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Abstract. Biology is 3D. Therefore, it is important to be able to analyze phenomena in a spatio-
temporal manner. Different fields in computational sciences are useful for analysis in biology; i.e.
image analysis, pattern recognition and machine learning. To fit an empirical model to a higher
abstraction, however, theoretical computer science methods are probed. We explore the construc-
tion of empirical 3D graphical models and develop abstractions from these models in L-systems.
These systems are provided with a profound formalization in a grammar allowing generalization
and exploration of mathematical structures in topologies.
The connections between these computational approaches are illustrated by a case study of the
development of the lactiferous duct in mice and the phenotypical effects from different environ-
mental conditions we can observe on it. We have constructed a workflow to get 3D models from
different experimental conditions and use these models to extract features. Our aim is to construct
an abstraction of these 3D models to an L-system from features that we have measured. From our
measurements we can make the productions for an L-system. In this manner we can formalize the
arborization of the lactiferous duct under different environmental conditions and capture different
observations.
All considered, this paper illustrates the joint of empirical with theoretical computational sciences
and the augmentation of the interpretation of the results. At the same time, it shows a method to
analyze complex 3D topologies and produces archetypes for developmental configurations.
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1. Introduction

In this paper we explore the use of L-systems to support the analysis of phenotypes in molecular
developmental biology - that is the measurable characteristics of an organism from its interaction with
the environment. We address a particular case study of the development of the lactiferous duct in
newborn mice under normal circumstances and in conditions of environmental stress.

The murine lactiferous duct is a branching structure that is internal in the breast of the organ-
ism, from the outside only the nipple sheet is visible. Thus in order to visualize the structure of the
lactiferous duct, newborn mice need to be prepared for imaging.

The imaging and the construction of a 3D model is the first step in a workflow for the analysis
of the phenotype of the lactiferous duct as it is exposed to environmental stress. The 3D model will
be used to extract features. Next, the features will be compared over different conditions requiring
statistical tests and pattern recognition to take the different condition groups apart.

The lactiferous duct is developed and present in a rudimentary form at the foetal stage at birth. The
development of the lactiferous duct is part of a maturation process that is parallel with the reproductive
organs; for the female mouse this maturation primes the individual for reproduction. The developmen-
tal process is under hormonal control. The development can be distorted by over-exposure to certain
hormones or compounds that are very similar to hormones and that mimic hormonal operation, so
called endocrine disruptors. These chemicals are present in the environment and thus have a potential
effect on the healthy maturation of the reproductive organs or secondary sexual organs. This effect of
endocrine disruption can be studied by the phenotypical effect on the lactiferous duct. In a case study
this is shown by a maternal exposure to endocrine disruptors.

The investigation of arborized structures requires a number of steps in imaging to come to a data set
that can be further processed. Measurements can confirm that differences between conditions exist,
but do not give us insight in where these differences occur nor how the initial layout of a structure
changes under environmental pressure.

For our case study we start from a simple contour model that is further optimized to accommodate
the analysis of the complex structure of the lactiferous duct in the best possible manner [1]. However,
as accurate the 3D renditions of the lactiferous duct can be, they still remain rather complex. A further
simplification can help in understanding the differences between models. Therefore, we investigate
simplifications that preserve topology of the models. We assess the use of the skeleton and the center-
line of the enhanced 3D model. Form the enhanced 3D model and the center-line features can be
extracted to obtain statistical evidence of the differences. Still that does not give an answer to the
understanding on the innate model of the duct development and how environmental effects can alter the
structure. Therefore we investigate a further abstraction and assess the use of L-systems in describing
the core shape of the lactiferous duct and the effect of environmental factors. The idea is that the
archetypal form as described by the L-system is represents the way the shape is programmed in the
genetic markup, just like an L-system can represent the form of a plant. The intriguing question is
whether or not the models from the imaging provide sufficient information to construct an L-system
that represents the lactiferous duct well.

This paper is structured as follows. From the exposition of the problem given in the introduc-
tion we provide the background information of the components in the workflow in section 2. In the
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following section we apply the workflow and illustrate the production of the models including some
validation. In section 4 we extract the features, determine the prominent features and develop the ab-
straction to the L-system. Finally, in chapter 5 we present the conclusions and discuss the implications
of the approach for the phenotypical analysis.

2. Background to the phenotype analysis workflow

In order to accomplish an analysis of our material, a number of components need to be explained in
context and detail. Therefore, in this section these components, as depicted in Figure 1, are discussed.

