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JOINS AND MEETS IN THE STRUCTURE OF CEERS

URI ANDREWS AND ANDREA SORBI

ABSTRACT. We study computably enumerable equivalence relations (ab-
breviated as ceers) under computable reducibility, and we investigate
the resulting degree structure Ceers, which is a poset with a smallest
and a greatest element. We point out a partition of the ceers into three
classes: the finite ceers, the light ceers, and the dark ceers. These classes
yield a partition of the degree structure as well, and in the language
of posets the corresponding classes of degrees are first order definable
within Ceers. There is no least, no maximal, no greatest dark degree,
but there are infinitely many minimal dark degrees. We study joins and
meets in Ceers, addressing the cases when two incomparable degrees
of ceers X,Y have or do not have a join or a meet according to where
X,Y are located in the classes of the aforementioned partition: in par-
ticular no pair of dark ceers has a join, and no pair in which at least
one ceer is dark has a meet. We also exhibit examples of ceers X,Y
having as a join their uniform join X @Y, but also examples with a
join which is strictly less than X @Y. We study join-irreducibility and
meet-irreducibility: every dark ceer is both join-, and meet-irreducible.
In particular we characterize the property of being meet-irreducible for
a ceer F/, by showing that it coincides with the property of E being self-
full, meaning that every reducibility from E to itself is in fact surjective
on its equivalence classes (this property properly extends darkness). We
then study the quotient structure obtained by dividing the poset Ceers
by the degrees of the finite ceers, and study joins and meets in this quo-
tient structure: interestingly, contrary to what happens in the structure
of ceers, here there are pairs of incomparable equivalence classes of dark
ceers having a join, and every element different from the greatest one
is meet-reducible. In fact in this quotient structure, every degree dif-
ferent from the greatest one has infinitely many strong minimal covers,
whereas in Ceers every degree different from the greatest one has either
infinitely many strong minimal covers, or the cone strictly above it has a
least element: this latter property characterizes the self-full degrees. We
look at automorphisms of Ceers, and show that there are continuum
many automorphisms fixing the dark ceers, and continuum many auto-
morphisms fixing the light ceers. Finally, we compute the complexity of
the index sets of the classes of ceers studied in the paper.
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1. INTRODUCTION

Given equivalence relations E, R on the set w of natural numbers we
say that E is computably reducible (or, simply, reducible) to R (notation:
E < R) if there exists a computable function f such that = F y if and only
if f(x) R f(y), for all x,y € w. This reducibility (which can be viewed as
a natural computable version of Borel reducibility on equivalence relations,
widely studied in descriptive set theory, see for instance [0, [14]) has recently
been investigated by several authors, both as a suitable tool for measuring
the relative complexity of familiar equivalence relations in computable math-
ematics (see for instance [I1], [12] [18]), and as an interesting object in itself
which is worthy of being studied from the computability theoretic point of
view (see for instance [15, [8] 2], B [4]).

Since < is a pre-ordering relation, it originates an equivalence relation
= by letting £ = Rif E < R and R < E. The equivalence class of an
equivalence relation E is called the degree of E, denoted by deg(E); on
degrees one defines the partial ordering relation deg(F) < deg(R) if E < R.

1.1. The computably enumerable equivalence relations. As is often
the case in computability theory when studying degree structures, also for
degrees of equivalence relations it seems natural to restrict attention to local
structures of degrees, for instance confining oneself to classes of equivalence
relations in the arithmetical hierarchy or in other hierarchies, and in partic-
ular to computably enumerable equivalence relations (i.e. equivalence rela-
tions E on w such that the set {(z,y) |  E y} is computably enumerable, or,
simply, c.e.), hereinafter called ceers, which play an important role in math-
ematical logic: they appear for instance as relations of provable equivalence
of well formed formulas in formal systems; or as word problems of finitely
presented structures; or as equality in computably enumerable structures
(also called positive structures in the Russian literature, where ceers are
more often called positive equivalence relations), a topic which dates back
at least to Mal'tsev [21] (translated in [22]): recent papers relating ceers
and computable reducibility to various algebraic and relational structures
are [16, [17, [13].

Although there is already a nontrivial literature on applications of com-
putable reducibility to ceers (pioneering papers in this regard are [9}[15]), em-
phasis so far has been mostly on the so-called universal ceers, i.e. those ceers
to which every other ceer is reducible (for a recent survey on universal ceers
see [1]): for instance, the relation of provable equivalence of strong enough
formal systems, such as Peano Arithmetic, is universal ([29, [7, 24] 20]); the
relation of isomorphism of finite presentations of groups is universal ([23]);
there are finitely presented groups whose word problem is universal ([23]; see
also [25]); sufficient conditions for ceers guaranteeing universality have been
pointed out, including precompleteness ([7]), uniform finite precompleteness
([24]), and uniform effective inseparability of distinct pairs of equivalence
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classes ([2]). Finally, the universal ceers can be nicely characterized as the
ceers which coincide up to equivalence with their jumps ([2]).

Restriction of < to ceers gives rise to a degree structure (Ceers, <) which
is a poset with a least element O (the degree of the ceers with only one
equivalence class) and a greatest element 1, consisting of the universal ceers.
It is shown in [2] that the first order theory (in the language of posets) of
the poset (Ceers, <) is undecidable. Apart from this, not much is known
about the structure of (Ceers, <), and this paper aims to fill in this gap.

Following Ershov [10], ceers together with the reducibility < can be struc-
tured as a category: if E, R are ceers then a morphism pu: E — R is a
function p : w/p —> w/R, between the respective quotient sets for which
there is a computable function f such that p([z]g) = [f(z)]r: we say in
this case that f induces p. Since monomorphisms in this category are easily
seen to coincide with the injective morphisms, then clearly £ < R if and
only if there exists a monomorphism p : E — R. We say that two ceers
E, R are isomorphic (in symbols: E ~ R) if they are isomorphic in the sense
of category theory, which, in this case, amounts to saying that there exists
a computable function (not necessarily a bijection) which induces a 1-1 and
onto morphism. The symbol Id denotes the equality relation, whereas Id,,
for n = 1 denotes equivalence mod,,. Every computable ceer with infinitely
many classes is isomorphic to Id; and every ceer with n classes is isomorphic
to Id,,.

Clearly ~ implies =, but it is easy to see that the converse is not always
true: in fact it is known (see [0]) that the universal degree 1 contains infin-
itely many different computable isomorphism types. Moreover, ~ does not
imply in general computable isomorphism, i.e. the existence of a computable
permutation inducing the isomorphism, but it is easy to see (see e.g. [2])
that it does so if all classes in both equivalence relations are infinite.

1.2. Notations and some background material. This paper is essen-
tially self-contained. Computability theoretic notations and terminology
can be found in any standard textbook such as [27] or [28]: in particular
{©ve | € € w} is a standard listing of all partial computable functions, and
{We | e € w} is a standard listing of all c.e. sets. In the rest of this section
we review some basic facts concerning ceers: for more on the topic see also
the papers [9] [15] 2].

We will refer to some acceptable indexing {R, | z € w} of the ceers (such
as the one defined in [2]), and to approximations {R, ; | z, s € w} such that
R.o=1d,R.s S R, 541, R. = |J, R, and R, s~\Id is a finite set uniformly
given in z, s by its canonical index.

Given an equivalence relation F, the E-equivalence class of a number z
will be denoted by [x]g; if U € w then [U]g denotes the E-closure of U, i.e.
the set of all numbers that are F-equivalent to some x € U; a set U is said
to be E-closed if U = [U]g.
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The next lemma shows that every onto monomorphism is an isomorphism
in the category of ceers.

Lemma 1.1. If f is a reduction of E to R with the property that the range
of f intersects every class in R, i.e., for every y, there is some x so that
f(z) Ry, then R < E.

Proof. Given a reduction f of E to R, let g(y) be the first z so that we see
that f(z) Ry. This gives a reduction of R to E. (]

If U € w then Ry denotes the equivalence relation x Ry y if and only if
x,y € U, or x = y. Clearly, if U is c.e. then Ry is a ceer.

Fact 1.2. [2] Let U,V be c.e. sets. The following hold:
(1) If V is infinite then U <1 V if an only if Ry < Ry.
(2) If U is c.e. and R < Ry then there exists a c.e. set V such that
R= Rv.

Proof. We sketch the proofs:

(1) If U <1 V via f then clearly f is also a reduction from Ry to Ry as
it maps distinct equivalence classes to distinct equivalence classes.
If f is a reduction witnessing that Ry < Ry and V is infinite, then
consider the function g which maps z to f(x) if f(z) ¢ {g(?) | i < z};
otherwise map z to the first y € V such that y ¢ {g(i) | i < z}. The
function g provides the desired reduction U <; V.

(2) Suppose that R < Ry via a reduction f. Pick any computable
surjection h : w — im(f) and let V' = h=L[U]: it is easy to check
that R = Ry .

[l

We recall the definition of the jump operation on ceers, due to Gao and
Gerdes [I5]. If E is a ceer, then we define the jump of E to be the ceer
E’, where x E' y if and only if = y or both ¢.(z), p,(y) converge and
¢z(z) E ¢y (y). For more information about this jump see [15} 2| 4].

Given equivalence relations F, R we denote by F @ R the equivalence
relation (called the uniform join, or uniform upper bound, of E, R) so that
x and y are equivalent if and only if x and y are both even, say x = 2u and
y =2v and u F v; or x and y are both odd, say x =2u+ 1 and y = 2v + 1
and u R v. Clearly, E® R is an upper bound of £ and R with respect to <.
A ceer F is called uniform join-irreducible ([4]) if E < R or E < S whenever
E<R®S.

Fact 1.3. [4] For every E, the jump E' is uniform join-irreducible.

Proof. This is Theorem 2.4 in [4]: for the convenience of the reader, we
sketch the proof therein given. Suppose f witnesses that E/ < R@® S. By
effective inseparability of the sets K; = {z | p,(z) |= i} and the definition
of E’, it is not difficult to see that for 4, j € K, f(i) and f(j) have the same
parity. So suppose f(i) is even for every i € K (a similar argument will
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apply if (i) is odd for every i € K): this gives that the set Y = f~1[2w +1]
is a decidable set in w ~ K. By productivity of w \ K it is easy to see that
there exists an infinite decidable set X contained in w \ (K uY). We are
now able to show that £/ < R. Fix a computable injection h from X uY
to X (notice that f(h(z)) is even for every z € X U Y), and define

@, ifzew~(XUY),
9le) = M, ifze XUY.
A straightforward case-by-case inspection shows that g reduces £/ < R. [
Corollary 1.4 ([2]). If E is universal then E is uniform join-irreducible.
Proof. If E is universal then E = E’, see e.g. [15]. O

1.3. A warning about terminology. To simplify notations and termi-
nology, throughout the paper we will often identify the degree deg(X) of a
given ceer X with the ceer X itself. In this vein (although nothing prevents
one from talking about joins and meets in a pre-ordered structure, though
they need not be unique, whereas they are unique in posets) when talking
about least upper bounds or greatest lower bounds of ceers we will mean
least upper bounds or greatest lower bounds of their degrees. Moreover we
will often identify computable functions with the morphisms they induce:
for instance, when we say that an equivalence class is in the range of a com-
putable function, we will in fact mean by this that the equivalence class is
in the range of the morphism induced by the function.

1.4. The main results of the paper. We show that the ceers can be par-
titioned into three classes: the finite ceers (Z), the light ceers (Light, those
for which there exists some computable listing (y;)ie, of infinitely many
pairwise non-equivalent numbers), and the dark ceers (Dark, the remaining
ones). These notions are closed under equivalence of ceers, so they partition
the degrees of ceers as well. In the language of posets, the corresponding
classes of degrees (also denoted by Z, Light and Dark) are first order defin-
able in Ceers. There is no least, no maximal, no greatest dark degree, but
there are infinitely many minimal dark degrees. We carry out a thorough
investigation on when incomparable degrees of ceers X,Y have a join or a
meet, as they vary in the classes Dark and Light: basically all possibilities
may happen, i.e. one can find pairs of ceers X,Y with or without a join or
a meet, except for the case when X,Y are both dark (when they have no
join), and the case of a pair in which at least one ceer is dark (when they
have no meet). Dark degrees are both join-irreducible and meet-irreducible.
In fact, meet-irreducibility characterizes a useful class of ceers, called self-
full, namely ceers E such that the range of every reduction from F to E
intersects all equivalence classes. Self-fullness properly extends darkness. It
is also interesting to observe that there are ceers X,Y with a join X v Y
such that X vY = X @Y, and examples when X vY < X@®Y. One of the
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main tools to prove results about meets is the Exact Pair Theorem We
then analyze what happens in the quotient structure Ceerszs obtained by
dividing Ceers modulo the degrees of finite ceers. Basically the main differ-
ences are that in the quotient structure there are incomparable dark degrees
with a join, incomparable dark-light pairs with a meet, and all non-universal
degrees are meet-reducible. Particular attention in the above investigation
has been given to the ceers of the form Ry, where X is a c.e. set. The afore-
mentioned results show in many cases simple elementary differences between
the structures Ceers, Dark, Light, Ceersz, Darkz and Light;. We show
that in Ceersy every degree different from the greatest one has infinitely
many strong minimal covers, whereas in Ceers every degree different from
the greatest one has either infinitely many strong minimal covers, or the
cone strictly above it has a least element: this latter property characterizes
the self-full degrees. Tables [I]through [6] summarize the behavior of joins and
meets in the structures Ceers and Ceersz. We look at automorphisms of
Ceers, and show that there are continuum many automorphisms fixing the
dark ceers, and continuum many automorphisms fixing the light ceers. Any
automorphism fixing the light ceers send every ceer to a ceer in the same
Z-degree. Since there are automorphisms of Ceers which do not preserve
the jump operation it follows that the jump is not first order definable in
the structure of Ceers. Finally, we compute the complexity of the index
sets of the classes of ceers studied in the paper.

2. PRELIMINARY OBSERVATIONS: UNIFORM JOINS, QUOTIENTS OF CEERS,
AND RESTRICTIONS

We begin with a few notions and easy preliminary observations which will
be repeatedly used in the rest of the paper.

2.1. Uniform joins. The operation @ on equivalence relations is asso-
ciative modulo = (even ~): whatever way one decides to associate, it
is easy to see that Fg @ E1 @ --- ® E,_1, with n > 2, is equivalent to
the equivalence relation x E y if and only if there is ¢ < n such that
x,y = ¢ mod, and % FE; % this will therefore be taken as the definition
of Eg@FE1®---® E,_1 throughout the paper. Given a countable collection
(Ei)iew of ceers we define @), E; to be the ceer so that {(j,z) @, E; (k,y) if
and only if j = k and = Ej; y: if the family (E;)e, is uniformly c.e. then
@, E; is a ceer.
The mapping X — X @1d; is an order embedding:

Lemma 2.1. E®Id; < R@Id; if and only if £ < R.

Proof. The right-to-left direction is immediate. For the other direction, let
f be a reduction of E @ 1Id; to R @ Id;. If the images of the E-classes all
land in R-classes, then the claim is obvious. Otherwise, let f(2a) be odd.

Then the E-class of a is computable, so we can define g(z) = @ ife Ea

and g(x) = @ otherwise. This gives a reduction of E to R. O
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Definition 2.2. We call an effective transversal of a ceer F any c.e. set U
whose elements are pairwise non-E-equivalent. A strong effective transversal
of a ceer F is a decidable effective transversal U such that [U]g = U.

Lemma 2.3. Suppose E, R are ceers such that there are a reduction f show-
ing £ < R, and an infinite effective transversal U of R such that the predi-
cate f(x) € [U]r is decidable. Then E®Id < R. In particular (by consider-
ing the identity reduction E < E) if E has an infinite effective transversal
U such that [U]g is decidable then E®Id < E. (Notice that the assumption
that the predicate f(x) € [U]g is decidable is trivially fulfilled if U is a strong
effective transversal).

Proof. Let f be a reduction from F to R, and let U be an infinite effective
transversal of R, effectively listed without repetitions by (v;)icw. Let V,W
be infinite disjoint c.e. sets so that U = V u W, with h,k computable
functions such that h is a bijection between {y; | i € w} and V, and k is a
bijection between w and W. Define a reduction from F®Id to R as follows:
map an even number 2z to f(z) if f(x) ¢ [U]g, and otherwise map 2z to
h(y;) if f(x) R y;; map 2z + 1 to k(x). O

Definition 2.4. If £, R, U, f are as in Lemma [2.3| we call U an effective
transversal (or a strong effective transversal according to the case) for the
reduction f from E to R.

Lemma 2.5. Suppose that f is a reduction from E to R, and there is an
effective transversal U of R such that [U|r does not intersect im(f) and
n = |U| (where |U| denotes the cardinality of U), with 1 < n < w. Then
E®1d, < R. Moreover, if [U]g contains all the equivalence classes not in
the range of f then E®1d, = R.

Proof. Let (y;)i<n effectively list U without repetitions. Map 2z — f(x)
and 2x + 1 — y; where = ¢ mod,, (x = ¢ mod,, means x = 7). The latter
claim about the equivalence £ @ Id,, = R follows from Lemma [l.1 O

2.2. Quotients. If E is an equivalence relation and W < w? then by Ew
we denote the equivalence relation generated by the set of pairs £ v W. If
W is a singleton, say W = {(=,y)}, then we simply write £/, instead of
E/((zy)- Clearly, if E is a ceer and W is c.e. then Ey is a ceer, called a
quotient of E: notation and terminology are motivated by the obvious facts
that ' < Ejy and, given a ceer R, we have that R is a quotient of E in
the sense of category theory (i.e. there is an onto morphism from E to R)
if and only if there is a c.e. set W < w? such that R ~ Ey.

Lemma 2.6. Let E be any ceer with a computable class [x]|g, and let
y be non-E-equivalent to x. Then E;,, ®ld1 = E. More generally if
(1,Y1),- -+, (Tn,yn), n = 1, are pairs so that each [z;|g is computable and
at least one pair consists of E-inequivalent numbers, then there is1 < k <n
such that E/((z, y)1<i<ny @ Idg = E.



8 ANDREWS AND SORBI

Proof. We prove the claim for n = 1. By Lemma [2.5] it is enough to see that
one can reduce Ey, ) to E by a reduction that misses exactly one class. For
this reduction simply send every z € [z]|g to y, every other element to itself.
The range of this reduction misses exactly [z]g.

The general case is similar. Just notice that k might be < n even if all
x; are non-E-equivalent and all y; are non-E-equivalent: this is the case for
instance if 1 E y9 and y; E x9, in which case we are creating less than n
E-collapses. O

Lemma 2.7. Suppose we have reductions of ceers By < R, Ey < R wit-
nessed respectively by computable functions fi, fa, and let W = {(z,y) |
fi(z) R fa(y}. Then (B @ E2)w < R, where for simplicity we denote
(E1 @ E2)yw = (Ev @ E2) /((20,2y+1) | (z.9)eW} -

Proof. A reduction h from (E @ Ea)w to R is simply h(2z) = fi(z) and
h(2x + 1) = fo(x). O

2.3. Restrictions. We conclude this preliminary section by defining the
notion of restriction of a ceer with respect to a given c.e. set.

If £ is a ceer and W is a c.e. set then pick a computable surjection
h:w — [W]g and define EIW (called the restriction of E to W) to be the
ceer x E'W y if and only if h(x) E h(y). It is easy to see that up to =
the definition does not depend on the chosen h. If [W]g is infinite we may
assume that h is a computable bijection h: w — [W]g. Clearly EIW < E.

The next lemma summarizes some properties of restrictions which will be
repeatedly used throughout the paper.

Lemma 2.8. The following hold:

(1) Suppose f gives a reduction E < R, W is a c.e. set, and U is an
effective transversal of R such that [U]r n [W]r = &, and im(f) <
[W]r v [U]lg. Then there exists a ceer Ey such that E < Eo @
Id,, where n < w is the number of classes in [U]gr (we agree that
E < Ey ®1Idg must be understood as E < Ey), and Ey < R via
a reduction whose image coincides exactly with the R-equivalence
classes of elements in ran(f) N [W]g (thus if R=X®Y and W is
the set of even numbers then Ey < X ). Moreover all classes in the
Ey-part of Eg ®1d,, are in the range of the reduction E < Eq®1d,,;
and if the range of f intersects all classes in [U]g then E = Ey®1d,,.

(2) Suppose f gives a reduction E < R®Id,, for some 1 < n € w. Then
there exists a ceer Ey such that By < R and E = Eg®1dy, for some
k < n.

(8) Suppose E < X ®1d,, and E <Y ®1d,, for some 1 <new. Then
there exists a ceer Ey such that By < X,Y and E = Ey® 1dg, for
some k < 2n.

