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Abstract. In Granular Computing, the hierarchies and uncertainty measures are two
important concepts to investigate the granular structures and uncertainty of approx-
imation spaces. In this paper, hierarchies and uncertainty measures on pythagore-
an fuzzy approximation spaces will be researched. Firstly, the introduction and op-
erations of pythagorean fuzzy granular structures are given, and three hierarchies
and a lattice structure on pythagorean fuzzy approximation spaces are examined.
The hierarchies are characterized by three order relations, the first order relation
is defined on the inclusion relation of pythagorean fuzzy information granules, the
second one is defined on the cardinality of pythagorean fuzzy information granules,
and the third one is defined on the sum of the cardinality of pythagorean fuzzy in-
formation granules. The lattice structure is constructed on the first order relation on
pythagorean fuzzy approximation spaces. Fuzzy information granularity and fuzzy
information entropy are extended to describe the uncertainty of pythagorean fuzzy
granular structures, and the relationship between the uncertainty measures and hi-
erarchies are discussed. The examples show that hierarchies are effective to analyze
the relationships among all granular structures on pythagorean fuzzy approxima-
tion spaces.

Keywords. Granular Computing, hierarchies, pythagorean fuzzy set, uncertainty
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1. Introduction

Granular Computing(GrC), which was initiated by Zadeh [1,2], is an emerging com-
puting paradigm of information processing. It is an effective way to simulate human be-
ing’s thinking and divide the complex problem into a serious of relatively simple prob-
lems to facilitate the information processing. In GrC, a collection of objects cluster with
indivisibility, similarity, proximity, and functionality is called information granule [1].
All of these information granules together lead to an information granulation, which pro-
vide a visible underlying framework for problem solving. The information granulation
of all objects in the universe results in a set of granules called a granular structure [1].
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Different information granulations lead to different levels of abstraction and may present
different granular views of our comprehension of a real world problem. GrC is searching
for some suitable information granules so that a complex concept is able to approximate
effectively at a specific level of granulation [1]. Up to now, GrC research is progress-
ing rapidly [3,4,5], the results show that GrC is becoming the mainstream of computer
science.

After constructing all the granular structures on the approximation spaces, the hier-
archies of the approximation spaces can be used to analyze the relationship among all the
granular structures on approximate spaces [6]. Many scholars researched the hierarchies
on various granular structures. For example, Yao [7] recommended to use hierarchical
granulations to research of hierarchical rough set approximations. Zhang et al. [8] con-
structed the hierarchies of fuzzy quotient space by constructing the normalized isosceles
distance function. Wang et al. [9] studied hierarchies knowledge space chain based on
different knowledge granulation levels. In order to explore the finer or coarser relation-
ships among multigranulation spaces, Yang et al. [10] have conducted three different hi-
erarchies on the multigranulation rough set models. Song et al. [11] introduced knowl-
edge distance [12,13] to fuzzy environment, and proposed the local knowledge distance
and global knowledge distance, such two knowledge distances are used to construct al-
gebraic lattices, which are useful in characterizing the hierarchies on fuzzy information
granulations. Huang et al. [14] investigated the hierarchies and a lattice structure of intu-
itionistic fuzzy set, and then further researched the uncertainty measures of intuitionis-
tic fuzzy set. Some order relations were used to characterize the hierarchies on hesitant
fuzzy approximation spaces by Tsang et al. [15].

In GrC, a granular structure’s uncertainty measure is a significant problem. Two
main representations of uncertainty measure in different approximation spaces are infor-
mation entropy and information granularity. An information granularity shows the dis-
cernibility of an information granule in a granular structure. If a granular structure is
to be more recognizability, the smaller information granularity of granular structure is
required [16]. Based on the different goals, the calculation of information granularity of
granular structure is always a significant problem [17]. Granular structure entropy pro-
posed by Shannon is an effective method to describe the information content of granu-
lar structure. Partition probability is used to define Shannon entropy, so the uncertainty
of granular structure can not be described by Shannon entropy. Thus, the uncertainty of
generalized granular structures are expressed by information entropy, which is obtained
by extending Shannon entropy to different generalized granular structures [18,19].

Fuzzy set, which was first put forward by Zadeh [20], deals with the uncertainty
problems has achieved great success in many fields. Many different extend fuzzy set
methods have been proposed by researchers to deal with more inaccurate information in
practical applications, among which the intuitionistic fuzzy set proposed by Atanassov is
one classic model [21]. Intuitionistic fuzzy set gives each element a membership degree
and a nonmembership degree, and requests the sum of membership degree and nonmem-
bership degree must less than or equal to 1. It should be noted that sometimes the sum
of membership degree and nonmembership degree is greater than 1, which can not be
dealed with intuitionistic fuzzy set. To address this problem, Yager [22,31,32,33] pro-
posed pythagorean fuzzy set, which is obtained when the sum of squares of its member-
ship degree and nonmembership degree is less than or equal to 1. Therefore, pythagorean
fuzzy set is one extension of fuzzy set, which is a direct promotion of intuitionistic fuzzy
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set. The pythagorean fuzzy set not only retains the advantages of the intuitionistic fuzzy
set in processing uncertain information, but also broadens the application range of intu-
itionistic fuzzy set. Pythagorean fuzzy set has attracted by many scholars [26]- [30], but
the hierarchy of pythagorean fuzzy approximation spaces has been rarely discussed, so
the relationship among all the granular structures on pythagorean fuzzy approximation
spaces can not be characterized.