Figure 1. Overview of the workflow of the data processing for the phenotypical analysis of the lactiferous duct

2.1. Building a 3D models from images

In our case study we investigate the topology of the breast gland at birth, i.e. the topological status
of fetal breast gland. In order to be able to produce a data set, fetal mice are sacrificed, fixed and
prepared for serial sectioning. From physical serial sections we can obtain a 3D image from which we
will be able to extract a model of the breast gland. To this end we make use of our dedicated setup for
registration and realignment of serial sections [2].

In order to obtain contrast, sections are stained with a standard histological stain. Next, while ob-
serving the section under the microscope, in each section a part is selected that contains the lactiferous
duct; the suggested continuity of the duct is obtained by starting at the section that contains the nipple
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sheet. The lactiferous duct is then followed from there with all its branches. So, from acquisition
each section is represented by a section image. Our microscope setup [2], guarantees that subsequent
section images are aligned and over the extent of a lactiferous duct constitute a coherent 3D image.

Making a model from histological sections has the advantage that internal structure of an organism
can be elucidated. This is particularly the case for larger sized objects for which other imaging is not
an option and, moreover, where the histological staining in required to make the necessary contrast
for the differentiation of the different constituents. This approach had, however, disadvantages. First,
the sectioning will introduce some deformations and second, the sampling to images in the plane of
sectioning is much higher than it is perpendicular to the direction of sectioning; commonly referred
to as the sampling in the z-direction. This results in an undersampling of the model that we obtain.
The sampling in the plane of sectioning is determined by the combination of the lens and the CCD
camera that is mounted on the microscope. The sampling perpendicular the direction of sectioning in
determined by the section thickness. This thickness is a compromise between higher sampling rate
and more deformation, i.e. thinner sections result in more deformation.

From the section images a model is extracted using our 3Dbase software [3]. The coherent set of
section images is used to find the structures of interest per section image. A structure of interest is
extracted from the section image and a 3D model is constructed by repeating this over the stack of
section images. Initially this 3D model is composed of contours of the selected structures. The next
step is a conversion from the contour model to a volume or a surface model [3].

As indicated, in general, a model is constructed which is undersampled in the z-direction. We
therefore need to improve the model through resampling between the initial contours, thereby enhanc-
ing the sampling and decreasing the space between contours. The subsampled contours do not have a
relation to a section image. Interpolation of these contours is realized by the use of a distance transfor-
mation [4] and the projection of the contour in layer n to the distance transformation in layer n+1. The
rationale is to have the spacing in the z-directions equidistant to that in the xy-plane. With a piecewise
monotonous cubic spline [5] the contour points in th z-direction are connected. The equidistant planes
are sampled over all points in equidistant steps [1]. In this manner contours are inserted to be able to
generate a smoother 3D surface of the original 3D model of the duct. Thus, the resampled 3D contour
model is the onset for a better sampled 3D surface model. To that end, from the contour model a point
cloud is generated and from this 3D point cloud, using Poisson reconstruction [6], a 3D surface model
is computed. The 3D surface model is represented by a triangular mesh.

We take this approach from our analysis that the Poisson reconstruction provides a good and
accurate reconstruction of the surface that can henceforth be used in measurement of the surface area
[37]. Surface area, and derived characteristics, are among the features we would like to include in
the analysis of the phenotype. The dual of the surface model, the volume model, is used for the
computation of the volume of the lactiferous duct.

2.2. The center-line as a topological descriptor for shape

In combination with the 3D model, we need to stress topological characteristics of the shape. Ar-
borized structures can be complex and 3D phenotype analysis specifically requires topological fea-
tures to detect morphological changes in different conditions. The feature extractions is part of the
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workflow as depicted in Figure 1. Graph based measurements have the potential of encoding geomet-
rical and topological shape properties in a more faithful and intuitive manner [7]. The skeleton is such
typical descriptor that simplifies the shape while preserving its topology. It is defined as a thinned
version of the shape equidistant to its boundaries. In 3D, the skeleton also contains surface patches.
The center-line is a special case of the skeleton, it is a simplified 1D representation of the original 3D
object, consisting only of curves [8]. The center-line is derived from the two outermost sections of
an arborized structure which locally maximizes the distance from the boundary [9]. The center-line
includes the topology information of arborized structures in a compact and efficient way. Different
center-line extraction methods have been presented in bio-medical imaging. These can be separated
into three categories: topological thinning, distance-based methods and polygon-based methods.

