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Abstract

Consider two paths ¢, : [0;1] — [0;1]? in the unit square such that ¢(0) = (0,0), ¢(1) = (1,1),
(0) = (0,1) and ¥(1) = (1,0). By continuity of ¢ and 1 there is a point of intersection. We prove
that from ¢ and 1 we can compute closed intervals Sy, Sy C [0; 1] such that ¢(Ss) = ¥(Sy).

1 Introduction

A path in the Euclidean plane is a continuous function f : [0;1] — R2, a curve is the range of a path.
The following is known about planar curves.

Theorem 1.1 Let ¢, : [0;1] — [0;1]2 be two paths in the unit square such that
$(0) = (0,0), ¢(1) = (1,1), ¥(0) =(0,1) and ¥(1)=(1,0). (1)
Then the two curves range(¢) and range(t)) intersect.

Figure [l visualizes the theorem. In Markov-style computable analysis [4] Manukyan [7] has proved a
related theorem (in Russian), cited in [5, Page 279] as follows:

Theorem 1.2 (Manukyan) There are two constructive (and therefore continuous) planar curves @1
and @o such that

@1(0) = (010)7 @1(1) = (11 1)7 902(0) = (07 1)1 @1(1) = (170)1 (2)
for every 0 <t <1 both ¢1(t) and pa(t) belong to the open unit square, (3)
the paths of p1 and w2 do not intersect. (4)

While in (Grzegorczyk-Lacombe- [2] [6]) computable analysis the following has been proved [10]:

Theorem 1.3 (Weihrauch) If ¢ and ¢ in Theorem[L1l are computable then there is a computable point
x € range(¢) Nrange().

This is not contradictory. In Markov’s approach only functions on the computable real numbers
which are encoded by Godel numbers are considered and computations transform Godel numbers to
Godel numbers. While in the Grzegorczyk-Lacombe-approach all real numbers are considered, where
real numbers are encoded by (fast converging) Cauchy sequences of rational numbers and computations
transform infinite Cauchy sequences to infinite Cauchy sequences.

In this article we prove Claim 6.2 from [10]:
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Figure 1: Intersecting curves ¢ and ¢ with extensions f and g.

Theorem 1.4 Let T be the multi-valued operator mapping every pair ¢, : [0;1] — [0;1]® of paths in
the unit square such that

¢(0) = (0,0), ¢(1) = (1,1), ¥(0) = (0,1) and ¥(1) = (1,0) (5)
to some pair (S, Sy) of closed intervals such that ¢(Sg) = (Sy). Then the operator T is computable.

Theorem [[.3] follows straightforwardly from Theorem .4l In the proof from ¢ and v we compute
sequences Io D I; D I D ... and Jy D J; O Jo O ... of closed intervals with rational endpoints such that
(N 1) = (N Ji)-

Curves (even computable ones) can be much more complicated than the examples shown in Figure[Il
Consider, for example, space-filling curves or curves with infinitely many spirals, each of which containing
infinitely many sub-spirals etc. infinitely often or curves with “completely” chaotic behavior.

This article is a contribution to computable analysis. There are various non equivalent definitions of
computability in analysis. One of these is Markov’s constructive analysis [4], 5]. Theorem is a result
in this theory. We use ”TTE”, an approach which is based on ideas from [2], 8] [6]. In TTE computability
on {0,1}* and Cantor space {0,1}* (the finite and infinite 0-1-sequences) is defined explicitly (e.g. by
Turing machines with finite or infinite one-way input and output tapes) and computability on other sets
X is induced via representations 6 : C{0,1}* — X or ¢ : C{0,1}* — X (partial surjective) where finite or
infinite 0-1-sequences are interpreted as names and computations are performed on names. We consider
canonical representations of the real numbers, open subsets, closed subsets, compact subsets and real
functions. Equivalently any finite alphabet ¥ (with at least two elements) can be used instead of {0,1}.
We assume that the reader is familiar with the basic concepts of TTE. Details can be found in [9, 11 [T1].

For technical reasons we extend ¢ and v trivially to continuous functions f, g : [-1;2] — R? which
intersect in the same way as ¢ and v, that is, ¢(s) = ¢¥(t) < f(s) = g(t) (see Figure [I)):
(t,0) if —1<t<0
f@) = o(t) if 0<t<1 (6)
(t,1) if 1<t<2,
(t1) if —-1<<0
g(t) = Pt) if 0<t<1 (7)
(t,0) if 1<t<2,



We will consider closed rational sub-intervals I = [ay;b;] and J = [az;b;] of the real interval [—1; 2]
such that for the restrictions f|; of f to I and g|; of g to J,

the end-points f|r(ar) and f|;(br) are not in g(J) and
the end-points g|;(as) and g|s(bs) are not in f(I).

Since f(I) and g(J) are compact this means

ary = min(ds({f(ar), f(br)}, 9(J)),ds({g(as), g(bs)}, f(I))) > 0. (8)

where ds(A1, Ag) :=inf{]|z1 — 22|| | 21 € 41,22 € As}.

We will approximate f|; and g|; by rational polygon paths h and k', respectively, and consider the
intersections (s, t), that is, pairs such that h(s) = h’(¢). In order to keep this number finite we consider
only pairs (h, h’) such that range(h) Nrange(h') contains no straight line segment. For such pairs every
intersection (s,t) is either a crossing or tangent. As a central lemma we will prove that the parity (even
or odd) of the number of crossings does not depend on h and k' (it is an invariant of (f|r,g|s)). We call
it the crossing parity of the pair (f|7,¢g|s). In the proof we will apply transformations of polygon paths
which may change the number of crossings but do not change the parity (even or odd) of the number of
crossings.

2 The crossing parity

For points z,y € R? such that = # y let Ty C R? be the straight line segment from x to y. In this article
T is not a straight line segment.

Definition 2.1

1. A track is a sequence p = ((So,%0),(81,%1), ..., (Sk,xk)) such that s; < s;41 and x; # wiy1 for
0 <1i < k. The points xg,x1,...,T are the vertices of p.

2. The track p spans a (polygon) path hy, : [so; sk] — R? by

ho(s) = @+ ——" (s — @) if 5 <5< siga s 9)
Sit1 =S4
By (), hp(si) = z; and hp[s;; Siv1] = TiTig1-
For tracks p, ¢ we want to count the number of crossings of the paths h, and hy. In order to keep this
number finite we consider only pairs (p, ¢) such that range(h,) and range(h,) have no common straight
line segment. Furthermore, we will not count all intersections of h, and hy but only “proper” crossings.

Definition 2.2 Let (p,q) where p = ((s0,%0), $1,21),- -, (S, 2k)) and ¢ = ((to,Y0),t1,41),-- -, (1, y1))
be a pair of tracks such that range(h,) and range(hy) have no common straight line segment.

1. An intersection of p and q is a pair (s,t) such that so < s < s, to <t <t, and hy(s) = hy(t). We
call x:= hp(s) = he(t) the corresponding intersection point.



