 0y,

< C |lgllpe €™, (2.21)

=0

lim
h—0

[ 19t do i olan). o€ O°@). (222)



As a consequence of Corollary 2.3, the charge density: n[V"] = > i<No f(eM)|Wh|? is uniformly
bounded in H~1(Q) as h — 0. Let ¢ € (0,g0] with g9 small enough, and consider the test function

peta) = x(po- (L5 200) | aca

where R = sup,cq [z — 20|, x € C§°(€2) such that x(zo) = 1, and

1\* 1\“
6.0 = (1) 1)+ (102) 100,

with 0 < a < %. This function is continuous on  and in dimension d = 2 or 3 there exists
Cq > 0 such that

Ve € (0550] s ||90€||H3(Q) < Cq.
We get

£ [ 19EPoe do < nlV -2 oy ol ey < Cir

Taking into account the boundary condition: ¢, (z¢) = (ln %)a, the previous relation leads us to:
limsup,,_,o f(eh) < C§ [Ine|™“, for any € > 0, which implies

. h _
}llli% f(er)=0.
Finally, making use of e# > e? and f’ <0, we get
lim fem =o0. (2.23)

Remark 2.6 The informations given in the previous Theorem can be used to obtain some insight
about the singularity of the Poisson potential V" in the limit h — 0. Indeed, due to relation (2.23),
the charge density converges to zero in the weak* topology of H=1(Q). Moreover, we know from
Proposition 2.2 that the sequence of Poisson potentials V" is uniformly bounded in H}(Q) and, up
to extraction, weakly convergent in this space. From the equation

—AVh =n V"],

and the continuity of —/A on the space of distributions D', we obtain that V" is weakly convergent
to zero in HE(Q). Fizing p € [1,6) in dimension d = 3 or p € [1,+00) in dimension d = 2, the
previous result and the compact injection H'(Q) —<— LP(Q) (e.g. in [5]), give the convergence
V" — 0 in the strong LP-norm sense. However, the asymptotic condition (2.20) implies that,
in the limit h — 0, the Poisson potential produces a non null spectral perturbation of the limit
Hamiltonian — given by Hy (1.14) at the quantum scale. For this reason we expect that V! -+ 0 in
L>(Q).

Furthermore, we have some strong convergence for the density: using the normalization (1.12) of
the eigenfunctions, we can write

Hn[vh]HLl(Q) < Z fe?)

i<No

and, applying (2.23), we obtain that n[V" P~ 0 strongly in L*(Q) (and therefore strongly in the
space of bounded measures Mp(2)).

We now return to the quantum scale setting. Let us denote with A?

Al =1 f(e]). (2.24)



With this notations, the charge density at the quantum scale is described by

pr= A

i<No

2
’ h e (07 h’O] 5 (225)

W

and our system writes as

(_A LU+ f/h) Uh = ehih in Qh

—AVh=ph in Q" i he(0,h] . (2.26)

Nh‘ =0, Uh
aﬂh ) ?

Ok

Lemma 2.7 The coefficients A?SNO show the following properties:

e In dimension d = 3: the set {A%No,h € (0, ho]} s uniformly bounded w.r.t. h.

e In dimension d = 2: the set {Al_y In4,h € (0,ho]} is uniformly bounded w.r.t. h.
where (0, ho| is a suitable right neighbourhood of the origin.

Proof. First notice that, if e > eg, we have: A" = 0 and the statement is trivial. Thus, we can
assume in what follows: e < eg. This allows us to apply the estimates (A.17) and (A.18) to the
eigenvectors \I!?< N, in the limit i — 0. Let B, denotes the ball of radius r centered in the origin

of R?; for h — 0, the condition: B, C Q" definitely holds, and we can write

1= H\i;h ?
tllz(an)

:/ |\il?|2dx+/ e‘zcolml\ec‘)‘ml\iﬂzds&.
B, Q’L\BT

Corollary A.4 gives an estimate for the r.h.s. of this expression

/ |\i/?|2dx—|—/ 67260|x|\eco‘z|\i/?|2dax§/ \\i/?|2dx+067260r.
QM\ B, B,

r

Fixing r such that: Ce™2%" < %, which is always possible for Ay close enough to the origin, the
previous relations implies

. 1
|07 2d2 > 50 Vhe (0 hol. (2.27)

B,
This relation can be used to get an estimate for the potential V" inside B,. Indeed, from Lemma

2.4, we have
es > el Vh e (0,h)].

Moreover, it follows from the relation

h T h r1Thdh
— (" Gg"% ) :
€1 ( 1 1) 12an)

that )
h . rh T h)2 ; rh
>etr > —||U|l; v Udx > —||U||; 00 + = inf V",
s> el = =W+ (jng V) [ 100 > < U+ 5 it

which implies ~
inf V"< C, (2.28)
zE€B,

with C' > 0.

Let us denote with Ip, the characteristic function of the ball B, and with W" the solution to
the following problem
{ —AWh =p, in Q"
h _
W gon =0



with ~
pr=1Ip, Y Al'U}z)f.
i<No
Notice that
p" > p. on Q"

Therefore, by applying the maximum principle to the equation

A V}L_W}L) :Ph_Pr in Qh7

(-0
OOk
we get VP > W" in Q". The strategy of our proof is to show that the lower bound on B, for W"
depends on the sum }, \ A? in the 3-D case, or In + > i< N Al in the 2-D case. We will consider
the 3-D and the 2-D cases separately
Let d = 3. In order to obtain a lower bound for the function W, we compare W with G * p,,
where G = is the Green kernel of the Laplacian in R3 while '+’ denotes the convolution

operation. The difference W" — G x p,. solves the problem
{ —Au=0 inQ",

471'\z|

2.29
ulgon = =G * pr. (2.29)

Recalling that G * p,. is a positive function, the maximum principle applied to (2.29) leads to

(Wh—G+p,) >— sup (G*p,) inQ",
reoNh

from which we have
W">Gxp,— sup (Gxp,) inQ". (2.30)
z€EINN
o For z € 00" we have: |z| ~ O(+) as h — 0. Take R = d(B(wo, R),0f) in the classical scale.
Then at the quantum scale, the inequality

lz—yl=+, VyeB, (2.31)

= =

holds for any h € (0, hg]. Using (2.31) we get

G * prlogn = Z / Ias (w)dy

7,<N ank
< MR > Ah/ |B" (y)|2dy < —= = R ()" A, (2.32)
i<Np i<Np

e Forz,y € B, — T:Lm > 5-. From this condition and (2.27) it follows

1
Grprls, 2 gr 3 AL [ 18Py = (3 A, (239

i<No By i<No

Making use of (2.30), (2.32) and (2.33), and assuming h — 0, we get

h 1 h h h 1 h 4r
> Ay — —— AN = AN - —
w B — 167TT(,Z i) 47rR(_Z i) 167r7"(_z i Rh)
i< Np i<No 1<No
1 h
> (3 A, (2.34)
i<No

10



Recalling that V" > W" on Q" it follows from the last inequality that

. 1
Vh 2 g (D AL, Yhe (0,h] (2.35)
" i<Np

Combining this condition with (2.28) we get a uniform bound for ;. n Al as h € (0, hg]. This
concludes the proof in the 3-D case.

The 2-D case follows essentially the same line. Nevertheless, it is worthwhile to notice that
the Green kernel of the 2-D Laplacian, G(z) = —5= In |z|, does not have a fixed sign. Therefore,
relation (2.30) will be replaced by

Wh> G xp, + inf (~<G#p,) in Qr,
xeQh

while (2.32) and (2.33) respectively by

1 5 1 R o

— G prloggn = 5= > A?/ In|z —y|[WF(y)Pdy] > -—In ) Ai/ (U2 (y)[*dy
27‘[‘_ 27'[' h A B
i<Np T o0h i<No T

1 1
> (> A R+1Ing),
i<No

and
1 1 ~ 1 1
> _ E h M Pdy > — E "MyIn — .
i<No r 1<No
]

Remark 2.8 The previous result confirms the relation (2.23) obtained in the proof of Theorem
2.5. Moreover, it allows to establish a precise asymptotic order for f(s?SNO) when h — 0

e In dimension 3: f(el'cy ) = O (h) .