Based on the descriptions above, there are three points to consider in GrC: informa-
tion granulation, hierarchies and information granularity. Information granulation aims
at granulating the objects in the universe of discourse into information granulation struc-
ture. Hierarchies with the purpose of sorting the information granulation structures on the
approximation spaces. And the information granularity is used for measuring the gran-
ulation degree of an information granular structure [14]. As far as we know, there is no
unified framework for these three developments, which is also important for the study of
the pythagorean fuzzy granular structure. That is what drives our research. The motiva-
tion of this paper is to research the hierarchies and uncertainty measures of pythagorean
fuzzy approximation spaces. To characterize the hierarchies on pythagorean fuzzy ap-
proximation spaces, three order relations on pythagorean fuzzy approximation spaces are
proposed and some operations are defined on them, and then their lattice structures are
given. Furthermore, the information granularity and information entropy to pythagore-
an fuzzy approximation spaces are extended to describe the uncertainty measures of
pythagorean fuzzy approximation spaces. At last, the relationships between uncertainty
measures and hierarchies of pythagorean fuzzy approximation spaces are discussed [14].

The rest of this study is organized as follows. Several basic notions are reviewed
in Section 2 , such as the notions of fuzzy set, fuzzy granular structure and the or-
der relations on fuzzy granular structures. On this basis, the pythagorean fuzzy set and
pythagorean fuzzy approximation spaces are represented naturally. In Section 3, three
order relations on pythagorean fuzzy approximation spaces are discussed. Furthermore,
a lattice structure of pythagorean fuzzy approximation spaces, which based on the first
order relation is investigated. The uncertainty measures of pythagorean fuzzy approx-
imation spaces are discussed by using pythagorean fuzzy information granularity and
pythagorean fuzzy information entropy in Section 4, and then the relationships among
hierarchies and the uncertainty measures are established. The conclusions and the future
perspectives of this study will be shown in Section 5.

2. Preliminary knowledge

This section introduces some basic concepts of fuzzy set and three order relations of
fuzzy information granulation, then the pythagorean fuzzy set and the pythagorean fuzzy
approximation spaces are also introduced.

2.1. Fuzzy Set

Definition 1 [20] Let U = {x1,x2, ...,xn} be a nonempty set, which is called the universe
of discourse. Assuming that Â : U → [0,1] such that μÂ(xi) ∈ [0,1] for each xi ∈U, then

Â = {<μÂ(xi)>

xi
|1 ≤ i ≤ n} is called a fuzzy set over U where μÂ(xi) is the membership

degree of element xi. Furthermore, a fuzzy relation over U is a fuzzy set such that R̂ :
U ×U → [0,1].
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Definition 2 [19] Let U be the universe of discourse, a fuzzy granular structure over U
is defined as

F(R̂) = (SR̂(x1),SR̂(x2), · · · ,SR̂(xn)),

where SR̂(xi) = { ri j
x j
|1 ≤ j ≤ n}(1 ≤ i ≤ n) is a fuzzy information granule induced by the

element xi and the fuzzy relation R̂.

The cardinality of SR̂(xi) is presented as |SR̂(xi)|= ∑n
j=1 ri j(1 ≤ i ≤ n). According to

Definition 2, the group of all fuzzy granular structures over U is presented by F(U,Ω̂),
which is denoted as a fuzzy approximation space, where Ω̂ represents the set of all fuzzy
relations over U .

2.2. Three Order Relations on Fuzzy Granular Structures

Since order relation is a widely used method to characterize the hierarchies of gran-
ular structure, thus three order relations on fuzzy granular structures will be reviewed.

Definition 3 [19] Let F(P̂),F(Q̂) ∈ F(U,Ω̂), F(P̂) = (SP̂(x1),SP̂(x2), · · · ,SP̂(xn)),
F(Q̂) = (SQ̂(x1),SQ̂(x2), · · · ,SQ̂(xn)). The first order relation ≤1 is defined as

F(P̂)≤1 F(Q̂)⇐⇒ SP̂(xi)⊆ SQ̂(xi)(1 ≤ i ≤ n)

where SP̂(xi) ⊆ SQ̂(xi)(1 ≤ i ≤ n) means that each membership of the elements in SP̂ is
less than or equal to that in SQ̂, that is, pi j ≤ qi j(1 ≤ i ≤ n) for each element xi.