(4) Suppose f gives a reduction E < R @ Id, where im(f) intersects
infinitely many classes in the Id-part. Then there exists a ceer Ey

such that Eg < R and £ = Ey @ 1d.
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Proof. We prove the various items one by one:

(1)

Let E,R, f,W,U be as in the statement of the lemma. Let Ey =
EV where V = f~[[W]g], and let h be the computable surjection
used to define the restriction. Then f o h gives a reduction of Ej to
R whose image coincides exactly with the R-equivalence classes of
elements in ran(f) n [W]g. For a reduction F < Ey@®1d,, choose a
computable listing (y;);<, without repetitions of U, and consider the
computable function ¢ defined as follows: on input x search for the
first y € WU so that f(z) Ry (exactly one of the two cases among
y€ W oryeU holds): if y e U, and y R y;, then map x — 2i + 1;
otherwise map x — 2h~!(z), where h™! is the partial computable
function so that h~!(z) is the first seen u such that h(u) = 2. It is
clear that all classes in the Ep-part are in the range of the reduction.
The last claim (about E = Ey @ Id,, if the range of f intersects all
classes in [U]Rr) follows from Lemma

In item (1) take W to be the even numbers and U its complement.
Then by item (1) there exists a ceer Ey such that Ey < R and
E < Ey®Id, If k < nis such that f hits exactly k£ classes in
the Id,-part then, by a slight modification, f can be viewed as a
reduction F < Fy@®Idg, which can be inverted by Lemmal 1.1}, as all
classes in the Ey-part and in the Idg-part are all in the range of the
reduction.

Let f, g provide reductions ¥ < X ®@1d, and F < Y ®1d,, respec-
tively. Take W to be the even numbers, and let Fy = EV, where
V = f7 W] n g [W]. Then arguing as in item (1) it is not diffi-
cult to show that Fy < X,Y, and F < Eg @ 1dsy,: in fact, as in the
previous item, F = Ey @ Id for some k < 2n, as all classes in the
FEy-part are in the range of the reduction.

Let Y = {y | 2y + 1 € range(f)}. Since Y is an infinite c.e. set
let ¢ be a computable bijection from Y to w. Then the function
h(z) = f(x) if f(z) is even, and h(z) = g(f(x)) if f(z) is odd is a
reduction, having all odd numbers in its range. By item (1) there is
a ceer Ey such that £ < Ey@1d and all classes of £y @1d are in the
range of the reduction, so that £ = Ey@® Id by Lemma (1.1

O

3. THE COLLECTION OF DARK CEERS

It is known that there are ceers R with infinitely many classes such that
Id £ R: for instance, take Ry where U is any simple set. This observation
originates the next definition, which singles out the class of dark ceers.

Definition 3.1. A ceer R is dark if it has infinitely many classes and Id € R,
i.e. there is no infinite c.e. set W so that xRy for each pair of distinct
z,ye W. If Id < E, then we say that E is light.
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Equivalently F is light if and only if there is an infinite effective transversal
of E.

Notice that every universal ceer is light. The next observation shows
that the dark ceers are downward closed among those with infinitely many
classes, and they are closed under @. In particular, a degree contains a
dark ceer if and only if it is comprised of only dark ceers; similarly a degree
contains a light ceer if and only if it is comprised of only light ceers.

Observation 3.2. If E < R, E has infinitely many classes, and R is dark,
then E is dark. If E1, Es are dark ceers then E1 @ Es is a dark ceer.

Proof. If E < R, E has infinitely many classes, and Id < FE, then Id < R.
Suppose F1 @ FEs is light, i.e., let X be an infinite effective transversal
of E1 @ E> (see Definition [2.2). Then either X contains an infinite set of
even elements or an infinite set of odd elements. Thus either Fq or FEy is
light. O

The following theorem shows that there is no least dark ceer, unlike the
light ceers (where Id is the least light ceer), and there are infinitely many
minimal dark ceers. It will be useful later to have this result combined with
lower cone avoidance, so we do that here.

Theorem 3.3. Let R be a given non-universal ceer. Then there are infin-
itely many pairwise incomparable dark ceers (Ej)ie, such that, for every l

and ceer X, B} € R and
X < Ej= (In)[X <1d,].

Proof. Let R be a given non-universal ceer, with computable approximations
{Rs | s € w} as in Section We construct a family (Ej)e, of ceers with
the following requirements, for all 7, j,1,1’,n, 0 € w:
!
i?j
Ll

: If W; intersects infinitely many Ej-classes, then it intersects [j]g, .

n + if [ # I’ then ¢, is not a reduction of E; to Ej.
T!: ¢, is not a reduction of Ej to R.

The @Q-requirements ensure that the ceers E; are pairwise incomparable,
and also they have infinitely many classes as each finite ceer 1d,, is com-
parable with any ceer. Satisfaction of the P-requirements will ensure that
the Ej are minimal and dark (see Lemma and Lemma below). The
T-requirements ensure that the ceers E; avoid the lower cone below R.

Lemma 3.4. Let E be any ceer satisfying each P-requirement (where Ej is
taken to be E), and suppose X < E. Then X <1d,, for some n.

Proof. Suppose f gives a reduction of X to E. Then either the image W =
im(f) of f intersects only finitely many classes, so X < Id,, or by satisfaction
of all Pi{j (where Ej is taken to be E and W is the range of f) it intersects
every class; but if f is a reduction of X to E whose image intersects every
class, then E < X by Lemma [I.1] O
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Lemma 3.5. Let E be any ceer with infinitely many classes satisfying every
P-requirement (where Ej is taken to be E). Then E is dark.

Proof. Suppose, for a contradiction, that W is an infinite effective transver-
sal of E. Let z € W and let V.= W ~ {z}. Then V intersects infinitely
many classes, thus by the Pl j-requirements (where W; is taken to be V and
E; is taken to be E), it must also intersect the class of . Thus W contains
two elements which are F-equivalent, contradicting the hypothesis. ([l

We fix a computable order of the requirements of order type w. A require-
ment R has higher priority than a requirement R’ if R strictly precedes R’ in
this order (we also say in this case that R’ has lower priority than R). Each
requirement will be allowed to restrain finitely many pairs of equivalence
classes: if a requirement imposes a restraint so that the equivalence classes
(la]g,, [b]E,) can not be Ej-collapsed by lower priority requirements, then
we say that it imposes the restraint (a,b,l). In turn, each strategy must be
able to satisfy its requirement given that it inherits such a finite restraint
from higher priority requirements. Then the standard finite injury machin-
ery (in particular, whenever any strategy acts in any way, it re-initializes all
lower priority requirements (or at least those which may be injured by the
actions of higher priority strategies and thus need to be re-initialized when
this happens) which must therefore start anew to pursue their strategies)
completes the construction. We describe the strategy for each requirement,
analyzing its outcomes.

Strategy for P;.: Suppose W; and [j]p, are still disjoint, and P} ; inher-

its finitely rnany palrs of classes which are restrained. Pll . waits for W; to
enumerate an element = so that there is no higher priority restraint (j,x,[).
Since higher priority requirements only restrain finitely many pairs of classes,
if W; intersects infinitely many FEj-classes, then eventually it will enumerate

some element x so that there is no restraint (j,z,[): at this point P -l - be-
comes ready to act, and (P} ;j-action) it Ej-collapses z to j. The outcomes are
clear: either we wait forever for such a number x (this is the case when W;
intersects only finitely many FE; equivalence classes); or we Ej-collapse some
x € W; with j (this outcome includes in fact also the case when W; n [j]g,
becomes nonempty even without our direct action, but only because W;
enumerates or has already enumerated a number already in [j]g,). Both
outcomes fulfill the requirement.

Strategy for Qf{l/ : Since we control both E; and Ej, we can diagonalize
directly. That is: We fix two distinct new elements x and y for Ej (z,y are

the parameters of Qf{l/; being new they are still non-Ej-equivalent) and re-
strain (x,y,1). When ¢, (), ¢, (y) both converge, then we diagonalize, that
is: either already gpn(a:) El/ gon(y), in which case we just keep our restraint

(x, y, 1), or still ¢y, (2) B en(y), in which case Qfml, becomes ready to act, and
Q4 —actwn) it Ej- collapses x to y and puts the restraint (¢, (), on(y),).
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The outcomes, both fulfilling the requirement, are: either we wait forever
for ¢, (z) and ¢, (y) to converge; or these computations converge, and when
they do so, either we do nothing but keeping the restraint (z,y, 1) if already
on(x) Ep pn(y); or we act if still ¢, (z)Eion(y). Either way, Qi{l, creates
a diagonalization which is then preserved by the restraints imposed by the
strategy.

Strategy for T'.: This strategy, which will be employed several times in
this paper, at first sight looks like it places infinite restraint, but in truth it
only places finite restraint. We call it the finitary-diagonalization strategy,
as a reminder that, despite its appearance, it is finitary. We fix a universal
ceer T', with computable approximations {7 | s € w} as in Section We
begin by choosing two new elements ag, a1. At this stage we set the restraint
(ap,a1,!) and we go into a waiting state; at each later stage when we define a
new ay, where k is least so that ay is currently not defined, we set restraints
(a;, ag,l) for every i < k and we go into a waiting state. We emerge from
a waiting state at stage s, having defined ay,...,ag, if for every ¢ < k we
have (at s) ¢,(a;) converges, and for every ¢,j < k we have a; E; a; if and
only if p,(a;) R ¢o(aj). In this case (Ti-action), we Ej-collapse every pair
a;,aj such that, at s, i T j and we go on defining a new ay41. (Notice that
this is the only way some of the a; can be Ej-collapsed, as lower-priority
requirements are not allowed to do so due to the restraints imposed by Té
every time we appoint a new ay.) The available numbers a; at stage s are
the parameters of T! at s. The strategy can be looked at as having possible
sub-outcomes 1,2, ...: when we appoint ag, a; we have current sub-outcome
1; from sub-outcome k we take sub-outcome k + 1 when the strategy acts,
i.e. we emerge (due to new R-collapses) from the waiting state relative to
aop, . ..,ag, and we appoint ag41. If we never abandon sub-outcome k (and
this is the case if @,(ag) or p,(ax) does not converge, or otherwise ¢, is
defined on each ag,...,ar but fails anyway to be a reduction F; < R, as
witnessed by some pair some a;, aj, with 4, j < k) and thus we never move to
sub-outcome k + 1, then we have that sub-outcome k is the (final) outcome
of the strategy and the requirement is fulfilled as ¢, is not a reduction.

The next lemma shows that in isolation the T-strategy eventually hits its
final winning outcome.

Lemma 3.6. The finitary-diagonalization strategy is finitary. That is: it
places finite restraint, acts only finitely often, and the corresponding require-
ment is satisfied.

Proof. Suppose that the requirement acts infinitely often. Then for every
1 a parameter a; is eventually appointed, and for each i,j, we must have
i T j if and only if ¢,(a;) R ¢o(aj). But this gives a reduction of 7' to R
contradicting the assumption that R is not universal. [l

The construction: The construction is by stages. At stage s we define
the current values Ej ; of E; and of the parameters relative to the various
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requirements: only finitely many parameters are defined at each stage. A
requirement R = Qi{l/ has parameters x7(s),y%(s); and R = T! has pa-
rameters aﬁs, el ak,Rs, for a certain k > 1, which can also be regarded as
a parameter of the fequirement. Moreover each requirement R deals with
a finite set pf consisting of all triples (a,b,l) imposed by a higher priority
requirement: of course R cares only for those restraints (a,b,l) where [ is
such that R-action could entail Ej-collapsing. In accordance with the infor-
mal description of the strategies, a requirement R is ready to act when its
strategy, for the relevant index [, may Ej-collapse two numbers u,v (as in
the description of the strategies) so that there is no (a,b,) € pft, with cur-
rently v F; a and v E; b. In fact only P-requirements R wait for an action
which avoids pf': the other requirements simply deal with pf* by choosing
parameters which are new and thus none of them is equivalent with any a
which is a first or second coordinate of a triple in p’.

In the rest of the proof, in reference to the various parameters, we will
omit to specify the superscript R which will be clearly understood from the
context. At the beginning of a stage s a number is new if it is bigger than
any number Ej-equivalent, for some [, to any number mentioned so far by the
construction. A requirement R which is not a P-requirement is initialized at
stage s if the parameters of R are set to be undefined at s: we also stipulate
that when R is initialized the restraint imposed by R is cancelled. We say
that a requirement R requires attention at stage s, if either R = Pl-{j (for
some [,1,7), and W; and [j]; are still disjoint, but now R is ready to act as
described; or R € {Qi{l/,Tol | k,1,I',0 € w} and R is initialized, or otherwise
R has not as yet acted after its last initialization but now is ready to take
action as described. (The asymmetry in the previous definitions between

requirements of the form PZ{ j and the other ones, is that once it has acted,

PZ.ZJ. is satisfied once for all, it will never be injured, and thus it does not
need to be re-initialized. On the other hand, the other requirements must
choose new parameters to avoid the restraint imposed by higher priority

requirements when these act.)

Stage 0. Initialize all requirements R which are not P-requirements. De-
fine £ g = Id, for each .

Stage s + 1. (All parameters, computations and approximations are un-
derstood to be evaluated at stage s.) Consider the least R that requires
attention at s + 1. (Since infinitely many strategies are initialized, such a
least strategy R exists.)

IfR= Pi{j7 for some [, 1, j, then take Pil’j—action as described. Otherwise

e if R is initialized then choose new parameters for R, as described in
the strategy for R. In detail: if R = Qi{l/ then R chooses new z, y;
if R= Té, then R chooses new ag, a.

e if R is not initialized and R is a Q- or T-requirement then take R-
action. (If R is a T-requirement, this means also to appoint a new
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parameter ax1 on top of the already existing ay, . .., a.) Moreover,
R may put new restraints (as described earlier), thus updating the
restraint sets pRl for lower-priority requirements R’.

Whatever case holds, we initialize all requirements R’ of lower priority than
R which are not P-requirements, and go to next stage. Initialization is
a mechanism that will guarantee the desired restraints against lower pri-
ority requirements: since after initialization a requirement R chooses new
parameters (thus not Ej-equivalent to numbers appearing in p® for any 1)
its strategy is automatically respectful of the restraints imposed by higher
priority requirements, and for every [ the new parameters are also pairwise
Ej-inequivalent, so that the requirement may in turn restrain them if needed.

Finally define Ej 511 to be the equivalence relation generated by Ej s plus
the pairs which have been Ej-collapsed at stage s + 1.

Verification: Each strategy is finitary and the corresponding requirement
is eventually satisfied. Indeed, assume inductively on the priority ordering
of requirements that R is such that every higher priority requirement stops
acting at some stage and is satisfied. Then there is a least stage after which
R is not re-initialized any more and its current parameters, if any and once
defined, are never cancelled; since the restraint set p’ built up by the higher-
priority requirements stops changing at this stage, R can pursue its strategy
without any more interferences due to higher-priority requirements. If R is
a T-requirement then Lemma [3.6[shows that eventually R stops acting, and
is satisfied. As to the other strategies, after last initialization they never act,
or act at most once in the cases of P- or (Q-requirements, and are satisfied,
as is clear by Lemmata[3.4] and the above analysis of the outcomes. [J

Corollary 3.7. There is no greatest dark ceer.

Proof. Given a dark (hence non-universal) ceer R, the above theorem pro-
duces dark ceers not below R. g

Corollary 3.8. There is no maximal dark ceer.

Proof. We argue that any maximal dark ceer would also be a greatest dark
ceer. Let E be a maximal dark ceer and let R be any dark ceer. Then E@ R,
being dark and > FE, must also be < E. Thus R < E. O

Figure [1] illustrates the partition of ceers into the three classes Dark =
dark ceers, Light = light ceers, Z = finite ceers: the partition of course
induces a partition of the degrees of ceers as well. Every dark ceer F is
bounded by E @®Id which is light and non-universal by Corollary [I.4] For a
complete understanding of the picture notice also the following corollary.

Corollary 3.9. If X <Id then X € Z or X =1d.

Proof. Suppose that X < Id and X has infinitely many classes. Then
X < Id;®Id and the hypotheses of Lemma [2.8(4), are satisfied: thus
X =1d; @ 1d, which is = Id. U
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P universal ceers

DARK |

Y1 (identity)

A j ‘Id;; (three eq. classes)
‘ Ids (two eq. classes)

Id; (one eq. class)

FI1GURE 1. The poset of degree of ceers: some of the degrees
are identified through representatives. The three classes Z,
Dark, and Light are pairwise disjoint.

4. SELF-FULLNESS

The next definition singles out the ceers F for which, in a category theo-
retic terminology, every monomorphism from F to E is an isomorphism.

Definition 4.1. We say that FE is self-full if for every reduction g of F to
E and every j € w, there is a k so that g(k) € [j]g.

Observation 4.2. E is non-self-full if and only if E®1dy < FE.

Proof. Suppose E is non-self-full: then there is a reduction f of F to itself
missing the class of j for some element j. Then we can provide a reduction
of E®Id; to E by g(2z) = f(x) and g(2z + 1) = j.

In the other direction, suppose that E@®1d; < E and let g be a reduction
witnessing this. Then n — g(2n) gives a reduction of E to itself missing the
class of g(1). O

Corollary 4.3. If E is self-full then for every h € w, E®1dy, is self-full.

Proof. By the previous observation it is easy to see that if E is self-full then
sois E®Id;. O

The next corollary shows that every self-full degree is comprised of only
self-full ceers.

Corollary 4.4. If E = R, then E s self-full if and only if R is self-full.

Proof. Assume E = R and suppose E is non-self-full. Then by Observa-
tion R®Id; < E®Id; < F < R. Thus, again by Observation it
follows that R is non-self-full. Symmetrically, if R is non-self-full, then so is
E. O
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In a pre-order (P, <), we say that y is a strong minimal cover of x, if
x <y and for all z, z < y implies z < x.

Lemma 4.5. For any self-full degree E, E®1d; is a strong minimal cover
of E. Further if X > E, then X = E®Idy, i.e., in the dual pre-order, E is
a strong minimal cover of E®1d;.

Proof. Let X < E®I1d; be given by a reduction f, and let E be self-full. If
the Id;-class is not in the range of f, then X < E. If some class [j]egid,
in the E-part is missed by f, then X ®Id; < F @ Id; by sending 2x to
f(x), and the odd numbers to j. Thus by Lemma X < E. Otherwise,
f intersects all classes of £ @ Id;, so we get £ P Id; < X by Lemma [I.1
Suppose ' < X given by the reduction f. Since X € FE, f does not
intersect all the classes of X by Lemma Let = be so that [z]x is not
in the range of f. Then ¢g(2y) = f(y) and ¢g(2y + 1) = z is a reduction of
E®ld; to X. O

In next lemma, and in other parts of the paper, we employ to notation
%) to denote the k-th iterate of a given (possibly partial) function f (i.e.,

FO(2) = & and fE (@) = f(f®)(2)).
Lemma 4.6. Fvery dark ceer is self-full.

Proof. Suppose F is not self-full witnessed by a reduction g of E®Id; to £
(see Observation[4.2). Let f be the map f(z) = g(2z). Let a be g(1). Then
since the F-class of a is not in the range of f, for any £ > 1 we have that
a¥f*)(a). But f is a reduction of E to E, so f(™(a)Ef"+k)(a) for every
n and for every k > 1. Thus the infinite c.e. set {f™)(a) | m € w} witnesses
that E is light. O

An interesting consequence of the previous lemma is the following result.

Lemma 4.7. Let E be a dark ceer, and let R be any proper quotient of E.
Then E £ R.

Proof. Suppose f is a reduction from E to R, with R a proper quotient of
E, and FE dark. Firstly, we note that f preserves non-E-equivalence: if Ky
then f(z)Kf(y), but since R is a quotient of E, we see that this implies
f@)Ef(y).

We now claim that for every ¢ there exists x such that f(x) E ¢. Suppose
not, and let ¢ be such that f(z)Kc for every z. But then f(") (¢c)Ec for every
n > 1. Since f preserves non-E-equivalence we have that f("+5) (¢)Ef(%)(¢)
for every n > 1, and k. This gives an infinite c.e. set {f(™)(c) : m € w} of
non- F-equivalent elements, contradicting that F is dark.

Let a,b be such that aXb but a R b. Using the above claim, define by
induction the following sequence (x;)ien of numbers: let xg be such that
f(xo) E a, and z;41 be such that f(z;+1) F z;. Note that, as f preserves
non-F-equivalence, the sequence of the E-equivalence classes of these num-
bers is uniquely determined, although the choice of x; itself is not. We now
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distinguish two cases for the sequence (;);e,, and see that either case leads
to a contradiction, so no computable function f reducing E to R exists.