Topological thinning deals with a volumetric dataset. Boundary voxels are iteratively removed
according to topological rules until the whole volume has been peeled and left with the center-line
[10, 11]. Thinning procedures usually create a connected one voxel thick center-line. However, from
the constraint of end-point preservation, undesirable small branches are also created on coarse object
boundaries. An end-point means that the point on the one voxel graph has less than 2 neighbours.
Therefore, the topological thinning method requires an additional efficient pruning method [12].

Distance-based methods compute a distance transform from the boundary and find the center-
line as the local maximum or ridge. However, the output center-line can be discontinuous and is not
guaranteed to be one voxel thick. Moreover, it is quite sensitive to noise on the boundary [13, 14]. The
local maximum extraction might produce surface skeletons rather than center-lines. So, there might
be a planar set of voxels in the middle of the object that comply to the local maximum criterion [15].

The polygon-based methods directly deal with the surface and the output center-line is suitable
to topological analysis of arborized structures. It is a useful method to obtain a center-line of a com-
plex arborized network. However, it is a heuristic method which lacks a theoretical framework and
guaranteed solution [16].

The center-line preserves the minimal topology of an arborized surface, therefore, as phenotypical
descriptors, the features from the center-line can be used to describe the arborization structure. Fur-
thermore, several prominent features that are able to distinguish the various phenotypical conditions
are helpful in the construction of a formalized abstraction. To that end we investigate the connec-
tion from an arbor-like center-line structures to L-systems [17, 18, 19] in order to reason over the
phenotypical effects as a result of different conditions to which subjects are exposed.

2.3. The Lindemayer system

The Lindenmayer-system, in short L-system, is typically known for its versatile ability to model plants.
In 1968 the theoretical biologist Aristide Lindenmayer developed a mathematical notion to describe
the development of algea and plants [17]. The typical characteristic of plants is the structure of ar-
borization. From the onset of the description by Lindenmayer, the L-systems have been developed to
the comprehensive modelling tool for plant topology as it is used today.

Underlying the modelling is a vigorous mathematics that sets out for a consistent and extensive
toolset for the modelling of plant topology. That is, originally, it was set out as a tool for plant
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development. However, focusing on the topological nature of the L-systems, we can understand that
it can be generalized to arborized structures. Plants and trees are, to that end, a metaphor for the
topology of structures that are able to branch out to a complex organization.

L-systems are generated from productions, or rewriting rules. These rules are written in their own
grammar. So, an L-system is a system of rewriting. Rewriting is a technique for defining complex
objects by successively replacing parts of a simple initial object using a set of rewriting rules or
productions [20]. The most known rewriting rules operate on character strings. L-systems are one
of them with distinctive characteristics. Specifically, L-systems consist of two trivial elements: an
axiom, and a set of productions. The axiom is the starting point of the rewriting process. The set
of productions are the derivative rules. In L-systems, the productions are applied on a parallel and
simultaneous manner replacing all elements in a given string. A key element of the L-system is that
it is extended with geometrical modelling in order to generate graphical models from the productions
that are written. With the powerful graphics adaptors that computers are nowadays equipped with, this
results in wonderful and realistic renditions of plant topologies generated from productions.

L-systems have already been applied successfully in other arborizations such as neural tissue [21,
22]. The computational construction of neurons using L-systems provide an efficient and reliable
method to investigate the relationships between neuro-morphology and neurophysiology [23, 24].

From the perspective of modelling, the L-system provides a manner to elucidate the mathematical
foundation of the topology of a particular organism or structure.

We will use the L-system approach as an inspiration to accomplish the description of a topology
in a manner of reverse engineering. From real data we derive the specification of the productions, i.e.
the rewriting rules, and use that to generate a generalization of a particular arborized topology. This
generalization represents class of structures and portrays an archetype for its topology.

The mammary gland, i.e. the lactiferous duct, has a noticeable branching characteristic. Environ-
mental effects seem to have an influence on the branching. We use L-systems to establish the innate
archetype of the lactiferous duct, i.e. the bleu print for its shape, and also characterize and simulate
the phenotypes that have arisen from exposures to endocrine disruption.