%

e In dimension 2: f(el'cy, ) = O ((ln %)_1) :
The next Lemma characterizes the compactness of the family \i'?g N, @ h — 0. In what follows
€ denotes a negative constant and Ign . denotes the characteristic function

1 forzeQ”and X <e,
0 otherwise .

Ion (@, A) = { (2.36)
Lemma 2.9 For i < Ny, ¢ € (—||U|«,0) and h € (0,hg], with hg > 0 small enough, the

following properties hold:

e In dimension d = 3, the family (HQh,E(‘,g?)qj?>h o] is relatively compact in LP(R®) with
€(0,ho
pell,6).
e In dimension d = 2, the family (HQh’E('7€?)qj?>h o] is relatively compact in LP(R?) with
€(0,ho

p€[l,400).

nu

i

2
e Hence in both cases ()H9h15(~75 ) is relatively compact in L* N L?(R?) .
he(0,ho]
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Proof. Fix p as follows: p € [1,6) in dimension d = 3, p € [1,400) in dimension d = 2. Due to
definition (2.36), we can restrict our investigation to the case ¢! < e. From Corollary A.4, we have

|

< |[ecolxph o <
Do) = He \Ill HLp(Q;) < C, Vh € (07h0] .

is uniformly bounded in LP(R?). Moreover, for any

i

us e family Qh,E( 52) he(0,ho]

bounded domain B C R?, it follows, again from Corollary A.4, that

HHQ}L,E('ﬂE’}il)@’}iL

g
)

H(B H(QM)

ol Iyt ecol | <C

< \ <
L2(Qh)

|

L2(Qh)

for all h € (0, hg]. By the compactness of the injection of H!(B) < LP(B), {]IQ;L, (el

L }he(o,hg]
is relatively compact in LP(B). Next, consider the LP-norm of Ign .(-,e?) ¥ on R\ B

p
— e~Pcolz
Lr(RI\B) Qh\B

<

For any > 0, there exists a bounded domain B, such that

el TG dg

~ p
H]IQ’”,E(H‘??)\IJ? ‘

- P
ecolx‘\l'?‘ dax) sup e Polrl <" gqup e Pl
z€RN\B z€RI\ B

Vh € (0, ho), Hﬂm,a(.,gh)iﬂz

i i

<n.
Lr(RI\By,) 7
This and the relative compactness on any bounded B due to Sobolev imbeddings provide the
relative compactness on the whole space R? (see Corollary IV.26 in [5]).
The third point follows from the Holder inequality

127 =162, 00 < 15 = gllzonty (15 1om o) + gl o)

LP(R4)

withp=1lorp=2. =

3 The asymptotic problem in the 3-D case

3.1 Asymptotic behaviour of the Poisson potential and the limit Poisson
problem

As already noticed in Remark 2.6, the role played by the Poisson potential at the classical scale,
V. presents an ambiguous interpretation. Indeed, it strongly converges to zero in LP, p < 6, as
h — 0, producing, at the same time, a non null spectral perturbation of the limit Hamiltonian,
corresponding to the spectral shift: g — e; (see the condition (2.20)). This ambiguity disappear
when the problem is considered at the quantum scale. In this Section we will show that, in the 3-D
case, the Poisson potential at the quantum scale has a non trivial asymptotic behaviour described
by a limit equation of Schrédinger-Poisson kind. The strategy of our proof consists in exploiting
the boundedness of the coefficients A” and the relative compactness properties of the eigenvectors
\il?, with e? < 0, to extract a converging sequence of charge densities. Then, as an intermediate
result, a limit Schrodinger-Poisson equation is obtained, modulo an extraction, by using standard
estimates (see (3.3) and (3.4) below) and the elliptic regularity of the limit Hamiltonian. In the
end, a uniqueness result for this asymptotic problem will ensure the convergence of the whole
family as h — 0. The intermediate arguments will often be written with the notation
lim g(h) = v

h—0
heD
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where D denotes a well chosen, countable or not, subset D C (0, hg] such that 0 € D. For example
the relative compactness stated in Lemma 2.7 and Lemma 2.9 can be used as follows: out of any
infinite subset S C (0, ko] with 0 € S, such a countable subset D can be extracted so that

. h _
lim [[1anp" = pll 112 gay = 0 (3.1)
heD

with p = E A xil’, Ai=1lm A’ >0 and lim H]I n o, €M)l —X“ =

vAh ! h—0 = h—0 LA ’ ! L2NL4(R3)
i<No heD heD

(3.2)
where ¢ is a constant in [eg,0).

Proposition 3.1 Let G be the Green function of the Laplace operator in R3. For a set D such
that the conditions (3.2)-(3.1) are verified, the potential at the quantum scale 1o, V" satisfies

hli% arV Gxp L) 0
heD

Proof. We start recalling a standard estimate. Let f € L' N L?(R?) and consider the convolution
G * f, whose Fourier Transform is

F(Ga 1)) =710

F f denoting the Transform of f. From the Young-Housdorff inequality, we know that Ff €
L? N L>(R3), which implies, using standard estimates, that

i
;

< C (Nl msy + 5y ) -
. (1121 sy + 1 22y

Then, we get
1G % Flleesy < C (I lsgesy + 1 oes) ) (3.3)

Moreover, from the above condition %ﬁ’“) € L'(R3) and the Riemann-Lebesgue Lemma, we also

obtain that the convolution G * f belongs to the space Cs (R?) of continuous functions vanishing
at oo

Gx* feOx(R?). (3.4)

The Poisson potential can be expressed by the action of the inverse Dirichlet-Laplacian on p’:

Vh = (—Agh)_l p", and the difference V* — G * p is bounded in Q" by

7ol < oo 2807

Lee(Q Loe (M)

+HG* (p—1anp") = (-28) " (p—»p |G * (p = 1omp") || o ey - (3.5)

h
Moo
The maximum principle, applied to the equation

{ —Au=0 in QP
ulgon = G * flagn

with f € L' N L?(R3), leads us to the estimate

||uHL°°(Qh) < sup |G+ f].
€N

13



If u is identified with the functions G * p — (—Agh)_l pand G (p — 1gnp") — (—Agh)_l (p—p")
appearing at the r.h.s of (3.5), the previous estimates gives

H‘”/h O« pHLw(Qh) < nggh |G * p| + 121;? G (p— 1o p")| + |G * (p — 1Qh/)h>HL00(Qh)
h
< s (G gl +2[G % (9= 100 ") |y -

Applying the properties (3.4) to G * p and (3.3) to G * (p —1gn ph), it follows from the conditions
Q" — R3 and (3.1) that

h _
[ oo

In the exterior domain R3\Q" we have

|17 = Gp| = G % pll o reyny — 0, (3.7)

o0 (R3\ 2 0

where (3.4) has been once more implemented.
From (3.6) and (3.7) it finally follows that

vh —G*pH } 0
Loo(Qh) | h—0,heD

h
HlmV -G x pHLm =) = max{”G # pll oo (m3\ 1Y 5

which concludes the proof. m
Concerning the problem at the classical scale, we can actually strengthen the result referred in
Remark 2.6.

Corollary 3.2 Under the assumptions of Proposition 3.1, the solution of the Schrédinger-Poisson
problem at the classical scale, (1.4)(1.5)(1.7), strongly converges to 0 in H}(Q) as h — 0 with

thHHé(Q) = O(h?).