Case 1: (Vi)[z£a] or (Vi)[x,Eb]. We show that this case implies that E is
light, a contradiction. Assume first that z;£a for all . By induction on n we
show the following claim: £ (a)Fx; for all i, and if n > 0 then £ (a)¥a.
For n = 0 this is trivial, as we already assume that f{") (a) = aFx; for
all i. If n = 1 then f(a)Fa as otherwise f(a) E a E f(xg) giving that
a E xo (by uniqueness of the E-class of (), contrary to the assumptions;
if f(a) E z; then, by uniqueness of the FE-class of x;1 we have x;11 F
a,contrary to the assumptions. So assume that the claim is true of n > 1:
if f*tD(a) = f(f™(a)) E a, then again f(a) E x(, contrary to the
inductive hypothesis; if f*+1(a) = f(f(a)) E x; then again f"(a) E
Ti+1, contrary to the inductive hypothesis. So, in particular, for every n > 0,
fn) (a)Fa, and as f preserves non-FE-equivalence, for every k and n > 1,
fO+R) (a)E'f*)(a), showing that the c.e. set {f(™)(a) | m € w} is comprised
of E-inequivalent numbers, so that £ would be light, a contradiction.

Now, we can run the same argument for b: so assume that z;£b for all i.
Note that if we used b to define the sequence (z;);ew (i.e. we start with zy be
such that f(z¢) F b) then we get precisely the same sequence of F-classes
[zi]g. This is because f is a reduction of E to R and a R b so the only
E-class that can be sent to [b]g (thus sent to [b]g) is the same [z¢]p as
before. Therefore precisely the same argument as above again shows that E
is light assuming no x; is E-equivalent to b.

Case 2: Otherwise. Since Case 1) does not hold, let i, be least so that
z; F a and x; E b, respectively. Obviously i # j because aFb. So suppose
i <j. From z; E a we have f(z;+1) E x; E a, thus x;4; E x, and for all k,
Zi+k+1 E xp (again by uniqueness of the E-classes of the z-sequence). Now,
let £ be such that j = ¢ 4+ k 4 1: it then follows that z; = x;4+1 E o, thus
b E zp with k < j contradicting minimality of j.

A similar argument applies if we assume that j < ¢. O

In fact, Lemma [.7] leads to another characterization of the dark ceers
(and consequently of the light ceers):

Theorem 4.8. A ceer E is light if and only if there is a non-trivial quotient
R of E so that R is universal.

Proof. Suppose E is light. Let Y = {y; | i € w} be the range of the reduction
Id < E. Let A be a universal ceer. Then let X be the set of pairs {(y;,y;) |
i Aj}. Then A < E/x via the reduction i — y;.

Lemma [4.7] gives the reverse direction, as the case of an E with finitely
many classes is trivial. ([l

One approximation to Lemma [£.7] for self-full ceers is the following:
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Lemma 4.9. If [z;]g for 1 < i < n are computable E-classes and E is
self-full, then E £ E/((z, yi)|1<i<n) for any tuple of y;, unless y; E x; for all
1<i<n.

Proof. If y;,Fx; for some 1 < i < n then by Lemma E/((; y)<i<n} ©
Idy = FE for some 1 < k < n. Thus, if & < Ejg,y,)1<i<n}, We would
see that E'® Id1 < E)((y, y)1<i<n} @ Id1 < E, contradicting self-fullness of
E. O

In view of Lemma {4.6] one might hope that darkness and self-fullness
coincide. The following theorem shows that this is very much not the case.
In fact, it shows that every non-universal ceer is bounded by a self-full ceer,
and even there are self-full strong minimal covers of Id, as easily follows
from the theorem by taking A = Id.

Theorem 4.10. Let A be any non-universal ceer. Then there are infinitely
many incomparable self-full ceers (Ep)e., so that for every n,l € w and ceer
X, A®ld, < E; and

X < El = (Hk‘)[X < A@Idk]

Moreover, each E; yields a partition in computably inseparable equivalence
classes, and thus each equivalence class is non-computable.

Proof. We build an infinite sequence (Ej);e, of ceers so that in each Ej the
elements of W = wl0(= {(0,2) | # € w}) are set aside for coding A. That
is, we collapse {0,z) and (0,y) in E; if and only if x A y. This guarantees
that A < E;. We have the further requirements:

Pi’fj: If W; intersects infinitely many FEj-classes disjoint from W, then W;

intersects the class [j]g, .
Q’?’l: if k # [ then ¢; is not a reduction from Ej to Ej.

]

Sk st i, # [j]g, and W, and Wy are complements, then the classes
of i and j are not separated by W; and Wp.

We first note that satisfying these requirements will build the ceers F; as
needed. These E; are clearly incomparable by the Q-requirements. Pairs
of distinct FEj-equivalence classes are computably inseparable by the S-
requirements. It is clear that A < FEj for each [ and since the classes are
computably inseparable we see that there are infinitely many Ej-equivalence
classes disjoint from W: indeed let V' be the complement of [W]g,. Now,
if there were only finitely many Ej-equivalence classes disjoint from W then
V would be c.e. as well; in this case if V' # (J then we would have a com-
putable separation of some pair of equivalence classes, whereas if V = (J
then we would have by Lemma that F; < A, giving E; < Ey for every I
contradicting incomparability of the ceers Ej. Hence (by Lemma as for
every n € w the reduction A < E; misses at least n Ej-equivalence classes,
and it is enough to take as U a set consisting of n representatives from n
distinct equivalence classes not in the range of f) every A @ Id,, reduces to
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each E;. If X < Ej via f, then either the range of f intersects every class,
thus F; < X by Lemma or it intersects only finitely many (n, say)
classes disjoint from W (this follows by satisfaction of all requirements Pil,j,
Jj € w, where W; = im(f)). In this latter case we have X < A®Id,, for some
n: this follows from Lemmal) (by taking as W our W = wl% and as U a
set of n representatives for the n classes not intersecting W: in fact we have
X < E®Id,, for some restriction E which is reducible to Ej via a reduction
whose image takes only Ej-equivalence classes of W, in which we code A,
but our coding is onto the Ej-equivalence classes of W, thus F < A by an
argument similar to that of Lemma[l.1} given a number z use the reduction
E < Ej to get an image y, then search for the first z such that (0, z) E; y; it
is clear that the assignment x — z gives a reduction F < A). It remains to
see that each Ej is self-full. Suppose f is a reduction of Ej to itself. We first
note that f must hit infinitely many classes not containing an element of
W. Otherwise, by an argument similar to the previous one, we would have
E, < A®1d,, for some n, but this contradicts incomparability of the E;’s,
since A@1d,, < Ey for any I’ # [. Thus the range of f intersects infinitely
many FEj-classes not equivalent to any element of W. Thus satisfying the
requirements P'., j € w, guarantees that the range of f intersects every

0]
class, showing that FEj is self-full.

We allow strategies to place restraints of the form (a,b,l) declaring that
the pair ¢ and b cannot be Ej-collapsed by a lower priority requirement, or
restraints of the form (a,l) which declare that a cannot be Ej-collapsed to
any element of W by a lower priority requirement. Each strategy will place
only finitely many restraints and must be able to succeed despite inheriting
finitely much such restraint from higher priority requirements.

Strategy for szj : If W is still disjoint from [j]g,, then given finite re-

(2

to any element of W and is not restrained from Ej-collapsing with j by any
higher priority requirement. Then sz] is ready to act and (Pi’fj-action) it
causes this element to Ej-collapse to j. Note that if W; intersects infinitely
many classes disjoint from W, then it will eventually list some = which is
not restrained from being FEj-collapsed to j. We thus have two possible
outcomes: a waiting one, and another one provided by the action of the
strategy.

straint, P-’fj waits for W; to enumerate an element not currently equivalent

Strategies for Qf’l: This strategy is essentially a combination of the di-
rect diagonalization strategy with the finitary-diagonalization strategy. We
would like to employ the direct diagonalization strategy on parameters x,y
as in Theorem but ¢;(z), vi(y) may both already be equivalent to num-
bers in W. In this case, we cannot know whether or not they will collapse
in the future, as this is controlled by A and not by us, thus we cannot
count on diagonalization by collapsing x with y. Thus we first employ the
finitary-diagonalization strategy coding a universal ceer T into Ej to get



20 ANDREWS AND SORBI

either diagonalization (i.e. at some stage we are stuck with ¢; failing to be
a reduction from Ej to Ej on finitely many ag, . .., ay,), or some @;(x), vi(y)
not both in [W]g,, in which case we are free to employ the usual direct diago-
nalization strategy. In particular, as in the proof of Theorem we use the
finitary-diagonalization strategy choosing parameters ag,aq,... (when we
choose a,, we must choose it fresh, and not in the current [W]g, and in ad-
dition to the restraints (a;, an,, k) we also place restraint (a,, k)) until either
we have our explicit diagonalization produced by the finitary-diagonalization
strategy, i.e. we finally take a final winning sub-outcome m saying that ¢;
fails to converge or to be a reduction on all ag,ay,...,a, (notice that Qf’l
may need to act several time as demanded by the finitary-diagonalization
strategy: these actions, for which the requirement has previously become
ready to act will be called Qf’l-actions of type 1); or there are jq, jo so that
not both ¢;(aj,),pi(aj,) are in [W]g,. This must happen if the finitary-
diagonalization strategy does not give a diagonalization outcome, otherwise
1 — a; gives a reduction of the universal ceer T' to A, which contradicts non-
universality of A. In this case, if already ¢;(a;,) E; ¢i(aj,) then we keep
the restraint (aj,,aj,, k) (notice that aj,, aj, are still Fi-inequivalent as the
finitary-diagonalization strategy may FEj-collapse them only after ¢; con-
verges on both of them); otherwise, if still ¢;(aj, ) Zpi(aj,), then it is ready
to act and (Qf’l—action of type 2) we Ej-collapse aj, and aj,, and we place
restraint (y;(aj, ), i(aj,), 1), and also (¢;(aj),l) for each j € {ji,j2} such
that ;(a;) ¢ [W]g, (thus restraining them from unintentionally collapsing
with each other for the sake of coding A). The possible outcomes of the
strategy are the possible outcomes of the finitary-diagonalization strategy
(including infinite waits when we hit divergent computations) with a final
winning sub-outcome m where a,, is the last defined a;; or diagonalization
as produced by the Qf’l—action of type 2.

Strategy for S’gfj?l,l,: Restrain a new element (the parameter of Szk,j,l,l’)
x from Ej-collapsing with ¢ or j (i.e. place restraints of the form (i, z, k)
and (j,z,k)) or with any element of W (i.e. we place a restraint of the
form (x,k)). If z is enumerated into W, then Sﬁj“, becomes ready to act
and (Sf’j,l’l,-action) it Ej-collapses x with j. If it is enumerated into Wy
it becomes ready to act and (Szk,j,l,l"
either case, W; and W/ do not separate the Ej, classes of i and j. There
are two possible outcomes: a waiting one (we wait for the parameter to be
enumerated), and another one produced by the Ej-collapse given by the

Skj ; p-action.

action) it Ey-collapses it with 7. In

)

By the previous discussion, all outcomes clearly fulfill the respective re-
quirements. It is straightforward to see, via the finite injury machinery that
we can construct a sequence of ceers (Ej)e, satisfying all requirements. We
hint at the formal construction.
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The construction: The construction is by stages. At each stage s we
define the current values for the parameters relative the various require-
ments, and we define Ej ¢ for every . If R = Qf’l then R has parameters
agfs, . 7a7§1—17s suitable to the finitary-diagonalization strategy as in the
proof of Theorem if R= Séf S then R has a parameter 2. Moreover,
each requirement deals with the current restraint set p which consists of all
triples (a, b,1) imposed by higher priority requirements, plus the pairs (a,[)
imposed by higher priority requirements: R is not allowed to FEj-collapse
pairs a and b for which there is in p* a restraint of the form (a,b,1), nor is
allowed to Ej-collapse to an element of W any number a for which there is
in pf a restraint (a,l).

At odd stages we code A into W for every E;: we assume to have fixed a
computable approximation {A; : s € w} to A as in Section At even stage
we perform the actions demanded by the strategies relative to the various
requirements. We fix as usual a computable order of the requirements of
order type w. Initialization of requirements different from P-requirements is
as in the proof of Theorem of which we follow terminology and notations
unless otherwise specified. We say that a requirement R requires attention
at stage s, if either R = Pf] for some k,i,j, and R has never acted so far,

but now R is ready to take R-action as described; or R € {Qf’l,Sfj”, |
i,7,k,l,l' € w} and R is initialized, or otherwise R has not taken action as

yet after last initialization, but it is now ready to take R-action.

Stage 0. Initialize all requirements R, except the P-requirements. Define
E o =1d.

Stage 2s+1. Code Ag in every Ej, with [ < s, as described, i.e. Ej-collapse
all pairs (0, z), {0,y) if and only if = As y.

Stage 2s with s > 0. Consider the least R that requires attention at s+ 1.
(Since infinitely many strategies are initialized, such a least strategy exists.)
If R is a P-requirement, then simply take R-action. Otherwise,

e if R is initialized then choose new parameters for it as described in
the strategy for R;
e if R is not initialized then take R-action as described.

After R has acted, initialize all requirements R’ of lower priority than R,
except the P-requirements.

At the end of the stage (whether odd or even), define Ej 4.1 to be the
equivalence relation generated by Ej ¢ plus the pairs which have been Ej-
collapsed at stage s + 1. Go to next stage.

Verification: Restraints against lower priority requirements are automat-
ically preserved by initializations, and after initialization when a strategy
chooses new parameters it chooses so that for every [ the parameters are
neither pairwise Ej-equivalent nor are they Ej-equivalent to any number so
far mentioned in the construction, so that they may be restrained as needed.
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Since after re-initialization each requirement acts only finitely many times,
a straightforward inductive argument on the priority rank of the require-
ments shows that each requirement is eventually not re-initialized, and so
after last re-initialization the relative strategy can act, if needed, to satisfy
the requirement as in the above description of strategies. O

The following is a very similar theorem to Theorem where we re-
quest that the ceers E; all have finite classes. Having finite classes in Ej
is incompatible with both the computable inseparability requirement, and
the requirement that X < FE; implies that X < A @ Id,, for some n. To
see that having finite classes is incompatible with the latter requirement,
notice that if the classes are computable then by Lemma X = Eij(ay)
where x and y are any two non-FEj-equivalent numbers, has the property
that X @ 1d; = E;. On the other hand, if Ej is self-full then by Lemma
E, € X. Thus X < E; but we cannot have X < A @ Id,, unless also
Ey < A®1d,+1. But we also have A®1d,,+2 < E; (as A®Idy < Ey for all
k'), hence F} < A®Id,11 < A®Id,42 < Ej, which gives a reduction of
E; to itself whose target misses at least one equivalence class, contradicting
self-fullness.

Theorem 4.11. Let A be any non-universal ceer with only finite classes.
Then there are infinitely many incomparable self-full ceers (Ej)jew S0 that
AP Id, < Ej for each n,l, and for every ceer X,

X<E=@X<A®I, v E;=X®ld,].
Further, each E; has finite classes.

Proof. Once again, we construct the sequence of ceers (Ej)e, so that each
E; codes A on the set W = wl%. We have further requirements:
Pil’j: If ¢ < j, j is the least number in its Fj-class, and W; intersects
infinitely many Ej-classes disjoint from W, then it intersects [j]g,.
SFil,j: If ¢; is a reduction of Ej to itself, then [j]g, nim(yp;) # .

Qf’l: if k # [ then ¢; is not a reduction from Ej to Ej.
Fil: The Ej-class of ¢ is finite.
We computably order the requirements with order type w, so that each
Pl with ¢ < j has higher priority than Fl

Lemma 4.12. If (E})ew is a sequence of ceers satisfying all of these re-
quirements, then each Ey is self-full and X < E; implies that for some n,
either X < A®Id,, or £, = X ®1d,,.

Proof. By the requirements SF; ; ! for every j, we see that if ; is a reduction
of Ej to itself, then 1t is onto the classes of E}, so each Ej is self-full. If X < F;
via f, then let V' = im(f). By the requirements le j» With V' = W;, either V
is contained in [W] g, along with at most finitely many other Ej-classes or

it intersects co-finitely many Ej-classes. In the former case, exactly as we
have argued in the proof of Theorem it follows by Lemma [2.8(1) that



JOINS AND MEETS IN THE STRUCTURE OF CEERS 23

X < A®1d,, for some n while in the latter case, it follows from Lemma [2.5
that X @ 1Id,, = E; where n is the number of missed classes. O

In this construction, in addition to the usual restrains (4, j,!) saying that
no lower priority requirement can Ej-collapse i and j, and (i,1) saying that
no lower priority requirement can Fj-collapse i to an element of W, we also
allow restraints (i,1)¥, placed by an F-requirement F}, of the form: No
lower priority requirement can FEj-collapse anything with .

Strategy for Pil’ ;- 1 W; is still disjoint from [j]&,, we wait for some number
x to be enumerated into W; which is not currently in [W]g, and is not
restrained from FEj-collapsing with j by any higher priority requirement. At
this point Pllj is ready to act and we then (Pi{j—action) Ej-collapse = with j.
Notice that as ¢ < j the strategy is not allowed to grow equivalence classes
of numbers j' < ¢ and thus does not conflict in this case with the finiteness
requirements F}, of higher priority. The waiting outcome, and the outcome
given by the action fulfill the requirement.

Strategy for S’Fil’j: We work under the assumption that still [j]g, N
im(p;) = &, and j is least in its Ej equivalent class (otherwise the re-

quirement is already satisfied: we say in this case that it is inactive). The

strategy is as follows: We wait for an n to appear so that [(pgn) (7)]E, is not

restrained from growing by a higher priority F-requirement. Then we wait

Z(nﬂ)(ac) converges, and cpz(-nﬂ)(:n) ¢ [W]g, and is not
(n)

i

for any x so that ¢

restrained from Ej-collapsing with ¢; " (j) by a higher priority requirement.
At this point SFil,j is ready to act and (SF,ij—actz'on) we Fj-collapse gol(n) (7)

with gognﬂ)(x). The outcomes can be described as follows: either the re-

quirement becomes eventually inactive and thus satisfied (this is the case if
we act and ¢; is a reduction, as the action guarantees that j E; ¢;(z)), or
we get stuck in a waiting outcome, but then in this case we will argue in
Lemma [£:13] that ¢; is not a reduction.

Strategy for Qf’l: This is exactly as in Theorem

Strategy for Fll : This strategy simply restrains the Ej-class of ¢ from being
collapsed to any other class by a lower priority requirement. Higher priority
requirements will ignore this, but it will succeed in guaranteeing that the E
class of 7 is finite.

The construction: The @Q-requirements have parameters as in the proof
of Theorem [£.10} the other requirements do not have parameters, except for
the restraint sets p’, which now contain also pairs in the form (i, )" imposed
by the higher priority F-requirements. Again, we employ the finite injury
machinery to build a sequence of ceers according to the strategies which
we have described. A formal construction is similar to that in the proof
of Theorem using the initialization mechanism (which automatically
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guarantees restraints against lower priority requirements: note that only Q-
requirements need to be re-initialized as they need to choose new parameters
after action of higher priority requirements, whereas the other requirements
are immediately satisfied once they act and never injured after then), and
by specifying as in that proof what it means for a requirement to require
attention: namely, not to have ever acted for P- and SF-requirements but
being now ready to act, or to be initialized or being ready to act (with the
obvious meaning as in Theorem and Theorem after last initializa-
tion for @Q-requirements. The F-requirements set once and for all restraints,
never act and never require attention. Initialization is as in the proof of The-
orem [£.10] At stage 0 we define Ejo = Id, we initialize all Q-requirements;
if R = F! then R sets up the once for all restraint (4,1)!" which will never
be cancelled so that at all stages, (i,1)F € p® for all lower priority R’.

The rest of the construction follows the pattern of the construction in the

proof of Theorem

The verification: The verification is based on the following lemma:

Lemma 4.13. FEvery requirement acts only finitely often. Thus it is re-
initialized only finitely often and is eventually satisfied.

Proof. Suppose not, and let R be the highest priority requirement where
this fails. So there is a last stage at which higher priority strategies stop
re-initializing R. Note that if R is a P- or an SF-requirement then it acts at
most once, and F-requirements never act. Also, a Q-requirement cannot act
infinitely often (recall, the finitary-diagonalization strategy acts only finitely
often: see proof of Theorem . Thus R acts only finitely often as well,
after last re-initialization.