2. For an intersection (s,t) of p and q with intersection point hy(s) = he(t) = x let o > 0 be a
number such that B(x,ds:) \ {x} contains no vertex of p and no vertex of q. Let

s< =1Inf{s’ < s|hpls';s] C B(x,051)}, X< :=hp(s<),
ss =sup{s’ > s| hpls; '] € B(z,ds)}, x> :=hp(ss),
to = inf{l <t | hglt'1] € B(z,0w)}, e = hylte),
o = sup{t! > ] hglts#] € B(e,30)}, 9o 1= hylt)

If on the boundary of B(x,dst) the four points x«, T, Yy« andys occur in the order (T<,y<,T>,ys)
or in the order (x<,ys,T>,Y<) E, we call (s,t) a crossing and x the corresponding crossing point,
else x is a touch point.

3. Let CN(p, q) the number of crossings of p and q and let
7(p,q) := CN(p, ¢) mod 2 be its parity (0 = even and 1 = odd).

Obviously, s< < s; < s for no number i, T« = hy(s<) € 0B(z,ds) and hpls<;s] = T<x where 9A
denotes the boundary of A C R2. This is true correspondingly for s~ ,t. and t.

Figure [2 shows several kinds of intersection of p and ¢ (thin lines for h, and thick lines for h, ) the
first two of which are crossings. In (a) possibly the center z is no vertex of p or no vertex of q.

y> €T " Y> ye € L>
T> T . . .
Yo Yy< >
(a) (b) () (d)

a C

Figure 2: h, and h, in the ball B(x, ds;) for x = hy(s) = hy(t).
The definition of a crossing (s, ) depends on the number J,; only formally.

Lemma 2.3 The definition of a crossing does not depend on the choice of st.

Proof Let (s,t) be a crossing of p and ¢ defined via some §4;. Let 0 < & < 8.

Let 5« := inf{s’ < s | hy[s';s] C B(,0)} and T := h,(3<). Then To =Tz N JB(x,d). This is true
correspondingly for the other three cases. Obviously the four points on B(z,d) alternate in the same way
as the four corresponding points on B(x, ds¢). O

Notice that {z<, 2>} N {y<,y>} = 0 since range(h,) and range(h,) have no common straight line
segment. In the applications below the endpoints of h, are not in range(h,) and the endpoints of hy
are not in range(h,). Therefore it suffices to consider sop < s < s and ¢ty < ¢t < ¢; in the definition of
intersections.

We introduce a separation concept for tracks p and ¢ which induces that range(h,) and range(hg)
have no common straight line segment.

Lthat is, on the boundary of B(z,ds¢) the four points alternate in  and y



Definition 2.4 Let p = ((so, o), ($1,%1),- .., (Sk, xk)) be a track.
1. Define V(p) := {xo, 1, ..., Tk} -
2. For z,y € R? with x # y let I(x,y) be the straight line through x and y.
3. Define

L(p) J{i(@ior, ) [ 1< <k}, (10)
Lp) = | J@i,2)[0<i<j<k, z#a;}. (11)

4. We call tracks p and q weakly separated, p > q, iff

V(p)NL(q) =
V(g) N L(p)

= =

Figure [§ shows on the left the set L(p) of a track p and a straight line through a point = ¢ L(p) and
on the right the set £(q) of a track ¢ and a straight line through a point y & £(q).

Figure 3: L(p) and L(q)

Lemma 2.5

1. If y & L(p) then every straight line through the point y intersects every straight line from L(p) at
most once.

2. If V(p)NL(q) =0 or V(q) N L(p) = O then then range(h,) and range(hy) have no common straight
line segment.

Proof If a straight line through y intersects a straight line from £(p) twice then y € L(p). Contradiction.
Let ¢ = ((t0,%0),- - -, (tm, Ym)). Suppose for some ¢ and j, T;T;41 and J;5;4+1 have a common straight
line segment. Then z; € I(y;,yj+1) € L(q), but V(p) N L(q) = 0. Correspondingly, V(q) N L(p) #0. O

As an essential tool we will use local transformations of tracks which leave the crossing parity invariant.
The following lemma justifies these transformations.



Lemma 2.6 Let

p = ((807x0)7(Slu‘rl)u"'a(skuxk))u
a1 = ((Tv y)a (tlv Zl)a (T/a y/)) and
q2 = ((Ta y)u (t2722)7 (r/uy/))
be tracks and let B be a ball such that
{y.v'}nLp) =0, (14)
{v,9', 21,22} C B, (15)
{zo, 2, } N B =0. (16)

Then m(p,q1) = 7(p, q2).

Proof Remember that by Definition 2T r < ¢1 < ', r <ta <7/, 21 € {y,y'} and 23 & {y,y'}. By (14,
y,y & range(hp).

If range(h,) and range(hy, ) have a common straight line segment then y € L(p) or v’ € L(p),
but {y,y'} & L(p). Therefore, CN(p, ¢1) is well-defined. Correspondingly, CN(p, g2) is well-defined. In
Figure[lthe “open ended” line segments are parts of range(h,,). We distinguish several cases, see Figure[)

(t1,21)

Case (a) Case (b) Case (c)
Figure 4: Illustration for Lemma

Case (a) y = y’: Obviously, CN(p, ¢1) and CN(p, g2) are even, hence m(p,q1) = 0 = 7(p, g2).

Case (b) y # ¢/, 22 € yy’ and z; € l(y,y’): In Figure @(b) the track go is drawn in thick lines.
If z1 € y,y' then hy, = hg,, hence CN(p,q1) = CN(p, q2). If 21 € y,y’ then CN(p, ¢1) and CN(p, ¢2) differ
by an even number. In both cases 7(p,¢q1) =0 = 7(p, ¢2).

Case (c) y # v, z2 € yy’ and 21 € l(y,y’): In Figure @(c) the track ¢ is drawn in thick lines.
Let A be the closed triangle with boundary A := range(hg, ) Urange(hy,) (= 721 U 219’ U yy’) and let
A° be its interior.

If yz1 and range(h,) have a common straight line segment then y € £(p), a contradiction by (I4).
Therefore yz1 and range(h,) have no common straight line segment. This is true correspondingly for zy’
and yy’. Therefore

OA and range(h,) have no common straight line segment. (17)

Let so < 0 < si such that hy,(0) € A°. Let [as; by be the longest interval such that s < a, < 0 < by < sg
and hplas; bs] € A. FigureHl(c) shows an example for o with a, and b, positioned at the images under h,,



and h,(a,) € range(hq, ). Obviously, hy(as), hyp(bs) € A. We show that hy(as) and h,(by) are crossing
points of p and ¢; or of p and ¢s.

Suppose hy,(a,) € range(hq, )

Since range(h,) is a chain of straight line segments there is some a, < s’ < o such that A := h,([as; s'])
is a straight line segment with h,(as) € AN OA and by (IT) A\ {hy(as)} C A°.

Since range(h,) is a chain of straight line segments and a, is the smallest number a with hy[a; 0] € A,
there is some s” < a, such that X\’ := h,[s”;a,] is straight line segment with h,(a,) € X' N OA and
(V' {hy(as)}) N A = 0 by (TD).

If we draw a sufficiently small circle around h,(a,) then (with the terminology from Definition [2.2]))
the intersections z< and x of it with range(h,) and the intersections y« and y- of it with range(hg, )
alternate on this circle in « and y. Therefore, for every o such that h,(o) € A°,

hp(as) is a crossing point of p and ¢1 if hy,(a,) € range(hg, )
and correspondingly,

hp(as) is a crossing point of p and g if hp(as) € range(hg, ),

hp(bs) is a crossing point of p and ¢1 if hy,(b,) € range(h,, ) and

hp(bs) is a crossing point of p and go if hy(b,) € range(hg, ).