Definition 4 [11] Let F(P̂),F(Q̂) ∈ F(U,Ω̂), F(P̂) = (SP̂(x1),SP̂(x2), · · · ,SP̂(xn)),
F(Q̂) = (SQ̂(x1),SQ̂(x2), · · · ,SQ̂(xn)). The second order relation ≤2 is defined as

F(P̂)≤2 F(Q̂)⇐⇒ |SP̂(xi)| ≤ |SQ̂(xi)|(1 ≤ i ≤ n)

Definition 5 [11] Let F(P̂),F(Q̂) ∈ F(U,Ω̂), F(P̂) = (SP̂(x1),SP̂(x2), · · · ,SP̂(xn)),
F(Q̂) = (SQ̂(x1),SQ̂(x2), · · · ,SQ̂(xn)). The third order relation ≤3 is defined as

F(P̂)≤3 F(Q̂)⇐⇒
∣∣∣∣∣ ∑
xi∈U

SP̂(xi)

∣∣∣∣∣≤
∣∣∣∣∣ ∑
xi∈U

SQ̂(xi)

∣∣∣∣∣(1 ≤ i ≤ n)

2.3. Pythagorean Fuzzy Set

Definition 6 [22] Let U be the universe of discourse, a pythagorean fuzzy set P in U
is denoted by P = {<μP(xi),υP(xi)>

xi
|1 ≤ i ≤ n}, where μP(xi) : U → [0,1] is the degree of

membership of element xi, υP(xi) : U → [0,1] is the degree of nonmembership of element
xi, and 0≤ μP(xi)

2+υP(xi)
2 ≤ 1. Furthermore, the hesitancy degree of xi to P is denoted

by hP(xi) =

√
1−μP (xi)

2 −υP(xi)
2.
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For the sake of convenience, Zhang and Xu [25] called (μP(xi),υP(xi)) a pythagore-
an fuzzy number denoted by p = (μP(xi),υP(xi)).

Remark 1 Specially, if the membership degree μP(xi) and nonmembership degree
υP(xi)) of element xi in pythagorean fuzzy set P satisfy the condition that 0 ≤ μP(xi)+
υP(xi)) ≤ 1, then the pythagorean fuzzy set P is an intuitionistic fuzzy set [21]. The
classical fuzzy set can be regarded as a special intuitionistic fuzzy set of the form
P = {<μP(xi),1−μP(xi)>

xi
|1 ≤ i ≤ n}.

Definition 7 [23] Let A= {<μA(xi),υA(xi)>
xi

|1≤ i≤ n} and B= {<μB(xi),υB(xi)>
xi

|1≤ i≤ n}
be two pythagorean fuzzy sets over the universe of discourse U, some operators, i.e.,
intersection ∩, union ∪, complement 
, equation = on A and B, and the inclusion relation
between pythagorean fuzzy granular structures A and B can be defined as follows

1. A∩B =
{

<min{μA(xi),μB(xi)},max{υA(xi),υB(xi)}>
xi

|1 ≤ i ≤ n
}
,

2. A∪B =
{

<max{μA(xi),μB(xi)},min{υA(xi),υB(xi)}>
xi

|1 ≤ i ≤ n
}
,

3. 
A =
{

<υA(xi),μA(xi)>
xi

∣∣∣1 ≤ i ≤ n
}

is the supplementary of A,

4. A = B ⇐⇒ μA(xi) = μB(xi)∧υA(xi) = υB(xi)(1 ≤ i ≤ n),
5. A ⊆ B ⇐⇒ μA(xi)≤ μB(xi)∧υA(xi)≥ υB(xi)(1 ≤ i ≤ n).

Let U be the universe of discourse, the pythagorean fuzzy relation R over U can be
represented by n×n matrix

MR =

⎛
⎜⎜⎜⎝
〈μR(x1,x1),υR(x1,x1)〉 〈μR(x1,x2),υR(x1,x2)〉 · · · 〈μR(x1,xn),υR(x1,xn)〉
〈μR(x2,x1),υR(x2,x1)〉 〈μR(x2,x2),υR(x2,x2)〉 · · · 〈μR(x2,xn),υR(x2,xn)〉

...
...

...
...

〈μR(xn,x1),υR(xn,x1)〉 〈μR(xn,x2),υR(xn,x2)〉 · · · 〈μR(xn,xn),υR(xn,xn)〉

⎞
⎟⎟⎟⎠ ,

where μR(xi,x j),υR(xi,x j) ∈ [0,1] and 0 ≤ μ2
R(xi,x j)+υ2

R(xi,x j)≤ 1(1 ≤ i, j ≤ n).
We suppose that all pythagorean fuzzy relations in this paper are reflexive in the

universe of discourse U , because reflexive is significant to characterize the similarity
between objects, i.e., μR(xi,xi) = 1,υR(xi,xi) = 0(1 ≤ i ≤ n) in MR.

