
Fuzzy Henstock-Δ-Integral on Time
Scales and Its Application

Yubing LI a, Yabin SHAO a,1, Zengtai GONG a

a School of Science, Chongqing University of Posts and Telecommunications,
Chongqing 400065, China

Abstract. In this paper, we define the fuzzy Henstock-Δ-integral and fuzzy Δ-
derivative on time scales(or briefly FH-Δ-integral, Δ-derivative). Then, we give
some convergence theorems for this kind of nonabsolute convergent integrals. Fi-
nally, we obtain an existence theorem of the global solutions for this kind of fuzzy
generalized differential systems.
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1. Introduction

To popularize and unify continuous and discontinuous dynamical systems, Hilger [1]
first proposed the definition of time scales in 1988. For more detailed results, please see
[2,3]. As we all know, the dynamic equations are important and interesting research in
differential equations theories. These equations are widely used in mathematical biology,
engineering and technology, mathematical economics and control theories (see [4,5]).

In 2015, Fard and Bidgoli [6] proposed the definitions of fuzzy Δ-integral and fuzzy
Δ-derivative on [a,b]T. Therefore, the research of the initial value problem of solutions
for fuzzy differential equations (FDEs) on [a,b]T has attracted the attention of many
scholars. After then, they [7] studied the qualitative problems to 2th FDEs on time scales.

To make the research of fuzzy differential equations on [a,b]T more perfect, we
define the FH-Δ-integral and fuzzy Δ-derivative. And then, we also give two convergence
theorems for the FH-Δ-integral. Finally, as the application of this integral, we obtain an
existence theorem of global continuous solutions for FDEs.

The paper is organized as follows. In Section 2, we introduce some preliminary
results and basic notions of fuzzy numbers and time scales. In Section 3, we define
the FH-Δ-integral and fuzzy Δ-derivative by using gH-difference on [a,b]T. Also, we
give some convergence theorems of the FH-Δ-integral on [a,b]T. In Section 4, we give
the existence theorem of the global solutions for FDEs. In Section 5, we give some
conclusions.
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2. Preliminaries

2.1. Fuzzy Number Space

In this paper, RF denotes a set of fuzzy subsets. m̃ is a fuzzy number, if m̃ ∈RF satisfies
m̃ is normal, convex, upper semi-continuous and [m̃]0 =

⋃
r∈(0,1][m̃]r is bounded.

Denote [m̃]r = {x ∈ R : m(x) ≥ r,0 < r ≤ 1}. The Hausdorff distance of m̃ and ñ is
defined by

D(m̃, ñ) = supmax{| m−
r −n−r |, | m+

r −n+r |},
where the cut-set is denoted by [m−

r ,m
+
r ] and [n−r ,n+r ], respectively, || · || = D(·, 0̃) and 0̃

is zero fuzzy number (see e.g. [8]).

Theorem 2.1 ([9]) For m̃, ñ, p̃, q̃ ∈ RF ,

1. D(m̃+ p̃, ñ+ p̃) = D(m̃, ñ).
2. D(h · m̃,h · ñ) =| h | D(m̃, ñ),h ∈ R.
3. D(m̃+ ñ, p̃+ q̃)≤ D(m̃, p̃)+D(ñ, q̃).

Definition 2.1 ([10,11]) If l̃ is called the gH-difference of m̃ and ñ, then

m̃�gH ñ = l̃ ⇐⇒
⎧⎨
⎩

(a)m̃ = ñ+ l̃,
or
(b)ñ = m̃+(−1)l̃.

2.2. Time Scales

If T satisfies nonempty and closed subset of R (see e.g. [12]), then we say T is a time
scale. The forward jump operator σ : T→ T is defined by σ(q) = in f{τ ∈ T|τ > q,q ∈
T}. Furthermore, if μ : T → [0,+∞] is given by μ(q) = σ(q)− q, then μ is called a
graininess function.

Definition 2.2 ([12]) t is called left (right) scattered if satisfies ρ(q) < q(σ(q) > q). t
is called left (right) dense if satisfies ρ(q) = q(σ(q) = q). In addition, if t is both left-
scattered(left-dense) and right-scattered(right-dense), then t is isolated(dense).

Definition 2.3 ([7]) Let f̃ : T → RF . If f̃ is continuous at each q = σ(q) and the
lim

p→q−
f̃ (p) exist (finite), for q ∈ T with q = ρ(q) in T, then we say f̃ is rd-continuous. In

addition, denote by Crd(T,RF ) the set of rd-continuous functions from T to RF .

Definition 2.4 Let π ⊂Crd(T,RF ). If π is equi-continuous at each q = σ(q), then we say
π is rd-equi-continuous.