On the other hand, every crossing point of p and ¢ or ¢z is equal to h,(a,) or hy(b,) for some o
with hp(o) € A°. Therefore, the number N of crossings of p with ¢1 or g2 is even. Since by (I4)
{y,y'} Nrange(h,) =0, N = CN(p,¢1) + CN(p, ¢2) is an even number, hence 7 (p, ¢1) = 7(p, ¢2).

Case (d) y # v, 22 € I(y,y') \ yy’ and z1 &€ U(y,y'): Let g3 := (r,y)(t1,23)(r",y’)) for
z3 1= (21 + 22)/2. By Case (b), 7(p, q2) = 7(p, q3) and by Case (c), 7(p, q1) = 7(p, g3)-

Case (e) y Z Y', z1,22 € l(y,y’): Let g3 := (r,y)(t1, 23) (', y)) for z5 := (21 + 22)/2. By Case (c),
7(p,q2) = 7(p,q3) and 7(p,q1) = 7(p.g3).

Case (f) y # ¢’ and 21,22 € l(y,¥y’) \ yy’: Proof via g3 as in (d) and (e). ad

For tracks p, ¢ and ¢/, by tiny shifts of the vertices of p we can obtain a track p such that p > g and
prag.
Lemma 2.7

1. Letp = ((s0,x0), (s1,%1)- ..., (Sk,xr)) and let ¢ and ¢’ be tracks. Then for every § > 0 there is some
track = ((s0,90), ($1,Y1)s- -+, (Sk,Yx)) such that pr<iq, D ¢’ and ||x; — y;|| < § for 0 < i <k.

2. ]f p = ((505 IO)) (Sla Il)' s (Sk; Ik)) and D= ((507y0)5 (Slvyl)a EER (Skvyk)) are tracks such that
lzi — il <6 for 0 <i <k then ||hy(s) — hp(s)|| <6 for all so < s < s.

Proof
[ We must find (prove the existence of) points yo,y1,...,yr such that ||z; — y;]| < ¢ and for p :=

(807 yO)? (51, yl)v ey (S, YK))s
¢ and (18)
0

The following statements are true since V(q) U V(¢’) is a finite set of points and £(g) U £(¢') is a finite
set of straight lines.



— There is some yo € B(zo, d) such that yo & L(q) U L(¢).
— Suppose y; has been determined for some 0 < ¢ < k. There is some y;11 € B(zit1,0) such that

Yit1 7 Yi, Yirr € (L@ UL(G)) and Uy, yir1) N (V(g) UV()) =0,

Then P := ((s0,%0), ($1,Y1)--- -, (Sk, yx)) is a track such that p 1 ¢, p > ¢’ and |z; — yi]| < ¢ for
0<t <k

For s; < s < s;41 by (@),

S —8;
[hp(s) = hp(s)l = l[hp(si) + m(hp(sﬁl) — hp(si))
S —85;
—hp(si) = ————(hp(si+1) — hp(si))|
Si+1 Sg
S—8;
— sz + SH—l s (I“rl — xz)
S —8;
Y~ m(yzﬂ ol
S— 85

= l———) (@i~
0= ) )
S—S;
m) (@it1 = Yirr) ||
< 4
O
In the following let f,g :[—1;2] — R2, let I = [a;;bs] and J = [a;bs] be intervals with
rational endpoints such that I,J C [—1;2] and let ;5 be the number from (8.

Since f and g are continuous, there is a modulus of uniform continuity md : N — N for f and ¢, that
is, md is increasing and for all ¢,¢' € [-1;2],

1£8) = @)l <27 and [lg(t) — g(t)| <27 i [t —¢'| <27m, (20)
We approximate f|; and g|; by tracks.

Definition 2.8 A trackp = ((so,x0), (s1,21), - - ., (Sk, Zk)) is an approzimation with precision 2~ (shortly
an n-approximation) of f|r if

so=ar and sp =by, (21)
Siy1 — 8 < 27040 gnd (22)
[f(s:) — @il <27, (23)

Remember that by Definition 2], z; = h,(s;). Approximations of g|; are defined accordingly.
Lemma 2.9 In Definition[Z.8, for all meaningful i and s,

||I1 — Ii+1” < 3 . 2—n 5 (24)
1f(s) =hp(s)l < 5-27". (25)



Proof ||z; — zipll < llwi — f(si)ll + £ (si) = f(sixa)l| + [f (si1) — @) <3277
For s; < s < sip1,  |1f(s) = hp(3)ll < [[f(s) = f(s)ll + [1f(si) = hp(si)ll + [[hp(si) — hp(s)]| <
2in+27n+||1131'—$1'+1|| <bh-27m by(@) and m O

After these technical preparations prove the following central lemma.

Lemma 2.10 Let 27" < «y5/16. Let p and p' be n-approxzimations of f|r and let ¢ and ¢’ be n-
approzimations of g|; such that p<tq and p' =<1 q’. Then w(p,q) = 7(p’,q).

Proof Let
b= ((505 IO)? (51,$1). ceey (Ska Ik))

where sg = a; and s, = b;. Notice that possibly p and ¢’ as well as p’ and g have common straight line
segments such that 7(p,¢') and 7 (p’, ¢) are not defined. By Lemma [2.7] there is some track

P = ((s0,%0); (s1,91), -+ (Sks Y))
such that
piq, pxq  and ||z —yil| <2 for0<i<k. (26)
Figure [l shows the p<-relation (indicated by lines) between the tracks p, ¢,p,p" and ¢’. It suffices to prove

/

P P D

T

q q

Figure 5: The t<-relation between the tracks p, ¢, p,p’ and ¢ .

m(p,q) =7, q) = 7@, ¢") = 7(p',q') . (27)

We use the facts that by the definitions the points f(¢), hy(t), hz(t) and hy (¢) are close together and
that the points g(t), hq(t) and hy (t) are close together.
In the following we prove the second equation 7 (p, q) = 7(p,¢’) of [217) in detail. Let

g = ((ro,wo),(r1,uw1), .., (r—1,w—1), (ri,w)) (28)

q/ = ((Té)vu())v(rllvull)v"'7(76;71717“;1171)7(7“:717”;1)) (29)

where ro=r)=ay and r, =71, =b;. (30)

be n-approximations of g|;. As an example, Figure [@l shows the arguments ro, ..., rs of a track ¢ on the
real line and and the arguments r(, ..., 7% of a track ¢’ on the real line (thick black dots).

From (26) we know that V(¢) N L(P) = 0 and V(¢') N L(P) = 0. In a first step we add “redundant”
vertices to ¢ and ¢’ such that the resulting tracks ¢; and ¢] have the same number of vertices and such
that hg = hg,, hg = he, V(q1) N L(P) = 0 and V(q;) N L(p) = 0.

Let i be a number such that r; € {rg,...,7,,}. There is a unique j such that r; < <1}, (e.g.
i =3 and j = 1 in Figure []).



/ /
To ™ ) T3 Ty s e T7
Figure 6: Insertion of redundant vertices into g and ¢’.

The point hy (r;) is an element of the straight line segment ujuj 41 and different from v/}

We would like to add the “redundant” pair (r;, he (1)) to ¢’ with result

band uf .

