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Abstract. In this paper, we propose a new reconstruction algorithm called Block
Multipath Matching pursuit (BMMP), which is an extension of multipath matching
pursuit (MMP) in block compressed sensing. Then the reconstruction condition
of BMMP based on restricted isometric property (RIP) is established. In addition,
we also provides a guarantee of reconstruction in the case of noise measurement.
Finally, the effectiveness and advancement of the BMMP algorithm are verified by
numerical experiments.
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1. Introduction

Compressed sensing (CS) is widely used to reconstruct the K-sparse signal x € RY from
Eq.(1), and it has received extensive attention in the recent decade [1,2].

y = ®x, ey

where ® € RM*N (N >> M) is the measurement matrix. An original method to reconstruct
the sparse signal x from Eq.(1) is to solve a sparsity promoting optimization problem:

min ||x||o: subject to ||y — Px||, <&, 2)
xcRN

However, solving Eq.(2) is NP-hard. Recently, greedy algorithm has obtained huge
interest due to their high computational efficiency, such as orthogonal matching pursuit
(OMP) algorithm [3]. We know that multipath matching pursuit (MMP) [4] based on
multipath selection investigates multiple promising candidates by arranging the correla-
tion between the ® column and the residual, which is is an improved algorithm of OMP
in reconstruction performance with computational higher complexity. For the reconstruc-
tion of block sparse signal, using the non-zero component distribution of signal to design
the algorithm can have better reconstruction performance. For example, block orthog-
onal matching tracking (BOMP) [5, 6] algorithm is more suitable than OMP algorithm
because of its better performance for block sparse signals. Our research mainly focus on
reconstructing block sparse signals [7, 8] in this paper.
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In this paper, we introduce MMP algorithm into the block compressed sensing to
further improve the reconstruction performance. We propose a algorithm called block
multipath matching pursuit (BMMP), which identifies the index of the & based on the
degree of correlation between the block and residuals, and uses the tree-searching strat-
egy to store these candidates for generating L subpaths on each iteration. BMMP can
significantly improve the reconstruction performance, and has obvious advantages over
the traditional MMP algorithm in running time.

This paper is structured as follows: Section 2 describes notations. Section 3 intro-
duces the implementation process of the algorithm. In Section 4, we analyze the con-
ditions for accurate sparse signal reconstruction based on RIP. Section 5 compares our
work with relevant algorithms for sparse signal reconstruction. In Section 6 we give the
conclusions of this paper.

2. Notions

In this section, notations are summarized. Let D = N/d denotes the number of blocks,
the initial value of Q be {1,2,...,D}. Let x be a K-sparse signal, T € Q is its true block
support set, and |T| < K. Q\T denotes the block index set contained in Q but not in T,
where |T| is the cardinality of 7. @' denotes the transpose of ®. Let T¢ and S¢ be the
complementary set of 7 and S, i.e., T¢ = Q\ T and §¢ = Q\ S. P[] is the submatrix of &
that contains only the column with block indices by S. x[S] is a subvector that guarantees
only x with a block index of S, and ¢; denotes the j-th column of ®, x; is the i-th entry of
X. At the k-th iteration, let S¥ be the set of all candidate sets, and sf‘ be the i-th candidate.
L denotes the number of paths in each iteration. rf-‘ denotes the residual of candidate s';‘.
For any full column rank matrix ®[S], &' [S] = (&'[S]®[S]) "' &'[S] is the Moore-Penrose
pseudoinverse of ®[S]. Let P[S] = ®[S]®'[S] denote the projection of span(P[S]), and
P [S] = I —PI[S] denote the orthogonal complement of P[S].

3. Proposed Algorithms

In general, the block K-sparse signal x € RY can be modeled as

!
X= [XI,"' s Xd s Xd+15° 5 X2dy """ s XN—d+1,""" ,XN} ) (3)
—_——

x[1] x[2] x[D]

where [|x||, o = Y2, I(||x[i]||» > 0) < K, where [[x[|5,0 is a mixed ¢ /£p-norm and I(-) is
a indicator function. The mixed (> /¢,-norm (where p = 1,2, ) denotes x|, , = ||| ,,
where w € RP with w, = ||x[{]||, for 1 < ¢ < D. We found the block-sparsity will reduce
to normal sparsity for d = 1. Therefore, a signal with block sparsity K can be regarded
as a traditional sparse signal which has a special distribution of non-zero components,

whose sparsity is dK. Similarly, for ® € R¥*N we have
o= [¢l7"' a¢da¢d+l7"' 7¢2d7"' a¢N7d+l7"' 5¢N]a (4)
N ——

@[1] [2] @(D]
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Multipath matching pursuit (MMP) is an algorithm that performs tree search under
greedy strategy. Compared with OMP, it has better reconstruct performance but higher
computational complexity. We introduce the multipath search idea of MMP algorithm
into the block sparse signal reconstruction algorithm. Then we summarize BMMP algo-
rithm in Algorithm 1.

