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Abstract. In this paper, we study the preliminary test method in a linear regression
model. The preliminary test Liu-type estimator is introduced when it is suspected
that the regression parameter may be constraint to a subspace. We also compare the
preliminary test Liu-type estimator to the preliminary test estimator, preliminary
test ridge estimator and preliminary test Liu estimator in the mean squared error
sense.
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1. Background Study

Let us discuss the linear regression model
y=XB+e ey

where y defines an n x 1 known vectors, X shows an n x p matrix with rank(X) = p, B
defines a p x 1 vectors of unknown parameters, E (&) = 0 and Cov(¢) = o?1.
We also consider the following linear restrictions for 3

RB=r @)

where R shows a ¢ X p known matrix and rank(R) = q(q < p), r shows a ¢ x 1 known
vector.
The restricted least squares estimator (RLSE) of 8 denotes as follows:

Brese = Borse — SR (RS™'R') " (RBorse — ) 3)

where B\OLSE =S"!'X'yand § = X'X.

When the prior information Rf3 = r is suspected, the statisticians have been com-
bined the OLSE and RLSE to obtain a better performance of the estimators, which make
the preliminary test least squares estimator (PTE) and defined as

Brre = Brisel (F < Fo) + Porsel (F > Fy) 4
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which I(A) defines the indicator of A, F shows the general test statistic for testing the
null hypothesis Hy: R = r against H;: R} # r and

(RBose —r)'(RS™'R') "' (RBoLse — 1)

F =
qS%

&)

where $2 = (y— X Borse) (v — X Borse )/ (n— p) shows the unbiased estimator of 2. We
can see that the test statistic F satisfy a central F -distribution with (g,n — p) degrees
of freedom under Hy and F, is the upper o -level critical value of {. If Hy does not
hold, then § follows a noncentral F -distribution with (g,n— p) degrees of freedom non-
centrality parameter (1/2)A, where

(RB—r)'(RS"'R)"'(RB —r)
o2

A= ©6)

But if the multicollinearity exists in linear regression model, the statisticians have
found that the OLSE is no longer a good estimator. To deal with multicollinearity, we
can use biased estimator to do it, such as Stein estimator [1], ridge estimator [2], and Liu
estimator [3], two-parameter estimator [4], almost unbiased two-parameter estimator [5]
and Liu-type estimator [6].

Another method to deal with the multicollinearity is to use the linear restrictions.
Sarkar [7] introduced the restricted ridge regression estimator (RRRE). Kagiranlar et al.
[8] proposed the restricted Liu estimator (RLE). Kibria [9] proposed PTRE and which is
defined as

BPTRE(k) =W Bpre =W (3RLSE1(F < Fg) +BOLSEI(F > Foc)) )

where W = S,:lS, Sy =S+ kI and k > 0. And Yuksel and Akdeniz [10]introduced the
preliminary test LE (PTLE) and which is given as follows:

Brrie (d)= Fyfpre = Fy (BRLSEI(F < Fg)+ BOLSEI(F > Fa)) (¥

where Fy = (S+1)~'(S+dI) and 0 < d < 1. Except these estimators, many authors have
studied the preliminary test estimator, such as Billah and Saleh [11-12], Khan and Saleh
[13], Kibria [14-15], Rao [16], Yang and Xu [17], Kibria and Saleh [18], Chang and
Yang [19], Xu and Yang [20], Liu and Yang [21], Wu [22], Chang and Wu [23],Y{izbag1
et al. [24].

Our primary purpose of this paper is to consider the preliminary test Liu-type es-
timator (PTLTE) by combining Liu-type estimation approach and PTE in the linear re-
gression model. The rest of this paper is organized as follows. We propose the prelimi-
nary test Liu-type estimator in Section 2 and the comparison results of these estimator
are given in Section 3 and some conclusions are given in Section 4.