Proof. The Poisson potentials at the classical and quantum scales are related by the change of
variables:  — Q" and the relation (1.11). In 3D, we have

[V e . (3.8)

”Hé( HL(QM)

Projecting the Poisson equation for V" (the second one in (2.26)) over V" itself, the norm

is estimated by

Ab [V g <Hf/hH Al
H HHI(Qh) Z /h| il v= LOC(RS),'ZJ;) Z

As it follows from Lemma 2.7 and Proposition 3.1, the coefficients A? are bounded and the family

L

of potentials (].Qh Vh)h p, COTIVerges in L>°(R3) as h — 0. Therefore we have
€
HhH <C, heD (3.9)
Hg (")

and, combining (3.8) and (3.9),

1
||vh||H3(Q) =0(h2), heD.
This concludes the proof. m
Next we investigate the limit shape of the family of Schrodinger-Poisson problems when h

belongs to a subset D verifying the conditions (3.2) and (3.1).

14



Proposition 3.3 Under the assumptions of Proposition 3.1, the following limits hold

lim infel >eg  fori>1, (3.10)
h : 5 h _ _ —
%%Al =4, i&li% Hlmqjl a X‘ L2NLAR3) 0, flzli% Hlmv GrA X HLOO(R3) =0, (311
heD heD

where A and x solve the problem

[FA+U+W]x=esx, IIXllpe@sy =1,
et (AL T W), (3.12)
—AW = A [x[?

Proof. Let N; be defined by

N1 = max {z

I h
}llli% infe} =eg } . (3.13)
Due to the result of Theorem 2.5, we know that N; > 1. Rephrasing the argument used at the
beginning of this Section, it is possible to find a set D C (0, hg], 0 € D, such that the conditions
(3.1) - (3.2) are verified and
Jim N, =€5. (3.14)
heD
In what follows, the constant e, appearing in (3.2), is strictly greater that eg. If we choose hg
small enough, this condition and the previous limit imply: e < ¢, for all h € D. Set i < Ny,
o € C§°(R3). According to (3.14), and to the results of Lemma 2.9 and Proposition 3.1, the
following limit holds

limo ([—A-I-U—&-f/h —sﬂ @, 1gn¥

—

heD

1) oy = (FAHU+ G = sl x)pages) -

with

p= Z A Ixil®, A= hm Al >0 and hm H]IQh (- eMuh *Xi‘ N
1< Np heD he

Moreover, in this limit, the support of the test function ¢ is definitely included in Q" and the
scalar product at the l.h.s. can be written as

([ A+U+Vh—gh ]w, Lon ] ) (% {—AWLU“LW‘EH @?)Lzmwzo’

L2(R3)

where (1.10) has been taken into account. Previous relations and the elliptic regularity of the
problem lead us to the following equation

[FA4+U+Gx*p] xi =esxi withi=1,..,N; (3.15)

in L?(R?). The normalization and orthogonality properties of the eigenvectors 19;1@% N, are
preserved for h — 0 and, in this limit, we have

||Xi||L2(]R3) =1, (3.16)

(Xi» Xj)LZ(Rs) = 51’]’ . (3.17)

The equations (3.15)-(3.16) define x; as an eigenvector related to the eigenvalue g of the limit
Hamiltonian H = —A + U + G x p. Let us focus our attention on the case i = 1. Due to the
characterization

¥ >0 ae onQ"
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of the fundamental mode of H”, and using the convergence of 1on¥# — x; in L%(R3), it follows
that: x; > 0 a.e. in R3. Recalling that the unique non negative eigenvector coincides with
the fundamental mode, we can identify y;with the fundamental mode of H and eg with its first
eigenvalue. Then, the non degeneracy of the first energy level eg and the linear independence of the
vectors x; (see relation (3.17)) forces Ny = 1. We conclude that the energy levels e/ | definitely
overcome the threshold eg as h — 0; therefore, the unique contribution to the charge density in

_ 2
the limit h — 0, comes from the term: A% ‘\Il’f‘ and, for a set D verifying (3.2)-(3.1), the limit
problem writes as (3.12). m

3.2 The limit equation

The limit Schrodinger-Poisson equation obtained above essentially depends from the convergence
of the charge density expressed by the conditions (3.1)-(3.2). The purpose, in what follows, is
to analyze the uniqueness of this limit. In particular we will prove that any family of densities
(ph)heD, fulfilling the convergence conditions (3.1)-(3.2), lead to the same limit equation (3.12)
which will be shown to have a unique solution verifying (3.11). Our strategy consists in proving
that the fundamental energy of the nonlinear limit Hamiltonian

~A+U+AGx|x]?

can be determined as an implicit function of the coupling parameter A. Then, making use of its
monotonicity properties, we are able to prove that there exists a unique setting {4, x, W} given
by (3.11).

Let us denote with H (W) the selfadjoint operator

HW)=-A+U+W, DHW))=H*R?). (3.18)
We consider the functional K, : H'(R3;R) — R

Ko (W) = %/R (VW) dz —as(W), a>0, (3.19)

e(W) = inf o(H(W)), (3.20)

where H! (R3;R) is the homogeneous Sobolev space of real functions defined as the completion of
C§°(R?) with respect to the scalar norm

1
2
IW s sy = ( [ o m) |
]Rfi

This is an Hilbert space for the scalar product (u,v)p: = [ps Vu - Vode and it is included in

LS(R3). A simple Fourier decomposition W (£) = W(f)lmgl({) + W({)l‘gbl(f) = W1(&) + Wa(€)
leads to

W=Wi+W,y, WyeL'Y(R%, W,eL*R%), (3.21)
withHWluLl F Wl 2 < C Wl - (3.22)
A direct application of Lemma B.1 implies

Lemma 3.4 The map (W) defined by (3.20) belongs to C° (Hl (R3; R), (—oo,()}) and is analytic
in the open set
S = {W € H'(R*R), e(W) < o} . (3.23)
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Proof. First note that the potential U, involved in the definition of H(W) = —A+ U + W and
e(W) = inf o(H(W)), belongs to H'(R). Hence Lemma B.1 can be used either with Hy = —A+U
or Hy = —A while replacing W with W/ = U + W. For W € HI(R3), the decomposition
(3.21)(3.22) allows to write for any 1 € H?(R3)

Wil L2 < [Whllpoe 191l 2 < CHW g 191l 2
W2l L2 < [IWall g2 91l oo < IW g [611AYI L2 + Cs (1]l 2]

where the last inequality is a consequence of the interpolation inequality [|1[|; < C [|A¢| 72 ]|~
for a = % < 1, in dimension d < 3. The function W is bounded with lim,_,. Wi(z) = 0 while
(1—A)~tWs; belongs to the space £2(L?(R?)) of Hilbert-Schmidt operator according to [18]. Hence
W = W1 +Ws is a relatively compact perturbation of (—A) in R3. All the conditions of Lemma B.1
are satisfied. m

Corollary 3.5 Let (W) denote the first normalized eigenvector of the Hamiltonian H(W). The
H?(R3)-valued map W + (W) is real analytic on S.

Proof. As in Lemma 3.4, the conditions of Lemma B.1 are satisfied. Then, the L2-analyticity
is a consequence of the Kato-Rellich theorem (see [17]-Theorem XIL.8) applied there. The H?-
analyticity comes from the eigenvalue equation —Ayp(W) = e(W)yp(W) — (U + W)yp(W). m

We will use the previous result to investigate the minimization problem

inf  K.(0) (3.24)
WeH! (R3;R)

with K, given by (3.19)-(3.20).