((7‘6, u6)7 (r]7u]) (Tiv hq’ (ri)(rg’-i-lvu;‘-i-l)v ce (Tlmvu:n))

But possibly hy (r;) € L(P). Instead, we add a pair (¢,v) with v = hy (t) & L(P) to ¢’ which is very close
to (i, he (r;)). Let

v:=min{|lc —d| | c,d € {ro,...,ri,74,-..,7,} and c#d}. (31)
Since u; ¢ L(p), by LemmaZ.5l1(u}u} ) intersects every straight line from £(p) at most once. Therefore,

the stralght line segment u/, uj 41 contains only finitely many points of £(). Thus there is some ¢ such
that [t — ;| <v/8 and v := hy(t) & L(P). Then v € uju), (see [@)). We add the pair (¢,v) to ¢’ with
result
a = ((T{Jvug)v s ( ]7 _]) (t h ( )( ;‘-i-lvu;’—i-l)v A (r;n,u;n)) .

Then hy = hg . Let ¢ be the track obtained from ¢’ by adding a pair (¢,v) in this way for every i such
that r; & {r(,...,r,} in turn. Then hy = hy and V(q}) N L(P) = 0.

Correspondingly let ¢; be the track obtained from ¢ in the same way. Then hq = hq, and V(¢1)NL(P) =
(. In summary,

hg =hq,, hg =hg, V()N L(E) =0 and V(g;)NL(E) =0. (32)

In Figure [0l the inserted arguments t are within the the circles. The new tracks can be written as
q1 = ((t07vo)7(tlavl)7'"7(tu7vﬂ))7 (33)
¢ = ((to,v0), (t1,01),-- -, (£ v0)) (34)

where a; = ro = to = t; and by = r; = t, = t},. By the condition [t — ;| < /8 in the definition of (t,v)
above,

t, —t,] <v/8 and {ty,t,} <{tv41,t,41}- (35)
The next Proposition prepares the proof or Proposition 2.12]
Proposition 2.11 For the tracks g1 and g}, for all0 < v < p,

{vo—1,v0, V041, 0, I,UV,UV+1}CB( (t,),5-27") and (36)
{yo,ye} N B(g(tv),14-27") =0, (37)
B(g(t1),9-27™) Nrange(hy) =0, (38)
B(g(ty—1),9-27") Nrange(hz) = 0. (39)
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Proof (Proposition 21T

Proof of [B86)): Consider ((t,—1,vy-1), (ty,vy), (tu4+1,vs+1)) as a part of ;. Then (¢,,v,) has already
been in g, that is, (t,,v,) = (ri,u;) for some 7 or it has been inserted via some j such that r; & {ro,..., 7}
Therefore, there is some i such that (see Figure [6])

i1 Stiog <1y <tygpr ST OT (40)
ry Sty <ty <tuy1 STigr-. (41)

Consider (#0). Then |g(t,) — vu| = |lg(r:i) — wil] < 27™ by @3). Furthermore, ||g(t,) — vp—1]| <
lg(t,) — vl + vy — vu—a]l < 27" + ||us — vy—1]|. Since hy = hq,, Vo1 € Wi—11;, hence |lu; — vy—1]| <
llwi1 —wi|| < 3-27™ by @4). Therefore, ||g(t,) —vp—_1]] < 4-27". By symmetry ||g(t,) — vp41]] < 4-27™.
Therefore, {v,—1,v,,v,41} C B(g(t,),4-27").

Consider (41]).Then

lg(tv) —vull = llg(ty) — he(tu)|| < 5-27" by(@3). Furthermore, [|g(t,) —vo—1ll < [|g(ts) — vo |+ [lvy —
Uy || < 27"+ |luipr —ugl| <27+ 3-27" =4-27" (since vy, v,—1 € U1 and by (24). By symmetry
llg(ty) — vy41]] < 4-27™. Therefore, {v,_1,v,vp41} C B(g(t,),4-27").

As a summary, in both cases {0) and {I), {vi—1,vp,vp41} C B(g(t,),4-27"). By symmetry,
(0 _1r0), 40} © Blg(t),4-2°). Since [ty —11] < /4 < 200 |lg(t,) — g(t, | < 2~ by @), @),
22) and @20). Therefore, {v,_1,vy,vu41,v;,_1,v,,,v,,1} € B(g(t,),5-27").

Proof of (37): By [), 23) and Lemma [Z7] for all v

16277 < a7y < |f(50) — (8]l < 17 (50) — 2ol + 20— yoll + o — g (8| < 27+ 27"+ llgo — g (8],
hence ||lyo — g(tv)|| > 14 - 27™. By symmetry, ||y — g(t,)]| > 14-27™.

Proof of ([B8]): For every sop < s < s, ||f(s) — g(ro)|| > ary > 16-27". By (25) and Lemma 2.7
|hp(s) — g(ro)|| > 10-27". Since |rg — t1] < [so — s1] < 2™4(n), ||hz(s) — g(t1)|| > 9 - 27", hence
B(g(t1),9-27") Nrange(hy) = 0.

Proof of (39): From (B8) by symmetry. O (Proposition 2TT])

Proposition 2.12 #(p,q1) = 7(D, ¢}) -

Proof (Proposition2.12)): We transform the track ¢} in two phases to the track ¢; preserving the crossing
parity in each step. Remember ([82) and Proposition 211] for

a1 = ((toavo)a(tlvvl)v(tQaUQ)v--.a(t#av#)) and

¢ = ((to,v0), (t1,v1), (£3,03), -, (£, V) -

In the first phase for every 0 < i < u we replace every v, by some w; without changing ¢. For
0 <i< plet Qi) be the following property:

There are points wy, ..., w; such that for all 1 < j <34
|wj —vill <27"/16, w; & L(P), wj & {vj—1,wj-1,vj;,}) and (42)
™0, q1) = 7(P, q;) (43)

where g; is the track
q; = ((té’ ’wo), R (tga wi)a (tg—i-lavz/’—i-l)a R (t;u v;)) .
Let wo := v}. Then ¢} = g, hence Q(0) is true. Suppose for some 0 < i < y— 2 we have proved Q(7).
There is some w;+1 such that

lwiyr —vi || <27"/16, wipr & L(P), wiy1 & {vi, wi, vj o} (44)
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By definition,

q; = ((t67w0)7---7(t;’wi)a(t;+1’”£+1)a(t;+2""£+2)7---7(t/w%)) and
i1 = ((tévwo)v---7(t2,’wi)a(t§+1,wi+1)’(t2+2a’02+2)7---a(tlu%))-
Since g; is a track, by (@4), G;,, is a track (neighboring vertices must be different). Also by (@4,

[@2) is true also for i + 1. By Proposition [Z11] Lemma can be applied to the boldface sub-tracks
T = ((t;,wi),(t§+1,v§+1),(t§+2,v§+2)) and 75 = ((t;,wi),(tgﬂ,wiﬂ), (t§+2=”§+2)) such that 7(p, 1) =
7(P, 72). Since the vertices of §; and §;,, are not in £(p), hence not in range(hp), 7(P,q;) = 7(D,q;) =
7(P,G;41)- Therefore, we have proved Q(i + 1).

By induction Q(u — 1) is true, hence

W(ﬁ, qll) = Tr(ﬁvqu.fl)' (45)

Figure [ shows the #-relation for the vertices of

q1 = ((tOu UO)u (t17U1)7 (t27 ’1}2), ceey (tuu ’Uu)) (tOp) and
7,1 = ((th,wo), (¢, w1), ..., (t,_1, wu—1), (t},,v,)) (bottom). A line between z and y means = # y.

