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1. Introduction

Ordinary differential equations (ODE) via local fractiomrivatives [1] have played an important role
in applied science, such as in fractal damped vibratiohsgi@wth of populations |3], and fractal heat
transfers([4]. The local fractional calculus is useful ted@e diffusion [5=8], heat conduction][9],
waves [10=12], and other phenomenal [13]..I0 [14] the noalif&ccati differential equation (NRDE) is

written in the form Ap)

Gy =0 () 1 () A () + 2 (1) A ) (1)
wherewy () # 0 andws (1) # 0. The fractional nonlinear Riccati differential equatidFNRDE),
proposed in[[15], takes the form

d e

T — 0 (1) + @1 ()6 (1) + 2 (1) 6% 1), @
whereuv is the order of the fractional operator[[1] 16-18} (1) # 0 andws (1) # 0. Here we consider
the local fractional nonlinear Riccati differential eqoat(LFNRDE)

d°® (1)
dus

where( is the fractal dimension of the local fractional operatef13], o (1) # 0 andwoa (1) # 0. Our
main aim is to study non-differentiable solutions of LFNRO®Be highlights of this paper are: we prove
that the local fractional nonlinear equation can be coegeiito an equivalent linear equation with local
fractional derivative, and that its analytical solutiomdae found by using the local fractional Laplace
transform.

The article is organized as follows. Sectidn 2 recalls theessary tools of local fractional differen-
tiation. In Section B, transformation of the LFNRDE into adbfractional linear ODE is presented. The
LFNRDE with constant coefficients is studied in Secfibn 4Sé&ttiorl b, non-differentiable solutions for
a LFNRDE are discussed. Finally, the conclusion is outliime8ectiorf 6.

= wo (1) + @1 (1) ® (1) + w2 (1) D* (n) , 3)

2. Mathematical tools

In this section, we introduce the basic theory of local fawl differentiation. Suppose that a function
® (1) is local fractional continuous in the domain= (a, b). Then we write it as in [143]:

® (n) € Cc (a,b) . (4)
Suppose thad (1) € C¢ (a,b) and0 < ¢ < 1. Foré > 0 and0 < | — | < 4, the limit
¢ ¢ _
DOD (1) = d>® (n) ~ i 202 (1) — @ (ko)] (5)
O (1 — po)*
exists and is finit€ [123] 5], whet&¢ [® (1) — ® (po)] = T (14 ) [® (1) — @ (10)]. If i € (a,b), then
d*® (1)
DO () = — o 6
(1) " (1) (6)

(seel[1]). We say thab, (a, b) is a¢ local fractional derivative set if{6) is valid for any pointe (a, b).
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Theorem 2.1. (See [1-23]5])

3

Let &1 (u), P2 (1) € D¢ (a,b) be non-differentiable functions defined on fractal setse Tdilowing

local fractional differentiation rules hold:
(@) D [®1 (1) + @2 ()] = DDy (1) £ DODy (p);

(b) DO [y (1) By ()] = [DORy ()] 2 (1) + 1 (1) [DO D ()]

DO P ) DO .
© DO [g;%zg] _ [ 1(#)] 2(‘;)%(“)1(11)[ 2(#)], provided®, (,U) £ 0.

3. From LFNRDE to linear ODE via local fractional derivative s

Taking the function

we find that
DO () = DO [ (1) w2 ()]
= [P (1) @2 (1) + @ (1) | PO ()]
Submitting Eq.[(B) to EqL{8), we have

DO (1) = [0 (1) + 1 (1) @ (1) + @2 (1) © ()] 2 (1) + © (1) [ Do (1)

= [@o (1) + w1 (1) D (1) + w2 (1) @ ()] 2 (1) +

@2 (1)
Taking
O (1) = w2 (1) @o (1)
and ©
Q2 (p) = =1 (p) + D,WL@()M)

Eq. (9) can be written as follows:

DOx (1) = x* (1) + Q2 (1) x (1) + Q1 (1) -
Set the function

()

(8)

9)

(10)

(11)

(12)

(13)

(14)



4 X.-J. Yang et al. / Non-differentiable Solutions for Locedétional Nonlinear Riccati Differential Equations

so that
(20)
DEw () _ = (1) x (1) — 1 (1)
Y (1) (15)
DOy (p)
Thus, we have
DB (1) — Qg (1) DO () + Q (1) ¥ (1) = 0. (16)