Proposition 3.6 The map (3.19)-(3.20) admits a unique global minimum in H'(R3;R) noted W,.
In particular, if W, € S, it is the unique solution of the Schrédinger-Poisson problem

7AW‘1 =a |'l/)a|2 . 3
{ H(W e = catha R (3.25)

with €4 = E(Wa)y Py = w(Wa)
Proof. The map K,(W) can be explicitly written as

1
Ka(W) = 5 W[ oy — as(W), a2 0. (3.26)

It follows from Lemma 3.4 that K,(W) is continuous on H'(R3;R). Moreover —e(W), defined as
the supremum of affine maps, is convex. Therefore the sum: K, (W) = 1 HW||%1(R3;R) —ae(W)
defines an a-convex (with a = 1) continuous map on H 1(R3;R). Hence the minimization problem
admits a unique solution W, € H'(R?;R).

In particular, if the minimum W, is attained in the set S — where K, (W) is differentiable — then
(3.24) is equivalent to the Euler equation dyw K,(W,) = 0 explicitly given by

VW, -VV —adwe(W,)- V=0 VYV e H (R%R), (3.27)
R3

with dwe(W,) - V denoting the action on V of the differential map dye evaluated in W,. This

term can be expressed as

dwe(W, / [ba* V. (3.28)

Equation (3.25) is a direct consequence of (3.27), (3.28) and the density of C5°(R3) in H'(R?;R).
(]

In what follows we consider the regularity properties, w.r.t. the variable a, of the maps W,, ¢,
and 1, introduced in the above Proposition.
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Lemma 3.7 Let W, denotes the minimum of the functional K,(W). With the notation of the
Proposition 3.6, the maps a — W, and a — &, are continuous in R, and the maps a — Wy,
a— Y, and a — €, are analytic in the domain a € X

S={aeR"|e, <0} . (3.29)

Proof. Let us consider the continuity problem at first. As already noticed in the proof of Propo-
sition 3.6, K, is a continuous a-convex map with o = 1. This implies

1 .
Ka(W) - Ka(Wa) 2 4 HW - Wa”iIl(R?’;JR) , VWe HI(R3§R) : (3-30)

Let us now fix agp € R™ and consider the difference W, — W,, when a belongs to a small neigh-
bourhood of ag. From the above estimate, we have

1 2
1 [Wa — Wao||H1(R3;R) < Kay(Wa) = Kag(Wa,) < [Ka(Wa) = Kag(Wao )| + |ao — af [ea| - (3.31)

Here we notice that for W = 0, the value K, (0) is defined by the first eigenvalue of the Hamiltonian
—A+U and belongs to the bounded interval (0, @ ||U||;~]. Therefore, for any a € R, the infimum
value of the map K, is bounded by a ||U||; . This circumstance implies

aleq] £ Ko(We) <allU| o - (3.32)

The map a — K,(W,) is non negative and concave as the infimum of non negative affine maps,
Ko(Wa) = infy, ¢ g gs gy —€(W)a + i ||I/VH%[1 . Therefore, it is continuous and previous relations
lead us to
. 2
algzl [Wa — WaoHHl(RS;R) =0. (3.33)
0

The continuity of the map a — &, is a direct consequence of this result and the continuity of (W)
(Lemma 3.4).

Next we investigate the analyticity problem. Owing to the continuity of ¢,, ¥ is an open and
non empty set, with 0 € ¥ as a consequence of the condition (1.16). Let a € X; as remarked in the
proof of Proposition 3.6, the corresponding minimum W, € S satisfies the FEuler equation

dwKo(W,) =0. (3.34)

Let I, and Iy, denote two open neighbourhoods of a and W, in ¥ and S respectively. For a
differentiable function f from H'(R3*R) to R and for W € H'(R*R), V. f(W) € H'(R?R)
denotes the gradient of f which represents the scalar product on H LR3;R) of the differential
df (W) : H'(R?*;R) — R. Due to Lemma 3.4, the map K, : I, — Iy, is analytic and V ,, K (W) =
W — aV (W) is well defined and analytic on Iy,. We introduce the map F' : I, x Iy, —
H'(R*R)
Fla,W)=W —aVe(W).
From (3.34), we have
F(a,W,) =0,
moreover

dwF(a,W,) =1 —aV%,e(W,) € L(H', H").
The convexity of —e(W) implies
— (VipeWa)V,V) 0 >0

This ensures the coercivity of the continuous symmetric bilinear form (V, V') — (dw F(a, Wo)V, V") 1.
Therefore, from Lax-Milgram Theorem, we know that dw F(a, W,,) is invertible and an implicit
function technique (e.g. in [15]) can be implemented to state that there exists an open neighbour-
hood of a, U,, and an analytic map a — W, from U, to Iy, such that

Fla,W,)=0, YaelU,.
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The function W, € H'(R3;R) solves the Euler equation (3.34) and, by Proposition 3.6, is the
unique minimum of K,; moreover it is real analytic w.r.t. « € U,. The analyticity of the maps
a +— g4 and a +— ), easily follows from this result and those obtained in Lemma 3.4 and Corollary
3.5. m

Lemma 3.8 The analytic function €., a € 3, defined in Lemma 3.7, is strictly increasing.

Proof. We recall that ¢, is defined as the composite map £(W,) where W, is the minimum of the
functional K,(W). We can apply the rule of derivation of composite maps (e.g. in [1]) and the
relation (3.28) to write

g;des(Wa)-W;Z/ a2 W (3.35)
]R.?)

W, denoting the variation of W,. Differentiating the minimum condition (3.27) w.r.t. a and using
(3.28) we obtain the equation

d .
/ VW!.VV —/ o>V — a—/ la|?V =0 VYV e HY(R?), (3.36)
R3 R3 da R3
where the last term at the Lh.s. can be rewritten as
d d
4 / a2V = Ldpe(W,) -V = d2e(W,) - (V, W) (3.37)
da Jps da

Setting V' = W/ in (3.36) and using the relations (3.35)-(3.37), we obtain the following represen-
tation of &,

= [ WL WL adde W) (WL W),
R

The r.h.s. of this expression defines the second differential of K,(W) evaluated in the point W,
and acting on the couple (W/, W/). From the convexity of this map, we know that

2y K,(Wo) - (V,V) >0 VYV € HY(R?R)

and the condition ¢/, > 0 follows. This condition, together with the analyticity of e, lead us to the
statement of the Lemma. =

We conclude this Section giving the proof of Theorem 1.1.
Proof of Theorem 1.1. We start considering the second statement of the Theorem. Making use
of the notations introduced above, the solution to (1.17) identifies with a couple (A, W) fulfilling
the minimization problem

inf K (W), (3.38)
WeH (R3;R)
and the condition
EA = ES, (3.39)

where eg is the fixed datum. In Proposition 3.3, it has been shown that there exists at least one
setting (A, GxA ‘X|2) — where A and x are defined as a limit in (3.11) — solving this problem.