Algorithm 1 THE BMMP ALGORITHM.

Input: yc RY, & c RM*N [ K D
Output: X;
Initialize: S°:= {0}, k:=0,r)=Yy;
while k < K do
ki=k+1,v:=0,5:=0
for j=1to [S*"!| do
fi=arg max H (@’[i]r];_l)
1<i<D,|m|=L p
for [ =1to Ldo
Stemp = S§71 U ﬁ'(l)
if Sremp & S* then

2

2

vi=v+1
S]\i ‘= Stemp
Sk = sku{sk}
%y = @'[s]]y
r} :=y— P[s]&}
end if
end for
end for
end while

) . 2

i* = argmin ||rf||;

4= P7[sk]y, onthe estimated block-support sets sk,
0, otherwise.

4. Perfect reconstruction condition of BMMP

First, we need introduce a natural extension of classic restricted isometry property (RIP),
block-RIP [7]. @ is said to satisfy the block-RIP

(1) Ix[13 < [[@xI3 < (1+85) |xI3 )

for all block K-sparse signal x € RY, where 8 € (0, 1) is a constant. Restricted isometry
constant (RIC) &k is the minimum of 8. Then we list several useful lemmas.

Lemma 1 [9] Let ® satisfy the block-RIP with both order K| and K. If K| < K>, then
O, < O,

Lemma 2 [9] Let sets S, S satisfy |Sy\ S1| > 1 and @ satisfy the block-RIP of order
|S2 US1|. Then for any x € RIS2\S11xd
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2
(1= B0, ) X3 < [PHS RS\ S| < (14 8s0s,) X ©)

Next we state our main result.

Theorem 1 Consider the system model in Eq.(1), The BMMP is said to exactly recon-
structs any block K-sparse signal x € RN if ® satisfies the Block-RIP of order K + L with

the RIC
L
1) \| — 7
K+L < K+L’ (

Proof: Assume these is a candidate sﬁ) that |7 N sf.‘0| = \sf»‘o\ = k(0 <k < K) at the k-th
iteration. Then we will prove that BMMP can find at least one correct block index at

the (k+ 1)-th iteration under Eq.(7). For this purpose, we need to compare the maxi-
mum element Bf ! in {H@’ [ j]rf?o”z tj€e T\sfo} with the L-th largest element of ! in
{||e'te
chosen.
Noting that \sf»‘0| =k, then |T\sf0| = K — k we have

) j € TCY. If BF1 > of 1 then the index corresponding to B+ will be

ﬁlk“ = max

a7k
hax, [j]'r;
{0]

0]

[CANAH

2 2,00

2
2

[P LT\ o IXIT \
Al

(@)

®

where (a) follows ||X]|2 0 > \/I& and ’T\s{-‘o

T = K — k. Then we can need to obtain the
X|l1,0

upper bound of ¢ !

1 & 1 1
k+1 k+1 __ ! k _ ! k
o= Zj:Zlaj N Z]:Zl Hq:. 51, 2 L H(b 18Iy 2,1
o | PTP IS IRIT SN\ o
= i ,
where S := {t,15,...,t1} C TC. Using Eqgs.(8) and (9), we have
-t > (10)

n
Al
where

n = [Pt s o )|
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\/me[T\s{;}

@ st st sk

11
7 an
Thus, to show BkH > OzI’fH, it suffices to show 11 > 0. Then we let
K—k 1-v0+1
0= ando=-—— Yot (12)
L NT)

and

0 Jjé¢Ss
j . . 13
Tl = { fH T\s H sgn (@’[]]PJ—[sf‘o]d)[T\sﬁ)]x[T\sﬁ)]) JES, (3)
where sgn(-) is the signum function. For Eq.(12), we have

1+ 02 20

Now, we consider the right-hand side of Eq.(11),

[Ptk x| = [PH1st oot s s |+ [P sk o]
20 | @[S (st JlT \ sk T\ || X7\

+ /3 : , (15)