The group of pythagorean fuzzy relations over U are denoted as PFAS = (U,Ω),
which is called the pythagorean fuzzy approximation space over U , where Ω represents
the set of pythagorean fuzzy relations over U .

3. Hierarchies of Pythagorean Fuzzy Approximation Spaces

Granular structure is a fundamental term in GrC, and new granular structures can
be generated by using several operators on granular structure. Four operators extended
to fuzzy granular structures by Qian et al. [19]. In this section, the pythagorean granular
structure is constructed and all objects are granulated into pythagorean fuzzy information
granules. We also extend four operators of Qian on fuzzy granular space into pythagorean
fuzzy granular space and then give three order relations on pythagorean fuzzy granular
space, which constitute the hierarchies on pythagorean fuzzy approximation spaces. In
the end, the lattice structure of the pythagorean approximation spaces is discussed .
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3.1. Pythagorean Fuzzy Granular Structure

Definition 8 A pythagorean fuzzy granular structure determined by pythagorean fuzzy
relation R in PFAS is defined as

P(R) = (SR(x1),SR(x2), · · · ,SR(xn)),

where SR(xi) = {<r+i j ,r
−
i j>

x j
|1≤ j ≤ n}(1≤ i≤ n), SR(xi) is the pythagorean fuzzy informa-

tion granule induced by element xi and pythagorean fuzzy relation R; r+i j is the similarity
between elements xi and x j, and r−i j is the dissimilarity between elements xi and x j.

The collection of all pythagorean fuzzy granular structures over the universe U can
be represented by PF(U,Ω). As is known to all, there is a 1-1 relationship between
pythagorean fuzzy approximation space and pythagorean fuzzy granular structure space,
thus, we do not distinguish the pythagorean fuzzy relation and pythagorean fuzzy gran-
ular structure between (U,Ω) and PF(U,Ω).

The fuzzy set’s cardinality is important for investigating the information granulation
and its measure of uncertainty, so is the pythagorean fuzzy set. The new cardinality of
pythagorean fuzzy set is defined in Definition 9.

Definition 9 Let P(R) = (SR(x1),SR(x2), · · · ,SR(xn)), where SR(xi) = {<r+i j ,r
−
i j>

x j
|1 ≤ j ≤

n}(1 ≤ i ≤ n). The cardinality of SR(xi) is regarded as

|SR(xi)|= 1
2

n

∑
j=1

(1+(r+i j )
2 − (r−i j )

2).

Accordingly, the cardinality of pythagorean fuzzy relation matrix is denoted by
|MR(xi)|= 1

2 ∑n
j=1 (1+(μR(xi,x j))

2 − (υR(xi,x j))
2).

By employing this cardinality of pythagorean fuzzy information granule, we can
construct the hierarchies and uncertainty measures on pythagorean fuzzy approximation
spaces in this paper.

Definition 10 Let P(L),P(Q)∈PF(U,Ω), and P(L)= (SL(x1),SL(x2), · · · ,SL(xn)),P(Q)=

(SQ(x1),SQ(x2), · · · ,SQ(xn)), where SL(xi) =

{
<l+i j ,l

−
i j >

x j

∣∣∣∣1 ≤ j ≤ n
}
(1≤ i≤ n),SQ(xi) ={

<q+i j ,q
−
i j>

x j

∣∣∣∣1 ≤ j ≤ n
}
(1 ≤ i ≤ n). Some operators, i.e., intersection ∩, union ∪, minus

−, complement 
, equation = and inequation �= on P(L) and P(Q) can be defined as
follows

1. P(L)∩P(Q) = {SL∩Q(xi)|SL∩Q(xi) = SL(xi)∩SQ(xi),1 ≤ i ≤ n},
2. P(L)∪P(Q) = {SL∪Q(xi)|SL∪Q(xi) = SL(xi)∪SQ(xi),1 ≤ i ≤ n},
3. P(L)−P(Q) = {SL−Q(xi)|SL−Q(xi) = SL(xi)∩
SQ(xi),1 ≤ i ≤ n},
4. 
P(L) = {
SL(xi)|1 ≤ i ≤ n},
5. P(L) = P(Q)⇐⇒ SL(xi) = SQ(xi)⇐⇒ l+i j = q+i j ∧ l−i j = q−i j ,1 ≤ i, j ≤ n}
6. P(L) �= P(Q)⇐⇒ SL(xi) �= SL (xi)⇐⇒ l+i j �= q+i j ∧ l−i j �= q−i j ,1 ≤ i, j ≤ n}
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where SL∩Q = {<min{l+i j ,q
+
i j},max{l−i j ,q

−
i j}>

x j
|1 ≤ j ≤ n}, SL∪Q = {<max{l+i j ,q

+
i j},min{l−i j ,q

−
i j}>

x j
|1 ≤

j ≤ n}, 
SL(xi) = {<l−i j ,l
+
i j >

x j
|1 ≤ j ≤ n and j �= i}(1 ≤ i ≤ n).

