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Abstract. To suppress the peak to average power ratio (PAPR) of wireless com-
munication based upon multi-carrier system. We, in this paper, proposed the three
term weighted type fractional Fourier transform (3-WFRFT) based generalized hy-
brid carrier (GHC) system. We first provide the definition of 3-WFRFT. More-
over, some useful properties of 3-WFRFT have been presented, in this paper, which
will helpful to comprehend the novel 3-WFRFT transform. Furthermore, we take
PAPR of the proposed algorithm, in comparison with orthogonal frequency divi-
sion multiplexing (OFDM) system and single carrier modulation (SC) system un-
der typical complementary cumulative density function (CCDF) level. It would
be demonstrated that, from some numerical simulations, the proposed 3-WFRFT
based GHC performs better than OFDM system and will be useful to reduce the
PAPR level.
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1. Introduction

Recently, the multi-carrier system seems popularity over wireless communications, such
as digital video broadcasting (DVB) and digital audio broadcasting (DAB), wireless lo-
cal area networks (WLAN) [1–4] and the 5th generation mobile communication tech-
nology (5G) and so on. Moreover, given the less complexity and high spectral efficien-
cy, the multiple carrier system has been some standard for most of wireless communi-
cations. However, due to the signal envelope and high fluctuation of multi-carrier, the
peak to average power ratio (PAPR) is high, which will influence the application over
wireless communication. Specially, when the non-linear power amplifier (PA) has been
used on wireless communication, the high PAPR will cause obliviously degradation in
performance.
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There are many studies about PAPR suppression. In [5], the author proposed the
Hadamard recursive carrier interferometry (HRCI) codes and diagonal recursive carrier
interferometry (DRCI) codes to suppress the PAPR under OFDM systems. Jiang in
[6] provided the Iterative Compensation algorithm to PAPR suppression. In order to
reduce the complexity, Cheng in [7] proposed C-DSLM algorithm. It can be observed,
from the studies recently [5–7], the communication scheme is still the DFT based OFDM
system. However, the PAPR of DFT for wireless signals will be prohibitively high . We
need a technology, which can both inherit the superior of OFDM and suppress PAPR,
to improve the performance of wireless communications.

To this end, we in this paper, proposed the three term weighted type fractional Fouri-
er (3-WFRFT) based generalized hybrid carrier (GHC) system to mitigate PAPR of
wireless communications. The 3-WFRFT based GHC system, coupling with the com-
ponents of single carrier modulation (SC) and orthogonal frequency division multiplex-
ing (OFDM) signals. It is expected the PAPR level is lower than OFDM signals. It
is demonstrated via numerical simulations, that 3-WFRFT based GHC system performs
better than OFDM systems under the same channel conditions.

The rest of this paper is listed as follows. We first present The background theory
to derive the 3-WFRFT and its properties in Section 2. The GHC based upon 3-WFRFT,
will be given in Section 3. Furthermore some simulations based upon PAPR and discus-
sions have been considered in Section 4. Finally, the conclusion of whole paper has been
shown in Section 5.

2. The Background Theory

2.1. 3-Weighted Type Fractional Fourier Transform (3-WFRFT)

There are many various forms for Multi-Weighted type Fractional Fourier Transform
(M-WFRFT) according to [8–13]. However, the term M can only be 4N,N ∈ Z or
M > 4,M ∈ Z and so on. To this end, we will proposed the 3-WFRFT.

In this section, we will provide the concept of 3-WFRFT, which is based upon 4-
WFRFT. In additional, M-WFRFT (M > 4) proposed in [14], is also based upon 4-
WFRFT. However, the relationship between M-WFRFT (M > 4) and 4-WFRFT has
been derived in [14], but not that of 3-WFRFT and 4-WFRFT. We, in this paper, will
provide the concept of 3-WFRFT and some properties, which maybe helpful to solve the
problem.

The symbol of N -length ST = {s1, s2, ..., sN−1, sN}, and its α-order (α ∈ [0, 1])
3-WFRFT can be defined as:

X = Fα
3 [S] = Wα

3S
T (1)

where W3 is called the N ×N 3-WFRFT matrix, and can be expressed as:

Wα
3 =

2∑

l=0

Bl(α)W
4
3 l
4 (2)

W
4
3 l
4 (l ∈ Z, l ∈ [0, 2]) is the N × N 4-WFRFT matrix, consisting of Fh, h =

0, 1, 2, 3. Here, Fh is the h times of discrete Fourier transform (DFT) matrix. And
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Figure 1. The amplitude of Bl(α).
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Figure 2. The Implement of 3-WFRFT

[F]m,n = e−j2πmn/N , where m,n ∈ Z,m, n ∈ [0, N − 1]. Specially, Fh will be degen-
erated to unit matrix if l = 0, moreover Fh will become the DFT matrix F when h = 1.
The 4-WFRFT matrix, i.e., W

4
3 l
4 , can be as:

W
4
3 l
4 =

3∑

h=0

Ah(
4

3
l)Fh, (3)

Ah(β)(h ∈ Z, h ∈ [0, 3]) is the 4-WFRFT weighted coefficient, and can be de-
scribed as:

Ah(β) =
1

4

1− e−j2π(β−h)

1− e−j2π(β−h)/4
(4)

And Bl(α) is termed as the 3-WFRFT coefficient, and can be expressed as:

Bl(α) =
1

3

2∑

n=0

exp[−2πjn(α− l)

3
], l = 0, 1, 2.α ∈ [−1.5, 1.5] (5)

The amplitude of Bl(α) can be described as Figure 1. From Figure 1, it can be
observed that, when α = 0, only the B0 = 1. The 3-WFRFT matrix will be degenerated
to unit matrix.