Note that we call π ‘equi-continuous’ instead of ‘rd-equi-continuous’ for conve-
nience without confusion.

Definition 2.5 ([13]) A partition P for [a,b]T is a division of [a,b]T denoted by

P = {a = q0 ≤ ξ1 ≤ q1 ≤ · · · ≤ qi−1 ≤ ξi ≤ qi = b}
for qi ∈ [a,b]T and 1 ≤ i ≤ n. We shall call each ξi ∈ [a,b]T a tag-point and each qi an

endpoint.
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Definition 2.6 ([13]) P is δ -fine, if δ is a Δ-gauge on [a,b]T, and for i = 1,2, · · ·,n s.t.

ξi ∈ [qi−1,qi]⊂ [ξi −δL(ξi),ξi +δR(ξi)],ξi ∈ T.

2.3. Embedding Theorem

Denoted by X [a,b]T the set of continuous functions f (q) : [a,b]T → C[0,1]×C[0,1],q ∈
[a,b]T. X [a,b]T is a Banach space with ‖ f (q)‖X = sup‖ f (q)‖C[0,1]×C[0,1].

Theorem 2.2 ([14]) For m̃ ∈ RF , denote j ◦ m̃ = (m−,m+). Then j(RF ) is a closed
convex cone in C[0,1]×C[0,1] and j : RF →C[0,1]×C[0,1] satisfies following:

(1) j ◦ (sm̃+ tñ) = s · j ◦ m̃+ t · j ◦ ñ,(s, t ≥ 0);
(2) D(m̃, ñ) = || j ◦ m̃− j ◦ ñ||X .

Theorem 2.3 Let j be the embedding operator from (RF ,D) to C[0,1]×C[0,1], and the
set of rd-continuous functions is represented by Crd([a,b]T,RF ), then Crd([a,b]T,RF ) is a
closed convex subset on X [a,b]T.

The dual of Crd([a,b]T,RF ) is represented by C∗
rd([a,b]T,RF ).

3. The Fuzzy Henstock-Δ-Integral and Derivative on [a,b]T

In this section, we define the FH-Δ-integral and fuzzy Δ-derivative on [a,b]T. In addition,
we also give two convergence theorems for the FH-Δ-integral.

Definition 3.1 Suppose f̃ : [a,b]T →RF and there exists F̃ : [a,b]T →RF . If for ∀ ε > 0,∃
a Δ-gauge δ s.t. for any partitions P = {[qi−1,qi];ξi}n

i=1, which is δ -fine

D
( n

∑
i=1

f̃ (ξi)(qi −qi−1)+ F̃(qi−1), F̃(qi)
)
< ε,

then we say f̃ is fuzzy Henstock-Δ-integrable on [a,b]T. We denote F̃(q)= (FH)
∫ q

a f̃ (s)Δs,
f̃ ∈ FH[a,b]T .

Definition 3.2 Suppose ∃ f̃ Δ(p) ∈ RF and given ∀ ε > 0, ∃ UT(i.e. UT = (p− ι , p+ ι)∩
[a,b]T f or ι > 0) s.t.

D
(

f̃ (σ(p))�gH f̃ (q), f̃ Δ(p)(σ(p)−q)
)≤ ε(σ(p)−q) f or all q ∈UT,

then f̃ is fuzzy Δ-differentiable. Denote by f̃ Δ(q) the fuzzy Δ-derivative.

Definition 3.3 Suppose f̃ : [a,b]T → RF . If for ∀ ε > 0,∃ η > 0 s.t. for any disjoint finite

interval families {[ci,di]T,1 ≤ i ≤ n} satisfy
n
∑

i=1
|di − ci|< η ,

n

∑
i=1

ω( f̃ , [ci,di]T)< ε,

then we say f̃ is AC∗.

Definition 3.4 The family of fuzzy functions is uniformly ACG∗, if M =
n⋃

i=1
Mi and for ∀ i,

the family of fuzzy functions is uniformly AC∗.
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Definition 3.5 Let Ãn, Ã ∈RF ,n = 1,2, · · ·, if for ∀ ε > 0,∃ N > 0 s.t. n > N, D(Ãn, Ã)< ε,
then we say Ãn converges (strongly converges) to Ã. We write Ãn −→ Ã.

Definition 3.6 Let Ãn, Ã ∈ RF ,n = 1,2, · · ·, if for ∀ ε > 0,∃ N > 0 s.t. n > N,

|< ϑ∗, Ãn >−< ϑ∗, Ã > |< ε

for all ϑ∗ ∈ C∗
rd([a,b]T,RF ), where < ϑ∗, Ã >= ϑ∗(Ã) ∈ R, then we say Ãn weakly con-

verges to Ã. We write Ãn
weakly−−−−→ Ã.