As to satisfaction, we note that every Fz-l—requirement is satisfied (re-
gardless of the satisfaction of other requirements): this is because every
higher priority requirement acts only finitely often, thus there can only
be finitely many times when [i]g, grows. Similarly, every Q-requirement
and P-requirement is satisfied (again regardless of the satisfaction of even
higher priority SF-requirements): indeed, Q-requirements are initialized
only finitely often by action of higher priority requirements, and after then
they are free to pursue their strategies towards satisfaction; as to a require-
ment PZ{ i if W; intersects infinitely many FEj-classes disjoint from W, then it
eventually enumerates a number free of higher priority restraint (since this
restraint is finite) so that it can act to satisfy itself. Thus, we must consider
the case that R is a self-fullness requirement R = SFZ-IJ. We suppose that
in fact j is the least member of its Ej-equivalence class, [j]g, nim(y;) = O,
and ; is a reduction of Ej to itself (so for every n > 1, %(n) is a reduction
as well). We will show that this leads to a contradiction. By the argument
from the proof of Lemma we know that {¢©(™(j) | n € w} is comprised
of non-Ej-equivalent elements. Thus, one of these ¢(™(j) is not equiva-
lent to any ¢ whose class is restrained from growing by a higher priority
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F-requirement. We now have two cases: If im(gol(nﬂ)) is contained in [W]g,
along with finitely many other classes, then by Lemma (1), as argued in
the proof of Theorem we have that cpl(»nﬂ) gives a reduction of Fj to
A®1d,,, for some m. But we know that A®1d,, < Ey for every I’ # [ and
that Fj is inc?mp)arable with Ej. This yields a contradiction. On the other
n+1
7

hand, if im(¢ ) is not contained in [W]g, along with finitely many other

classes, then there will eventually appear some y € im(Lp(.nH)

(n) '

%

) which is not

restrained from collapsing with .’ (j), contradicting the assumption that

[]]Ez N lm(()@l) =J.
Thus every requirement succeeds. U
This completes the proof of the theorem. ([

Corollary 4.14. There are infinitely many incomparable light self-full ceers
E; with finite classes so that X < Ej implies X < 1d or X ®1d,, = E; for
some n.

Proof. In Theorem let A = Id. Note that Id®Id,, = Id for every
n > 1. O

Corollary 4.15. If in Theorem or in Theorem we start with A

dark, then the ceers E) are dark as well.

Proof. Consider the case of Theorem and suppose Ej is light. Then
X =1d < E; but then Id < A®1d,, for some n and some reducing function
f. Tt follows that {@ | f(x) even} is an infinite effective transversal of A,
contradicting A dark.

In the case of Theorem[4.11] we have an additional case to consider, which
is impossible by Corollary [3.9] O

Note that Theorem .10 shows that the collection of self-full ceers is
upward-dense. Not to be out-done in their upward-density, the non-self-
full ceers are also upward dense:

Observation 4.16. Let E be any non-universal ceer. Then there is a non-
universal ceer X = E so that X is non-self-full.

Proof. Let X = E®Id. It is immediate that X @1d; < X, so X is not self-
full. Since the universal degree is uniform join-irreducible (see Corollary,
we have that X is not universal. (I

It follows that, unlike darkness, neither self-fullness nor non-self-fullness
is closed downwards or upwards. On the other hand, neither self-fullness
nor non-self-fullness (for non finite ceers) ceers are downward dense, as is
shown by the following theorem.

Theorem 4.17. For X any dark ceer, every E < X is self-full. Also, there
are light ceers Y so that E <Y implies that either E has only finitely many
classes, or E is non-self-full.
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Proof. If X is dark then every F < X is dark, thus self-full, so the former
claim follows immediately. As to the latter claim, consider Y to be the
ceer Id, or Y = Rp, where B is a non-decidable non-simple c.e. set having
minimal 1-degree (i.e. such that, for any non-decidable c.e. set A, if A <; B
then B <; A). For the existence of such a c.e. set B, due to Lachlan,
see [19] or Odifreddi’s survey paper [26, Theorem 5.6]. Indeed, if Y = Rp
is as above then let U < B be an infinite computable set; as U is a strong
effective transversal of Y, then by Lemma m we have that Y @Id < Y so
that Y @1d; <Y, which implies that Y is non-self-full by Observation [4.2]
Finally, if £ <Y, then by Fact E = R4 for some c.e. set A: then by
minimality of the 1-degree of B, either B =1 A so that £ =Y and thus F
is non-self-full, or A is decidable, giving E' = Id,, for some n < w. Lastly, Id
is non-self-full. O

We know that the self-full degrees are not closed downwards, and we ask:

Question 1. If £y and Es are both self-full, must £; @ Es be self-full?

5. LEAST UPPER BOUNDS

We now examine the general question of when pairs of ceers have a least
upper bound. This examination will be continued in Section[6} in fact some
of the results proved now are consequences of more general results in next
section: we keep them here for the sake of clearer exposition and easier
reference.

Important instances of existing least upper bounds are provided by the
following observation, which will also be employed in a later section to prove
definability results.

Observation 5.1. Id has a least upper bound with any dark degree, in fact
for X dark, the degree of Id@®X is the least light degree bounding X .

Proof. Let X be dark and Y such that Id < Y and X < Y. Fix f and ¢
to be reductions witnessing this. Then the intersection of the Y-closures of
the images of f and ¢ is contained in finitely many Y classes, as otherwise
X would be light. Let Z be the finite set of elements z so that f(z) € im(g).
Then let h be a reduction of Id to Id with no element of Z in the range.
It follows by Lemma by taking fi = foh, fo = g and W = ¢, that
IdeX <Y. O

5.1. The ceers of the form Rx. We begin by considering the ceers of the
form Rx for a c.e. set X, then consider the more general case.

Theorem 5.2. Let X and Y be infinite c.e. sets so that X <1 Y ® & and
Y £ X® . Then Rx and Ry do not have any least upper bound in the
ceers.

Proof. Note that Rxgy is an upper bound for both Rx and Ry. Since the
degrees of ceers of the form Ry form an interval in (Ceers, <) (Fact [1.2),
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we know that any least upper bound must be equivalent to a ceer of this
form. Suppose Rz (with Z c.e. and undecidable) was such a least upper
bound. But then Rx @ Ry is also an upper bound. So, Ry < Rx® Ry. But
then, by undecidability, either the infinite class in Rz is sent to the infinite
even class, in which case we have that Rz < Rx @ Id by the same reducing
function, or the infinite odd class, in which case (with a similar argument)
Rz < Id®Ry = Ry @ 1d. Without loss of generality, we suppose we have
Ry < Rz < Rx ®1d. But Rx ®1Id = Rxgg, so we get that Y <1 X @ J,
which is a contradiction. (]

Corollary 5.3. If Rx and Ry are light and incomparable, then they do not
have any least upper bound.

Proof. Suppose that Rx and Ry are light and incomparable. Since X is
not simple there exists an infinite computable set in the complement, which
consists of pairwise Rx-inequivalent elements, and thus forms an infinite
strong effective transversal for Rx. Thus by Lemma Rx ®1Id = Rx.
But Rx ®1d = Rxgy, thus Rxgy = Rx; similarly for Ry. Thus, if Rx
and Ry are incomparable, it follows that X <; Y@ Fand Y €1 X & .
The claim then follows from the previous theorem. O

Corollary 5.4. If Rx and Ry are dark and incomparable, then they do not
have any least upper bound.

Proof. Suppose that Ry and Ry have a least upper bound: by Fact it
has to be of the form Ry for some c.e. set Z. Then let f be a reduction
witnessing Ry < Rx @ Ry. Without loss of generality, the infinite class of
Z gets sent to the infinite class corresponding to X. Then the odd images
of f give a set of pairwise non-Ry-equivalent elements and thus from the
darkness of Ry the image of f contains only finitely many odd numbers. It
follows that Rz < Rx @1d,, for some n, by Lemma [2.§(1) (taking W to be
the even numbers and U the finitely many odd numbers in the image of f).
Thus Ry < Rx ®1d,. It follows from repeated applications of Lemma
that either Ry = Rx®Id, for some k, or Ry < Rx, either way contradicting
the assumption of incomparability of Rx and Ry. [l

Lemma 5.5. There are infinitely many simple sets (A;)ie, so that for dis-
tinct 1,5, A; L7 A; and A; €7 A;, where <t denotes Turing reducibility.

Proof. Folklore. O

Corollary 5.6. There are pairs of light degrees, pairs of dark degrees, and
pairs consisting of one light and one dark degree (all containing ceers of the
form Rx ) which have no least upper bound.

Proof. The first two claims follow easily from Corollary [5.3]and Corollary [5.4]
respectively. All three claims however follow also from Theorem indeed
by Lemma one can find pairs of simple c.e. sets U,V such that U|pV.
Then: Ry, Ry are dark; Roy, Roy are light, and Ry is dark and Ry is
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light. In each case the assumptions of Theorem are fulfilled by Turing
incomparability of U and V: thus for instance U €1 2V @ J and 2V £
U®d g, etc. O

If we take X simple then Rx (which is dark) and Id are incomparable,
and by Observation [5.1] Rx @ Id is a least upper bound of Rx and Id, but
Id = Ry and Rx @ Id = Rxgg. This gives examples of cases when a least
upper bound for pairs of ceers of the form Rz exists, and is of this form.
More generally we can prove the following observation.

Observation 5.7. If Rx is dark and Ry is light and Y <1 X @ &, then
Rxag is a least upper bound of Rx and Ry .

Proof. It is immediate that Rxggs is an upper bound for Rx and Ry. But
Rx@g = Rx®Id, which is a least upper bound for Rx and Id by Observation
Since Ry > Id, it follows that Rx @ Id is also a least upper bound of
Rx and Ry. O

5.2. No least upper bounds for dark pairs in Ceers. We now extend
the result in Corollary to the general case of two dark ceers.

Theorem 5.8. If £ and Ey are incomparable dark ceers then they have no
least upper bound.

Proof. Suppose R is a least upper bound of Fy and FEs, with Fp, Ey dark.
It follows that R is dark as well, since R < F1 @ F> and F1 @ E» is dark by
Observation Let f; be a reduction of F; to R.

Let Fi € w/g, be the collection of classes [x]g, so that fi(z)Rf2(y) for
some y. Similarly, let F5 be the collection of classes [y] g, so that fa(y)Rfi(x)
for some z.

Firstly, suppose F} contains every class of E;. Then consider the map
x +— the first seen y such that fi(z)Rf2(y). This gives a reduction of E; to
FE5>. Similarly, we see that F, cannot contain every class of Ej.

Now, let [x]g, be a class not in F} and [y]g, be a class not in F5. Then
consider the proper quotient R/(f (z),f.(y))- Then Ep and Ej are both re-
ducible to this ceer, but by Lemma [£.7] R is not. O

It may seem from the proof of this theorem that two incomparable dark
ceers may yet be fairly close to having a least upper bound. In fact, the
obstruction to having a least upper bound which is used in this proof is the
only obstruction. This is shown below in Corollary

We see below in Corollary that more pairs (in addition to those
in which one component is Id) with exactly one dark ceer have least upper
bounds, and we see below in Corollary[6.15]that some pairs of light ceers have
a least upper bound. Working towards these results, we find it convenient
to first introduce in Section [6] the idea of working over Z.
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5.3. Join-irreducibility in Ceers. Dark ceers of the form Rx are join-
irreducible:

Corollary 5.9. If R is a dark ceer of the form Rx, then R is join-irreducible.

Proof. Any ceer < R must also have up to equivalence the form Ry and
must be dark, or with finitely many classes. So if Rx is a proper join it
must be a join of two incomparable dark ceers of the form Ry and Rz but
by Corollary no two incomparable dark ceers of this form have a join,
which implies that R cannot be a join of two ceers < R U

As the infinite ceers below a dark one are dark, the above argument can
be generalized to show:

Corollary 5.10. Fvery dark ceer is join-irreducible.
Proof. Immediate. O

Other examples of join-irreducible ceers (pointed out in [4]) are ceers
which are equivalent to a jump (so including also the universal ceers: see
also Theorem below).

6. WORKING OVER 7

We define the relation A <7 B if there is some n so that A < B®1d,,. It
is easily seen that the relation is a pre-ordering relation, i.e. reflexive and
transitive. The equivalence relation induced by <z will be denoted by =7.
In the usual way we get a degree structure, the Z-degrees: we denote by
(Ceersz, <1) the poset of Z-degrees.

Observation 6.1. For any non-universal ceer X, X <7 X'.

Proof. Suppose that X’ <7 X. Then X’ < X @ 1d,, for some n. But since
every jump is uniform join-irreducible by Fact we then get that X' < X
or X' < 1d,. The former is only possible if X is universal [2], while the
latter is impossible since every jump has infinitely many classes. (I

6.1. Darkness, and working over Z. On dark ceers the equivalence re-
lation =7 can be characterized as follows.

Theorem 6.2. Let A and B be dark ceers. Then the following conditions
are equivalent:

(1) A=z B

(2) A@ld=B®Id

(8) There is an n so that either A= B®1d,, or B= A®I1d,.
Furthermore, (1) and (3) are equivalent for any ceers.
Proof. (1) implies (2): If A =7 B, then we have A < B®Id,, for some n.
Thus

Adld< (Beold,)®@ld=B® (Id,®Id)=Ba®I1d.

Symmetrically, B®Id < A®Id.
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(1) implies (3): If A =7 B, then A < B®Id,, for some n and B < A®Id,,
for some m. Let n and m be least so that this is true. If n > 1, then Lemma
4.5 shows that A = B ® Id,,. Similarly, if m > 1, then B = A® Id,,. If
n=m =0, then A = B.

(2) implies (1): Now, suppose A@Id = B@Id. Then there is a reduction
f witnessing A < B@®Id. Consider the set of odd elements of the range of
this reduction. This is a c.e. set Z, and for each z € Z, we let a, be any
element so f(a,) = z. Then {a, | z € Z} is an effective transversal of A.
Since A is dark, it follows that Z is finite, so by Lemma [2.8(1) (taking W
to be the even numbers, and U = Z) A < B® Id,,, where m is the number
of elements of Z so that m is least for this reduction: let g witness this
reduction. Similarly one shows that B < A @ Id; for some k.

(3) implies (1): Clear from the definition.

Notice that darkness of A, B is used in the above proof only for the
implication (2)=(1). O

Notice also that if (z1,91), ..., (Zn,yn), n = 1, are pairs so that each [z;]g
is computable and at least one pair consists of F-inequivalent numbers, then
by Lemma [2.6) and Theorem [6.2] we have that Eq(,, 4, \1<i<n} =1 E-

Observation 6.3. The dark ceers are downwards closed and closed under
@ in the Z-degrees.

Proof. Clear from definitions. O

Observation 6.4. If E is non-self-full, then the =z-class of F is comprised
of exactly the =-class of E. In particular the universal =z-degree consists
of the universal ceers.

Proof. If R =7 F, then R < FE ®1d,, for some n, but £ ®1d,, = E by non-
self-fullness. So R < E. Since F < R®1d,, for some m, and £ = FE @ 1d,,
by non-self-fullness, we have £ ® Id,, < R ®1d,,. But by Lemma this
implies that E¥ < R. Therefore £ = R as desired. O

6.2. Least upper bounds and ceers of the form Ry in Ceersz. We
now consider the question of the existence of least upper bounds in the
quotient structure Ceersz. Some of the results in Section [5| about non-
existence of least upper bounds in Ceers follow from corresponding non-
existence results in Ceersz by virtue of the following lemma.

Lemma 6.5. Let £, X,Y be ceers so that E is a least upper bound of X
and Y. Then E is also a least upper bound of X and Y in the =z-degrees.

Proof. Let Z be so X,Y <7 Z, and assume F is a least upper bound of X
and Y in Ceers. Then for some n, X,Y < Z®1d,. Thus £ < Z® 1d,,.
Thus F <7 Z. O

The next theorem is a generalization of Theoremm (and in fact it implies

it using Lemma .
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Theorem 6.6. Let X and Y be infinite c.e. sets so that X <1 Y ® & and
Y 1 X® Y. Then Rx and Ry do not have any least upper bound in the
=7-degrees.

Proof. Firstly, note that for any c.e. set X, Rx @1d; is equivalent to Ry for
Z ={x+1 |z e X}. By iteration, for every n, Rx @®Id, is equivalent to Rz,
for some c.e. set Z. Suppose F is a least upper bound in the =z-degrees
of Rx and Ry. Note that Rxgy is an upper bound for both Rx and Ry,
so E' < Rxgy ®@1d,, for some n, so E < Rz for some Z. Since the degrees
of the ceers of the form Ry form an interval in (Ceers, <) (Fact [L.2), we
know that up to equivalence any least upper bound must be a ceer of this
form form as well. Now, suppose Rz were such a least upper bound in the
=7-degrees. Then Rx @ Ry is also an upper bound. So, Ry <7 Rx ® Ry.
So Ry < Rx @& Ry @ 1d,, for some n and let f be a computable function
witnessing the reduction. But then (as Z is not decidable) either the infinite
class in Ry is sent to the infinite class representing X or the infinite class
representing Y. We either get by Lemma [2.8(1) (taking W = {3z | z € w}
and taking U to be the intersection of the complement of W with the image
of the reduction) that Rz < Rx ®1d or Rz < Ry @ 1d. In the first case we
get that Ry < Ry ®1d; < Rx @ Id for some k, and in the second case, we
get that Rx < Rz ®1d; < Ry @ Id for some k. Either way contradicts the
assumptions as Rx @ Id = Rxgg and Ry @ Id = Rygy. O

We know already that if Ry and Ry are dark and <-incomparable then
they do not have any least upper bound in Ceers. The next corollary shows
that this is the case even in the quotient structure modulo =7. (Notice that

Corollaries imply respectively via Lemma, the analogous
Corollaries proved for <.)

Corollary 6.7. If Rx and Ry are dark and <gz-incomparable, then they
have no least upper bound in the =z-degrees.

Proof. As above, if they have an upper bound in the =z-degrees, it has up
to equivalence the form Rz. Suppose Rz is such a least upper bound. Then
Ry <7 Rx ® Ry, so Ry < Rx ® Ry ®1d,,. Without loss of generality,
we assume the infinite class in Ry is sent to the infinite class in Rx. Then
the image of the reduction in Ry must be finite since Ry is dark. Thus
by Lemma [2.8(1) (taking W = {3z | z € w} and U the intersection of
the complement of W with the image of the reduction) we have that Rz <
Rx®Id,, for some m, so Rz =7 Rx. That is, Ry <7 Ry, which contradicts
<z-incomparability of Rx and Ry. [l
Corollary 6.8. There are pairs X,Y so that both are dark, so that both are
light, and so that exactly one is dark, which do not have least upper bounds
in the =7-degrees.

Proof. By Theorem|6.6] using the argument in the proof of Corollary[5.6] For

the existence of a pair (dark,dark) the claim follows also from Corollary
O
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6.3. Join-irreducibility in Ceersz. In this section we single out some
classes of ceers that are join-irreducible in Ceersz.

Corollary 6.9. Every dark Rx is join-irreducible in the I degrees.

Proof. Let Rx be dark. Every ceer <7 R is also dark and up to equivalence
of the form Ry. Since no two incomparable such degrees have a least upper
bound in the Z-degrees by Corollary R cannot be a join of two smaller
=7 degrees. ([

We note a second example (in addition to that in Corollaries and
of degrees which are join-irreducible:

Theorem 6.10. Let E be any ceer. Then E’ is light and join-irreducible in
both the ceers and in the =1 degrees.

Proof. By Lemma we only need to show that E’ is join-irreducible in
the =z-degrees. If E’ were the =;-join of <z-incomparable X and Y, then
EF< X®Y ®Id. But then £/ < X, '/ <Y or E' < Id by the fact
that jumps are uniform join-irreducible (see Fact . But no jump is < Id
because E’ has non-computable classes, so again we contradict X and Y
being incomparable. O

Corollary 6.11. There exist light ceers of the form Rx which are join-
irreducible both in ceers and in the =1 degrees.

Proof. Consider for instance Id = Ry, or Rg: this latter example follows
from the fact that Rx = (Idy)’. O

6.4. When least upper bounds exist in Ceers and in Ceersz. Con-
trary to the structure of ceers where two incomparable dark degrees do not
have a least upper bound (Theorem , in Corollary below we give an
example that shows that this is not so when working in the Z-degrees. We
first prove the following theorem.

Theorem 6.12. There are dark ceers Ei, Fy so that E1 € Eo @ 1d, Fy
E1®1d, and all classes of each E; are finite and so that for any infinite c.e.
set W € w?, there are (z,y), (2',y') € W so that

x By o'y By ).
Proof. We build ceers E1, F» satisfying the following requirements, where
i,m,kewand je {1,2}:
P;: If W; € w? is infinite, then there are (z,y), (z’,3') € W so that
x By 2’y By vy

D%@: If Wy, is an infinite c.e. set, then there are x,y € W, so that z Ej; y.
181’2: e is not a reduction from F; to Es @ Id.

Iz’lz e is not a reduction from Fs to £ @ Id.

F,g The Ej-class of k is finite.
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We describe the strategies to meet the requirements, on which we have
fixed some computable priority ordering of order type w.

Strategy for P;: With finitely many restrained numbers (giving only
finitely many restrained equivalence classes), P; waits for W; to enumer-
ate two pairs (z,y), (2/,y') so that currently zZ{z’ and the pair x,z’ is not
E4-equivalent to a pair of restrained numbers. At this point P; is ready to
act and then (P;-action), if y E9 3/, then we restrain = and z’; otherwise we
E1-collapse x and 2’ and FEs-restrain y and y/'.