Note that Eq.[(16) is a local fractional linear ODE. In viewkds. [T) and[(13), we obtain the following
non-differentiable solution of Eq(3):

©)
& () = ——2 LU a7)

S wa (W)Y (u)

4. LFNRDE with constant coefficients

We now consider the following LFNRDE with constant coeffiti

d°® (n)
dus

wherew # 0 andw, # 0. Following Egs. [(1D),[(11) and (16), we have

= wy + @1 ® (1) + @29? (), (18)

Ql (,u) — W (19)
and
Q2 (#) = wi, (20)
such that
DB () — w1 D (1) + wamwor (1) = 0 (21)
subject to the initial value conditions
DYy (0) =a, ¥(0) =4, (22)
where © W
D' (p
o =__ T V7 23
(1) — (23)

Taking the local fractional Laplace transform (LFLT) [1] @1I), we obtain

W (s) = ast + B (1 +wy)
N 526 — wlsc + WQW()’

wheres¢ is the local fractional Laplace operator. When= w? — 4wy > 0, taking the inverse LFLT,
we obtain

Y () = AoE¢ (—Co/f) + BoE; (-Douc) (24)
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such that
o (;L) _ AOCOEC (—Couc) + BQD()EC (—DQ/J,C) (25)
wy [AoE¢ (—Copus) + BoE¢ (—Dop®)]
where
(6% ,8 1 + w1) — o
4 =8 2022 5 (26)
V@i — dwawy
« B 1 + w1) — Qw1
BO _ E o ( . ) 2 ’ (27)
V@i — dwawy
\/ﬁ
Cy = w1 + wé T2 T (28)
and
—Jo2 4
D(] _ w1 w; WQWO‘ (29)
Fory = w? — 4wywy < 0, after taking the inverse LFLT, we have
Y (n) = A1 E¢ <—C1/£C> + B1E¢ <—D1/£<> (30)
such that
o (,u) . _AlclEC (—C’l,uc) + BlDlEC (—Dlluc) (31)
() [AIEC (—C’l,uc) + BIEC (—Dl,uc)] ’
where
1 _ aw
P A G Vs (32)
2 i\ Awewy — w?
a p(l4w)—*F
poo SUrm) 77 (33)
2 1S/ Aoatog — w7
@ + i \/Adwywy — w%
C, = 5 (34)
and
—i¢./4 )
p, =" ;”WO “1 (35)

with the fractal imaginary¢. By setting := w? — 4wswg = 0, and taking the inverse LFLT, we obtain

o) =ob (-3) (30 4o~ )t (). o
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5. Anillustrative example

Let us consider the LFNRDE with constant coefficients
d*® (1)

G =132+ o () (37)
subject to the initial condition
®(0) = 1. (38)
In light of Egs. [21) and(23), Eq._(B8) can be transformed int
Dy (1) = 3D () + 4 (1) = 0, (39)
where
Dy (0) = —(0) = . (40)
By settingD(©)¢ (0) = —1 (0) = 8 = —a, we have
¥ = wi — dwymwy = 5, (42)
_(Vi-1)a
AO - 2\/5 ) (42)
(V5-5)a
— 3
BO 2\/5 ) (4 )
cy= 20 (44)
and
Dy = 5 _2\/5. (45)

Thus, making use of Eqd. (41)—({45), we have
(VB 11) (34 VB) B (-258¢) + (V5 -5) (83— V) B (-5
" %@MQG¥WM%@®&Pf)

and its corresponding graph, whén= In 2/ 1n 3, is shown in Figuréll.

6. Conclusion

The nonlinear Riccati differential equation (NRDE) viadbéractional derivative is first proposed in this

work. With the help of the properties of the local fractiodakivative, we can transform the LFNRDE

into a local fractional ODE. The non-differentiable satutiof the LFNRDE with constant coefficients

is presented. An illustrative example with a Cantor-likadtion is given. We claim that our method

may be applied to improve the performance in image classiitasuch as tea classificatidn [19] 20],

pathological brain detection [21], fruit classificatior2[23], and Alzheimer’s disease detectipni[24, 25].
This is supported by the fact that fractional nonlinear ¢éiguna are commonly used in image processing.
Our method can help to improve the solution accuracy, thereasing the image classification.
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Figure 1. Solutiond (u) of (34)-[38) wherl =1n2/1n3.
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