Definition 3.7 Let K : Crd([a,b]T,RF ) → Crd([a,b]T,RF ) and ϑ̃n ∈ Crd([a,b]T,RF ) with
ϑ̃n → ϑ̃ , K is sequential weak continuous if for ∀ ε > 0,∃ N,n > N, we have

|< ϑ∗,K(ϑ̃n)>−< ϑ∗,K(ϑ̃)> |< ε

for ∀ ϑ∗ ∈C∗
rd([a,b]T.

Definition 3.8 Suppose f̃ : [a,b]T×RF → RF belong to the class υ([a,b]T×RF ,π,S) if

1. π : [a,b]T → R
+ is continuous with ‖π‖ ≤ 1

2U , [a,b]T ⊂ [0,U ].
2. Every S > 0,

{(FH)
∫ q

0
f̃ (p, ϑ̃(p))Δp,‖ϑ̃‖ ≤ S} ⊂Crd([a,b]T,RF )

is weakly relatively compact and equi-continuous and uniformly ACG∗.
3. Let every rd-continuous ϑ̃ : [a,b]T → RF ,q ∈ [a,b]T → f̃ (q, ϑ̃(q)) is FH-Δ-

integrable and

lim sup
s→∞

(
1
S

sup
‖ϑ̃‖≤S

‖ f̃ (·, ϑ̃(·))‖)< 1
2
.

4. There is ϑ̃n −→ ϑ̃ with respect to C∗
rd([0,1]T,RF ) with f̃ (·, ϑ̃n(·)) weakly−−−−→ f̃ (·, ϑ̃(·)).

Theorem 3.1 Suppose f̃ , f̃n ∈Crd([0,1]T,RF ) is bounded. Then f̃n(q)−→ f̃ (q) if and only
if f̃n(q)

weakly−−−−→ f̃ (q), q ∈ [0,1]T.

Theorem 3.2 Suppose f̃ (t), f̃n : [a,b]T → RF . If f̃n is FH-Δ-integrable, let F̃n is primitive
of f̃n and satisfies:

1. ϑ∗ f̃n(q)→ ϑ∗ f̃ (q) a.e. for all ϑ∗ ∈C∗
rd([a,b]T,RF ).

2. The set Π = {ϑ∗F̃n,n = 1,2, · · ·} is ACG∗ uniformly on [a,b]T, for ∀ ϑ∗ ∈
C∗

rd([a,b]T,RF ).
3. The set Π is equi-continuous and for ∀ ϑ∗ ∈C∗

rd([a,b]T,RF ),

then f̃ ∈ FH[a,b]T and ∫ q

0
f̃n(p)Δp →

∫ q

0
f̃ (p)Δp.

Theorem 3.3 Suppose f̃ ∈ FH[a,b]T , then the function

F̃(q) = (FH)
∫ q

0
f̃ (p)Δp

is rd-continuous at every q ∈ [a,b]T. Further, we get F̃Δ(q) = f̃ (q) for every point q of
the rd-continuous of f̃ .
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4. Global Existence of Solution for FDEs on [a,b]T

We will study the FDEs:

ϑ̃ Δ(q) = f̃ (q, ϑ̃(q)), ϑ̃(0) =
∫ U

0
π(p)ϑ̃(p)Δp,∀ q ∈ [a,b]T ⊂ [0,U ]. (1)

Definition 4.1 If ϑ̃(q) is a global (i)-solution (or (ii)-solution) of (1) on [0,U ] iff it is
rd-continuous and satisfies:{

ϑ̃(q) =
∫U

0 π(p)ϑ̃(p)Δp+
∫ q

0 f̃ (p, ϑ̃(p))Δp,
ϑ̃(0) =

∫U
0 π(p)ϑ̃(p)Δp

(2)

or {∫U
0 π(p)ϑ̃(p)Δp = ϑ̃(q)+(−1)

∫ q
0 f̃ (p, ϑ̃(p))Δp,

ϑ̃(0) =
∫U

0 π(p)ϑ̃(p)Δp
(3)

respectively.

Theorem 4.1 Let f̃ : [a,b]T×RF → RF ∈ υ([a,b]T×RF ,π,S) and [a,b]T ⊂ [0,U ]. Then
there is a global (i)-solution and a global (ii)-solution ϑ̃ , ϑ̃ ′ of (1) for which ϑ̃(0) =∫U

0 π(p)ϑ̃(p)Δp.

Proof. According to Definition 3.8 (3), we can find S0 > 0 s.t. for ∀ S ≥ S0,q ∈ [a,b]T,

sup
‖ϑ̃‖≤S

‖(FH)
∫ q

0
f̃ (p, ϑ̃(p))Δp‖< S

2
.