Due to the Lemmas 3.7 and 3.8, the function a — &, is continuous on RT, strictly increasing on
the subset ¥ C RT and null outside ¥ (since W, is a Hyg-relatively compact)

€algr\x = 0-

Moreover, from the definition (1.14) and the assumption (1.16), it is known that: g = e; < eg.
The previous characterization of e, forces the solution, A, to the equation

A —Eg8

to be unique and strictly positive. Then, the uniqueness of the couple (A, W) follows from the
uniqueness of the minimum of K 4(W).
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The third statement relies on an ad absurdum argument. If 1, V" does not converge to the
potential W determined by the unique solution to (1.17), then we can find a set S C (0, hg], 0 € S,
such that

Hlmf/h—WH >¢, VheS.
L>(R3)
for some positive constant ¢. On the other hand, it is possible to extract a subset D € S, 0 € D,
such that (3.1) and (3.2) are verified. According to Proposition 3.1, Proposition 3.3 and the
previous uniqueness result, the following limit holds

lim (10077 — W —0,
h—0 Lo (R3)
heD
which contradicts the initial assumption.
The first statement of the Theorem is a consequence of the third one and Corollary 3.2. Finally,

the fourth statement is an application of Proposition 3.3, once the third statement holds true. m

4 The asymptotic problem in the 2-D case

The analysis of the asymptotic behaviour of the Poisson potential in the 2-D case needs a different
approach w.r.t. the one followed in the previous Section. This is essentially due to the fact that
the singularity of the integral kernel of (—A)fl, in dimension 2, prevents us to use the estimate
(3.3) and a global Fourier analysis approach in the study of the problem. Let consider the rescaled

density "
rh = Z Bl

i<No

~ 2
HQ’L,ES(',E?)Q? ; (41)

where, due to the results of Lemma 2.7, the coefficients
Bl =|Inh| A" (4.2)

are uniformly bounded w.r.t. h € (0, ho]. It is possible to extract out of any .S C (0, hol, 0 € S, a
subset D C S, 0 € D, such that
lim B!' = B;. (4.3)

h—0
heD

It is worthwhile to stress that the convergence conditions (4.3) contain the existence of a uniform
bound for B{L and B; w.r.t. h
Bh'"B;<C, VheD.

This property, together with the normalization condition H@f = 1, will be extensively used

L2(Qh)

in what follows. As already noticed (see the proof of Lemma 2.9), the family (]IQh, (-, s?)@?) he(0 1)
€(0,ho

is bounded in L? N L*(R?) uniformly w.r.t. the parameter h. Then, due to the definition (4.1), the

rescaled density (r)se(0,4,) is bounded in L' N L?(R?). Moreover, it follows from relation

1\
Lonp = (111 h) rh, (4.4)

that

HlﬂhthleLQ(]Rz) = O(|1Hh|71) (45>

as h — 0. The above result proves that, unlike the 3-D case, if any non null limit potential exists,
it will not satisfy a Poisson problem.

In this analysis, we consider the Poisson potential yh defined, in terms of the rescaled density,
by the equation

(4.6)

—AVh = (ln%)_l vt in QF
7"
oQh
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Our strategy consists into a direct estimate of the L>®-norm of the contribution to V" given by the
source term in a region of size O(In 1 ). The size O(In 4 ) appears naturally since it is small enough

to apply the multipole expansion of the (fA)_l—Green kernel on 9Q", and big enough to exploit
the exponential decay of the eigenfunctions outside a region of this size. In particular, exploiting
the compensation between the logaritmic singularity of the Laplacian’s Green function and the

scaling factor (ln %)71 appearing in (4.6), we are able to obtain an explicit asymptotic picture of
the Poisson potential, as h — 0, both at the classical and the quantum scales.

In what follows B, and B(x,r) denote the balls of radius r centered, respectively, in the origin
and in the point = of R%2. Moreover, we fix R and R’ such that the following inclusions hold

Br CQ"C B . (4.7)
h
Finally, setting R" = x (ln %) for some k > 0, the inclusions
Bpgn CB% c Qr (4.8)

hold for all h € (0, hg] when hg is chosen small enough, depending on x and R. Next, we consider
the decomposition

¢’11 :rhIBRh y ¢’QZ :rh (1_IBR)L) ) (49)
where Ip_, is the characteristic function of the ball Brr and r" is given by (4.1). The Poisson
potential V" can be written as ~

Vh=wP+wh, (4.10)

with )
— h — " gl in QP
{ AhW] (lnh) ¢7 in Q" (4.11)
W ogn =0

The next Lemmas give an asymptotic characterization as h — 0 of the fields W;L:LQ and Wh.

Lemma 4.1 For any x > 0, the function W5, defined by (4.1), (4.9) and (4.11) tends uniformly
to 0 on Q" as h — 0 with the following asymptotic order

h
w3 ||Lx(m) =0 (h) (4.12)
for some constant v € (0,1).
Proof. Let us introduce the auxiliary function
. 1\t
Wi = (ln h) G * ol (4.13)

where G denotes the Green kernel of the Laplacian in R?: G(z,y) = — 5= In|z — y|. The difference
W4 — W satisfies the equation
A (w;fw(g) =0 inQ",

Wh _ Wh‘ — ik
2 2 | son 2

(')Qh ?
and, due to the maximum principle, we get
W3 |l ooy < [IW3! = Wil ooy + [1Wa | e ny < W3 Loo oy + [1W3]| Lo (an) -

For R’ compliant with condition (4.7), previous inequality gives

||W2h||L°°(Qh) < 2HV~V2hHL°°(BR7/) . (4.14)
h
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In the next estimate the values of W4 over B » are considered. Let z € B 73 according to the

explicit definitions of I/V2 , o8 and 7", the umform boundedness of the coeﬂ"lments Bl <N, and the
decay estimate (A.18), we have

~ Inh|™*
) = (P [ e - vlef) dy

lnh - 2
LU ZB’L/ eyl [l i)

5 <€s

2T

~ 2
I fo = || [Lore B (y)| " dy

Inh| ™" b 9 R
ST Z Ble =
i

i<No R2\Bpgn
5?<Es
67260R ‘ ‘ h
<ot 1 H ol s
<O 3 [l il e
1IN0
5?<€s
- 2
+ e — g |10 e 2 3 dy
]RQ\(B(w,l)UBRh)
e—2coR" 2R’ o lul = 2
|In Al <N, R2\ (B(z,1)UB g1 )
55‘7<ss
e—QCoRh R colz
<O 2 {Hln el 7 ﬂh)]
i<No
E?<ES

< Cem20o0R" (\mh\‘l + 1) ,

where at each step C' is a suitable positive constant. Combining this estimate with (4.14), it easily

follows that
HWZ ||Loo(Qh) 10) (e—cofi“nh‘)

ash—0. m
Let us introduce the function

. 1\t
W = (m h) G * P (4.15)
and the constant 1
0=— ; .
o Z B;, (4.16)
lSNO

where, G denotes the Green kernel of the Laplacian in R*: G(z,y) = —5= In|z — y|, while B; are
the limits (4.3) of the coefficients B!

Lemma 4.2 For any £ > 0, let W} and W' be defined by (4.1), (4.9), (4.11) and (4.15), and
assume R, R’ and hqg satisfy the conditions (4.7) and (4.8). For a set D such that the condition
(4.3) is verified, the following limits hold

lim HW1 +9H —0, (4.17)
h L>°(Br/ \BR)
h h
i 180, =0
hlgb Wi = (W' +9) L= (Qh) 0 (4.18)
lim HWl H ~0. (4.19)
h—>0 L (Bgn)
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Proof. Take the function W}

ik (In 7) B } AN
Wi'(z) = ——*— Z Bil/ In |z —y| “I’z (Z/)‘ dy
27 R B
i<Np Rh
6?’<Es
on the set B&\B%. Let (r,9) and (v',9") denote the polar coordinates of the points = and y
h 3

respectively. For x € B/ \B% and y € Bpn, the ratio %/ is estimated by: %/ < gh (ln %), and the
h )
multipole expansion

k

+oo N\ Kk
1
Injz —y|=Inr — E - (;) [cos k) cos k¥ + sin ko sin ki)’
k=1

is uniformly convergent for %h (ln %) < 1. According to this expansion, the values of Wlh over the
set Br \B r can be expressed as follows
h 3

@?(y)(g dy+ o (|1nh|*1) .

i<No
s£‘<ss

1 1\t
In|z| = <1n h> <1+ (ln h) lnh|x|> .