Strategqy for D, : If there is no pair of distinct numbers of W,,, which are
already Fj-collapsed, then wait until W, enumerates an unrestrained pair
of elements x,y: when this happens Dy, is ready to act and (Dj,-action) it
Ej-collapses them.

Strategies for IM and 12" We only look at Ié’z, as the strategy for 12t s
completely similar. This is the usual diagonalization strategy for incompa-
rability: b2 appoints two new witness x, ¥y, and restrains them from being
Eq-collapsed until both ¢, (), pc(y) converge. When this happens if already
ve(x) Ea @ 1d @ (y) then we keep the restraint in E for x, y; otherwise if still
0o () Ea@Tdpe(y) then 1% is ready to act, and (Ie%-action) it Ej-collapses
x,y and we restrain the pair ¢.(x), ve(y) from being Fy @ Id-collapsed.

Strategy for F,g Do not allow any element to collapse with k in FEj.
Higher priority requirements will ignore this, but this strategy will succeed
in guaranteeing that the Ej-class of k is finite.

The construction (sketch): A formal construction follows along the usual
lines of a finite injury argument, as for instance in the proof of Theo-
rem In particular when a requirements acts, if allowed by restraints
imposed by higher priority strategies, it initializes all lower-priority P- and
I-requirements (the only requirements that may be injured by the actions
of higher priority requirements). At any given stage we take the least re-
quirement R that requires attention (which is defined in the usual way, i.e.
the requirement is initialized, or it is ready to take action): if R is an I-
requirement and is initialized then it chooses new parameters z,y® and
ceases to be initialized; if R is a P-requirement and it is initialized, then it
simply ceases to be initialized; otherwise we let R act. After this, we go on
to next stage. At each stage s we define in the usual way the restraints sets
pE, and E) ; starting with Fj o = Id, and stipulating at stage 0 the once and
for all restraint (k, ;)" so that always (k,j)f € pf for all R’ having lower
priority than Flg, and thus R’ cannot Ej-collapse any number to k: since
F-requirements are never re-initialized, their restraints will never change.

The verification: An easy inductive argument on the priority ordering of
requirements shows that each requirement is initialized at most finitely often.
After any initialization, each I-requirement after choosing its parameters
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acts at most once, each P-requirement acts at most once, and in each case
they set only a finite restraint. The other requirements act at most once;
the D-requirements set no restraint; the F-requirements set a once and for
all finite restraint. Satisfaction of the F-requirements gives that each Ej
has finite classes, and thus infinitely many equivalence classes (this is also
ensured by satisfaction of all incomparability requirements). Together with
their having infinitely many classes, satisfaction of all Dj, guarantees that
the ceers are dark: if W, is infinite then eventually a pair of unrestrained
x,y will appear as D3, has to cope with only a finite set of equivalence classes
that are restrained by higher priority requirements. A similar observation
applies to the P-requirements, although we need here a different argument to
show that the requirement eventually stops waiting if W; is infinite: indeed,
we use here that the equivalence classes are finite, and thus eventually a pair
(x,y), (2, y') with still zB{z’ will appear. The P- and the D-requirements
may be met also by the waiting outcomes of their strategies (no suitable
numbers in the corresponding c.e. sets ever appear, so these sets are finite),
in which case they may never act but are satisfied. It is clear that after their
last initialization the I-requirements are eventually met: for instance M s
met either by waiting forever for both computations ¢e(z), p.(y) to converge
on the final values x,y of the witnesses appointed after last initialization,
or otherwise by keeping the restraint zZ7y when both computations show
up and already @.(z) F2 @Id ¢e(y), or by FEj-collapsing x,y and keeping
the restraint ¢.(z)Es@®Tdpe(y). As to the finiteness requirement Fj we
further observe that higher priority requirements will ignore F; Iz’s restraint,
but since they are finitary it follows that [k]g; is finite. O

Corollary 6.13. There are two Z-incomparable dark ceers Eq1, Eo so that
E1 @ Es is a least upper bound of E1 and Eo in the =z-degrees.

Proof. Let E1 and Es be as constructed in Theorem Let X be any
ceer so By <7 X and Fy <7 X. Then for some n, Fi,Fy < X ®1d,,. Let
Y =X®Id,, soY =7 X. It now suffices to show that F1 @ Fs <7 Y.

We fix fi, fo witnessing that E1, Fo <Y. Let W be the c.e. set

W ={(z,y) | fi(x) Y fa(y)}.

By Lemma we have that (Ey @ Fa2) < Y. By the property of Ej
and Ey from Theorem (namely by the fact that E; and Es satisfy the
requirement P; with W; = W), we see that W is finite. Further, using that
the equivalence classes of Fy @ Fs are finite and thus computable, we have
that Fy ® Eaw =1 E1 @ E2 by Lemma Finally we get F1 @ Fr <; Y.
Z-incomparability of Fq, Fo is guaranteed by satisfaction of the incompa-
rability I-requirements in the proof of Theorem [6.12 U

Corollary 6.14. There are pairs of incomparable ceers E, R so that E is
dark, R is light and not = 1d, and E@® R is a least upper bound of E and R.
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Proof. Let Fq and E5 be as constructed in Theorem Let £ = F; and
R = E>®Id. Clearly R # 1d as otherwise it would be Ey < Id contradicting
that Fs is dark. To show that E and R have the desired properties, we first
show the following sublemma.

Sublemma If W < w? is an infinite c.e. set, then there are (x,y), (x',y') €
W so that x E x's=y R v/.

Proof of Sublemma. If W has infinitely many pairs (x,y) where y is odd,
then there are (x,y), (2',y') € W so that © Ey 2/s>y R y' by the darkness
of E1, as otherwise the c.e. set {z | (Jy)[(z,y) € W & y odd]} would be an
infinite c.e. set consisting of non-FE;-equivalent numbers. Now, suppose W
has infinitely many pairs (x,y) where y is even. Then let W/ = {(z,y) |
(x,2y) € W}. Then since W’ is infinite, there is (x,y), (z/,y') € W’ so that
x By o’s>y Ey y'. But then (z,2y), (2/,2y’) witness the result for E,R. O

Now, suppose F, R < X. We want to show that E@R < X. Again, we fix
two reductions fr and fr of E, R to X. Let W = {(z,y) | fe(z) X fr(y)}.
By Lemma we can reduce (£ @® R) to X. By the above Sublemma,
W' is necessarily finite, and thus as the equivalence classes of £ @ R are
computable, by Lemmawe have that FE®@R= (E®R) /W@Idn for some
n. We claim that (F@® R yw @ 1d < (E® R)/W: if we show this then we
are done. But R = Fo @ Id, so by separating out the set of odd numbers
which are not in the second coordinate of an element of W, we can find an
infinite strong effective transversal U of (E @ R),, and thus Lemma
can be applied, giving (E® R),w @ 1d < (E® R) i as desired.

Incomparability (in fact Z-incomparability) of E, R is guaranteed by sat-
isfaction of the incomparability I-requirements for F; and E5 in the proof

of Theorem [6.12 O

We note that the above construction yields a more flexible method, pro-
ducing more examples, though the result of the existence of pairs consisting
of one dark and one light ceer having a join could be taken from Observation

B

Corollary 6.15. There are two incomparable light ceers E, R for which
E® R is a least upper bound for E, R.

Proof. Let E; and E5 be as constructed in Theorem Let E=FE,01d
and R = E;®1d. Note that E®@ R = F1® E>,@®1d. Since any upper bound
X of F,R is also an upper bound of E7, R, by the same argument as in
the proof of Corollary we have that (E1 @ R)y < X. (We view here
Ei®E;®1Id as E1 @ (F2 @ 1d) and W is as in the proof of the previous
corollary.) Since FEj is dark, there can only be finitely many odd z so that
fe () = fE,@1a(2). By discarding these finitely many elements, we see
that there is an infinite strong effective transversal U of (E; @ Ey @ 1d) W
coming from the non-collapsed elements in the Id-part of the ceer, so that
Lemma can be applied, giving (E; (—BEg(—BId)/W(—BId < (B1®E; @Id)/W.
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On the other hand, by Lemma Eit®E,dld=(E1®E,® Id)/W ®1d,,
for some n, thus

E1@E>@ld = (E\@E@1d) jy@ld, < (E1@FE@1d) 1y @ld < (E1@E@Id) y < X,

as desired.

Once again, incomparability (in fact, Z-incomparability) of E, R is guar-
anteed by satisfaction of the incomparability I-requirements for F; and Fs
in the proof of Theorem [6.12 ([

Corollary 6.16. There are pairs of incomparable T-degrees, both dark, ex-
actly one light and one dark, and both light which have a join given by @ in
the =z-degrees.

Proof. The claims follow from Corollary Corollary and Corol-
lary respectively, together with Lemma Z-incomparability of the
pair is guaranteed by satisfaction of the incomparability I-requirements for
FEy and Es in the proof of Theorem [6.12 ([

Lastly, we give examples where F7 and E5 have a join, but not equivalent
to B1 @ Es.

Theorem 6.17. There are two incomparable ceers Ey, Ey (so that Ey is
dark and Ej is light) with a least upper bound R so that R < E1 @ Es.

Proof. We build ceers X,Y,Z and will set £ = X ® Z and E5; =Y ® Z.
Our Rwill be XY ®Z. We will ensure that R < X®Z®Y ® Z. Further,
we construct Y as Y = Yy @ Id, which gives Fs light; to make E; dark, by
Observation [3.2] it is enough to ensure that X and Z are both dark. Once
again we build the two ceers so that 1 € Es @ 1Id and Fs € Fy @ Id: this
stronger incomparability property will be used to have incomparability in
Corollaries [6.19] and [6.20] below.

We construct the ceers X, Y, Z with the following requirements:

F, ,CX : The X-class of k is finite.

Fk,Z : The Z-class of k is finite.

P If W; € w? is a c.e. set so that W; ~ {(z,9) | =,y odd} is infinite,
then there are (z,v), (¢/,y’) € W; so that

t X@Zi's=yY@Zy.

Qj: ¢jisnot areduction of XY QZPZ to XQY D Z.
DX3,: If W,, is an infinite c.e. set, then there are x,y € W,,, so that = X y.
DZi,: If Wy, is an infinite c.e. set, then there are x,y € W, so that z Z y.
181’2: e is not a reduction from X @Y to X @ Z P 1d.
Iz’lz e is not a reduction from Y @ Z to X @ Z @ 1d.

The stronger form taken by the incomparability I-requirements (yielding
that X®Y € X@Z®Id and YOZ £ XPZPId, and not just XPY £ XPZ
and Y®Z £ X@Z) is in view of later applications in Corollaries
0. 20
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We describe the strategies:

Strategy for F kX or FkZ : The strategy for FkX simply restrains against
any X-collapse to k. Higher priority requirements will ignore this, but this
strategy will succeed in guaranteeing that the equivalence class of k is finite.
The strategy for FkZ is similar.

Strategy for P;: Given finite restraint (and Y’s restraint on the odd num-
bers: no strategy can Y-collapse odd numbers, as we want Y of the form
Y =Yy ®1d), we wait until we see (z,y), (2/,y’) enter W; with 2 = 2/ mods
(i.e. of the same parity), and y = 3’ mods and at least one pair among
(z,2"), (y,y") consists of even numbers, and if (z, ') consists of even num-
bers then still & %’, whereas if y, 7y’ both even then still %X% When this
happens, P; is ready to act. Without loss of generality, suppose z,xz’ are
even. Then (P; action) we X-collapse 5 and %I and Y-restrain §, % if y, 9/
are even and Z-restrain y—;l, % if 1,1/ are odd: all this unless we have al-
ready collapsed on the other side, in which case we just restrain in X. The
case when y, y" are both even is similar. Notice that if W;~{(z,y) | =,y odd}
is infinite then the wait is eventually over, since either W; contains infinitely
many pairs with first coordinate an even number, but then eventually our
wait hits a pair as desired with still § %l as X has no infinite equivalence
class; or W; contains infinitely many pairs with second coordinate an even
number, but then eventually our wait hits a pair as desired with still X" %/

as X has no infinite equivalence class.

Strategy for Q;: Wait for a,b from the different copies of Z in Z @ Z
(from X @Y @& Z @ Z) so that:

(1) pj(a),¢;(d) lie both either in the X-part, or in the Y-part or in the
Z-part.

(2) pj(a),¢;(b) are unrestrained in the X-part or in the Z-part, or in
the Yp-part of the Y-part.

When this happens, Q; is ready to act. Then (Q;-action) collapse @;(a), ¢;(b)
in the X- or Y- or Z-part accordingly, making p;j(a) X @Y @ Z ¢;(b): this
action satisfies the requirement since a, b remain X @Y @ Z@ Z-inequivalent.

Strategy for DXi, and DZj,: The strategies to meet these requirements
are exactly as the strategies for the darkness requirements in the proof of
Theorem For DXj,: If there is no pair of distinct numbers of W,
which are already X-collapsed, then wait until W,, enumerates an unre-
strained pair of elements x,y. When this happens, the requirement is ready
to act, and (Dj,-action) we Ej-collapse them. Same for DZj,. If all these
requirements are met, then clearly X, Z are dark as by the F-requirements
they have infinitely many equivalence classes.

Strategies for I§’2 and 1271.- Consider first 161’2. We want to make sure
in this case that ¢, is not a reduction from X @ Z to Y & Z @ Id. We
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appoint two new witness 2x,2y and restrain the pair z,y from being X-
collapsed until both ¢.(2z), p.(2y) converge. When this happens if already
0e(22) Y @ Z ®1d p.(2y) then we keep the restraint in X for z, y; otherwise,
if still o (22)Y @Z@Tdp.(2y) then 1% is ready to act and (Ie*-action) it
X-collapses z,y and restrains in Y @ Z @ Id the pair ¢.(2z), ve(2y). The
case of IZ! is similar with Y in place of X except that we must now choose
the witnesses 2x,2y so that x,y are in the Yy-part of Y and thus we can
Y -collapse them if needed.

We now argue that if ; is a reduction of X@Y ®ZDZ to X@Y @ Z and
Z < Id then the Qj-strategy eventually stops waiting and (); acts. Notice
that in this case since the image of ¢; has to avoid only a finite number of
equivalence classes restrained by higher-priority requirements, and since Z
has finite equivalence classes (and thus Z @ Z has infinitely many distinct
equivalence classes), then for cofinitely many a in the first Z-part of the
Z @ Z-part of X ®Y ® Z @ Z, and cofinitely many b in the second Z-
part of the Z @ Z-part of X @Y ® Z @ Z, we have that ¢;(a), p;(b) are
unrestrained as in (2). So by the pigeon-hole principle there are pairs a, b,
where @;(a), ¢;(b) either both lie in the X-part, or in the Y-part or in the
Z-part. Thus Qj-action is prevented only if for cofinitely many such pairs we
have that both ¢;(a), ¢;(b) land in the Id-part of the Y-part of X @Y @ Z.
Using this we can thus easily see that there is a reduction from Z @ Z to
X @Y ® Z which all lands into the Id-part of Y except for finitely many
classes, so by Lemma 1) we would have Z ® Z < Id®1d,, for some n,
hence Z @ Z < Id, contrary to the fact that Z < Id.

Once we satisfy these requirements, we claim that R is a least upper bound
of Fh and Es. Certainly X @ Z,Y @ Z < R. Suppose XD Z, Y PZ < A
via reductions f,g. Then let C = {(z,y) | f(z) A g(y)}. It follows from the
P-requirements that £ = C' \ {(x,y) | z,y odd} is finite. The following is
very similar to what is done in Lemma define a computable function h
by

f(2a), if b = 3a;
h(b) =1 9(2a), if b=3a+1;
g(2a+1), ifb=3a+2.

Then h is a reduction from (X @Y @ Z)/D to A, where D is a finite set of
pairs which identifies the X @Y @ Z-collapses corresponding to the collapses
between X @ Z- and Y @ Z-classes described by E. Since the equivalence
classes of X and Z are finite, hence computable, by Lemma (XeY®
Z)/D @®ld, = XPY @ Z for some n. But since Y = Yy @ Id and only
finitely many numbers in the Id-part of Y are coordinates in D, we can find
an infinite strong effective transversal U for (X®Y @ 2) /D coming from the
still non-collapsed Id-part of the Y-part in the relation, so that Lemma, [2.3
can be applied obtaining (X @Y @& Z)/D eld<s (XY ® Z)/D and thus

XOYDZ = (XOYDZ),p®1d, < (XOY®Z),p@ld < (XOY®Z),p < A.
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Outcomes of the strategies: The F-strategies clearly produce winning out-
comes. P-strategies may have a waiting outcome if the corresponding c.e.
set W is such that W \ {(x,y) | =,y odd} is finite, in which case the re-
quirement is met without acting; or W ~ {(z,y) | «,y odd} is infinite: then
as explained in the description of the strategy, the fact that the equivalence
classes of X are finite implies that the wait eventually ends, and the ac-
tion that takes place gives a winning outcome. A (J-strategy has a waiting
outcome, and an outcome coming from acting: both outcomes fulfill the
requirement. The darkness D-requirements have a waiting outcome, and an
outcome coming from acting: both outcomes fulfill each requirement. The
D-requirements guarantee that X and Z are dark, as they both have infin-
itely many equivalence classes, since each class is finite. The outcomes of
the incomparability I-requirements are as in the proof of Theorem but
having now F1 = X @®Z and E; =Y @ 7.

The construction: We fix a computable priority ordering on the require-
ments having order type w. The construction follows the usual pattern of
a finite injury argument. When a requirement acts, it initializes all lower-
priority P- and I-requirements, which are the only requirements whose ac-
tion may be injured by higher priority requirements. A requirement R re-
quires attention at stage s if R is either initialized, or it is now ready to act;
or R is a Q- or D-requirement and it has never acted but it is now ready to
act as described in the corresponding strategy.

At stage 0, all P- and I-requirements are initialized, and for every FX,
and FZ we establish the once and for all restraint (k, X)', or (k, Z)¥ so that
lower priority requirements are not allowed to X-collapse or to Z-collapse
to k respectively. We also define Ey = Id for F € {X,Y, Z}

At stage s + 1 we consider the least requirement R which requires at-
tention, and we act correspondingly. If F € {X,Y, Z} then E,;; is defined
as the ceer generated by E; plus the pairs which have been E-collapsed at
s+ 1.

The verification: By induction on the priority ordering of the require-
ments, one sees that every requirement R is re-initialized only finitely many
times and after its last re-initialization acts at most once, sets a finite re-
straint, and is eventually satisfied. Indeed suppose that this is true of every
R’ having higher priority than R. So starting from some stage to, no higher
priority R’ acts any more so if R is a P- or an I-requirement then R after
to is not re-initialized any more, and after its last re-initialization acts at
most once, sets a finite restraint, and is satisfied, as is clear by the above
comments on the outcomes of its strategy. On the other hand the @- and
D-requirements act at most once, the F-requirements never act; as to sat-
isfaction of these requirements, it is clear by the above comments on the
outcomes of their strategies that the F-requirements are satisfied, and the
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D-requirements are satisfied; but then the argument attached to the descrip-
tion of the strategies for ()-requirements shows that each Q)-requirement Q;
is satisfied as well, in that either ¢; is not a reduction, or our wait for a, b
eventually ends as otherwise there would be a reduction from Z to Id which
is excluded by the fact that Z is dark. O

Corollary 6.18. If Ey, Ey are the ceers built in Theorem[6.17 then they are
Z-incomparable and any least upper bound (which by Lemma s also a
least upper bound in the Z-degrees) is <7 E1 @ Fs.

Proof. Z-incomparability follows from satisfaction of the incomparability re-
quirements in the proof of Theorem Suppose that X @Y & Z @ Z <
XY ®ZPId, for some n. Since there is an infinite strong effective
transversal U for X @Y @ Z (given by the Id-part of V), by Lemma [2.3 we
have that X®@Y ®ZPId < XPY P Z giving that XY PDIPZ < XY P,
contradicting the conclusion of Theorem [6.1 O

Of the two ceers built in the proof of Theorem [6.17| one of them is light
as B =Y @ Z, and Y = Yy @ 1d, and it must be so by Theorem An
interesting question is whether we can make both ceers light. The following
observation shows that this is so, and completes the picture of the possible
cases when a join can be smaller than the uniform join.

Corollary 6.19. There are two incomparable light ceers R1, Ro with a least
upper bound R so that R < R; ® Ra.