2. The New Estimator

The Liu-type estimator proposed by Xue and Liang [25] is given as follows:

B(k,d) = F.qap )
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where Fy g = (S+kI)~'(S+dI) and k > d,d > 0.
Firstly, we introduced the following restricted LTE

Brore (k. d) = Fk,dBRLSE (10)

Based on LTE and RLTE, we introduced a new estimator:
Berire (k. d) = Fk,dBPTE =Fraq (3RLSEI(F < Fa) + BorseI (F > Fa)) (11)

where Fy 4 = (S+kI)~'(S+dI), k > d > 0. And we call this estimator as PTLTE. It is
easy to know that

Berire (0,0) = Brre = ﬁRLSEI(F < Fy) +,BOLSEI(F > Fg) (12)
Brrire (k,0) = Brrre (ky=w (BRLSEI(F <Fy)+ 30LSE1(F > Foc)) (13)
Berire(1,d) = Berie(d) = Fy (3RLSEI(F < Fo) + Borsel (F > Fa)) (14)

3. Performance of the New Estimator

In this section, we will compare the new estimator to the PTE, PTRE and PTLE in the
MSE criterion. Firstly we compute the MSE of the new estimator.
Through (11), we can get that

E (BPTLTE (k,d)) = FaB — FeanGgron—p(LisA) (15)

Bias (Bprire(k,d) ) = —BB — FeanGyean-p(h:A) (16)
where B = (k—d)S;"

MSE (BPTLTE(ka d)) = O'2 [Ir(Fk’dS_lF]g’d) *tr(Fk,dAFde)Gq«klnfp(ll ,A)]
AN F gFean [2Gg120-p(1A) = Gyran-—p(l;A)]
+2Gyi2n-p(l;A)B'B'Fian + B'B'BB (17)

where B = (k—d)S; ', n = S"'"R(RS™'R')""(RB —r), A = ST'R'(RS"'R')"'RS™,
I = ﬁFq,n—p((X), lh= ﬁFq,n—p(a)’ Gmn(+;A) shows the cumulative non-central F-
distribution with (m,n) degrees of freedom and the non-central parameter 1/2A.
Thus we have
MSE (ﬁPTE) =0 [1r(S™") = 1r(A)Gyran—p(11:1)]
+nln [2Gq+2,n7p(ll 7A) - Gq+4,n7p(12;A)] (18)

MSE (BPTRE(k)) = 62 [tr(WS™'W') = tr(WAW') Gy 2np(11:A)]
+nlW/Wn [2Gq+2,n—p(ll;A) - Gq+47n—p(12;A)]
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+2Gy12,0-p(l1:A)B'ByWN + B'B| B, B (19)

MSE (Berie(d)) = o2 [tr(FuS ™ Fy) — tr(FaAF3) Gz (11:)]
+n/F¢;Fdn [2G4+2s"—P(ll;A) - Gq+4,n—p(ZZ;A)]
+2Gy 120 p(l1:A)B'ByFyM + B'ByB: B (20)

where By = —kS; ' ,B, = (d — 1)(S+1)~!
Now we suppose that Q is the orthogonal matrix such that 0SQ" = diag(A1,---, ;)

where A;,---,A, > 0 define the ordered eigenvalues of S. Thus we obtain the following
representations
2 (Ai+d)?
tr(FeaS™'F,) 21
r(Fea i) l; %+ k)2 21
Ai+d)?
tr (F4AF, i 22
( k,d: kad) Z (), + k) ( )

, Fi+d
N'F, 4Fcan = Z W (23)
(k—d)i;6:(Ai +d
B'BFian = Z )L"HE) +4) 24)
(d—k)?6?
B'B'BB = Z l+)k) (25)

where 6 = Q' = (6y,---,6,)", = Q'n = (M,---,7p)’, dii denotes the ith diagonal
element of the matrix A = QAQ'.

3.1. Comparison of the PTLTE and PTE
When the null hypothesis satisfy, we consider the following difference:
MSE (BPTE) —MSE (BPTLTE(kad))

z Y24 +k+d) 3 P ;
Z )L —l—k) [1 _aii;{'qu+2,n7p(ll;o)] - Z W

(26)
. - 07 1—oc?
Since 4; > 0 and 0 < @AiGys2-p(h:0) < 1, thus when d > max (0, QZ(HT"M)
MSE (BPTE) — MSE (ﬁPTLTE(kad)) > 0.
Under the alternative hypothesis, we consider the following difference:
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MSE (BPTE) — MSE (BPTLTE(k,d))
= 0 [tr(S™") = 1r(A) Gyi2n-p(113A)]
+1'1N [2Gg120-p(l1:A) = Ggran—p(l; A)]
—{0? [tr(FiaS ™" Fl ) — tr(FeaAF 1) Ggran—p(11;1)]
+n/F]</7dFk,dn [2Gq+2,n7p(ll §A) - Gq+4,n7p(12§A)]
+2Gq+2,n—p(ll §A)ﬁ/B/Fk,dn + ﬁ/B/Bﬁ}
=02 [tr(S™" = FaS ' Fl 4) — tr(A — FuAF 1) Ggian—p(I1:A)]
"‘n/(lp - Fk/,dFk,d)n [ZGq+2,n—p(ll JA) — Gq+4,n—p(12§A)]
_2Gq+2,n—p(ll§A>ﬁ,B,Fk,dn - ﬁ/B/Bﬁ 27