When z belongs to a domain of size ~ %, the quantity Inh|z| is uniformly bounded as h — 0.
Therefore we get

- 1 )
W) ——- > 8

Wh( ) (hl%)_l Z Bhl | |/
T = X" h/ "In |z
! ©€By \Bn 27 ! B

Replace In |x| with

. 2 B
h @] dy+o(mn™) .

a:EBRT/\B% i<No By
a?’<ss
Making use of this expression, the norm HWlh + 9H admits the estimate
L> (B \BR)
W h

\i/f(y)‘2 dy—0|+o (|lnh|_1)

~ 1
[ +o] <l X
LW(B%/\B%) 2w < Bpn

s;‘<as

1 1
o 2 ’Bf
i<Np

6?’<Es

or - B;

;(Bm) +o(|1nh|*1) .

Taking into account the exponential decay of the eigenfunctions W with ¢ < eg and the limit

conditions B —  B;, we have
h—0, heD

~ 2 - 2
‘Bf h _ B, <B" H\I/h —1‘+|B?—Bi|
L2(Bgn) L2(Bgn)
~, 112 ~ .12 ~ 112
B || @ - ||or +|Bl - Bi| = Bl | ¥” +|Bl - Bj
L2(B ) L2(R?) L2(R2\B 1)

< Ble2o® el @t|” (Bt - By
— ? 2 LQ(R2) (2
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These inequalities lead us to (4.17). 3
Let us consider (4.18). The function W{* — (W{* + 0) is the unique solution to the problem

—Au=0 inQ",
ulggn = —(W} +0)|

oo
Using the Maximum Principle and (4.17), we get
Jim HW1 — (W19 H < lim HW1 +9H < lim HWl +0H —0.
L=(Qh) T ho0 L=(Q") ~ h=0 =By \Bp)

Concernmg the last limit, (4.19) we notice that, for any x € Brn, the following estimate holds

W@l = 3 B[ nle—yll [ d

i<No Rh
5h<es
1 - T, h 2
<c(1nh) Y (ke = ollsscoteny | 2]
1<No
5?’<€s

~ 2
+f e — g | ¥ )| dy
BR;,\B(J),l)

1\ ! NENE
<C(In— 1+1n 2Rh/ o d
( h) Z ( (2R%) BR;L\B(J;,I)‘ (y)‘ Y

i<Np
b
L2(Qh)>

5?<€s
C denoting, at each step, a suitable positive constant. The relevant term at the r.h.s. of this

‘\Ijh

—1
<C (m }11) > (1 + In(2R")
i <No

S
5?’<€5

expression is the product: (ln %)_1 ln(QRh), which, due to the definition of R", is proportional to
an infinitesimal of type %lnx with x = 2k (ln %) as h — 0. This concludes the proof. m
The results of previous Lemmas will help us to characterize the asymptotic shape of the Poisson
potential V" as h — 0.
Proposition 4.3 For a set D such that the condition (4.3) is verified with hg > 0 small enough,
the family of potentials (1Qh f/h)h is bounded in R? and uniformly convergent on any compact
D

€
domain to the constant potential 0 defined by (4.16)). More precisely, for any k > 0, setting
R" =k (In4), the family (f/h)h b satisfies the limit
€

lim th 9” ~0. (4.20)
th LOO(BR;L)

Proof. Set £ > 0, R" =k (In+). Let R and hg satisfy the condition (4.8). The decomposition
(4.10) and the results of the Lemmas 4.1 and 4.2, give the following auxiliary estimates

e Consider the difference V* — 6 on Bpn

[7 =],y < I = Ol + 19 e

< leh - HHLOO(B n) + HW2hHLoo(m) = HWlh - GHL“)(BR;L) + O (h")

L (BRh’)

< |wl - i +0) H . v L O

HLOO(BR;,,)

+O()  —

<[[wh - ot +o) +HWFH
Loo(Qh) L>(Bpp) h—0, heD

24



from which we get

lHnth H ~0. (4.21)
h—0 L>(Bpn)
e Consider 1x V" on RQ\B’E
h _ |ln h
1607 e oy = 17"y S 2 i g+ 192 s g
h h
< @y + W2 N ey = W2 e ) + O O07)
< Wt - Wi+mH + ||+ O (k")
L=(@"\By) L=(@"M\B )
< HW{L—(VT/{'+0)H - HVT/{‘ H +0OM®) — 0
Loo(Qh) L=(@"\Byg) h—0, heD
which gives
lim |10 7" —0. 4.22
hlg}) oV L>(R>\Bg) 0 (4.22)
R
e Finally we consider V" on Br \Bgn
h rh h
wil = (7l + )| |t + 9| W,
H HLOO(Bﬁ\BRh - H 1 +0) LOO(Qh)+ 1t Lo=(B 5 \Bn) H 2HL<>°(Qh)
wi - (W +0)| c+||w Wk .
<|wi—avt o . o] g W3] e )

From the results of Lemma 4.1 and 4.2, we have

C+H heD.

~hH (B g \B H (B gr\B
)
H Leoo( R\ rh) Loo( ;2\ Rrh)
0

Set = € B%\Bm; proceeding as in Lemma 4.2, the inequality

- ln

ip)| < L) ZB'L/ eyl | )| dy
<N
5<EOS

—1
1 ~
co(my) X (lnm—ylm(g(z,m |
<Ny

LQ(Q’I)>

holds, C' denoting at each step a positive constant. The leading asymptotic term at the r.h.s.

2 . 2
+1In —2R/ ‘\I/f(y)‘ dy
LA(QM) hJB \B(1)

I3
g; <€s

g(joni)_l§: <L+mHmh
i<No

R
g; <€s

of this expression is the product: (ln %)_1 In % which is a constant as h — 0. The above

considerations allow us to conclude that V" . is uniformly bounded for h € D, i.e. it
BE BRh
h

exists a positive constant C' such that

Hvﬂt g, SC VhED. (4.23)
RA\Bgh
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As a direct consequence of (4.21), (4.22) and (4.23), {1th/h}} b is bounded in the whole
1S

space uniformly w.r.t. h. Moreover, for any compact set K C R?, it exists hx € D such that
K C Bpn for all h e DN {h|h < hg }. This circumstance implies that

7 =0 iy = 7= o

Le=(K L>*(Bpp) h—0,heD

Corollary 4.4 Under the assumptions of Proposition 4.3, the family (Vh) converges strongly

to 0 in HX(Q)
h _ 1
IV iy _O(|1nh|) '

Proof. The Poisson potentials at the classical and quantum scales are related by the change of
variables: € — Q" and the relation (1.11). In 2D, we have

heD

thHHé(Q) - thHyg(m) ' (4.24)

Projecting the Poisson equation for V" (the second one in (2.26)) over V" itself, we can estimate
the H}-norm of this function by

~ 2 ~ ~ ~

vhH — [InA" Bf/ U2V dz < [lnh|™ H1 hvhH Bl

[7 ] 1y =10 2; [l U (P 2};
5::L<5S 6?<€S

Following the result of Proposition 4.3, we have

H1mf/hHL oy SC VRED,

and, due to the boundedness of the coefficients B!, it follows that

HV}LHH(%(Q) =0 (|lnh|71) :

]
As shown in Proposition 4.3, the limit potential at the quantum scale coincides with the constant
value 6 on compact sets. In the following Lemma we give a numerical estimate of this quantity.

Lemma 4.5 Let e; denotes the first eigenvalue of the Hamiltonian Hy = —A + U, D(Hy) =
H?(RY). Under the assumptions of Proposition 4.3, the following conditions hold
lim, infel >eg fori>1, (4.25)
}1111%5? =c1+0 and lim [Inh] f(eh) =276. (4.26)
heD

Proof. In what follows, N; denotes the integer

N7 = max {z

lim inf e = 55} ,

—0
while {ei}iSN is the point spectrum of Hy and Hy the operator
Hy=—-A+U+0, D(Hp) = H?*R?)

whose eigenvalues are
el =e;+0, i=1,.,N. (4.27)
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As in the proof of Proposition 3.3, it is possible to find a set D C (0, ho] such that condition (4.3)
is verified and the following limit holds

fllli% Ei<N, = €S, (4.28)
heD

with N7 > 1. Due to the above limit, one can set hy so small that 5?<N1 < %, Vh € D. This
property allows us to apply the exponential estimate (A.17) for all h € D.