Proof. Suppose we have E1 = X®Z and Fs = Yy@PIdPZ as in Theorem 6.1
where Fy is dark. Consider Ry = F1®1d and Ry = Es. It is easy to see that
Eidld < XY PDZ as Y is of the form Y = Yy®Id, thus there is an infinite
strong effective transversal for the reduction £} < X @Y @ Z (coming from
the Id-part), and thus Lemma can be applied (or, alternatively, Fy @ 1d
is a least upper bound of F; and Id by Observation [5.1} so since both reduce
to X®Y @ Z, we have that X ®Y @ Z must bound any least upper bound).
Similarly, Fo < X ®Y ® Z. On the other hand, X ® Y @ Z must also
be a least upper bound because for any ceer R, if R is above E; @ Id and
above Fs, then R is above E; and FEs, thus above any least upper bound
of those, hence above X @Y @ Z which is such a least upper bound by the
proof of Theorem Thus we have two ceers, 1 @ Id and Es, with a
least upper bound which is strictly below E1 @Id @®FEs, because it is strictly
below E1 @ FE5, which is itself < F; @ IdPEs.

Incomparability of Ry and Rs follows by the fact that F, E5 satisfy the
incomparability requirements in the proof of Theorem [6.17 O

Corollary 6.20. There are two Z-incomparable light ceers Ry, Ry with a
least upper bound R so that R is strictly less than Ry @ Ra in the Z-degrees.

Proof. Consider the ceers R; and Ry given by the previous corollary. It
suffices to show that there is non € w such that X @ Z @ Yy ®IlddZ <
X®Y ®Z PId,,. Since there is an infinite strong effective transversal
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of X®Y @ Z (coming from the Id-part of the Y-part in the equivalence
relation), by Lemmawe have that XY ®ZPId < XPY PZ. But then,
assuming such an n as before, this implies X@® ZPY,PIdPZ < XPY D Z,
contradicting the conclusion of the previous corollary.

Once more incomparability of R; and Ry follows by the fact that E7, Eo
satisfy the incomparability requirements in the proof of Theorem [6.1 U

Theorem 6.21. There are two Z-incomparable dark ceers Ev, Es which have
a least upper bound R in the I-degrees so that R <7 FhW @ F».

Proof. (Sketch.) We sketch the proof which is a combination of ideas in the
proofs of Theorems and We build X,Y,Z to be dark ceers so
that 1 = X @® Z and Ey =Y @ Z have the desired properties. Notice that
darkness of E1, Fo follows from darkness of X,Y, Z. Suitable requirements
are:
FkX : The X-class of k is finite.
F,gf : The Y-class of k is finite.
F kZ : The Z-class of k is finite.
P If W; € w? is a c.e. set so that W; ~\ {(z,y) | =,y odd} is infinite,
then there are (z,v), (¢/,y) € W; so that

r X®ZrsyY®Zy.

Qj: ¢j is not a reduction of X @Y OZDZ to X@Y ®Z D 1d.
DX,]}‘,,: If W,, is an infinite c.e. set, then there are x,y € W,,, so that =z X y.
DY,%: If W,, is an infinite c.e. set, then there are x,y € W,,, so that x Y y.
DZj,: If W, is an infinite c.e. set, then there are x,y € W,, so that x Z v.

161’2: e is not a reduction from X @Y to X & Z P 1d.

182’1: e is not a reduction from Y @ Z to X & Z @ 1d.

As will be clear from the proof there would be in fact no need to make
7/ with finite equivalence classes: what we need for darkness in addition
to satisfaction of the D-requirements, is that Z has infinitely many equiv-
alence classes, and this would be achieved by ad-hoc requirements guaran-
teeing that there are infinitely many equivalence classes, or by requirements
guaranteeing that there is no reduction of Z to Id. We have chosen the
FZ_requirements just to follow an already known and familiar path.

One of the major differences with Theorem [6.17]is that we are requesting
Y to be dark, and this has the advantage that there will be no Id-part of
Y (and thus no Yy-part either) to worry about, whose only purpose was to
make Y light. This simplifies the strategy for I*! as now we do not have
the restriction of having to choose new witness in the Yjy-part of Y.

Moreover a Q; requirement is also now slightly different, as we want that
©; not to be a reduction of X @Y ®Z D Z to X QY @ Z @ Id, instead of
just to X @Y @ Z. The new corresponding strategy is now:

Strategy for @QQ;j: Wait for a,b from the different copies of Z in Z @ Z
(from X @Y @ Z @ Z) so that:
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(1) ¢j(a),¢;(b) lie both either in the X-part, or in the Y-part or in the
Z-part.

(2) pj(a),;(b) are unrestrained in the X-part or in the Y-part, or in
the Z-part.

When this happens, Q; is ready to act. Then (Q;-action) it collapses ¢;(a),
©;(b) in the X- or Y- or Z-part accordingly, making ¢;(a) X ®Y @ Z @ 1d
©;(b). As in Theorem this action satisfies the requirement since a, b
remain X @Y @ Z @ Z-inequivalent.

The construction: The construction is as in the proof of Theorem [6.1
modulo the obvious modifications deriving from the above described changes
in the requirements and in the strategies.

The verification: The verification is also as in the proof of Theorem [6.17],
modulo the obvious modifications, and using the fact that all strategies are
finitary and all together may be combined as a straightforward finite injury
construction. From this, we can see that all requirements which are not
Qj-requirements are satisfied. We now argue that each @ j-requirement is
satisfied as well. If ¢; is a reduction of X @Y @ ZPZ to XY ®ZPId
and Z « Id then the @Q)j-strategy eventually stops waiting and @); acts.
Indeed, arguing as in the proof of Theorem Qj-action is prevented to
act only if for cofinitely many pairs a, b we have that both ¢;(a), ¢;(b) land
in the Id-part of X @Y @ Z @ 1d. But this would give a reduction of Z @ Z
to Id, contrary to the fact that Z € Id because Z is dark (from F; kZ and
DZj},-requirements, which we already know are satisfied). Satisfaction of
the @-requirements shows that

X02)®(YDZ)=XDYDZOZ L XY D Z.

Z-incomparability of F; and FEs is provided by satisfaction of the I-
requirements.

It remains to show that X ®Y @ Z is a least upper bound of X & Z and
Y ® Z. To see this, we argue as in the proof of Theorem [6.12] So assume
that U is a ceer such that X ®~Z < U®Id, and Y ® 7 < U @ 1d,, for
some n, via reductions f, g respectively, and let V= U @ Id,,. Then let
C={(z,y)| f(x) Ag(y)} and E = C~{(x,y) | =,y odd}. It follows that FE
is finite. Thus, as in the proof of Theorem there is a finite set D such
that (X®Y @ Z),p < V. But since X,Y have finite and hence computable
equivalence classes, by Lemma we have that (X @Y @ 2) /p ®Idy =
XBY @ Z for some k, and thus XY ®Z <z V. It follows that XY B Z
is <7 all Z-upper bounds of X ® Z and Y @ Z, and thus is a least Z-upper
bound. O

6.5. Summary tables. Tables[I] [2Jand [3|summarize the various cases when
X vY exists, and X is join-irreducible, in the structures Ceers and Ceersz,
as X,Y vary in Dark and Light. The differences between Ceers and
Ceersy are highlighted in boldface in the columns relative to Ceersz.
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Ceers Ceersz
Rx | Ry Rx v Ry? Rx | Ry Rx v Ry?
light | light NO light | light NO
dark | dark NO dark | dark NO
—Sometimes NO —Sometimes NO
light | dark | -Sometimes Yes light | dark | -Sometimes Yes

TABLE 1. The problem of the existence of joins in Ceers
and Ceersz for incomparable ceers of the form Rx.

X

Y

Ceersy
XvY?

light

light

—Sometimes NO
—Sometimes YES
with sup X @Y
—Sometimes YES
with sup <z X @Y

dark

dark

—Sometimes NO
—Sometimes YES
with sup X @Y
—Sometimes YES
with sup <z X @Y

Ceers
X Y XvY?
light | light | —Sometimes NO
—Sometimes YES
with sup X @Y
—Sometimes YES
withsup < X @Y
dark | dark NO
light | dark | —Sometimes NO
—Sometimes YES
with sup X @Y
—Sometimes YES
withsup < X @Y
and Ceersy for incomparable general ceers.
Join-irreducible in Ceers
join-irreducible?
Rx | dark YES
Rx | light | - Sometimes YES
- Sometimes NO
X | dark YES
X | light | —Sometimes YES
—Sometimes NO

We now turn our attention to greatest lower bounds. It is known (see e.g.
[2]) that the poset Ceers is not a lower semilattice. An easy way to witness

light

dark

—Sometimes NO
—Sometimes YES
with sup X @Y
—Sometimes YES

with sup <z X @Y

TABLE 2. The problem of the existence of joins in Ceers

Join-irreducible in Ceers;

join-irreducible?

Rx | dark YES
Rx | light | - Sometimes YES
- Sometimes NO
X | dark | —Sometimes YES
—Sometimes NO
light | —Sometimes YES
—Sometimes NO

TABLE 3. Join-irreducible elements in Ceers and Ceers7.

7. GREATEST LOWER BOUNDS
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this fact is by looking at dark ceers, as follows already from results in earlier
sections. For instance:

Observation 7.1. There are dark ceers E1, Ey so that R < Ey, By implies
that R = 1d,, for some n.

Proof. Let Ey and E5 be two distinct minimal dark ceers: see Theorem [3.3
O

The rest of this section is devoted to studying meets, meet-reducible el-
ements, and strong minimal covers in the structures of ceers, and ceers
modulo =;.

7.1. The Exact Pair Theorem. The following theorem provides a useful
tool to deal with meets in Ceers and Ceersz.

Theorem 7.2 (Exact Pair Theorem). Let (A;)icw be a uniformly c.e. se-
quence of ceers. Then there exist two ceers X and Y above every @, ,, A; so
that any ceer Z below both X and Y is below @, A; for some n. Further,
if each of the A; is dark or in I, then X and Y can be chosen to be dark as
well.

Proof. Given a uniformly c.e. sequence (A;)ie, of ceers, with uniformly
computable approximations {4; s | i,s € w} as in Section we construct
two ceers X and Y, with the desired properties.

The requirements: We have the following requirements (the requirements
D,,, are omitted if not every A; is dark or in 7Z):

Qn: There is some column of X and Y which contains A,, (where, given
equivalence relations S, T we say that the k-th column of S contains
T, if (k,uy S (k,v) if and only if u T v, for all u,v).
Pjj.: If Z is a ceer such that ¢; witnesses Z < X and ¢, witnesses Z <Y,
then for some n, Z < @,,, 4i.
Dy,: If Wy, is an infinite c.e. set, then x X y for some z,y € W,, and
'Y o for some 2/,y' € W,,.
Notice that we write P;, and not P, 7, since Z is determined by j, k, as P} i,
in fact states that if ¢; and ¢y, are total, and for every z,y, p;(x) X ¢;(y)
if and only if ¢i(x) Y ¢i(y), then the ceer Z given by = Z y if and only if
@;j(x) X ¢;j(y), is reducible to some finite uniform join of the A,’s.
We fix the following priority ordering on requirements:

Qu<Py<Dy<@Qi<Pi<Di<---<Qn<P,<Dp<---

where we write P(; .y, = Pj . The m-th requirement in this ordering will be
denoted by R,.

Given a requirement R,,, px(m) and py (m) will denote the restraint sets
for the requirement, and will be comprised of a finite set of columns of w,
so that R,, can neither X-collapse nor Y-collapse elements lying in different
columns of px(m) or py (m), or (unless R, is a Q-requirement) elements in
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a same column of px(m) or py(m). Eventually, each column will contain
A, for some n, or a ceer equivalent to Id,, for some n.

Strategy for @y, : Actions for requirement ), are as follows: Pick a column
wl¥l'in X and Y so that the elements of wl¥ are larger than any number
yet mentioned. At all future stages, @, restrains (either X-restrain or Y-
restrain according to whether we code A4,, in X or Y) the elements of this
column, so that no lower priority requirement can either X- or Y-collapse
distinct elements in this column. Then @), causes collapse of the ith and
jth elements on this columns if and only if i A, j.

Strategy for Pjr: Actions for requirement Pj; are as follows. Denote
px = px(m) and py = px(m), where R,, = P;j. Then P;; waits for a pair
of numbers z,y so that the following currently hold:

(1) pj(x), (), pr(x), vr(y) have all converged.
(2) Not both of ¢;(z) and ¢;(y) are X-restrained (i.e. X-equivalent to

elements of px).

(3) Not both of ¢i(z) and ¢k (y) are Y-restrained (i.e. Y-equivalent to
elements of py).

(4) Not both ¢;(z) X ¢;(y) and ¢i(z) Y @i (y)-

Having found such a pair, if still ()Y ok (y) (if already ¢r(z) Y or(y),
but still ¢;(z)X¢;(y), then we act symmetrically) then (Pjj-action) Pj
X-collapses ¢j(x) and ¢;(y), restrains ¢ (z) and ¢i(y) in Y (by adding
suitable columns to the restraint set that the requirement passes on to lower-
priority requirements), and initializes all lower priority requirements. If P;
acts and its restraint is not injured by higher priority requirements then the
action corresponds to a winning outcome. The verification will show that the
other outcome, in which we wait forever for suitable x, ¥, is comprehensive
of the case when not both ¢; and ¢y, are total (we wait forever for some
computation to end), or otherwise ¢; and ¢ induce morphisms into some
finite uniform join of the A,,. Thus, if they are both reductions from a same
ceer Z we have that Z is reducible to some finite uniform join of the A,,, as
desired, so this waiting outcome fulfills the requirement as well.

Strategy for D,,: Actions for the D,, requirements are as follows. If
W, does not contain already distinct elements x, 2’ that are already X-
equivalent, then D,, waits for elements x,2’ to be enumerated into W,
which are not both not X-restrained (i.e. X-equivalent to elements of px)
and not as yet X-equivalent. If these are found, then (D,,-action for X)
D,,, X-collapses x and z’. Similarly, if W,, does not contain already distinct
elements y,y’ that are already Y-equivalent, then D,, waits for elements
y,y" to be enumerated into W,,, which are not both Y-restrained (i.e. Y-
equivalent to elements of py), and not as yet Y-equivalent. If these are
found, then (D,,-action for Y) D,, Y-collapses y and 3. In the verification,
we will use the fact these px and py are comprised of finitely many columns
that are either finite or dark, and thus correspond to a finite uniform join of
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ceers each of which is dark or in Z, so if W, is infinite then it can not be the
case that W,, contains only pairs which are X-non-equivalent and all of its
elements lie in px, or W, contains only pairs which are Y-non-equivalent
and all of its elements lie in py.

The construction: At stage s, we build, through a computable procedure,
approximations X, and Y, to the desired X,Y respectively. We use the
following parameters: c(n,s) approximates the column of X and Y where
Q. tries to code A,, at stage s, so as to get in the limit that the c¢(n)-th
column of X and Y contains A,. The parameters px(m,s) and py(m,s)
denote the columns in X and Y that are restrained at s by requirements of
higher priority than R,,, that is R,, can not collapse equivalence classes of
numbers in these columns.

At stage s + 1, we say that P;, requires attention if Pjj has not as yet
acted after its last initialization, but now P; is ready to act i.e. there exist
x,y so that (1) through (4) as in the description of the P;-strategy hold,
for the current approximations to the restraints px and py relative to P; .
We say that a requirement D,, requires attention if: W, has not as yet
enumerated elements x, 2, vy, vy’ such that already x X 2’ or y Y ¢/ and it is
now ready (through suitable z,z’) to act for X, or (through suitable z,z’)
to act for Y. After acting at a stage s, a requirement ¢nitializes all lower
priority P- and @Q-requirements R: if we initialize a Q-requirement (J,, then
we set ¢(n, s) undefined. At the end of stage s + 1, every parameter retains
the same value as at the previous stage, unless explicitly redefined during
stage s + 1.

Stage 0 Let Xo = Yy = Id. Initialize all P- and Q-requirements. Go to
Stage 1.

Stage s + 1 We act in two steps:

(1) If there is no P;j, with j,k < s such that P;j requires attention,
or no D,, with m < s that requires attention, then go directly to
step (2). Otherwise, pick the highest priority requirement R, that
requires attention.

If R,, = Pj, then pick the least pair (under code) x,y as in the
description of the P;g-strategy; if currently ¢ (z)Y ¢k (y) then X-
collapse ¢;(z) X ¢;(y); if or(x) Y ¢r(y) but still ;(z)X¢;(y) then
do nothing; in either case, P;j sets restraints px(m + 1), py(m +
1) extending the restraints of higher priority requirements plus the
columns up to the least column 7 so that ¢;(z), ¢;(y), (), vr(y) €
Ui<r wlil.

If R = D,,, then pick a suitable pair x,z’ or v,y as in the descrip-
tion of the strategy and X-collapse x, 2’ or Y-collapse ¥, 3 according
to which case applies.

Initialize all P- and Q-requirements of priority lower than that of
R. Notice that if R is a P-requirement, then initialization implies
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also that the unrestrained column (or columns) of which R has col-
lapsed some class to another class will no longer be used for coding
by @Q-requirements.

Go to step (2).

(2) Let ng be the least number such that ¢(ng) is currently undefined;
define ¢(ng) to be a fresh number (i.e. all numbers so far mentioned
in the construction lie in some column r with r < ¢(ng). Further-
more for each column smaller than this one which is not currently
chosen for a coding @-requirement, X-collapse and Y-collapse all
non-restrained elements within this column, thus making the col-
umn have only finitely many classes in both X and Y: we refer to
this move as auzxiliary D-collapsing. Next, for all n < ng, code A,
into the ¢(n)-column of X and Y, by collapsing {¢(n),u) X {c(n),v)
and {c(n),u) Y {c(n),v) for all u,v < s such that u A, v. (If
one sees these collapses as actions of @), then, strictly speaking, a
Q-requirement acts infinitely often, but it never directly collapses
numbers from different columns.)

After completing (2), we close the stage by performing the following ac-
tions: define Xsy1 and Ys11 to be the equivalence relations generated by
Xs, and Y, plus the pairs obtained by the above described X-collapsing
and Y-collapsing actions, respectively. Go to stage s + 2.

Notice that contrary to other proofs in the paper, Xsy1 and Ysy1 are not
finite extensions of Id, because of the infinite collapses deriving from the aux-
iliary D-collapsing, which however produces computable equivalence classes,
so that X, 1 and Y1 are computable equivalence relations, and at the next
stage it will be decidable to see whether two numbers are X;1-equivalent
or Ysi1-equivalent, if and when this may be required by the construction.

Verification: The verification rests on the following lemmata. X- or Y-
collapses performed by the construction between pairs of numbers from dif-
ferent columns of w will be called horizontal collapses (made by P- and
D-requirements); collapses within a same column will be called vertical col-
lapses (made by Q-requirements or by auxiliary D-collapsing).

Lemma 7.3. Each requirement can be initialized only finitely often and (if
not a Q-requirement) acts only finitely many times.

Proof. This is a straightforward inductive argument, since a requirement can
be initialized only if some higher priority P-requirement or D-requirement
acts, and, on the other hand, a P-requirement can act only one more time
or a D-requirement can act at most two more times, after their last initial-
izations. (]

Lemma 7.4. For each requirement R,, there is a least stage t such that at
no s =t does either px(m + 1) or py(m + 1) change.

Proof. Obvious by induction on m. O
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Lemma 7.5. If each A; is dark or in T then there is no infinite c.e. set W,
contained in the X -closure or the Y -closure of a single column, so that if W,
is infinite then Wy, gives pairwise X -inequivalent or pairwise Y -inequivalent
elements which avoid the restraints imposed by higher priority requirements.

Proof. If the j-th column of X is encoding a ceer A, then this follows from
the assumption that each A, is dark. Otherwise, the first time that a coding
column > j is chosen, X is collapsed to have only finitely many classes in the
j-th column. Thus W,, cannot be an infinite set of pairwise X-inequivalent
elements on the j-th column of X. The same argument holds for Y. (]

Lemma 7.6. Fach requirement is satisfied.

Proof. We first consider requirement (,,. Let s be the stage at which we
choose the final value ¢(n, s): then for every ¢t > s, ¢(n,t) = c(n,s) = ¢(n).
Since ¢(n) is chosen larger than any number mentioned so far, this column
has no higher priority restraint either by X or Y. Since no lower priority
requirement can cause X-collapse or Y-collapse on this column (although it
could collapse numbers from bigger columns to this column), and @,, causes
collapse on this column exactly to correspond to collapse in A,,, we see that
A, < X and A4,, <Y via the computable mapping m — {(c¢(n), m).

We now consider requirement Pj. Let s be the least stage after which
Pj} is never re-initialized. By a previous lemma, all restraints imposed by
higher priority requirements have stabilized, giving sets px for X, and py
for Y, say px = Uignwm, for some n and py = Uigmw[i], for some m.

We first consider the case where Pj; acts at some stage t > s, i.e. suc-
cessfully finds a pair z,y satisfying conditions (1)-(4): suppose at stage ¢
we have that o (z)Yor(y), the other case being similar. Then by plac-
ing the Y-restraint on ¢k (x) and ¢ (y), and by initialization, we will have
or(@)Y or(y), but ¢;(z) X ¢r(y). This satisfies the requirement.