Vo U1 V2 V3 Vp—2 Vpu—1 Uy
Wo wy wa w3 Wy —2 Wy—1 vL

Figure 7: The #-relation for the vertices of ¢1 (top) and g,_; (bottom).

In the second phase two we transform g,,_; step by step to g1 without changing the crossing parity
with p. For 0 <i: < pu—1let
q;l = ((t07 ’UO)a SRR (tla Ui)(t{H»lu wi-i-l)u B (tl/u‘fla wu—l)a (t;u U;L)) .

Since q; and g,,_; are tracks and v; # wit1, ¢; is a track.
By @6) and by |lwi —vi|| < 27"/16 [@2), vowr Uwewr € B(g(t1),6-27"). By B8), owr and wowy
do not intersect hy. Therefore,

W(ﬁ, alu.fl) = W(ﬁ, Qg) (46)
Suppose for 0 <i < pu—3
(5, 1) = 7(D ;) -
By definition,
qé’ = ((to,v0),..., (tsyvs), (t;_g_l’ wi+1)’ (t;‘+17 wi+2)v cee (tiu UIL)) and
giv1 = ((to,v0)s s (i 0i)s (Lit1s Vig1)s (b g Wig2)s -, (5 0,))

By Proposition .11l Lemma can be applied to the boldface sub-tracks
1= ((ti, vi), (E s wig1), (Ei4 1, wiv2) and
T2 := ((ti,vi)(tit1, vig1), (tiy 1, wite))

12



such that m(p, 1) = 7(p, 72).
Since the vertices of ;' and g, are not in £(p), hence not in range(hy), 7(p,q,—1) = 7(p,q/) =
7(P,q},,). By induction,

Finally we compare

a = ((to,v0)ss.--s (tu—2,vu—2), (tu—1,vu-1), (tu,v,)) and

QZ—2 = ((t()vvo)”"'a(t,quvv,qu)a(tlu—lvw,u.fl)a(tluav;))'

Since [[wy—1 — v;,_1]| < 27" by Proposition TT] and

(Up =201 U T 10, U T 2w, 1 U wy,—1v),) Nrange(hp) = 0,
ﬂ-(ﬁu QZ—2) = W(I_% ql)u hence ﬂ-(ﬁu qll) = ﬂ-(]_jv QI) o (PI’OpOSitiODm)

We continue the proof of Lemma 2.T0 Since hy = hy, and hy = hy by B2), 7(p,q') = 7(P, ), which is
the second equation from (Z1). The first and the third equation can be poved accordingly. We omit the
details. O (Lemma 2T0)

Lemma 2.T0 allows to define the parity of the pair (f]|r, g]s).

Definition 2.13 7 (f|r,gls) := 7(p,q) for an arbitrary n-approzimation p of f|r and an arbitrary n-
approzimation q of g|; such that pr<iq and 27™ < ay;/16.

Lemma 2.14 Let f,g,J and I = [ar;bs] be as before such that (8). Let I := [ar;c] and Iz := [¢;bg]
where ay < ¢ < by and f(c) € g(J). Then

m(flr9lr) = (7 (fln, 9l0) + 7(f1, ls)) mod 2. (47)

Proof There are numbers o > 0 and n € N such that
a<ds({f(ar), f(c), f(br)}, (), a < ds({g(as),g(bs)}, f(I)) and 16:2~™ < . There are n-approximations
p = ((s0,20),--.,(Sk,z)) and g of f|; and g|,, respectively, such that ¢ = s; for some 7 and p .

Let p1 := ((s0,%0),-- -, (si,2;)) and p2 := ((s4, i)y - -, (Sk, Tk))-

Then p; < g and py < q. Therefore CN(py,q) and CN(p2, q) are well-defined such that (see Defini-
tion 2.2))

CN(p, q) = CN(p1,q) + CN(p2,9),

hence 7(p,q) = CN(p,q) mod 2 = (CN(p1,q) mod 2 + CN(ps,q) mod 2) mod 2 = (w(p1,q) +
7(p2,q)) mod 2. (1) follows by Definition m|

3 Crossing parities can be computed.
In TTE computability is defined on represented sets (X, J). A representation is a function § :C ¥* — X
(if X is finite) or § :C X* — X (if X has at most continuum cardinality). If §(w) = x then w is considered

as a “name” (or a “d-name”) of x. Every € X must have a name (and may have many names) but not
every w € ¥* must be a name of some z € X, hence J is a partial surjective function.
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For represented sets (X, d;) where 6, :C A; — X, A; € {¥*, 2%}, a partial function f:C X7 — X5 is
computable, if there is a computable function h :C A; — Ao which realizes f, that is, if w is a J;-name
of z € dom(f) then h(w) is a dg-name of f(z) (accordingly functions on Cartesian products). For most
sets in Analysis there are canonical (or standard or effective or obvious) representations which we use
here. We will say “computable” without mentioning the (standard) representations.

We need the concept of computable multi-functions on represented sets. As an example, for the
standard represented sets (R, p), (Q,vg) and (N, vy) there is no computable function f : R x N — Q such
that |z — f(z,n)| < 27™. But there is a computable function h : 3% x ¥* — ¥* which from every name of
x and every name of n computes a name of some a € Q such that |z — a| < 27". The computed number
a depends on the names of z and n and not only on (z,n). The function h realizes the multi-function
f:Rx N = Q such that f(z,n) = {a € Q| |z —q| < 27"}. Informally we say: f maps every (z,n)
to some a € Q such that |z — a| < 27", more formally, f : (z,n) = a such that |z — a|] < 27". In the
following we apply results about computability on sets with standard representations from [9, [I} 1T} [g].

In Lemma 3] we consider n-approximations p and ¢ of f|; and g|;, respectively such that p <1 ¢q. We
prove that p and ¢ can be computed from (f, g, I, J,n). We use from TTE, that (f,s,n) By (s € Q,y €
Q?) such that || f(s) — y|| < 27") is computable.

Lemma 3.1 Let R : (f,g9,1,J,n) 2 (p,q) be the multi-function mapping continuous functions f,g :
[-1;2] — R2, closed rational intervals I,J C [-1;2] and a number n € N to a pair (p,q), p =
((s0,0), .-, (sk,xk)) and g = ((to,y0), - - -, (t1,y1)), of rational tracks such that

p is an n-approximation of flr, (48)
q is an n-approzimation of gly and (49)
pXq. (50)

Then R is computable.

Since rational tracks are “discrete” objects there is no compuble funtion but only a computable multi-
function (known from TTE).

Proof It is known [9} [1, 1] that from continuous functions f, g : [~1;2] — R? we can compute a modulus

of continuity md; of f and a modulus of continuity md, of g. We can compute md := max(mdy, md,),

which is a modulus of continuity of f and of g. Let I = [as;b;] and J = [a;by]. Consider Definition 28
First we compute p.