Since Gyi2n—p(l13A) > 0 and 2Gy12 n—p(li3A) — Gygapn—p(lo;A) > 0, then

MSE (BPTE) _ MSE ([iva (k,d)) >0

if and only

filk,d,a,A)

(28)
2Gq+2,n—p (ll 5 A) - Gq+47n—p (12 ; A)]

n' (L — B gFea)n > [

where

fi(k,d,a,A) = 6 [1r(A = Fi4AF} g)Ggian—p(li:A) — tr(s~! — Fk_de’le’d)]
+2Gy12.0—p(l1;A)B'B'Fiym + B'B'BB (29)

By Anderson (1984), we have

n'(l, — Fk/,dFk,d)n

Ap (I, — Fk’7dFk,d)S’1) < s

< i (I = F 4Fea)S™") (30)

So when A > A;, then MSE (BPTE) — MSE (BPTLTE (k,d)) > 0, where

A fl (k7d7a7A)
1 p—
A ((Ipka/’dFk,d)Sil) [2Gg12.n—p(11;A) = Ggran—p(l2;A)]

&1y

Summarize these, we may get the following theorems:
Theorem 3.1When the null hypothesis satisfy, when k > d > max (0

PTLTE is superior to the PTE in the MSE criterion.
Theorem 3.2 Under the alternative hypothesis, when k > d > 0, and A > Ay, then the
PTLTE is superior the PTE in the MSE criterion.

(622;—c?

? 07 Ai+02+2); ) » the

3.2. Comparison of the PTLTE and PTRE
When the null hypothesis satisty, we discuss the following difference:

MSE (BPTLE(d)) — MSE (BPTLTE(ka d))
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o2(—d)2MA;+d . 2 d(2k—d)6?
(7L(/’L)(+k)2) [1 = i2iGys2n—p(h;0)] +} ((7L+k))2 32)

L

-

1

21. 2 21.
Though A; > 0and 0 < d@;;A;Gy42,,—p(11;0) < 1, then when k > max (d, M) >

2072,
0,MSE (BPTRE(k)) —MSE (BPTLTE(ky d)) > 0.
Under the alternative hypothesis, we have

MSE (ﬁPTRE(k)) — MSE (fhvum (lgd))
=07 [tr(WS™'W') —tr(WAW')G 12— (I1; A) ]
+71/W/WTI [ZGq+2,n—p(ll;A) - Gq+4,n—p(l2;A>}
+2Gyi20-p(h;A)B'BYWN + B'B B1 B
—{02 [tr(Fk,dsilelyd) - tr(Fk,dAFk/’d)GquZ,nfp(ll ,A)]
AN qFran [2Gg12.0-p(1138) = Ggran—p(l3A)]
+2Gq+2’n,p(ll ;A)ﬁ/B/F/QdT] + B/B/BB}
=0 [tr(WS™'W' — Fi yST'F 4) — tr(WAW' — Fy 4AF )G g2 p (113 A)]
+1'(W'W —F jFia)n [2Gg120—p(11:A) = Gyran—p(liA)]
+2Ggs2.n-p(l1;8)B' (B\W — B'Fa)n + B'(B1B1 — B'B)B 33)

Though Ggy2 n—p(l1;A) > 0 and 2G 42 n—p(113A) — Gyqan—p(l2; A) > 0, then

MSE (BPTRE(k)) —MSE <3PTLTE(k7d)) >0

if and only
k.d,o,A
n/(W/W_Fk/dFk‘d)nz f2( 9 7a7 ) (34)
c [2G11+2-,”*P(ll ;A) - Gq+4,n7p(12;A)}
where
fZ(k7d7 a7A)
= o2 [tr(WS™'W' — FeaS™'F ) — tr(WAW' — F 4AF )Ggran—p(l1;A)]
+2Ggi20-p(h;A) B (BIW —B'Fia)n + B'(B1B1 — B'B)B (35)