2.2. Property of 3-WFRFT

Property 1 For any α and β, the additive of 3-WFRFT holds:

Wα+β
3 = Wα

3W
β
3 = Wβ

3W
α
3 (6)

Property 2 For any α, the periodicity of 3-WFRFT holds:

Wα
3 = Wα+3

3 (7)
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Property 3 For any α, the reversibility of 3-WFRFT holds:

Wα
3W

−α
3 = Wα

3 (W
α
3 )

T = I (8)

where (.)T is the transpose of matrix, and I is the unit matrix.

The proof processing of three properties is straight and omitted here. Specially, 3-
WFRFT matrix is the orthogonal one based upon the reversibility property, which is easy
to be implemented in reality.

3. The Implement of 3-WFRFT and Its PAPR Analysis

3.1. The Implement of 3-WFRFT

The implement of 3-WFRFT, based 4-WFRFT, DFT and permutation matrix, is demon-
strated in Figure.2. The 4-WFRFT operation has been provided in [15], DFT operation
is based upon fast Fourier transform (FFT).

The implement of 3-WFRFT is simple. And also, we can find that the 3-WFRFT
signal can be consisted by single carrier (SC), weighted type fractional Fourier transfor-
m domain signals. In fact, the 4-WFRFT is consisted of single carrier and orthogonal
frequency division multiplexing (OFDM) signals. Thence, 3-WFRFT can also be con-
stituted by SC and OFDM signal, since the 3-WFRFT is based upon 4-WFRFT in this
paper.

Based upon the previous reasons, it interests us that what about the peak to average
power ratio (PAPR) of 3-WFRFT, comparing with OFDM and SC. Thence, we propose
the PAPR of 3-WFRFT based generalized hybrid carrier (GHC) in the next section.

3.2. The PAPR of GHC

The peak to average power ratio (PAPR) of GHC based with 3-WFRFT signal X =
{x0, x1, ..., xN−2, xN−1} in a given frame is defined as follows:

PAPRX =
maxn∈[0,N−1] |xn|2

E|xn|2 (9)

PAPR, in general, can be considered as random variable and be given by the com-
plementary cumulative density function ( CCDF)[3]. It can be defined the probability
value that PAPR exceeds an preset value PAPR0 > 0.

CCDF = Pr(PAPR > PAPR0) (10)

Obviously, the PAPR of OFDM and SC can be also described as aforesaid. How-
ever, the structures of signal for GHC, OFDM and SC system are different. Thence, the
PAPR level of them will be different. Based upon the above, we will take some nu-
merical simulations to compare the PAPR of GHC, OFDM and SC signals in the next
section.
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4. Simulations and Discussions

To verify the PAPR performance superiority of GHC system, in comparison to the SC
and OFDM system, we present the numerical simulation under the additive white gaus-
sian noise (AWGN) channels. Here, we set the testing signal are phase-shift keying (PSK)
and quadrature amplitude modulation (QAM) signal. Without loss of generalization, we
choose quadrature phase-shift keying (QPSK) and 16QAM as the numerical simulation
signals.

We can observe that, from Figure 3, given that CCDF = 10−2, the PAPR of
GHC based on 3-WFRFT with α = 0.2 is about 5dB, α = 0.4 is 2dB, and α = 0.4 is
1dB superior over that of OFDM signal level with QPSK modulation. The PAPR of
SC with QPSK modulation is nearly zero. With the α (α > 0.7) increasing, the PAPR
of GHC with 3-WFRFT signal level is almost the same.

It can be demonstrated that, from the Figure 4, given that CCDF = 10−2, the
PAPR of GHC based on 3-WFRFT with α = 0.2 is about 4dB, α = 0.4 is 2dB, and
α = 0.5 is 0.5dB superior over that of OFDM signal level with 16QAM modulation.
The PAPR of SC with 16QAM modulation is nearly zero. The reason why PAPR of
GHC is superior over OFDM maybe that, the GHC with 3-WFRFT will be consisted of
SC and OFDM signals. When α is small than 0.5, the SC signal components is higher
than OFDM signals. Thence, the PAPR property is near to that of SC system. And also,
the 3-WFRFT will be near to OFDM signal with the transform order α increasing.

The 3-WFRFT based GHC system proposed in this paper, can be applied into
PAPR suppression, especially in the wireless communication systems with non-linear
high non-linear power amplifier (HPA), where the proposed 3-WFRFT will improve the
PAPR suppression performance.

Figure 3. The PAPR of GHC ,SCM and OFDM
systems with QPSK signals

 

Figure 4. The PAPR of GHC ,SCM and OFDM
systems with 16QAM signals

5. Conclusion

In this paper, we proposed GHC system based upon 3-WFRFT to reduce the PAPR of
communication system. The properties of 3-WFRFT has been explored in this paper. It
can be demonstrated, from the numerical simulations, the PAPR of GHC system with
3-WFRFT is superior over OFDM system. In the future, we will explore 3-WFRFT with
more applications over wireless communication.
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