Choose some k and rational numbers sg := ay, S1,...,Sk—1,Sk := by such that 0 < s;41 — s; < g—md(n)

for 0 < i < k. Choose some zo € Q2 such that || f(so) — zo|| < 27". Suppose, z; has been chosen for

i < k. Then choose some x;;1 € Q2 such that ||f(s;r1) — ziy1|| < 27" and ;41 # ;. Since x; # ;41

for i <k, p:= ((s0,20),-.-,(sk,xr)) is a rational track. It is an n-approximation of f|;.
Next we compute q.
Choose some [ and rational numbers tg := ay, t1,...,t—1,t; := by such that 0 < ;41 —t; < 2-md(n) for

0 < i < I. Choose some yo € Q? such that ||g(to) — yol| < 27" and yo & L(p). Suppose, yo, .. .,y; have
been chosen for some i < I. Then choose some y; 11 € Q? such that y;11 # yi, [|g(tiv1) — vip1l| < 277,
Yir1 & L(p)} and Ui, yir1)) NV (p) = 0.

Since y; # yiy1 for 0 < 1, ¢ = ((to, %0), - - -, (t;,y1)) is a rational track. It is an n-approximation of g| ;.
We have V(q) N L(p) = 0 since y; € L(p) for all i. We have L(q) N V(p) = 0 since I(y;, yi+1)) N V(p) =0
for all ¢ < . Therefore, p i q.

All of this can be computed from continuous functions f,g : [-1;2] — R?, rational intervals I,.J C
[—1;2] and n. m|
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Corollary 3.2 Let f,g: [-1

; ] 2 be continuous functions and let I,J C [—1;2] be closed rational
intervals such that f(I)Ng(J) =

Then w(flr,9]5) =0.

Proof Since f(I) and g(J) are compact, ds(f(I),g(J)) > 0 and hence ey > 0. There is some number
n such that 11-27" < ds(f(I),9(J)) and 27" < ay;/16.

By Lemma [B1] there are n-approximations p and ¢ of (f|; and g|;, respectlvely, such that p
By definition 213 7(f|7,g|s) = 7(p,q). By @5), range(h,) C U(range(fr),5 ™) and range(hq)
U(range(gs),5-27") 4. Since 11-27™ < ds(f(I), g(J)), U(range(fr),5-27")N U(range(g,]), 5-27") = (),
hence range(h )N range( q) = 0. We obtain CN(hp, hy) = 0 and 7(p,q) = 0. By Definition 2.13]
m(flr.9ls) = =

Lemma 3.3

1. From continuous functions f,g : [—1;2] — R? and closed rational intervals I,J C [—1;2] we can
compute o yg.

2. From continuous functions f,g: [—1;2] — R? and closed rational intervals I, J C [—1;2] such that
ary > 0 we can compute ©(f|1,9|s).

Remember that f(ar), f(br) € g(J) and g(ay),g(bs) & f(I) is equivalent to ayy > 0.

Proof () From f, ar and by we can compute the compact set {as,bs}. from g and J we can compute
the compact set g(J). The function (A4, B) — ds(A, B) on (non-empty) compact set is computable.
Therefore, from f,g,1,J we can compute ds({f(ar), f(br)},g(J)). Correspondingly we can compute
ds({g(ay),g(by)}, f(I)) and hence their minimum «y ;.

@) Compute ajyy. Find some n such that 27" < «/16. By Lemma Bl we can compute n-
approximations p and ¢ of f; and g;, respectively such that p <t ¢. Compute the number of crossings

CN(p, ¢) and its parity 7(p,q). By Definition 213} 7(f|r, gl.s) = 7(p, q) 0O

4 The crossing parity of f and g.

The crossing parity 7(f,g) does not depend on f and g as long as ¢, : [0;1] — [0;1]2 are continuous
and () is true. For showing m(p,q) = 1 we construct special tracks p and ¢. For tracks p define

L(p) = U{l(z,y) | 2,y €V(p), = #y} (([D) and Figure[).

Lemma 4.1 There are 5-approzimations p = ((so,%0),- .-, (Sk,2k)) and ¢ = ((to,y0),---, (1, y1)) of f
and g, respectively, such that

card V(p) =k+1 and card V(¢) =1+1 and (51)
V(p)NL(g)=0 and V(g)NL(p)=0. (52)

Proof There is a modulus of uniform continuity md of f and g (cf. (20)). There are some k and
rational numbers sg := —1, s1,...,8k—1,5k := 2 such that 0 < s;41 — s; < 2~ md() for 0 < 4 < k.
There are points zo,...,zx € Q2 such that ||f(so) — xol| < 27° and z; # xz; for all i # j. Then
p = ((s0, o), .-, (8K, x)) is a 5-approximation of f such that card V(p) = k + 1. There are some [ and

2where U(A,8) :={x € R? | By € A) ||z — y|| < 6}
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rational numbers tg := —1, t1,...,t5_1,tx := 2 such that 0 < t;41 — t; < 2-md(5) for 0 < i < I. There is
some yo € Q% such that |g(to) — yo| < 27°|| and yo & L(p). Suppose yo, ...,y (i < 1) have been found.
Then there is some y; 11 € Q? such that ||g(sis1) — yir1ll < 27°, vie1 & {yo,...,vi}, vir1 € L(p) and
U(yo, Yi+1) U ... Ul(yi, yix1)) N V(p) = 0. By induction, we can define yo, ..., y;. The obviously (BI]) and
2) are true for p and q. m]

Lemma 4.2 7(f,g) =1.

Proof For Iy := Jy := [—1;2] we have f|;, = f, 9|s, = g and as,5, = 1 ([8) and Figure [I]). Since
275 < ay;/16 by Definition 213, 7 (f,g) = n(p, q) for (arbitrary) 5-approximations p and q of f and g
such that (5I) and (52). Notice that (52)) implies p < ¢. In the following we prove 7(p, q) = 1. We define

z = (0.5,0.5), (53)
Ryg = [-1-2"%-05+3-27Y x[-27%27" and (54)
Ry = [15-3-27%24274 x [-27%274). (55)

Figure Blshows f and g, the ball B(z,1.31) and the two boxes Ry and Ry1. By the definitions of f and
g in @) and (@), f(s) = (s,0) for —1 < s < 0. First we prove

h,(s) € Rpy for s< —0.5+27° and (56)
lhp(s) — 2|l <1.31 for —0.5-2"°<s<15+27° and (57)
hy(s) € Rpy for s>15-27°. (58)

21

Zp

Figure 8: Intersecting curves ¢ and v with extensions f and g

We show (B6)). Let s < —0.5427°. Then for some i, 5; < 5 < 5,41 < —0.5+27% Then z; € Ry since
| f(si) — ;|| —27°. Correspondingly, z;+1 € Ryo. Since h,(s) € T;z;71 and Ry is convex, h,(s) =€ Ryq.

([EY]) is true by symmetry.

We show ([B1). If —0.5—27° < s < —0.5 then ||hy(s) — z|| < [[hp(s) — f(s)|| + || £(s) — fF(—=0.5)] +
[£(=0.5) —z]| <5275 4+2724 || f(=0.5) — 2| < 6-27°+ /1 +1/4) < 0.19+1.12=1.31. If —0.5< 5 <0
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then ||hy(s) — z|| < ||hp(s) — f(s)|| + [ f(s) — 2] <5275 + || f(—0.5) — z|| < 1.31 (from above). Hence
|hy(s) — 2| < 1.31 for —0.5—275 < s < 0. By symmetry, ||h,(s) — 2| < 1.31 also for 1 < s < 1.5+275.