Then using the theorem in Anderson [25], we can get
n'(W'W —F Fia)n

Ap (W'W —F Fea)S™") < 75

<M (W'W = F 4Fe.q)S3p)

Soif A > Ay, then MSE (ﬁPTRE (k)) — MSE (ﬁPTLTE (k7d)) > 0, where

fZ(kada (X,A)

Ay =
2fl ((W/W - Fk/"dFk.d)Sil> [ZGq+27n—p(ll;A) - Gq+4,n—p(l2§A>}

(37

Then we have , R R
Theorem 3.3 When the null hypothesis satisfy, when k > max (d , W) >0

, the PTLTE is superior to the PTRE in the MSE critrion.
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Theorem 3.4 Under the alternative hypothesis, when k > d > 0, and A > A,, then the
PTLTE is superior to the PTRE in the MSE criterion.

3.3. Comparison of the PTLTE and PTLE
When the null hypothesis satisfy, we discuss the following difference:

MSE (ﬁPTLE( )) —MSE (ﬁPTLTE(kyd))

2 YA +d)?(2A+k+1 5
Zt x k)2 zl(—kl)z ) (1= a@ihiGgyan—p(11;0)]
1+k 2d) i+ 2%k —d — dk][(1 — k)2 +d —dk] _,
+,; i K2 (At 1)2 o (38)

Though 4; > 0 and 0 < &@iAGgs2a—p(h;0) < 1, then when k > d > H2Mi >0,

MSE ([);PTLE(d)) — MSE (ﬁPTLTE(hd)) > 0.
Under the alternative hypothesis, we can consider

MSE (BPTLE(d)> — MSE (BPTLTE(k, d))
= o7 [tr(FyS'F)) — tr(WAW') Gy 2 p(11:A)]
+n'FiFam [ZGq+2~,n—p(ll§A) - Gq+4,n—p(12§A)}
+2G 120 p(l1:A)B'ByFym + B'ByBa
—{0? [tr(FiaS™ ' Fl 4) = tr(FaAF )Gyran-p(Ii;A)]
+N'F gFia [2Gg12.0-p(1:A) — Ggran—p(l:A)]
+2Gq+2,nfp(ll ;A)ﬁ/B/Fk,dn + .B/B/Bﬁ}
=0 [tr(FyS™'Fj— FeaS™'Fl 4) — tr(F4AF) — Fy 4AF} ) Ggaon—p(l1;A)]
+1' (FiFg — F 4Fia)N [2Gg42n-p(11:A) = Ggyan—p(l:A)]
+2Ggs20-p(l;A) B (ByFy — B'Fg)n + B'(B3B2 — B'B) (39)

Since Gy12,0—p(l1;A) > 0 and 2Gy12 51— p(113A) — Gyian—p(l2;A) > 0, then

MSE (Bpmz (d)) — MSE (BPTLTE(k,d)) >0

if and only
f? (k d (X,A)
n'(FyFy— F 4Fea)n > (40)
Fa kaFiat) [2G g2 p(11:A) = Ggyan—p(lsA)]
where
f3 (k7d7 a7A)
=07 [tr(FyS ™' Fj — FeaS™'Fl 4) — tr(F4AF) — Fi 4AF, ) Ggian—p(11:A)]
+2Gy120p(l1;A)B'(ByFy — B'Fig)n + B'(B3B2 — B'B)B (41)

Then using the theorem in Anderson [25], we can get
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n'(FyFa — F 4Fea)
n'sn

Ap (FjFy—F 4Fea)S™") < <M ((FyFy— F 4Fea)S™(3#2)

Soif A > Ay, then MSE (BPTLE (d)) — MSE (I%nm (k,d)) > 0, where

N fi(k.d, e, )

= 43)
A ((W’W -F dFk,d)Sfl) 2G40 p(113A) = Ggranp(la:A)]
Now we have
Theorem 3.5 When the null hypothesis satisfy, when k > d > lﬁﬁﬂi, > 0, the PTLTE
is superior to the PTLE in the MSE criterion.
Theorem 3.6 Under the alternative hypothesis, when k > d > 0, and A > A3, then the
PTLTE is better than the PTLE in the MSE criterion.

4. Conclusion

In this paper we proposed a preliminary test Liu-type estimator in linear regression model
with linear restrictions. We also show that under certain conditions the new estimator is
superior to the PTE, PTRE and PTLE in the MSE sense.
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