[Pt (02— 7)|] = o [ P15k Jol \ sk i\ s+ 15 o

20° w7\ s ]| | @11 st Jolm \ st T\
VL

(16)

Combining Egs.(15) and (16) yields
1.k 2 L.k 2 2
[priskioccs | [prishie (x|

(14 2

S (1 o) (HPﬂsﬁ)]w\sff01x[r\sffo} :

2

Now, recalling Eq.(11) where

@it jeotr s xir sk

> . (17)
2,1
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vt o
2 L

k 2,1

io

and rf = P*[s} |®[T \ s} |x[T'\ s ], along with Eq.(17) and Eq.(12)

R o A

n

Applying Eq.(18) to Eq.(10), we further have

[ptsk e (et [ [Pt (02— )|
(1 - %) VK= K||xT\ s}

K1kt
oy 2

2
penaz (1= 8i:0) [X(T\ 5} TR N A R
(1— o) VK=& |[xT\ 54|

k
Eq.(14) HX[T\SiO] 2 (16, [K+L—k (19)
K—k i L

Therefore, ﬁf“ > of 1

will be guaranteed when

/[ L
8K+L < m . (20)

Eq. 20 holds when Eq.(7) is satisfied for 0 < k < K. |

Remark 1 When L = 1, Theorem I becomes an exact reconstruction condition for the
BOMP algorithm, which is just [9, Corollary 1].

Remark 2 When d = 1, Theorem I becomes an exact reconstruction condition for the
MMP algorithm, which is just [10, Theorem 1].

Next consider the noisy scenario y = ®x -+ e, we present the reconstruction guarantee
of BMMP to get true block support set T'.

Theorem 2 For y = ®x+ e, @ has unit £r-norm columns and and e is an {y-bounded

noise. Let the RIC of ® satisfy 0. < \/\Ié% and

2L(1+4 Ok+1)
VL-— vVK+ Lok 1

BMMP algorithm will identify all correct block support of X.

in x][i]||, > 21
min |lx[i]], = lell, @D
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Proof: We assume there is a candidate sﬁ) that |T Osf‘o = \s{-‘o\ =k(0 <k <K) at the
k-th iteration. Then we will prove that BMMP successfully performs the (k+ 1)-th iter-
ation under Eq.(7) and Eq.(21). Therefore, we compare the maximum element ﬁ”l i

D' [jIxell, s j € T\s } with the L-th largest element o ! in {HCID/ :jETC}.

If B; (AR Otf+1 then the index corresponding to ﬁkH will be chosen.

Noting that |s% | =k, then [T\ sf‘o\ = K —k we have
krl = max @'[jr T\s Jrf = HCIJ’[T\st] (PL[sffO]y—&—Pl[sﬁ)]e)H
jer\s > 200
zH@%T\sﬁPibszbn—H@%T\smPihngZm
1.k k k
o) |[PHLstJDIT \ ok IXIT \
2| @/7\ P[5k Je]| 22)

\/me[T\s;;]

Next, let’s analyze chJrl

(a)
o< A

1
—||®'[S]rk
LH ISl

o zles e,

g% qu[S]Pl[sg)]@[T\sg]x[T\sg] .

s, e

where S := {t1,t,....t,} C T€. By relating Eq.(22) and Eq.(23), it is clear that ﬁk“

o ™! is guaranteed when
[t ot st i o )|
ol
A=l
oo, s,
For (24), equivalently,
[P\l [P SIPIsIeTIN T,
VE=AIN\, L
> H‘D,[S}P:[Sﬂenz,l +H¢I[T\SﬂPL[~YﬂeH2!m- (25)

First, we simplify the left-hand side of Eq.(25) with the result of Eq.(19).
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[pishiotr\sxirs ), [ selrnx],,
VE—E[xT\sE] -

_ T\ s
> (1—5K+L,/K+LL k) Il K\SII]CHZ
K—k+L
><1—5K+L\/L+ )I}g}lHX[i]Hz- 26)

Let jj := argmax HPl [sj 1@ [T \sﬁ.‘o]eH2 and j, := argmax HPL (s} 1 [T \ s} e
jes jeT
right-hand side of Eq.(25) can be simplified as