Now, suppose at no stage t > s do we find a pair x, y satisfying conditions
(1)-(4). We may also assume that ¢; and ¢, are total, and ¢;,py are
reductions of the same ceer Z (i.e. for all z,y, x Z y if and only if ¢;(z) X
@;(y) if and only if ¢i(z) Y ¢r(y)): otherwise, Pj; is satisfied. If, for
every x, ¢j(x) is in [px]x, then we claim that P;}, is satisfied. To see this,
let I = {i < n | the i-th column of X codes some A,}: in other words I
is comprised of the numbers ¢(r) < n. Recall that if 7,5 € I are distinct
then (by initialization: see remark at the end of part (1) of Stage s + 1) the
X-equivalence classes of elements in wl’l are disjoint from the X-equivalence
classes of elements in wl/l. By our coding, if r € I, we have that (r,z) X
(r,yy if and only if x A, y where ¢(n,) =r.

After s no requirement (which is not a Q-requirement) of higher prior-
ity than P;j, acts, and thus no pair of X-classes of elements in px coming
from distinct columns are X-collapsed by actions of requirements of higher
priority than Pjj (no more horizontal collapses, as the higher-priority re-
quirements no longer act, and the lower-priority requirements do not break
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the restraint px), as the Q-requirements do not collapse classes of numbers
from different columns (only vertical collapses in this case). Let f1,..., 8

be the distinct equivalence classes at stage s of elements lying in  J wlil,
[i]

<n
not containing elements in any column wl™! with r € I restricted to | J,, w
these equivalence classes, and their number, will no longer change.

Consider the following algorithm to compute a function f. On input z
search for the first (r,u) with r < n such that ¢;(z) X {r,u): if (r,u) € §;,
for some 4, then map z to (n + i,0); otherwise search for (', vy with " € I
such that {r,u) X (', u"y and map z to (n,.,u’).

Clearly, for every x, f(x) is defined and codes a pair whose first projection
is a number i < n+h. It is not difficult to see (using that each n, < ¢,, <n
and that there is no more horizontal collapse within px after s) that for all
x,y, ¢j(x) X ¢j(x) if and only if there are i« < n + h and u,v such that
flx) = Gyuy, f(y) = (,v) and u A; v. From this it easily follows that
Z < Dicnn Ai-

Now, suppose x is some number so that ¢;(z) is not X-equivalent to any
element of px. Then, for every y and every stage t > s where @i (y) |, we
must have pr(y) € [py]y or, at t, pr(z) Y ¢i(y). But then for every y,
vr(y) € [Uz‘gpw[i]]Ya for the least p such that py < Uigpw[i] and () €
U, Sp(,u[i]]y. An argument similar to the previous one shows now that Z is
reducible to a finite join of the A;.

<n

We finally consider requirement D,,. It is subject to restraint of only
finitely many columns: if W, enumerates an infinite set so that a,b € W,,
implies aXb, then it follows that W, is not contained in any finite number
of columns (as each column does not have such a set by Lemma[7.5]). Thus,
eventually D,,, will find z, 2’ and vy, %’ as needed, and an X-collapse of x, 2’
and a Y-collapse of y, vy’ will permanently satisfy D,,.

O

This completes the proof of the Exact Pair Theorem. (|

Corollary 7.7. If the uniformly c.e. sequence (A;)icw consists of finite ceers
and dark ceers, then we can get X,Y dark.

Proof. This follows from the proof of the Exact Pair Theorem. O

In the rest of the paper when we apply the Exact Pair Theorem to get
dark ceers X,Y then we will say that we appeal to the “dark Exact Pair
Theorem”.

7.2. Meet-irreducibility and self-fullness. Our first application of the
Exact Pair Theorem is to show that the meet-irreducible ceers coincide with
the self-full ceers.

Theorem 7.8. Let E be any ceer. Then E is non-self-full if and only if
there exists incomparable X,Y so that E is a greatest lower bound of X and

Y.
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Proof. If F is a self-full degree, then E cannot be a greatest lower bound of
any pair of ceers: Given any F7, Fs both > E, then by Lemma Eald;
is a ceer strictly above E and still below E; and FEbs.

For the converse, suppose E is non-self-full. Let (A;);e, be the uniform
sequence with Ag = F and A; = Id; for every j > 0. Let X,Y be as
guaranteed by the Exact Pair Theorem. Then F < X,Y, and Z < X,Y
implies Z < E®Id,, for some n. But since F is non-self-full, E®Id,, = E. 0O

7.3. Strong minimal covers. In this section we study minimal covers and
strong minimal covers. Recall that in Ceers every self-full ceer E has exactly
one strong minimal cover, which is the least degree of the set of degrees
strictly above E. The next result follows immediately from Theorem [£.10}
We repeat it here to record the consequence in the context of our discussion
of the =z-degrees.

Theorem 7.9. FEvery non-universal =z-degree R has infinitely many in-
comparable self-full strong minimal covers. Moreover if R is dark, then it
has infinitely many incomparable dark strong minimal covers.

Proof. Let R be a non-universal ceer: notice that by Observation being
non-universal is the same as being Z-non-universal. Then by Theorem
there are infinitely many incomparable self-full ceers E; above R satisfying
the properties stated in Theorem and they are built so that no Ej-
equivalence class is computable. Thus the E; are <z-incomparable: indeed
if B} <7 Ep then E; < Ey @ 1d, for some n but, being undecidable, no Ej
class can be mapped to a class in the Id,-part; so, in fact E; < Ep which is
a contradiction. As to show that each of the E; is a strong minimal cover
of R in the Z-degrees, suppose that X <7 Ej, hence X < E;@®1d,, for some
n, via a reduction f such that all classes in the Id,-part are in the range of
f. By Lemma (2) let X be such that X = Xqg@®1d,, and Xy < E;. If
Xo = E; then X = E;®Id,, giving X =7 E;. Otherwise, Xo < Ej, but then
(by the properties of the ceers Ey provided by Theorem Xo < R®ldg
for some k, giving X = Xy ®Id,, < R®Id ®1d,, giving X <7 R.

The latter part of the statement about dark strong minimal covers comes
by the same argument using Corollary O

Corollary 7.10. Suppose Y > X has the property that Z > X implies
Z =Y. Then'Y is a strong minimal cover of X.

Proof. If X and Y have this property then X is not branching, so is self-full
by Theorem [7.8 Then up to = there is a unique such Y, namely X @ Id;.
We know that X @ 1d; is a strong minimal cover by Lemma 4.5 O

Non-self-full non-universal ceers are not only meet-reducible, but in fact
we can prove the following stronger fact.

Corollary 7.11. If X is non-self-full and non-universal, then there are
infinitely many incomparable self-full strong minimal covers of X.
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Proof. If X is non-self-full and non-universal, then by Theorem X has
infinitely many incomparable self-full ceers E; above it. Now, if Y < E; then
by properties of Ej established in that theorem we have that Y < X @ 1d,,
for some n. But by self-fullness we have (Observation X =Xoeld,,
thus YV < X. O

Notice that, for X non-self-full every strong minimal cover Y of X does
not have the property that Z > X implies Z > Y.

Question 2. Does every non-self-full ceer have a non-self-full strong mini-
mal cover? Does every non-self-full ceer have infinitely many incomparable
non-self-full strong minimal covers?

Note that a positive answer to the second form of this question would
give an embedding F' of w=¥ into the ceers where F'(01) is a strong minimal
cover over F(o).

7.4. Branching and non-branching. Theorem shows that we have
meet-irreducible (also called non-branching) elements in Ceers, by showing
that they coincide with the self-full-ceers. Since every dark ceer is self-full
we have that there exist meet-irreducible dark ceers. But also:

Corollary 7.12. There is a light degree E which is not a greatest lower
bound of any incomparable degrees.

Proof. Theorem [£.14]shows that there are light self-full degrees E. It follows
from Theorem that E cannot be a meet of any incomparable pair of
degrees. O

Contrary to this, Theorem [7.9| shows that in Ceersz every non-universal
element is meet-reducible (also called branching).

Corollary 7.13. Every non-universal =z-degree E is branching. Moreover
if E is dark then in the T-degrees E is a meet of two incomparable dark
T-degrees.

Proof. Directly from Theorem [7.9] O

The following observation gives an alternative proof of branching of self-
full ceers in Ceersz, using the Exact Pair Theorem.

Observation 7.14. For any self-full ceer E, there are ceers X, Y = E and
>7 FE so that R <7 X and R <z Y if and only if R <7 E. Further, if E is
dark, we can choose X and'Y to be dark as well.

Proof. Apply the Exact Pair Theorem to the sequence (A;);e, where Ay = E
and A; = Idy fori > 0. Let X, Y be as produced by the Exact Pair Theorem.
Clearly X,Y >z E. Then R <7 X,Y implies that for some n there are
reductions f and g witnessing that R < X @®1Id, and R < Y @ 1d,. By
Lemma (3) there exists a ceer Ry so that Ry < X,Y and R < Ry ®1dy,.
Then Ry < @,_,, A; for some m, from which Ry < E ® Id;;,—1, so R <

i<m
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E ®1d,,_119n, showing that R <7 E. The claim about dark ceers follows
by Corollary [7.7] O

Corollary below shows that for dark ceers in Ceersy we can have
also dark-light branching. We first need the following theorem.

Theorem 7.15. If X, Y are dark ceers with a greatest lower bound Z in the
=7-degrees, then X,Y @ Id also have a greatest lower bound Z in the =1
degrees.

Conversely, if X, Y are dark and Z is a greatest lower bound of X, Y @1d
in the L-degrees, then Z is a greatest lower bound of X,Y in the Z-degrees.

Proof. Let X,Y be dark ceers. Assume first that Z is a greatest lower
bound of X,Y in the =7 degrees, and let £ <; X, Y @ Id. Then F <
X®1d,,Y @ld®l1d, for some n. But F is dark since £ < X @ Id,,, so at
most finitely many elements of Id can be in the range of F in the reduction
to Y ®IdPId,,. Thus £ < X ®Id;,Y P Id; for some k. Thus £ <7 X,Y.
Thus F <1 Z.

Now suppose Z is a greatest lower bound of X,Y @ Id in the Z-degrees.
Since Z is dark, as above Z <7 Y, s0 Z <7 X,Y. Given any R <7 X,Y,
we have that R <7 X, Y ®@1d, so R <7 Z. O

Corollary 7.16. We have dark-light branching in the =z-degrees of dark
ceers: For any dark ceer X, there is a dark ceer A and a light ceer B, both
>7 X, so that R <7 A and R <z B if and only if R <z X. In particular,
many pairs of light and dark ceers have meets.

Proof. This follows directly from Theorem [7.15 and Corollary [7.13] O

7.5. Meets in Ceers and Ceersz. We complete our study of meets (i.e.
pairs with a meet, pairs without a meet, etc.) comparing the two structures
Ceers and Ceersz. First of all notice that meets in Ceers become meets in
Ceersy as well. Indeed, the following lemma parallels the analogous result
for joins, see Lemma (6.5

Lemma 7.17. If B,C are ceers with a greatest lower bound E, then E is
also a greatest lower bound for B,C' in the =z-degrees.

Proof. Let Z <z B,C. Then Z < B® Id,,C & Id, for some n. By
Lemma (3) there exists some Zy such that Zy =7 Z and Zy; < B,C.
Thus Zy < E, showing that Z <7 E. (]

7.5.1. Dark ceers and infima in Ceers and Ceersz. As an easy consequence
of Theorem[7.8] we can dualize Theorem 5.8} in fact, a stronger result holds.

Theorem 7.18. If E1 and E5 are incomparable and at least one is dark,
there is no greatest lower bound of E1 and Es.

Proof. Any potential greatest lower bound would have to be < a dark degree,
thus dark, so self-full, contradicting Theorem [7.8 O
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However, contrary to what happens in Ceers as highlighted by Theo-
rem [7.18] we may have infima of incomparable dark ceers in Ceersz:

Corollary 7.19. There are pairs of dark degrees which have a greatest lower
bounds in the =z-degrees.

Proof. Theorem allows us to take X,Y dark so that E is a greatest
lower bound of X, Y in the Z-degrees, if we start with E dark. O

On the other hand there are cases of incomparable dark ceers with no
infimum in Ceersz. To see this, we first need the following lemma.

Lemma 7.20. There is an infinite uniformly c.e. family of dark ceers
(Aj)icw so that each Aj is not <z @Kj A;.

Proof. Let Ag be any dark ceer. Let A,4+1 be one ceer constructed by The-
orem from R = @,,, Ai- Hence A, 1 € R: on the other hand, it can
not be A, 11 <7z R®1d,, for any n since the equivalence classes in A, are
not computable.

As Theorem is uniform, this is a uniformly c.e. family of dark ceers
so that each A; is not <z (—BK]. A;. O

Theorem 7.21. Not all pairs of dark degrees have a greatest lower bound
in the =z-degrees.

Proof. By Lemma take a uniformly c.e. family of dark ceers (A4;)icw SO
that each A; is not <z ®i<j A;. By the dark Exact Pair Theorem let B, C
(above all A;) be dark ceers so that X < B,C if and only if X < @,,, 4
for some n. Given any ceer £ <7 B,C, by Lemma (3) we have that
E = Ey®1dy, for some k and Ep such that Ey < B,C. Then Ey < @;,, 4i
for some n. Therefore, A, 11 is a ceer which is below B, C but is not <7 FEj,
so0 Ap+1 €7 E. This shows that E cannot be a greatest lower bound of B

and C in the =z-degrees. U

7.5.2. Light/dark pairs and infima in Ceers and Ceersz. In the structure
of ceers we know already:

Corollary 7.22. There are pairs consisting of one light and one dark ceer
which do not have any meet in the degrees.

Proof. By Theorem ([

This extends also to Ceersz:

Corollary 7.23. There are pairs consisting of one light and one dark ceer
which do not have any meet in the =1 degrees.

Proof. This follows directly from Theorem and Theorem [7.2]] O
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7.5.3. Light ceers and infima. We now turn to considering meets of pairs of
light degrees.

Corollary 7.24. Some pairs of light ceers have a greatest lower bound.

Proof. This is a consequence of Theorem as many light degrees are non-
self-full, such as any degree of the form X @ Id. O

Corollary 7.25. Some pairs of light ceers have greatest lower bounds in the
=7-degrees.

Proof. This follows directly from Corollary and Lemma O

Theorem 7.26. There are pairs of light ceers with no greatest lower bound
m =7.

Proof. Let (B;)ic, be a uniformly c.e. family of dark ceers so that B; €z
P, ; Bi as constructed in Theorem

Then we apply the dark Exact Pair Theorem to the sequence (A4;)icw
defined by Ag = Id and A; = B;_1 for ¢ > 0. This gives a pair of ceers
X,Y so that Z < X,Y if and only if Z < Id®@®,_,, B; for some n. Then
we need to show that B, €z Id®®,_,, B;. Otherwise, we would have
B, < 1d®@®,_,, Bi (as the Id absorbs the extra Id; where k is such that
B, < ld®®,_,, B; ®1d;, if we assume that B, <z Id®@P,_,, B;: this is
a trivial consequence of Lemma by taking an infinite strong effective
transversal for a reduction Id; < Id, obtaining Id; ®1Id < Id), and thus,
since By, is dark, we have B, < 1d;®,_,, B; for some k, showing B, <z
@, -,, Bi, but this is known to be false by choice of the B;. O

Corollary 7.27. There are two light ceers with no greatest lower bound.

Proof. This follows directly from Theorem and Lemma O

7.6. Summary tables. Tables[]and [flsummarize the various cases of when
X AY exists, and X is meet-irreducible, as X, Y vary in the classes Dark and
Light. Table [5|summarizes some of the results about strong minimal covers.
The differences between Ceers and Ceersy are highlighted in boldface in
the columns relative to Ceersy
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Ceersy
Ceers X Y X AY?
X Y X AY? light | light | —Sometimes NO
light | light | —Sometimes NO —Sometimes YES
—Sometimes YES dark | dark | —~Sometimes NO
dark | dark NO —Sometimes YES
light | dark NO light | dark | —Sometimes NO
—Sometimes YES

TABLE 4. The problem of the existence of A in Ceers and
Ceersy for incomparable general ceers.

Strong minimal covers ..
Strong minimal covers

1n (?eers in Ceersy
for non-universal ceers for non-universal ceers
infinitely infinitely
many? many?
X | self-full | NO (only one) X YES‘
X | non-self-full YES

TABLE 5. Strong minimal covers in Ceers and Ceersz. In
Ceers every self-full has exactly a strong minimal cover,
which is the least of all degrees strictly above it.

Non-universal meet-irreducible
ceers in Ceers;
‘ meet-irreducible?
X | dark NO: meet of
(dark, light)
(dark, dark)
X | light NO
TABLE 6. Meet-irreducible elements in Ceers and Ceersz.
Notice that there are self-full light ceers (hence meet-
irreducible) and non-self-full light ceers (hence meet-
reducible), as by Theorem the meet-irreducible ceers co-
incide with the self-full ones.

Non-universal meet-irreducible
ceers in Ceers ‘
meet-irreducible?

X | dark YES
X | light | —Sometimes NO
—Sometimes YES

7.7. Minimal tuples. For n > 1, a minimal dark n-tuple is an n-tuple of
dark ceers so that every ceer < every member of the tuple is in Z. Minimal
dark n-tuples trivially exist for every n > 1, since by Theorem there exist
infinitely many minimal dark ceers, so any n-tuple chosen from among these
minimal dark ceers is a minimal n-tuple, but in this case any sub-k-tuple,
1 €< k < n, of this n-tuple is also minimal. The following theorem shows
that this has not always to be the case.
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Theorem 7.28. For every n = 2, there is a minimal dark n-tuple which
does not contain a minimal dark (n — 1)-tuple.

Proof. (Sketch.) We construct dark ceers Ry,...R, to be a minimal n-
tuple. In order to ensure that no n — 1-sub-tuple is a minimal tuple, we
construct dark ceers Ex for each X < {1,...,n} of size n — 1 and we let
R, = (—BieX FEx: as the Ex are dark it follows that each R; is dark as well
by Observation This ensures that each Ex is below R; if i € X. Thus
{R; | i € X} does not form a minimal n — 1-tuple. Each R; is the &-sum
of n — 1 addenda of the form Ex: we identify each X such that ¢ € X
with its canonical index, so that the k-th addendum in the @-sum giving R;
corresponds to the k-th canonical index in order of magnitude. Thus u R; v
if and only if u = v = k mod,—; for some £k < n — 1, and 4 Fx, 0, where
for any z, Z is the quotient of x by n — 1 (i.e. x = &(n — 1) + j for some
0 < j <n-—1): see Section for the definition of a uniform join with
finitely many addenda. We will say that two numbers u, v are in (k, Ex) if
u =v = j mod,_1, for some j <n—1, and the j-th addendum of Ry is Ex
(hence k € X).

Our requirements to build the desired ceers Ex are as follows, where the
sequence 7 = (i1,...,1,) varies on all sequences of w having n elements:

P:: (where i = (i1,...,in)) If the reduction ¢;, to Ry, gives the same ceer
Z reduced to Ry for each k, then Z has only finitely many classes.
Q’)“(: Fx has at least k classes.
D’)“(: If W}, is infinite, then there are x,y € Wy such that x Ex y.

As usual the requirements are given a computable priority ordering of
order type w. We describe the strategies to meet the requirements. Each
requirement may restrain pairs from being Ex-collapsed for some X. We
will see that each requirement will place only a finite restraint.

Strategy for P;: Since for P only finitely many classes in each Ex are
restrained, we wait for ¢;, to converge, to be in the same (1, Ex), and have

P

©i, (), @i, (y) not as yet Rj-equivalent (i.e. the pair ¢;, (x), ¢;, (y) not yet

—_

Ex-equivalent), and ¢;, (), ¢;, (y) not restrained in Ex by higher priority
requirements. (Note that, since each Ex has infinitely many equivalence
classes, if the wait never ends then either ¢;, is not total or the range of
¢, hits finitely many Ex-classes for every X with 1 € X by the pigeonhole
principle, so that if ¢;, is a reduction then the image of this reduction in

Ry would be finite.) Now we restrain ¢;, (z), ¢;, (y) in Ex. Pick j ¢ X.
We now wait for ¢; (), ¢;;(y) |. Note that Ex does not appear in the
@-sum which forms R;. Once these computations converge (or if they have
already converged), we diagonalize: If ¢; (z) R; ¢;i;(y), then we simply
maintain our restraint in Ex. If ¢;; (x)%gozj (), then we Rj-restrain ¢;, (z),
¢i;(y) (no problem if ¢; (), p;;(y) hits different addenda of R;, as in this
case they can never become Rj-equivalent; otherwise, if o;; (), ¢;;(y) are in
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the same (j, Fy) then we Ey-restrain <p/1j—\() g;;(\)), and we Ex-collapse

@iy (T), @iy (y), so that ; (z) R1 @i, (y) and p;; (@ ﬁ/golj . This ensures
that there is no Z such that ¢;, and ¢;; reduce Z to Ry and Rj, respectively.