Proposition 1 Let P(L),P(Q),P(R),P(U ) and P(ϕ) ∈ PF(U,Ω), P(U ) = (SU (x1),

SU (x2), · · · ,SU (xn)), if SU (xi) = {<1,0>
x j

‖1 ≤ i, j ≤ n}, then U is the pythagorean fuzzy
universal relation over U, P(U ) is the maximal pythagorean fuzzy granular structure;
P(ϕ)= (Sϕ(x1),Sϕ(x2), · · · ,Sϕ(xn)), if Sϕ(xi)= {<0,1>

x j
|1≤ j, i≤ n, j �= i}, and Sϕ(xi)=

{<1,0>
x j

|1 ≤ j = i ≤ n}, then ϕ is the pythagorean fuzzy identical relation over U, P(ϕ)
is the minimal pythagorean fuzzy granular structure. The operators, i.e., intersection ∩,
union ∪, and complement 
 on PF(U,Ω) satisfy the following properities.

1. Identity law:P(L)∩P(U ) = P(L) and P(L)∪P(ϕ) = P(L).
2. Zero law:P(L)∪P(U ) = P(U ) and P(L)∩P(ϕ) = P(ϕ).
3. Commutative law:P(L)∩P(Q) = P(Q)∩P(L),P(L)∪P(Q) = P(Q)∪P(L).
4. Association law:(P(L) ∩ P(Q)) ∩ P(R) = P(L) ∩ ((P(Q) ∩ P(R)), (P(L) ∪

P(Q))∪P(R) = P(L)∪ ((P(Q)∪P(R)).
5. Distributive law:P(L) ∩ (P(Q) ∪ P(R)) = (P(L) ∩ (P(Q)) ∪ (P(L) ∩ P(R)).

P(L)∪ (P(Q)∩P(R)) = (P(L)∪P(Q))∩ (P(L)∪P(R)).
6. Absorption law:P(L)∩ (P(L)∪P(Q)) = P(L),P(L)∪ (P(L)∩P(Q)) = P(L).
7. De Morgan law:
(P(L) ∩ P(Q)) = 
P(L) ∪ 
P(Q), 
(P(L) ∪ P(Q)) = 
P(L) ∩


P(Q).

3.2. Three Order Relations on Pythagorean Fuzzy Approximation Spaces

In this section, we give three order relations to characterize the hierarchies on dif-
ferent pythagorean fuzzy granular structures.

Definition 11 Let P(L),P(Q) ∈ PF(U,Ω), P(L) = (SL(x1),SL(x2), · · · ,SL(xn)), P(Q) =

(SQ(x1),SQ(x2), · · · ,SQ(xn)), the first order relation �1 is defined as follows
P(L)�1 P(Q)⇐⇒ SL(xi)⊆ SQ(xi) for any 1 ≤ i ≤ n.
P(L)≺1 P(Q)⇐⇒ P(L)�1 P(Q)∧P(L) �= P(Q).

P(L)≈1 P(Q)⇐⇒ SL(xi) = SQ(xi),
where SL(xi)⊆ SQ(xi) means that ∀1 ≤ i, j ≤ n, we have l+i j ≤ q+i j ∧ l−i j ≥ q−i j .

Example 1 Let U be the universe of discourse, L, Q, S and T are four pythagorean fuzzy
relations over U, which are denoted by the following matrices, respectively.

ML =

⎛
⎜⎜⎜⎜⎝

< 1.0,0.0 > < 0.3,0.8 > < 0.4,0.7 > < 0.3,0.7 > < 0.4,0.5 >
< 0.3,0.8 > < 1.0,0.0 > < 0.6,0.7 > < 0.4,0.8 > < 0.5,0.6 >
< 0.4,0.7 > < 0.6,0.7 > < 1.0,0.0 > < 0.3,0.8 > < 0.6,0.5 >
< 0.3,0.7 > < 0.4,0.8 > < 0.3,0.8 > < 1.0,0.0 > < 0.4,0.6 >
< 0.4,0.5 > < 0.5,0.6 > < 0.6,0.5 > < 0.4,0.6 > < 1.0,0.0 >

⎞
⎟⎟⎟⎟⎠
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MQ =

⎛
⎜⎜⎜⎜⎝

< 1.0,0.0 > < 0.5,0.7 > < 0.6,0.6 > < 0.5,0.6 > < 0.6,0.4 >
< 0.5,0.7 > < 1.0,0.0 > < 0.7,0.4 > < 0.6,0.5 > < 0.7,0.4 >
< 0.6,0.6 > < 0.7,0.4 > < 1.0,0.0 > < 0.7,0.5 > < 0.8,0.4 >
< 0.5,0.6 > < 0.6,0.5 > < 0.7,0.5 > < 1.0,0.0 > < 0.6,0.4 >
< 0.6,0.4 > < 0.7,0.4 > < 0.8,0.4 > < 0.6,0.4 > < 1.0,0.0 >