Suppose BS0 ⊂Crd([a,b]T,RF ) is closed and we define the operators

K : BS0 →Crd([a,b]T,RF ),T : BS0 →Crd([a,b]T,RF )

by

Kϑ̃(q) = (FH)
∫ q

0
f̃ (p, ϑ̃(p))Δp, T ϑ̃(q) = (FH)

∫ U

0
π(p)ϑ̃(p)Δp.

In addition, we use Arzela-Ascoli theorem, then

{(FH)
∫ q

0
f̃ (p, ϑ̃(p))Δp, ϑ̃ ∈ BS0}

is weakly relatively compact. Next, we testify the K is sequential weak continuous. Since
Crd([a,b]T,RF ) is a closed convex subset of X [a,b]T, we consider an arbitrary sequence
ϑ̃n

weakly−−−−→ ϑ̃ ∈ X [a,b]T. By Definition 3.6, for every ϑ∗ ∈ X [a,b]T,

< ϑ∗, f̃ (p, ϑ̃n(p))>−→< ϑ∗, f̃ (p, ϑ̃(p))> .

In addition, {(FH)
∫ q

0 f̃ (p, ϑ̃n(p))Δp,n ∈ N} is equi-continuous and by Theorem 3.2, we
have

< ϑ∗,
∫ q

0
f̃ (p, ϑ̃n(p))Δp >−→< ϑ∗,

∫ q

0
f̃ (p, ϑ̃(p))Δp > .

According to Theorem 3.1,∫ q

0
f̃ (p, ϑ̃n(p))Δp −→

∫ q

0
f̃ (p, ϑ̃(p))Δp.

Thus, K is sequential weak continuous.
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Next, we prove that the operator T is similar. Taking ϑ̃n ⊂ BS0

weakly−−−−→ ϑ̃ ∈ X [a,b]T, for
∀ ϑ∗ ∈ T ∗, then

∥∥< ϑ∗+
∫ U

0
π(p)ϑ̃(p)Δp,

∫ U

0
π(p)ϑ̃n(p)Δp >

∥∥
=

∥∥∫ U

0
π(p)< ϑ∗+ ϑ̃(p), ϑ̃n(p)> Δp

∥∥
≤ ‖π‖

∫ U

0
‖< ϑ∗+ ϑ̃(p), ϑ̃n(p)> ‖Δp.

Since ‖< ϑ∗+ ϑ̃(p), ϑ̃n(p)> ‖→ 0 and it is bounded, by convergence theorem that
∥∥< ϑ∗+

∫ U

0
π(p)ϑ̃(p)Δp,

∫ U

0
π(p)ϑ̃n(p)Δp >

∥∥−→ 0.

Thus, T is sequential weak continuous. Since

‖T (m̃)�gH T (ñ)‖ ≤ ‖π‖U‖m̃�gH ñ‖,
then T is a strict contraction. Consider ϑ̃ ∈Crd([a,b]T,RF ),

ϑ̃(q) =
∫ U

0
π(p)ϑ̃(p)Δp+(FH)

∫ q

0
f̃ (p, m̃(p))Δp,∀q ∈ [a,b]T

for m̃ ∈ BS0 . Then

‖ϑ̃‖ ≤ ‖
∫ U

0
π(p)ϑ̃(p)Δp‖+ sup

q∈[a,b]T
‖(FH)

∫ q

0
f̃ (p, m̃(p))Δp‖

≤ ‖π‖U‖ϑ̃‖+ S0

2
.

By known conditions, we have

‖ϑ̃‖ ≤ S0

2(1−‖π‖U)
≤ S0.

This shows that ϑ̃ ∈ BS0 . According to Krasnosel’skii theorem, there is a ϑ̃ s.t. ϑ̃ =
(K +T )ϑ̃ , i.e.

ϑ̃(q) = (K +T )(ϑ̃(q)) =
∫ U

0
π(p)ϑ̃(p)Δp+

∫ q

0
f̃ (p, ϑ̃(p))Δp.

Thus, x̃ is a global (i)-solution.
Similarly, there is a ϑ̃ s.t. ϑ̃ = (K̂ + T̂ )ϑ̃ , when we define the mapping∫ U

0
π(p)ϑ̃(p)Δp = (K̂ + T̂ )ϑ̃ +(−1)

∫ q

0
f̃ (p, ϑ̃(p))Δp,

then ϑ̃ is a global (ii)-solution.

5. Conclusions

To popularize the FDEs on time scales, we first propose the notions of FH-Δ-integral
and fuzzy Δ-derivative on [a,b]T. Then, we obtain some convergence theorems of the
FH-Δ-integral on [a,b]T. Finally, as the application, we obtain an existence theorem of
the global (i)-solution and global (ii)-solution for fuzzy differential equations.
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