Strategy for Q’)“(: We take a new k-tuple and Ex-restrain this tuple.

Strategy for Dk Wait for two unrestrained elements to be enumerated
into Wj. Then E x-collapse these two elements.

We organize these requirements in a finite priority argument. It is clear
that after each initialization each requirement acts at most once, so each
requirement is eventually not re-initialized, thus its final action satisfies the
requirement, and sets only a finite restraint. In particular no Ex is finite
so that our wait for P eventually stops if all ¢;. are total and the range of
©;, contains infinitely many Rj-equivalence classes. Since E'y has infinitely
many equivalence classes, each Dlj( is satisfied since if Wy is infinite then it
eventually will enumerate a pair of numbers not restrained by higher priority
requirements: thus each Ex is dark.

It follows that the R; are dark, they form a minimal n-tuple, and no
n — 1-sub-tuple is a minimal tuple. O

Observation 7.29. There is a pair of incomparable ceers A, B which do
not form a minimal pair so that if (A, B,C) form a minimal triple, then
(A,C) and (B,C) form a minimal pair.

Proof. Let A, B be two strongly minimal covers of the same degree. Then
if (A, B,C') form a minimal triple, then every X < A is also < B, so cannot
be < C, unless it is finite. This shows that (A, C) form a mlmmal pair. The
same argument gives that (B, C) form a minimal pair. O

8. DEFINABLE CLASSES OF DEGREES OF CEERS

A class A of degrees of ceers is definable in (Ceers, <) if there is a first
order formula ¢(v) in the language of posets such that

= {a | (Ceers, <) | ¢(a)}.

For instance, by Theorem the self-full degrees are definable as exactly
those degrees that are meet-irreducible.

Corollary 8.1. The classes of degrees provided by Z, {Id}, Dark, and Light
are all definable in the poset (Ceers, <).

Proof. X € T if and only if every ceer is <-comparable with X and X is not
universal.

Id is definable as the unique minimal degree above Z which has a least
upper bound with all the other minimal degrees above Z. Indeed by Theorem
for every dark degree which is minimal above Z there is a minimal dark
degree above Z which is incomparable with it: since no two dark ceers have
a least upper bound by Theorem the only minimal ceers which have a
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join with all of the minimal ceers over Z must be light. By Observation [5.1
Id has a least upper bound with every dark ceer, and is the only minimal

light ceer.
Dark is definable as the ceers not in Z which are not above Id, and Light
is defined as the set of ceers above Id. O

Next we notice:

Corollary 8.2. The map S : X — X @ 1d; is definable in the structure
(Ceers, <).

Proof. If X is branching, then X is not self-full by Theorem [7.8 and thus
S(X) = X by Observation Otherwise X is self-full (again by The-
orem and thus by Lemma S(X) is the unique degree Y so that
Z > X implies Z > Y. 0

As seen in Observation for X dark the ceer X @Id is definable uni-
formly from X as the smallest light ceer which bounds X. No definability
of X ®@1d is known when X is light, so we ask the following question.

Question 3. Is the operation X — X @ Id definable?

Question 4. Is Ry definable? Is Id’ definable? Are there any definable
degrees other than those in Z (notice that each Id,, is clearly definable, as
is the unique ceer with exactly n — 1 ceers below it, if n > 0, or is the least
ceer if n = 0), that of Id or the universal degree?

9. THE POSET OF CEERS MODULO THE DARK CEERS

We define the relation <p on ceers, where we let E <p Rif E < R®X, for
some dark ceer X: this is clearly a pre-ordering relation, hence a reducibility
on ceers which originates the structure of the D-degrees. Note

Observation 9.1. The D-degree of 1d satisfies that it is monzero in the
structure Ceers park and every nonzero D-degree is Zp it.

Proof. The least element in Ceers park is the D-equivalence class com-
prised of all dark ceers, plus the finite ceers. On the other hand it can not
be Id <p F for any dark F, so Id,p is nonzero and Id < X for any light
X. O

Observation 9.2. We always have E <p E’ for any non-universal ceer E.

Proof. Let E be non-universal. If £/ < E@® X then by uniform-join irre-
ducibility of E’ established in Fact we have that either £/ < F, which
can not be since E is non-universal, or E' < X, which implies that X is not
dark as F’ is light. O

Observation 9.3. The universal =p class is comprised of exactly the uni-
versal ceers.
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Proof. If F is <p-universal, then for every universal U we have U < E® X
for some dark X: but universal ceers are uniform-join irreducible (each one
being = to the jump of itself) and light, so this gives U < E. O

Theorem 9.4. Let E be any ceer, and suppose £ < X < E®Id. Then for
somenew, X < FE®Id,

Proof. Let f give a reduction of E to X and g give a reduction of X to F@Id.
Suppose towards a contradiction that the range of g contains infinitely many
odd elements. We can assume without loss of generality that the range of ¢
is onto the Id-portion of F @ Id: indeed, it is an infinite c.e. set so we may
assume it is everything by composing with a computable 1 —1 map between
this set and w. We analyze the situation by cases:

Case 1: The image of go f in the Id portion of £ @ Id is finite. Let Y be
the portion of Id not in the range of g o f. Since Y is co-finite in the odd
numbers, it is computable, and so we may consider a computable bijection
k from the odd numbers onto Y. Now we describe a reduction of E @ Id to
X, leading to a contradiction: define h(z) = f(3) if z is even and h(z) to be
g 1(k(2)) for z odd.

Case 2: The image of g o f in the Id portion of E @ Id is infinite: by
Lemma (4), there is a ceer Ey such that £ = Ey@Id. But then EQId =
Ey@Ilddld = Ey@Id = E, a contradiction. O

Since under =p all dark and finite ceers collapse to the zero D-degree,
how does the structure Ceers, pa,x compare to Light? Differences between
the two structures are shown in the following theorem.

Theorem 9.5. Ceers,park #<,@ Light U{0} (i.e. the two structures are
not elementarily equivalent in the language with < and @).

Proof. By Theorem Ceers pa,i satisfies the statement (V.X)(|[X, X @
Id]| <2, as F <z R implies £ <p R. On the other hand this statement is
false in the light degrees: if X is light and self-full then by Lemma and
Lemma (4.5 the interval [ X, X @ Id] contains the infinite chain

X< Xoldi< X®ldy < ---.

Moreover, Id is definable in Light as the least element, and Id is definable
in Ceers/pari by Observation @ O

Theorem 9.6. The first order theory of the structure (Light, <) is unde-
cidable.

Proof. The argument in [2] showing that the theory of Ceers is undecidable
is based on the fact that one can embed into Ceers the interval of c.e.
1-degrees [01,0}] where 07 is the 1-degree of any infinite and coinfinite
decidable set and 0} is the 1-degree of the halting set K (this embedding
is granted by Fact . We just note that this embedding is all happening
into the light ceers. O
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Observation 9.7. For every dark ceer X, the =z-class of X is uniformly
definable in (Ceers, <), in the parameter X .

Proof. Let X be dark. By Theorem a ceer Y is =7 X if and only if for
some k, either X ®Idy =Y or Y @ Id; = X. Since the second condition is
symmetric to the first with the variables X and Y swapped (and Y is dark),
we need only show that the first condition “X @ Id; = Y for some k” is
definable. We claim this holds if and only if

X <Y & [X,Y] is lineraly ordered & (V2)[ X < Z - [Z>YVvZe[X,Y]]]

Indeed, if X ®@1dy, = Y for some k, then [X,Y] is comprised of degrees
containing ceers of the form X @ Id;; and by Lemma every degree > X
is either equivalent to X @ Id; for some [ < k or is > X @ Idg.1 > X @ Idy.

The right-to-left direction comes from Corollary Let Y=7X: we
claim that Y does not satisfy the condition. So, assume that X <Y, hence
X <Y. Let (Aj)ie, be the collection of incomparable dark ceers above X
granted by Corollary then for every i,n, X ®Id, < A; and if Y < A;
then there exists m such that Y < X @ 1d,,,. This shows that for no 7 can
it be Y < A; otherwise Y < X @ 1d,, for some m contrary to assumption.
So, if one of these A; is not bounded by Y, then Z = A; shows that the
condition does not hold. On the other hand, if Y does bound all of these
A;, then any two of them, by incomparability, show that the condition does
not hold since [X, Y] is not linearly ordered. O

Despite the fact that the dark ceers form a discrete partial order under
the @1Id;-relation, this cannot help in showing that their first order theory
is decidable. This is because the structure of Darky is definable in the dark
degrees as Observation [0.7] shows.

Question 5. Is the theory of dark ceers decidable?

10. Z-CHAINS

Z-chains will be useful when discussing automorphisms of ceers in Sec-

tion M1l

Definition 10.1. A Z-chain under the map X — X ®1d; (or simply under
@1dy) is a collection ¢ of degrees such that there is an order theoretic iso-
morphism with the structure (Z, S), with Z the integers, S the successor in
Z, and under the isomorphism S corresponds to the map X — X ®1d;.

Observation 10.2. Let R be a self-full ceer. Then the degree of R is in the
range of the @1dy map if and only if some class in R is computable.

Proof. If R has a computable class [2] g, then by Lemmal[2.6) R = R/(z,y)®
Id;, for y any element inequivalent to . On the other hand, every ceer of
the form E @ Id; has a computable class. Now suppose R is equivalent to
a ceer £ @ Id;. Then since R is self-full and R < E ®1Id; < R, we see that
every class of E'@® Id; must be in the range of this reduction (otherwise R
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properly reduces to itself contradicting self-fullness). Then the class sent to
the class Id; is a computable class in R. O

Notice that every non-self-full ceer E is in the range of the @®Id; map,
since FE®1d; = E.

Corollary 10.3. There are dark degrees which are not part of Z-chains
under @1dy. There are also dark degrees which are part of Z-chains under
@®1d;.

Proof. There are dark ceers which have no computable classes. For example,
Badaev and Sorbi [5] have constructed dark weakly precomplete ceers.

On the other hand, there are dark ceers with finite classes, such as those
constructed in Theorem Such degrees are part of Z-chains under @ 1Id;.
Indeed, if X is dark then the successor X @ Id; (under the map @1Id;) by
Lemma [£.5]is a strong minimal cover of X; on the other hand, if X is a dark
ceer with finite or computable classes, then by collapsing two of them as in
Lemma 2.6 we still get a dark ceer which is a predecessor of it under the
map X — X @1Id; and by Lemma [4.5| X is a strong minimal cover of it.
The result then follows by repeatedly applying Lemma |2.6] This procedure
is illustrated in Figure O

The proof of the previous corollary shows in fact how to build a Z-chain
around a self-full X with infinitely many computable classes. Let us start
with Ey = X; having defined E,, for n > 0 then let F,, 11 = E, ®1d;; having
defined E_,, with n > 0, so that F_,, has computable classes (in fact E_,
of the form E_,, = X /(4 y,)1<i<n} S0 it has infinitely many computable
classes) then take an X-inequivalent pair (z,41,Yn+1) so that [zp41]x is
computable, T, 11, yn+1 pairwise X-inequivalent to all z; and y;, and define
E,(n+1) = X/{(:Jci,yi)|1<iSn+1} = (E_n)/(xnﬂ’ynﬂ): by Lemma we have
that E_,, = E_(,,41)®Idy; moreover E_(, 1) has infinitely many computable
classes.

E, X oldy
EO X = X/(z,y) D Idl
E_ X/()

FIGURE 2. Building a Z chain around a self-full X with in-
finitely many computable classes.
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11. AUTOMORPHISMS OF CEERS

The following observation is the key tool for constructing automorphisms
of Ceers. Z-chains under @Id; were defined in Definition In the
following, when writing F'(X) for an automorphism F' on Ceers, we mean
of course F' applied to the degree of X.

Theorem 11.1. From countably many Z-chains under ®1dy, one can build
continuum many automorphisms of the structure of ceers.

Proof. Let ¢ be any Z-chain of ceers under the operation @1d;. For any n €
w, consider the function F' on degrees of ceers which sends X ¢ ¢ to X and
sends X € ¢ to X @®Id,,. Then F is an automorphism of (Ceers, <). This is
because X < Y implies X®Id; < Y or X =Y. The inverse of this map sends
X to a ceer Y so that Y @ 1d, = X. Now, for any collection of countably
many Z-chains, this gives uncountably many automorphisms, as we can
move each of these chains up or down by various n’s independently. ([l

Corollary 11.2. There are continuum many automorphisms of the struc-
ture of ceers fixing the light degrees.

Proof. Simply take countably many incomparable dark ceers with infinitely
many computable classes: for instance by Lemma take infinitely many
<j-incomparable simple sets (X;);e, and take the corresponding Ry,. This
(by the procedure illustrated in Figure |2)) gives countably many Z-chains to
yield uncountably many automorphisms where every light degree is fixed.

O

Corollary 11.3. There are continuum many automorphisms of the struc-
ture of ceers fixing the dark degrees.

Proof. Take infinitely many incomparable light self-full degrees as in Corol-
lary which have finite classes. This (by the procedure illustrated in
Figure [2)) gives countably many Z-chains to yield uncountably many auto-
morphisms where every dark degree is fixed. U

Observation 11.4. If 7 is an automorphism of ceers fixing the light ceers,
then 7(X) =7 X for all X.

Proof. Suppose 7 is an automorphism that fixes the light ceers, and suppose
that 7(X) #7 X. We may assume X *7 7(X) (otherwise, we can consider
=Y. It follows that X is dark, as every automorphism clearly fixes the
finite ceers. Then X @ Id is a light ceer which bounds X and therefore it
bounds 7(X) as well. But 7(X) is dark, and if Y < E®1d for a dark Y
then there exists k such that Y < E @ Id, otherwise the inverse image of
the odd numbers under a reduction would give an infinite c.e. set of non-Y-
equivalent numbers. Then 7(X) <7 X, contrary to the assumptions. O

Thus any automorphism fixing the light ceers must send each =z-class to
itself. The =z-classes of ceers which form a N-chain under < must be fixed,
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so if you consider all Z-chains of dark ceers, then the automorphisms built
in Theorem (which move each Z-chain into itself) is the entire group
Autyight (Ceers) of the automorphisms that fix Light.

Question 6. If 7 is an automorphism of ceers which fixes every dark ceer,
then must 7(X) =7 X for every X7

Observation 11.5. The self-full ceers form an automorphism base for the
structure of ceers.

Proof. By Corollary 7.11, every non-self-full ceer X has a self-full strong
minimal cover Y. Thus, if 7 is an automorphism of the structure of ceers,
7(Y') is a strong minimal cover of 7(X), and thus 7(X) is determined by
7(Y). O

11.1. A remark on automorphisms of the c.e. 1-degrees. The same
argument yields that there are continuum many automorphisms of the struc-
ture of c.e. sets under l-reduction which fix all non-simple sets. For any
simple set, we have that X + 1 is a strong minimal cover of X and Y >; X
implies Y =1 X + 1. The predecessor can be found here by re-ordering the
c.e. set so that 0 ¢ X then using X — 1 as the predecessor. So each simple
set is part of a Z-chain, and we can shift these independently.

11.2. The non-definability of the jump. Fix any ceer X which is part
of a Z-chain, and let o be a non-trivial automorphism of Ceers (constructed
as in the proof of Theorem [11.1]) which fixes everything outside this Z-chain.
Then since X <7 X’ for every non-universal X by Observation X' is
fixed by o, though X is moved. But Y < Z if and only if Y/ < Z’ ([15]), so
o(X) # X' = o(X’). Thus the jump cannot be definable in the structure
of Ceers.

12. INDEX SETS

We conclude by computing the complexity of the index sets of the classes
of ceers studied in the previous sections. For more about index sets of classes
of ceers see [3].

Observation 12.1. The following hold:
1) The index set {x : R, light} is X9-complete;
3
2) the index set {x : R, dark} is II-complete;
3
(3) the index set of the ceers in T is X3-complete.

Proof. 1t is straightforward that each of these sets are in the corresponding
complexity classes, so we will verify completeness. It is proved in [3] that
if R is any ceer with infinitely many classes then (39,113) <1 ({i | R; =
R} {i| Ry €« R&R; 3 R}) (where (£9,119) <; (A, B) means that for every
Eg set C, there is a computable function which 1-reduces C to A, and the
complement of C' to B.
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Thus if we take R = Id we immediately get that {z : R, light} is %9-
complete. On the other hand, every II3 set is 1-reducible to {i | R; <
Id & R; * 1d}), which is exactly the index set of the ceers in Dark.

Finally, to show the claim about Z, for every x let E, be the ceer so that
u FE,vif

u=vv [u<v&luv] € W]
where [u,v] = {z | v < z < v}. By the s-m-n Theorem let f be a 1-1
computable function such that E, = Ry(,). Let Cof = {x | W, cofinite}.
Clearly x € Cof if and only if Ry) € Z. The result then follows from the
fact that Cof is Eg—complete. O

A slightly more complicated argument is needed to compute the complex-
ity of the index set of the self-full ceers.

Theorem 12.2. The index set {i | R; is self-full} is T13-complete.

Proof. (Sketch) By Observation self-fullness for a ceer E' is equivalent
to the following I13-condition:

(Vi)[p; non-total v (3z,2')[z E®Idy 2’ < p;(x) E vi(2')]].

To show Hg—completeness, given a c.e. set W, we uniformly construct
a ceer F so that F is self-full if and only if every column of W is finite:
we rely on the fact that every Hg set A can be expressed by a relation
(Vk)R(z,k) where R € XY and thus reducible to {e | W, finite}, so that
there is a computable function g with A = {z | (Vk)[Wy(, k) finite]} = {z |

(Vk)[‘/}c[k] finite]}, where Vi, = {(k,y) | y € Wy(,1)} and an index for V,, can
be found uniformly from z. If E; = Ry, is the self-full ceer constructed
from V, then for every x, we have that z € A if and only if Ry, is self-full.

To build F given W we have requirements:
SFj;: If W; intersects infinitely many classes, then it intersects [j]g.
NSE,: If WK is infinite, then f is a reduction of E to itself missing some
class (f is a computable function produced by the requirement).
These requirements are arranged in a computable priority ordering of order
type w. Each requirement may restrain numbers in E to keep them FE-
inequivalent.

Strategy for SFy;: If W; and [j]g are still disjoint, then wait for W; to
enumerate a number x such that x,j are not restrained by higher priority
requirements, and (action) E-collapse x to j.

Strategy for NSF): To define f, code E on a column w!™ of E having
chosen a new n so that when we choose it for the first time every number
in the column is new. Restrain all elements in im(f) to protect the coding
so that no lower priority requirement is allowed to E-collapse equivalence
classes of elements of im(f), also guaranteeing that f is not onto the classes
of E by appointing yet a new number a ¢ wl™ so that its equivalence class
does not contain any element equivalent to a number in the range of f: this
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can be achieved by restraining a and im(f), i.e. by requesting that no lower
priority requirement can E-collapse a to any number in im(f). The numbers
n and a, and the coding function f are the parameters of NSF},, which are
started anew any time we re-initialize the requirement.

Satisfaction of all these requirements give the desired E. Self-fullness
follows from satisfying SFj; for all j, where W; = range(f) if f is any
reduction of F to E.

Again, we employ the priority machinery (initialization, requiring atten-
tion, etc.) to build E according to these strategies. NSFy, requires attention
at stage s if WI* grows at that stage; if so, and is the least such that this
happens, NSF} builds f as follows: firstly, it considers all x,y for which
f(x), f(y) have been already defined, and E-collapses f(z) and f(y) if al-
ready = E y; secondly, it takes the first z such that f(z) is still undefined,
and sets f(z) = (n,w), where [w]g is still {w}.

SF;j requires attention if it is ready to act as indicated (i.e. W; and
[j]E are still disjointand W; has enumerated an x so that the pair z,j is
not restrained by higher priority requirements): if it acts then it is forever
satisfied and does not need to receive attention any more.

Every time a requirement acts, it must re-initialize all lower-priority re-
quirements. If W has an infinite column and W] is the first column of
W which is infinite, then N.SF}, can be injured and re-initialized due to col-
lapses deriving from finitely many higher priority SFj;-requirements, but af-
ter that, it will succeed in picking the final columns w!™ and a, and build the
reduction f, as it requires attention infinitely often and is not re-initialized
any more. Note that all requirements having lower priority than NSFj are
in this case re-initialized infinitely often, but after all none of them needs to
be satisfied.

On the other hand, if every column W*! is finite, then every NSE}, places
finite restraint, and after last re-initialization every SF;; will succeed by
either waiting forever for a number z so that x,j are not restrained (which
can only be the case when W hits at most finitely many equivalence classes),
or by acting once for all.

So, E is self-full if and only if every column of W is finite. Uniformity
clearly holds, as an index for £ can be effectively found starting from any
c.e. index of W. O
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