⎞
⎟⎟⎟⎟⎠

MS =

⎛
⎜⎜⎜⎜⎝

< 1.0,0.0 > < 0.4,0.8 > < 0.7,0.4 > < 0.5,0.6 > < 0.8,0.5 >
< 0.5,0.8 > < 1.0,0.0 > < 0.8,0.3 > < 0.6,0.5 > < 0.7,0.4 >
< 0.7,0.4 > < 0.8,0.3 > < 1.0,0.0 > < 0.7,0.5 > < 0.8,0.4 >
< 0.5,0.4 > < 0.7,0.4 > < 0.7,0.5 > < 1.0,0.0 > < 0.6,0.4 >
< 0.8,0.5 > < 0.7,0.4 > < 0.8,0.4 > < 0.6,0.4 > < 1.0,0.0 >

⎞
⎟⎟⎟⎟⎠

MT =

⎛
⎜⎜⎜⎜⎝

< 1.0,0.0 > < 0.3,0.7 > < 0.8,0.4 > < 0.5,0.6 > < 0.9,0.2 >
< 0.3,0.7 > < 1.0,0.0 > < 0.8,0.2 > < 0.6,0.5 > < 0.7,0.4 >
< 0.8,0.4 > < 0.8,0.2 > < 1.0,0.0 > < 0.7,0.5 > < 0.8,0.4 >
< 0.5,0.6 > < 0.6,0.5 > < 0.7,0.5 > < 1.0,0.0 > < 0.6,0.4 >
< 0.9,0.2 > < 0.7,0.4 > < 0.8,0.4 > < 0.6,0.4 > < 1.0,0.0 >

⎞
⎟⎟⎟⎟⎠

We can observe that ∀1 ≤ i, j ≤ n, we have l+i j < q+i j and l−i j > q−i j , which means
that SL(xi)⊆ SQ(xi), thus P(L)≺1 P(Q) obtained. Then the pythagorean fuzzy granular
structure P(L) is finer than pythagorean fuzzy granular structure P(Q), the order relation
�1 can well differentiate the granularity between pythagorean fuzzy granular structures
P(L) and P(Q).

We can observe that neither SQ(x1) ⊆ SS(x1) nor SS(x1) ⊆ SQ(x1) satisfies, which
means the order relation �1 can not differentiate the granularity between the two
pythagorean fuzzy granular structures P(Q) and P(S). To further distinguish their differ-
ence, a new finer criterion �2 will be proposed in Definition 12.

Definition 12 Let P(L),P(Q) ∈ PF(U,Ω), P(L) = (SL(x1),SL(x2), · · · ,SL(xn)), P(Q) =
(SQ(x1),SQ(x2), · · · ,SQ(xn)), the second order relation �2 is defined as follows

P(L)�2 P(Q)⇐⇒ |SL(xi)| ≤ |SQ(xi)| for any 1 ≤ i ≤ n.
P(L)≺2 P(Q)⇐⇒ P(L)�2 P(Q)∧P(L) �= P(Q).
P(L)≈2 P(Q)⇐⇒ |SL(xi)|= |SQ(xi)| for any 1 ≤ i ≤ n.

Continued from Example 1, we can easily verify that |MQ(xi)| < |MS(xi)| for
i = 1,2,3,4,5, which means |SQ(xi)| < |SS(xi)|, thus P(Q) ≺2 P(S) obtained. Then the
pythagorean fuzzy granular structure P(Q) is finer than pythagorean fuzzy granular struc-
ture P(S), the order relation �2 can well differentiate the granularity between pythagore-
an fuzzy granular structures P(Q) and P(S).

By computing, we have |MS(x1)| = 3.065, |MS(x4)| = 3.430, |MT (x1)| = 3.370,
|MT (x4)| = 3.220, then |MS(x1)| < |MT (x1)| and |MS(x4)| > |MT (x4)| exist, neither
|SS(xi)|< |ST (xi)| nor |ST (xi)|< |SS(xi)| satisfies. Thus, the order relation �2 can not d-
ifferentiate the granularity between the two granular structures P(S) and P(T ). To further
reveal their difference, a new finer criterion �3 will be introduced in Definition 13.
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Definition 13 Let P(L),P(Q) ∈ PF(U,Ω), P(L) = (SL(x1),SL(x2), · · · ,SL(xn)), P(Q) =
(SQ(x1),SQ(x2), · · · ,SQ(xn)), the third order relation �3 is defined as follows

P(L)�3 P(Q)⇐⇒ ∣∣∑xi∈U SP(xi)
∣∣≤ ∣∣∑xi∈U SQ(xi)

∣∣(1 ≤ i ≤ n).
P(L)≺3 P(Q)⇐⇒ P(L)�3 P(Q)∧P(L) �= P(Q).
P(L)≈3 P(Q)⇐⇒ ∣∣∑xi∈U SP(xi)

∣∣= ∣∣∑xi∈U SQ(xi)
∣∣(1 ≤ i ≤ n).