To obtain the results stated in (4.25) and (4.26), it is enough to prove that: N; = 1 and
es = e1 4 0. The proof is articulated in three steps. We start showing that the eigenvalues el

of the Hamiltonian H”" asymptotically belong to the spectrum o(Hy) as h — 0. Then, the limit

. h )
%E%gigzvl =€
heD

is achieved. We conclude by using a spectral approximation argument.
o Consider the vector family: u?éNl = xh\IJ?SNl, where X" () = x(hx + z0) and y € C§°(R?) is
such that: y =1 on B% and x = 0 on R?\Bg, for a radius R > 0 verifying (4.7). Under these as-

sumptions, the functions ul' N, arein H 2(R?) and we can consider the difference: (H g — el ) ul. N
which is expressed by

(Ho — e )u = —(AxX" )W} = 2Vx" - VI — x"(VF - )F} .
The functions Vx” and Ax" are smooth and supported outside Bgn. A direct application of
estimate (A.17) gives
VX" VU |2 gmzy + [[(AX") T2 122y < Cllxllozqmey (b + h?)e "% Vhe D. (4.29)

Next, we define R" = Rln% and we suppose that hg is small enough so that (4.8) holds; using

(A.17), equation (4.20) and the boundedness of {1th/h}h 5 (obtained in Proposition 4.3) we
€

have Vh € D

~ - 2 _ ~ i )
Hxh(vh —0)¥; gy = ||X||2Loo(R2) / (V" — 0)T!da +/ (V" — 0)0h|2d
L2(R?) Bprn Qh\BRh,
R Qh,
and

. h ""h . ~}-l _

R

heD

Combining equations (4.29) and the result above, it is possible to find a function «(h) independent
of 7 such that a(h) — 0 when h — 0 and

H(H@ — 5?)“?HL2(R2) < Oé(h) VheD. (430)

Let us denote with d(\, o(H)) the distance of A € C from the spectrum of an Hamiltonian H.
Using a classical inequality for self-adjoint operators, we have

[ul||2reyd(el, o (Ho)) < ||(Hp — e} )ul'|| 12(me) - (4.31)

Due to the exponential decay relation (A.17) and the normalization condition (1.13), the mass of
wh concentrates around the origin. This circumstance allows us to obtain a uniform lower bound
for [, . |Uh2dz (see e.g. (2.27) in Lemma 2.7), and

2h

N =

i || 2 re) >
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for all h € D and hg small enough. Previous relations lead us to the following result

(e, o (Ha)) < 20|(Ho — <l —_ 0.

e The above condition and the limit (4.28), imply that eg € o(Hp) and, in particular
es = el (4.32)

for some k£ > 1. On the other hand, following the same line as in the previous step, it is possible
to show that R
Jim d(ef,o(Hy)) =0. (4.33)
heb
Here it follows a brief sketch of the proof. Let ¢; € H?(R?) denote the first normalized eigenvector

of Hy. Exploiting the Agmon distance on R? associated with the potential (U — £) from a point
x to the well w, it is possible to recover the quantum scale decay estimate

/RQ eco‘flgblf dm+/

R2
for suitable positive constants co and C' (this is the analogous of relation (A.6) in the whole space
case, we refer to Proposition 6.4 in [6] for this point). Setting v" = "¢, we have v* € D(H")
and

2
ecolﬂﬂlw)l’ dz < C (4.34)

(H" — el = —(Ax")p1 — 2VX". Vg1 + x" (V" = 0)¢, .

The estimate (4.34) allows to apply the same scheme as in the previous case. Therefore we have

> and }llir% H(ﬁh — et
heD

=0 (4.35)

o . -
2 L2(R2)

22

from which the relation (4.33) directly follows.
Using the constraints (4.28) and (4.32), a direct consequence of (4.33) is

Jim ey, =cs=e1+0. (4.36)
}ng

6 6
o Let b= 25" > 0. The unique spectral point of Hy in the interval I := [ef —b,ef +b] is €f;
moreover, Hy has no spectrum in {z,0 < d(z, ) < b}

o(Hy) N (I + BO,0)\I) = 2. (4.37)

From the previous point, we know that 5?< n, definitely belong to I when h € D. Next we consider

the vector space F spanned by the famil§ (uf) and the spectral subspace F' associated with

i<Ny
o(Hy)NI. By construction, F' coincides with the first eigenspace of the operator Hy. Using (A.17),

it can be easily shown that the matrix M = ((u}', u?)L2®2))1<ij<n, verifies

M=1+o0(1) (4.38)
when h — 0, h € D. Then, from Theorem 2.4 in [9] and the relation (4.30), the distance d(E, F)
(definition given in [9]) is estimated by

Nl) 2200) v ep, (4.39)

d(E,F) < ( )

/\min

where A denotes the smallest eigenvalue of M. Equation (4.38) implies

1
Amin = 1+ 0(1) >

- VYheD.
5 S
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Using the above equation and the limit condition limj_o a(h) = 0 in (4.39), we get
d(E,F) <1

for all h € D with hy small enough. This last condition allows us to state that the map Ig| :

E — F is injective (e.g. in Lemma 1.3 in [9]), from which the condition N; = 1, and then (4.25)

follow. For a set D such that condition (4.3) holds, the last limit limj_q |[In k| f(e}) = 270 is a
heD

simple rewriting of the definition (4.16) of 6 when (4.25) is true. m

We conclude this Section giving the proof of Theorem 1.3
Proof of Theorem 1.3. Let D, 0 € D, be any set for which the condition (4.3) is verified. The
constant 6 related to D is defined by

1 o
0= o Z Bi, lim Bj' = B;. (4.40)
1<Nop heD

Due to the relations (2.20) and (4.26), this constant is uniquely determined from the data of the
problem
0=cs—er. (4.41)

Assume now that the second statement is not true. Then there exists a constant x > 0, a set

S C (0,ho], 0 € S and a strictly positive constant ¢ such that HVh — QHL (o< > ¢ for all
*(lz|<—klIn

h € S. On the other hand, the boundedness of the coefficients stated in Lemma 2.7 allows us to

extract a subset D C S, 0 € D, such that the condition (4.3) is verified. Then the Proposition 4.3

brings a contradiction. We have proved ad absurdum, the second statement of Theorem 1.3.

The third statement is also proved by using an ad absurdum argument. Out of any infinite
set S C (0, ho] with 0 € S which contradicts the statement, a subset D C S with 0 € D can be
extracted so that (4.3) holds. Then the relation (4.5) implies the Ly estimate. Moreover Lemma 4.5
says that 5? > g for i > 2 and h small enough and provides the asymptotic behaviour of €? and
f(e?) as h — 0, h € D. Thus the subset S cannot exist.

The first statement is a direct consequence of the second one combined with Corollary 4.4. =

Acknowledgements The authors wish to acknowledge the contribution of Naoufel Ben Abdallah
and Florian Méhats, whose advice and remarks aided in the completion of this study.