, the
2

| ISP [5E e
L

2,1
Shal AT SITAC (N

/7. Lr.k ur Lk
< |@tintet ishle], +]| @/ e,

(%) \ﬁH‘I’/Ul sz]PL[si‘{o]euz

(b)
< V2(1+ k1) lell» @7

where (a) because @'[j; U jo]P+ [sfo]e € R2, (b) is due to Lemma 2 and Lemma 1. Com-

bining Eq.(26) and Eq.(27), we have

. 2L(1+ 8k+1)
min ||x|i]||, > e 28
min i, > S el e8)
which is just Eq.(21). Thus Theorem 2 is proved. |

5. Numerical experiments

In this section, we evaluate the reconstruction performance of BMMP through numer-
ical experiments. In our numerical experiments, we use a random measurement matrix
@ of size 150 x 300, whose entries are selected independently of the Gaussian distri-
bution N(0,1/M). Then we generate a block K-sparse signal signal x, whose non-zero
block indices are randomly selected, and all nonzero elements are taken from N(0, 1).
We conducted 1000 independent experiments to observe the reconstruction performance
of BMMP algorithm.

In Figure.1 (a), we observe the relationship between probability of exact reconstruct-
ing block K-sparse signal and the number of measurement M. It can be seen that no
matter what value L takes, the reconstruction probability increases with the increase of
M. The reconstruction probability becomes better with the increase of L from 1 to 3,
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Pio%tz\:l exact recovery vs. the number of measurements(K=15N=300)(Gaussian) oTa'me performance of recovery algorithms as a function of Measurements

07 . T

— -
-+ [ S e U §

The Probability of Exact Reconstruction
RUNINGTIME

D%D 60 70 80 20 100 110 120 V5.'1 60 70 80 20 100 110 120
No. of Measurements No. of Measurements
(a) The exact reconstruction probability (b) Average Running time

Figure 1. The performance of BMMP for different L.

while the increase of L hardly improves the reconstruction performance for L > 3. Then
Figure.1 (b) shows that the average running time grows equally as L varies from 1 to 6.
Thus, we choose L = 3 in the later experiments.

Then the exact reconstruction probability and running time of several reconstruction
algorithms are compared, which including (1)OMP algorithm [3], gOMP algorithm [11]
with § = 3, MMP-BF algorithm [4] with L = 3, BOMP algorithm [5], BeOMP algorithm
[12] with S = 3 and BMMP algorithm with L = 3.

Prab. of exact recovery vs. the signal sparsity K(M=150,N=300)(Gaussian) Pro%noleuact recovery vs. the number of its (K=15,N=300)(G n)

—

The Probability of Exact Reconstruction
@
g
-

The Probability of Exact Reconstruction
@
a
-

0 - o L ¥ * O =
10 15 20 25 30 k] 40 a5 50 50 60 70 80 20 100 110 120
Sparsity level K No. of Measurements M

(a) Sparsity K (b) The number of measurement M

Figure 2. The performance of several reconstruction algorithms with different K.

In Figure 2 (a), we show a function of the exact reconstruction probability and block
sparsity level K for several reconstruction algorithms. We can see that the reconstruction
performance of BMMP algorithm is significantly better than other algorithms, and the
critical block sparsity of signals that cannot be exactly reconstructed is larger. Figure.2
(b) describes the effect of measurement M on reconstruction probability, where the block
sparsity K is fixed to 15. As can be seen, with the increase of measurement M, the re-
construction probability of all algorithms is significantly improved. The critical number
of measurement M that enables BMMP to exactly reconstruct the block sparse signal is
significantly smaller than other algorithms.
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6. Conclusion

The block sparse signal reconstruction algorithm we describe in this paper, BMMP, can
be considered as an extension of the MMP algorithm for block sparse systems. Be-
cause there are more than one candidate can be kept each time, the BMMP algorith-
m has better reconstruction performance. Numerical experiments show that BMMP al-
gorithm has excellent performance in terms of exact reconstruction probability com-
pared with many existing algorithms. In addition, we use block-RIP to study the re-
construction condition of BMMP algorithm. In noise-free case, BMMP algorithm ac-
VL

curately reconstructs K-block sparse signal x within K iterations under &g < KT

Finally, in the noisy scenario y = ®x + e, if the RIC of & satisfy 0.1 < VL and

vVK+L
V2L(1+6k 1)

min;er ||x[i]||, > 25—~ ||e||,, BMMP algorithm can reconstruct true supports 7.

\/Z—\/ K+LOk+ 1
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