Continued from Example 1, by computing, we can verify that
∣∣∑xi∈U SS(xi)

∣∣ =
17.295,

∣∣∑xi∈U ST (xi)
∣∣ = 17.700, thus we have

∣∣∑xi∈U SS(xi)
∣∣ < ∣∣∑xi∈U ST (xi)

∣∣ for i =
1,2,3,4,5, which implies P(S)≺3 P(T ). Thus the pythagorean fuzzy granular structure
P(S) is finer than pythagorean fuzzy granular structure P(T ), the order relation �3 can
well differentiate the granularity between pythagorean fuzzy granular structures P(S)
and P(T ).

Proposition 2 The order relation �i is a special case of the order relation �i+1 (i =
1,2).

The first order relation �1 is defined on the basis of pythagorean fuzzy inclusion
relation between two pythagorean fuzzy granular structures, thus �1 is a partial order re-
lation, however �2, �3 are not necessarily antisymmetric, thus they are quasi-order rela-
tions. The three order relations provide different criterias to discriminate the granularity
of pythagorean fuzzy granular structures at multiple levels.

3.3. Lattice Structure of Pythagorean Fuzzy Approximation Spaces

Yang et al. [24] used a lattice structure from set distance to study the hierarchies of
granular structures on a crisp approximate space. In this subsection, we will study the
lattice structure of pythagorean fuzzy approximate spaces based on partial order relation
�1.

Definition 14 Let (L,≤) be a poset, if there exist two operators ∧ and ∨ on L : L2 → L ,
∀a,b,c ∈ L, such that

1. a∧b = b∧a,a∨b = b∨a;
2. (a∧b)∧ c = a∧ (b∧ c),(a∨b)∨ c = a∨ (b∨ c);
3. a∧b = b ⇐⇒ b ≤ a,a∨b = b ⇐⇒ a ≤ b.

We then call (L,≤) is a lattice.
Furthermore, we call (L,≤) a distributive lattice, if a∧ (b∨ c) = (a∧ b)∨ (a∧ c),

a∨ (b∧ c) = (a∨b)∧ (a∨ c) is satisfied.
We call (L,≤) a complemented lattice, if ∀a∈ L, there exists a−1 such that (a−1)−1 =

a and a ≤ b ⇐⇒ b−1 ≤ a−1. If there exist 0,1 ∈ L such that 0 ≤ a ≤ 1, ∀a ∈ L, then we
call 0 and 1 its minimal and maximal elements, respectively.

Theorem 1 Let ∩,∪ and 
 be defined on PF(U,Ω) as Definition 10, then (PF(U,Ω),�1
,∩,∪, 
) is a complemented distributive lattice.

Proof Based on Definitions 10, 14 and Proposition 1, it is straightforward.

In the complemented distributive lattice (PF(U,Ω),�1,∩,∪, 
), P(ϕ) and P(U ) de-
fined in Proposition 1 are the minimal and maximal elements in (PF(U,Ω), respective-
ly.
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4. Uncertainty Measures for Pythagorean Fuzzy Approximation Spaces

Two main uncertainty measures: granularity and information entropy, are important
for an approximation space, In this section, we extend two measures, i.e., granularity and
information entropy, to pythagorean fuzzy approximation spaces, and then analyze the
relationships among the proposed order relationships and the two uncertainty measures.

4.1. Granularity of Pythagorean Fuzzy Granular Structure

Definition 15 [32] Let F(R̂) = (SR̂(x1),SR̂(x2), · · · ,SR̂(xn)) be a fuzzy granular struc-
ture, where SR̂(xi) = { ri j

x j
|1 ≤ j ≤ n}(1 ≤ i ≤ n). The granularity of F(R̂) is defined as

follows

GF(R̂) =
1
n

n

∑
i=1

|SR̂(xi)|
n

=
1
n2

n

∑
i=1

n

∑
j=1

ri j

Definition 16 Let P(R) ∈ PF(U,Ω), and P(R) = (SR(x1),SR(x2), · · · ,SR(xn)), where

SR(xi) = {<r+i j ,r
−
i j>

x j
|1 ≤ j ≤ n}(1 ≤ i ≤ n). The granularity of pythagorean fuzzy granular

structure P(R) is defined as follows

GP(R) =
1
n

n

∑
i=1

|SR(xi)|
n

Theorem 2 Let P(L),P(Q) ∈ PF(U,Ω)), then,

1. P(L)�1 P(Q) =⇒ GP(L)≤ GP(Q).
2. P(L)�2 P(Q) =⇒ GP(L)≤ GP(Q).
3. P(L)�3 P(Q) =⇒ GP(L)≤ GP(Q).

Proof Based on Definitions 11, 12, 13 and Definition 16, it is obvious.