For 0 < s < 1, ||hy(s) — 2|| < ||hp(s) — F(s)|| + || f(5) — 2] <5275 ++/2/2 < 1.31. Therefore (57) is
true. Since |s;41 — s;] < 27™4(5) < 275 there are indices 8 < 7 such that

—05-20<s5<—-05+27% and 15-2"°<s, <15+27°. (59)

By (B6) - (&3),
T; € Rfo if <8, (60)
x; € B((2,1.31) if B<i<pn, (61)

x; € Rpyp if v <.

—
=2
[\

~

We simplify the track p step by step by means of Lemma 2.6l For 8 < i < ~ define

pi = ((s0,20), ..., (88, 28), (8i,%i), ..., (Sk, Tk))

Since the x; are pairwise different (by card(V(p)) = k + 1), zg # x;. Therefore, p; is a track, see
Definition 211 We prove by induction

m(pi,q) = w(p,q) for [ <i<n. (63)

Since pg1 = p, T(Pp+1,9) = 7(p, ).
Suppose 7(p;, q) = w(p,q) for some 8 < i < . We define

pa = ((s0,%0),...,(s8,28)), (64)

p = ((sg:28), (85, 21), (Si41, Tit1)) (65)

pe = ((s:2p8), (85, 21), (Si41, Tit1)) (66)
for some 21 € TpTit1 \ {zs, Tit1},

pa = ((58,28), (Sit1,Tit1)) (67)

pe = ((Sit1,Zit1),- -, (K, Tk)) (68)

We apply Lemma 2.6 to p, and p.. We have (cf. (I4-[16))
—{zg, xipa} N L(g) = 0, (since V(p) N L(q) = 0),
— {2, Ti, Tit1, 22} € B(z,1.31) (by (€1) and
—{yo,yi} N B(z,1.31) = 0.
(For the last line: 1.58 < v/1.52 4+ 0.52 = ||g(=1) — 2| < [|lg(=1) — yol| + llyo — 2|l < [lyo — 2| +27° <
llyo — z|| +0.04, hence ||yo — z|| > 1.31. Accordingly |ly; — z|| > 1.31.) By Lemmal[Z6] 7 (ps,q) = 7(pe, q)-
Since z1 € TaTiz1 \ {28, Tit+1}, ©(Pe, q) = (P4, q), hence m(py, q) = 7(p4,q). Therefore, replacing py, by
pq in pg; does not change the crossing parity. We show this in detail.

Since V(p) N L(q) = 0, x; & range(h,) for all i, hence

CN(pi,q) = OCN(pa,q) + CN(ps,q) + CN(pe,q) and
CN(pi+1,9) = CN(pa,q) + CN(pd,q) + CN(pe, q) -
Since (m +n) mod 2 = (m mod 2 + n mod 2) mod 2,
m(pi,q) = (7(Paq) + 7Py, q) + T(pe,q)) mod 2
= (7(pa,q) + m(pa,q) + 7(pe,q)) mod 2
= 7(pit1,9)-
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By induction

W(p,q) = Tr(p’yv(I) for Py = ((SO;IO)a L) (85,175), (S’YVI’Y)? IR (Skaxk)) . (69)

By (B6) and (G8), hp, runs in the box Ry for —1 < s < sg, then its graph is the straight line segment
ZpT~ and finally b, remains in the box Ry, for s, < s, see Figure 8

Since V(py) € V(p), V(¢) N L(p,) = 0. Keeping p, fixed we can simplify the track ¢ accordingly.
Therefore there are indices u < v such that for ¢, := ((to,%0),-- -, Cu, Yu)Ews Yo), - -5 (E, 31)), T(Dys @) =
7(py,qv), where hg, runs in the box Ry for —1 < ¢, then its graph is the straight line segment 7,7,
and finally h;, remains in the box Ry, for ¢, <t as shown in Figure

Yu
22

Z1

=

]T:
< 8
< 2
/{ﬁ 2

Figure 9: The tracks p, and g,.

Since (Rf1 U Rya) Nrange(hy,) = 0 and (Ry1 U Ry2) Nrange(h,, ) = 0 (we omit the straightforward
formal verifications), CN(p,, ¢,) = 1. We obtain 7 (p, ¢) = 7(p+,q) = 7(py,q) = 1. O (Lemma [A.2)

5 The proof of the main theorem

For A € R? and a number § > 0 let U(A,6) := {x € R? | (3y € A) ||z — y|| < &} be the s-neighborhood
of A. From f and g we will compute sequences Ip 2 [y 2 I O ... and Jy 2 J1 2 Jo O ... of rational
closed intervals such that f(, I;) = g((); Ji). First we prove the following lemma.

Lemma 5.1 From f,g, rational intervals I, J C [—1;2] and n C N such that such that 27" < ar; and
7(flr,9]7) =1 we can compute a rational interval K C I such that

agy >0, f(K)SU(g(J),27") and =(flx,gls) =1. (70)

Proof Perform the following computations:
— From J and g compute the compact set g(.J).

— Compute some sequence (a; = Sg, 81, - - -, Sk—1, Sk = by) of rational numbers such that 0 < s;11—s; <
2—md(n+4)'

For every index i do the following:

— From f and s; compute z; := f(s;) € R2.
— From z; and g(J) compute ¢; := ds({x;},9(J)) € R.
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Figure 10: d; ~ ds(f(ss), g(J))

— From ¢; € R and n compute some d; € Q such that |¢; — d;| < 27"/16.
Figure [I0 shows the points d; = ds(f(s:), g(J)).
Suppose |s; — s| < 274"+ and d; > 27" /2. Then for every z € g(J),
27"/2 < dy < ¢ +27"/16 <l — 2l +277/16 < [|f(si) — f(s)Il + ([ f(s) — 2l +277/16 < 27" /16 +
| f(s) = z|| +27"/16, hence || f(s) — z|| > 6/16 - 2~™. Therefore,
if |s; — s| < 274+ and d; > 27" /2 then
(Vze f(IIf(s) — =] >6/16-27". (71)
Suppose |s; — s| < 274"+ and d; < 27"/2. Then ¢; < d; +27"/16 < 9/16 - 2=, hence for some
z€g(J), 1f(si) =2l <9/16-27" and |[f(s) — z[| < |[f(s) = F(so)[| + £ (s:) — 2]l <10/16-27". Therefore,
if |s; — s| < 274+ and d; < 27"/2 then
Bz e FIIf(s) — 2l <10/16-27". (72)

Since 27" < ayy and so = ay, 27" < ds(f(ar), g(J)) = co < dp +27"/16, hence

do >27"/2, correspondingly, di >27"/2. (73)
Therefore, we can find a sub-sequence 0 =ip < i3 < ... <4y =k of 0,1,...,k such that
(Vj)di; >27"/2 and (74)
either (V’L] <l< ij+1) dy > 2—n/2 (75)
or (Vlj <l<ij+1)d[ <2—n/2' (76)

Let K := [s4;;54,,,]. (In Figure[IQ, m = 6 and (o, %1,...,is) = (0,2,,11,16,29,37,42).)
Suppose (T3), that is, (Vi; <1 < ij41)d; > 27"/2. (In Figure @7 this is true for j = 0,2,5.) By (1)
for all z € g(J) and s € Ky, || f(s) — z|]| > 6/16- 27", hence f(K;) N g(J) =0, therefore,

m(flk;.9ls) = 0. (77)

Suppose (76), that is, (Vi; < < ij41)d; < 27"/2. (In Figure [T this is true for j = 1,3,4.) By (2)
for all s € K; there is some z € g(J) such that || f(s) — z|| < 10/16 - 2™, hence f(K;) C U(g(J),27 ™).
Furthermore by([)), 27" /2 — 27" /16 < d;; —27"/16 < ¢;; = ds({f(si;)},9(J)). The same is true for
(j + 1) instead of j, therefore 0 < dg({f(s4;), f(5i;,,)},9(J)).
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Since K; C I and az; > 0, do(£(K;). {9(a). 9(b2)} > du(£(D). {g(a), g(b;)} > ary. In summary,
0<ak,s and f(K;)CU(g(J),2™"). (78)
By Lemma 214,
((Flr0r9ls) + -+ (5(f1ic,r291)) mod 2 = 7(flr.91,) = 1.