A Agmon estimates

Agmon estimates form a standard technical tool in evaluating the rate of decay of eigenfunctions far
from the interaction support. In what follows we apply this technique to the case of the Schrédinger
Poisson system with a squeezing quantum well; in particular we give some useful decay estimates
for those stationary states — on both the classical and the quantum scales — related to the energies
below some negative energy. Let us first recall the definition of the Agmon distance associated
with a smooth potential V', defined on D C R?, and to the energy E

dv-se) = it [ VO =B () ds. (A1)

where P, , denotes the set of all regular curves connecting  and y in D. We have the classical
property
\Vedv_g(z,y))> < (V- EB), (z) ae. (A.2)

which is still true if we consider the Agmon distance from a set of points w (e.g. in [8])

dv_g(z,w) = ;Ielg dv-g(z,y).
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Lemma A.1 (Agmon estimates) Let ¢! be a spectral point of the (unitarily equivalent) Hamil-
tonians

H" = —p2A + UM+ V" (A.3)

and ~ R
H'=-A+U+V" (A.4)

placed below some negative energy: " < e where € € (—||U||p~,0). The related stationary states
— Wt and WP - admit the estimates

9 (e at)

+ He‘f’/hlll’»Z
()

3

<C (A.5)

L? 2@ —

h
i

<C, (A.6)

He&@
H1(Qh)

where C and C are suitable positive constants, ¢ and q~5 are the Agmon distances
¢($) = (1 - 6) dU”'—a(mawh)7 z €N (A7)

o(x) =1 —-08dy_c(z,w), z=e (A.8)

§ is a positive parameter smaller than 1, while w" and w are the support of UM and U respectively.

Proof. We start considering the problem at the quantum scale. We use the relation (see for
instance Theorem 1.1 in [9])

/ |V (ePu)|>dx + / (V — |Ve?)e?? u?de = / e (A +V)u-ude. (A.9)
Qn Qh Qn

Setting v = \ilf‘, p=¢and V=U+V"— el we get
s . . N2
/ IV (ePT1)2de = 7/ U+ V" — e — |Vg|?)e2* (\ph) dz, (A.10)
Qnr Qnr
and, due to (2.2),
- - c N2
/ |V (20 [2da < —/ (U — el — |Vg?)e2? (qfh> dz . (A.11)
Qnr Qr

Next we follow the same line as in Proposition 3.3.1 of [8] and introduce the set
O s={ze"|U-e>6},

where § is a small positive parameter. Relation (A.11) can be written as

~ ~ 7 ~ 2 1 b \T 2
/ V(e q/y)|2dx+/ (U — el — |V|?)e2? (xph) do < —/ (U - el = |Vg|*)e*? (‘If") dz,
Qh QF Q5

h,é

R (A.12)
with ) 5 = Qh\Q?;&. The function U — e — |V¢|? admits the following estimates
e The domain €, ; is inside the support of U; therefore, in this region, we have 6 =0,
U—el —|V|?=U ¢l and
sup — (U =&l = [V61*) < U] - (A.13)

TEQ, 5
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e In Q;[S; applying (A.2), we have
U—el = Vo> 2U el = (1-0)* (U ~¢)
> (U —¢)(26 — %) > 262 - 5°.

For ¢ < min {1, ||}, it follows

inf (U —eh |vg£|2) > 2. (A.14)

T
mGQhﬁ

Replacing (A.13) and (A.14) into (A.12) and taking into account the condition H\i/f S 1,
we obtain i i )
/ V(P51 2dz + 62 / 2 (8) de < U]
Qh Qs
and

~ . ~ ~ 2 ~ ~ 2
/ V(e qf?)|2dx+52/ ¢ (91) dw < ||U]) +52/ ¢ (U1) dw < ||U o + 67
Qh Qh -

h,5

This gives the estimate (A.6).
The analogous result at the classical scale (A.5) can be easily achieved making use of the change
of variables: Q" — ), and taking into account the relations (1.8) and

1
EdUh,E(x, wh) = dy_.(

r — X9

,w), €.
[

Remark A.2 The previous Lemma allows us to state that the stationary states related to negative
energies show an exponential decay outside the support of the potential well, which is given by w" or
w depending on the description adopted. In particular, for e < 0, we notice that the corresponding
Agmon metric

dx

—+ =

(Uhfs)_%da: and (U —¢)

identifies with the Fuclidian one )
le] 2dx

in the open domains v € RNG" and x € RN\w respectively. It follows that, in these regions, ¢(x)
and ¢(x) are strictly positive functions increasing, for |x| — oo, as the standard Fuclidean distance
in R%. This property can be rephrased by the following Lemma.

Lemma A.3 The functions ¢ and ¢, defined in (A.7)-(A.8), admit the following estimate
colx —xol —her <é(x) <colr—x0], €0 (A.15)
colr] —e1 <o(x) <eplz|, et (A.16)
where ¢;, 1 = 0,1,2, are suitable positive constants.

Corollary A.4 Set e € (—||U||1~,0). For e < ¢, the following estimates hold

ecol'l gh

! el yoh c, (A.17)

L2(Qh)

+|
)

L2(Qr

with: p € [1,6] in dimension d = 3 or p € [1,400) in dimension d = 2, and for suitable positive
constants C, C'.

<c, (A.18)
Lr(QM)

ecol \I,h’
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Proof. As a direct consequence of the estimate (A.6) and the inequality (A.16), it follows that
the L?-norm of the function el U" is uniformly bounded w.r.t. h.
For what concern the second contribution in (A.17), we notice that

eCo‘-‘fcl

v@g\ < }ea‘ﬁ vw] - \v (e%y) - (w;) il

The term Ve? at the r.h.s. is pointwise bounded by
. -
'Ve¢‘ <(U-e)e?,
as it comes from (A.2). Then, using once more the relation (A.6), we obtain

iy <7 (F)

From the continuous injection H' < LP and the Agmon estimate (A.6), we get

A ‘eq;\ilh <C

1
+ sup (U —¢)2 Laany =

ecol vl
L2(QM) zeQh

e

i

<C'.

[
LP(Qh)

Then, relation (A.18) easily follows taking into account the inequality eP (col[—e1)
]

~ . |P -~ |P
xp?’ < ‘ed’\ll?‘ .

B Further technical tools

Here is a basic result of functional analysis which is used in Section 3.2.

Lemma B.1 Let Hy be a closed self-adjoint operator on a Hilbert space H with inf o(Hy) = g¢ >
—00 and inf oess(Hy) = €p,es5. Assume that E is a real Banach space of symmetric relatively
bounded perturbations with relative bound 0 of Hy with the estimate

V6 >0,3Cs > 0;VW € E,Vy € D(Ho), Wl <5[[Wig[[Hotl| + Cs [Wlig 9] -

Then for any W € E, the operator Ho + W is self-adjoint with domain D(Hy + W) = D(H,),
bounded from below and the mapping € : E > W — ¢(W) = info(Hg + W) € R is continuous.
Moreover if any W € E is a relatively compact perturbation of Hy, then oess(Ho+ W) = 0ess(Hop)
for any W € E and the mapping € is real analytic on the open set {W € E,e(W) < €¢,ess} -

Proof. Any W € FE is a relatively bounded perturbation with bound less than 1 of Hy. Hence
Hy + W is self-adjoint with D(Hy + W) = D(Hy). The mapping ¢ is well defined from E to
RU{—o0} by

H
PEH\{0} Il

is concave as an infimum of affine functions. It is continuous when it is locally bounded. This is
again a consequence of our accurate relative boundedness with the second resolvent formula. Write
for A€ Rand A > 2|gg| +1

e(W) =

(Ho+ W +A) " = [Id+ (Ho+ A) "' W] ™ (Ho + )"

with
C
[ o+ 27 W = [[W (a0 + 07| < 26 1Wllp + 5 W

For |[W| 5 < R, and by taking A > 2|go| + 1 +3RC, /gy and § = 1/(6R), the resolvent (X + Hg +
W)~ exists and equals the series

(Ho + W4+ N)"1 = i(q)k[(x + Ho) "W\ + Hp)™! in L(H).
k=0
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Hence e(W) > —1 — 2|eg| — 3RCy(6r) When [|[W||; < R. This ends the proof of the continuity.
The additional relative compactness assumption with the Weyl and the Kato-Rellich theorems (see
[17])-1V) yield the second statement. m
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