Example 2 Continued from Example 1.
The pythagorean fuzzy granularity of P(L) is computed as follows
|SP(x1)|= 2.3150, |SP(x2)|= 2.3650, |SP(x3)|= 2.5500, |SP(x4)|= 2.1850, |SP(x5)|=

2.8550, then GP(L) = 0.4906.
The pythagorean fuzzy granularity of P(Q) is computed as follows
|SQ(x1)|= 2.9250, |SQ(x2)|= 3.2650, |SQ(x3)|= 3.5250, |SQ(x4)|= 3.2200, |SQ(x5)|=

3.6850, then GP(Q) = 0.6648.
The pythagorean fuzzy granularity of P(S) is computed as follows
|SS(x1)|= 3.0650, |SS(x2)|= 3.3000, |SS(x3)|= 3.8000, |SS(x4)|= 3.4300, |SS(x5)|=

3.7000, then GP(S) = 0.6918.
The pythagorean fuzzy granularity of P(T ) is computed as follows
|ST (x1)|= 3.3700, |ST (x2)|= 3.3200, |ST (x3)|= 3.9000, |ST (x4)|= 3.2200, |ST (x5)|=

3.8900, then GP(T ) = 0.7080.
The results verify the Theorem 2.
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4.2. Information Entropy of Pythagorean Fuzzy Granular Structure

Definition 17 [19] Let F(P̂) = {SP̂(x1),SP̂(x2), · · · ,SP̂(xn)} be a fuzzy granular struc-
ture. The fuzzy information entropy of F(P̂) is defined as follows:

EF(P̂) =
1
n

n

∑
i=1

(1− |SP̂(xi)|
n

)

Definition 18 Let P(R) ∈ PF(U,Ω), and P(R) = (SR(x1),SR(x2), · · · ,SR(xn)), the
pythagorean fuzzy information entropy of P(R) is defined as follows

EP(R) =
1
n

n

∑
i=1

(1− |SR(xi)|
n

)

Theorem 3 Let P(L),P(Q) ∈ PF(U,Ω), then

1. P(L)�1 P(Q) =⇒ EP(L)≥ EP(Q).
2. P(L)�2 P(Q) =⇒ EP(L)≥ EP(Q).
3. P(L)�3 P(Q) =⇒ EP(L)≥ EP(Q).

Proof Based on Definitions 11, 12, 13 and Definition 18, it is obvious.

Example 3 Continue from Example 1.
By computing, |SP(x1)| = 2.3150, |SP(x2)| = 2.3650, |SP(x3)| = 2.5500, |SP(x4)| =

2.1850, |SP(x5)| = 2.8550 obtained, then the pythagorean fuzzy information entropy of
P(L) is EP(L) = 0.5094.

By computing, |SQ(x1)|= 2.9250, |SQ(x2)|= 3.2650, |SQ(x3)|= 3.5250, |SQ(x4)|=
3.2200, |SQ(x5)| = 3.6850 obtained, then the pythagorean fuzzy information entropy of
P(Q) is EP(Q) = 0.3352.

By computing, |SS(x1)| = 3.0650, |SS(x2)| = 3.3000, |SS(x3)| = 3.8000, |SS(x4)| =
3.4300, |SS(x5)| = 3.7000 obtained, then the pythagorean fuzzy information entropy of
P(S) is EP(S) = 0.3082.

By computing, |ST (x1)| = 3.3700, |ST (x2)| = 3.3200, |ST (x3)| = 3.9000, |ST (x4)| =
3.2200, |ST (x5)| = 3.8900 obtained, then the pythagorean fuzzy information entropy of
P(T ) is EP(T ) = 0.2920.

The results verify the Theorem 3.

5. Conclusion

Hierarchies and uncertainty measures are two key issues in the theory of GrC. The
contributions in this paper are listed as follows

1. Three order relations on pythagorean fuzzy approximation spaces are discussed.
On the basis of the first order relation, the lattice structure of pythagorean fuzzy
approximation spaces is given.

2. The pythagorean fuzzy information granularity and pythagorean fuzzy informa-
tion entropy are employed to characterize the uncertainty measures on pythagore-
an fuzzy approximation spaces.
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3. The relationships between the order relations and uncertainty measures are also
discussed.

The followings topics deserve our further investigations.

1. We have only researched the hierarchies on pythagorean fuzzy approximation
spaces by considering the degree of membership and nonmembership, did not
take the hesitancy degree into account.

2. We have only characterized the uncertainty on pythagorean fuzzy approximation
spaces with pythagorean fuzzy granularity and pythagorean fuzzy information
entropy, some other uncertainty measures such as rough entropy and information
Shannon entropy will be explored further.

3. This paper only mentioned the hierarchies and uncertainty measures of pythagore-
an fuzzy set, but does not apply it to specific practice, such as medical diag-
nosis, group decision making and other fields. We will continue to explore its
applications in the future work.
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