Therefore, there is some j such that 7(f|k,,g|s) = 1. By (Z0), (73) cannot be true for j, hence (76)) is
true for j, hence (78) is true for K.

For computing K from f,g,I,J and n, first compute (dy,...,dy), then compute the sub-sequence
0=1ig <i1<,...,<fdy=4kof0,1,...,k such that ((4H7G). The find some j such that 7(f|x,,g|s) = 1.
Let K := K;. Then (70) is true by (78). m|

Lemma 5.2 From functions f and g, closed rational intervals I,J C [—1;2] and m € N such that
ary >0 and w(f|1,g9|7) = 1 we can compute closed rational intervals I', J' such that

ap g >0 and 7T(f|]/,9|]/):1, (79)
I'CI and J CJ, (80)
fI') S U(g(J),27™) and g(J') CU(f(I),27™). (81)

Proof Compute a;; and some number n > m such that 27" < ay .
By Lemma [5I] we can compute a rational interval I’ C I (I, = K in the lemma) such that by ([70),

ap g >0, f(I/) S U(g(J),Q_n) and W(fl]/,glj) =1. (82)

Again by Lemma 5.1l with (f and g exchanged) first compute «;/; and some number n’ > m such that
27" < ays g, then compute some J' C .J such that

app >0, g(J)eU(I),27™) and «(f|r,gl;)=1. (83)

(79 follows from (B3)), (BQ) is true by the construction and (&I) follows from (82) and (83) by m < n and
m<n. O

Lemma 5.3 From functions f and g (as defined in (@) and (7)) we can compute sequences Iy D I, 2D
I, ... and Jo 2 Ji D Ja,... of rational closed intervals such that f((,, Im) = 9(,, Im)-

Proof By Lemma 5.2 starting with Iy := Jy := [—1;2] we can compute sequences Iy 2 1,2 I, ... and
Jo D Jy D Js,... of rational closed intervals such that for all m > 1,
F(Im) CU(g(Im-1),2"" D) and g(Jm) C U(f(Im)),27™). (84)

The following equations follow from continuity of f and g.

f(m Im) = ﬂ fm) = ﬂ U(f(Im),27™), (85)
g(ﬂ Im) = ﬂg(Jm) = m Ulg(Jm),27™). (86)
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We give elementary proofs. Since f(, Ix) € f(Im) C U(f(Im),27™) for all m, f(( Ix) €N, f(Im) C
N U (), 27).

Suppose x € (), f(Im). Then there is a sequence ag, a1, az, ... such that for all m, a,, € I, and
f(am) = . Since Iy is compact there is a subsequence @, @m,, Gms,, - .. converging to some a € Io.
Since f is continuous, z = lim; f(am,) = f(lim; ap,;) = f(a). Assume a & I,,, for some k. Then for some
J >k, am; & I, hence ap; & I, a contradiction. Therefore a € I, for all k, hence a € N,, Im and
2= £(a) € £V To).

Suppose x € (), U(f(Im),27™). Assume x ¢ f(I)) for some k. Since f(I)) is compact = ¢
U(f(Ix),277) for some j > k. Therefore, = & U(f(I;),277), hence = & N, U(f(Imm),2™™), a contra-
diction. Therefore x € f(I}) for all k, hence z € (N, f(Im).

Therefore (B3] is true. By symmetry also (86) is true. By (84H34),

Accordingly, g(N,,, Jm) € f(N,, Im)- O

After these preparations Theorem [[.4] can be proved straightforwardly. For the canonical representa-
tion (most conveniently the canonical multi-representation [I1]) of functions h : CR — R? the function f
can be computed from ¢ and the function g can be computed from . By the outer representation of the
set Z of the closed real intervals, a name of S is a sequence Iy D I; D ... of closed rational intervals such
that S =, In. Therefore, by Lemma [5.3] the multi-function (¢, 1) = (S4, Sy) such that ¢(Sy) = 1¥(Sy)
is computable. Thus we have proved Theorem [T.4

The main theorem from [I0] follows straightforwardly from Theorem [[4l
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Corollary 5.4

1. If ¢ and v in Theorem [L1] are computable then there are computable numbers a and b such that
¢(a) € range(y)) (hence x := ¢(a) € range(¢p) Nrange())) and 1(b) € range(p) (hence y := (b) €
range(¢) Nrange(t))).

2. Restricted to the pairs (¢,1) which have a unique intersection point, the point x such that {x} =
range(¢) Nrange(y) can be computed from ¢ and 1.

3. Restricted to the pairs (¢,v) such that ¢(a) = (b) for a unique pair (a,b) € [0;1]? the function
(¢, ) — (a,b) is computable.

Proof

1. Suppose Sy has length > 0. Then a € Sy for some a € QQ, which is a computable real number such
that ¢(a) € ¥(Sp) C range(y).

Suppose Sy has length 0, that is, Sy = {a} for some a. Since {a} = Sy =), I» for a computable
sequence Iy O I; D ... of rational intervals, a is a computable real number such that ¢(a) € ¥(Sg) C
range(1)).

By symmetry there is a computable number b such that ¥ (b) € range(¢).

2. Notice that possibly S and Sy have positive lengths. Suppose ¢ and i have a single intersection
point z. Then {z} = ¢(Sy) = ¥(Sy). For every m > 0, 0 = {x}\ B(2,27") = ,en ¢(In) \ B(z,27™) =
Nyen(@(1n) \ B(z,27™)) by (BF). The countable intersection of closed subsets of the compact set [0; 1]
is empty. Therefore finitely many suffice: there is some N such that § = (), oy (¢(In) \ B(z,27™)) =
No<n @In) \ B(x,27™) = ¢(In) \ B(z,27™), hence ¢(In) € B(z,27™). Therefore, for every m > 0
there are some N € N and some z € Q? such that z € ¢(Iny) C B(z,2-27™). Since (¢, N) — ¢(Iy) is
computable and the set (K, z,j) such that K is compact and K C B(z,j) is c.e. B [11], from ¢ and the
list Iy, I1,... we can compute a sequence of rational balls contracting to x. Therefore we can compute
the single intersection point of ¢ and .

3. We can compute a sequence Iy O Iy O ... converging to a. Therefore we can compute a. Corre-
spondingly we can compute b. ]

In Corollary B4l1 in general ¢(a) # 1¥(b). From ¢ and ¥ we cannot compute some a such that
¢(a) € range(¢p) or some z € range(¢) Nrange(y). We do not even know whether for the computable
number a there is a computable number ¢ such that ¢(a) = ¥(c). In Corollary B2 from ¢ and @) we
cannot compute some a such that ¢(a) = x.
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