2.4. Experimental setup to study disruption of the murine lactiferous duct

Our case study is on the development of the murine lactiferous duct and in order to study this we build
3D models of the lactiferous duct of newborn mice. Initially this is applied on the wild-type condition
and this provides us with the archetypal shape of the lactiferous duct. In newborn mice the mammary
gland is present in rudimentary form and defined to be in the stage of secondary sprout, i.e. lactiferous
duct or epithelial cords. Unlike human, where the amount of lactiferous ducts could reach to 10-20
for each nipple, in the murine embryo only one epithelial cord grows from the mammary bud. Thus,
only one lactiferous duct exists for each nipple. The early initial round of branching growth results
in a primary duct with several initial branches [25]. This makes the murine lactiferous duct a suitable
model for experimental studies.

The development of the lactiferous duct is under influence of hormones. Unbalanced or unex-
pected exposure to hormones or hormone-like substances can potentially disturb and unsettle the
normal development of the duct. Hormone-like substances in the environment are referred to as
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endocrine-disruptors and have known effects on the development of the reproductive organs and the
secondary reproductive organs, i.e. the mammary gland.

An experiment is done in order to study the effects of endocrine-disruption on gland develop-
ment. The exposure of endocrine-disruptors to newborn mice is accomplished through exposure of
the mother by including compounds to the food. In this manner the foetus is exposed to the compound
and a possible effect on the development of the lactiferous duct is investigated. This is realized by
making a 3D model of various lactiferous ducts of the foetus. The distinct tree-like structure of the
murine lactiferous duct is depicted in Figure 2.

For our case study we have 4 different conditions: a control group consisting of 7 samples, i.e.
the unexposed wild-type (WT) condition ; a condition control group where an inert compound was
added (OLIE) as shown in Figure 3(a),(b) consisting of 12 samples; a first treatment group exposed
to diethylstilbestrol (DES) consisting of 8 samples; a second treatment group exposed to a cocktail of
oestrogen and progesterone (EP) shown in Figure 3(c),(d) consisting of 8 samples. Each sample is a
geometrical model that is derived from the imaging of a foetus.

So, we measure a maternal effect in the offspring of exposure to endocrine disruptors and model
the lactiferous ducts. An overview of the workflow of the experiment is shown in Figure 1.

3. Methodology for analysis of arborization in 3D graphical models

In order to understand and analyze the structure of the arborization we first have to extract the topology
features from the optimized 3D surface model. To that end we further reduce the model to a mini-
mal representation of the topology of a model i.e. the center-line. We have assessed several methods
for center-line extraction and have chosen the polygon-based center-line extraction as a vehicle for
obtaining a useful center-line. The center-line provides the topology and further facilitates quantita-
tive analysis of the structures of the arborization. We investigate topology related features that can
be extracted from the center-line, i.e. number of branches, average length of branches, number of
bifurcations, and so forth.

Arborization structure analysis is discussed in many research areas. Recently, methods have been
proposed to trace neurons or reconstruct the neuronal structure by tracking arborized line structures
in a 3D image volume [26, 27]. The quantitative analysis of the tree is substantially simplified by
transforming a voxel-level tree object into a set of interconnected single-voxel center-lines represent-
ing individual tree branches [28]. The center-line is also used for the blood vessel quantification and
meaningful parameters extraction from 3D vascular images [29].

3.1. Center-line extraction

The polygon-based center-line extraction method can create a connected one voxel thick center-line
without undesired small branches. The center-line extraction is fully automatic and does not need
any operator interference. This prevents subjective information to enter in the process and assures
an objective subsequent phenotype measurement. For the identification of vessel bifurcations and
arborized network organization, we incorporated the mesh-based method created by Piccinelli et al.
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[9] in our workflow. First, the algorithm identifies the bifurcations by visiting the whole structure of the
arborized model with a moving sphere. In this manner the method is able to decompose the structure
into bifurcations and single branches. Since the complexity of the algorithm is linear with the number
of surface mesh vertices, it is very efficient. There are, however, some limitations. Nested bifurcations
with a very short distance between each other can potentially be grouped into a single bifurcation if the
radius of the probing sphere on the junction part is greater than the distance between the bifurcations
[9]. Center-lines may be positioned on the outer side of the model when the boundary has a particular
non-convex shape [9]. Both these conditions can be solved by adding an extra heuristic.

Figure 2. (a) original contour model from section images; (b) surface model; (c) center-line.

We have evaluated the application of center-line extraction method in our workflow to make sure
branches and bifurcations are detected right. For a visual inspection of correctness of the center-
line we have used ParaView [30] as shown in Figure 2. We compare each branch and bifurcation
between original model and center-line so as to make sure they are correctly extracted. We are, in
particular, aware of the limitations that are posed by the algorithm [9] and that are bound to occur
when bifurcations are too close, in other words, the sampling is insufficient. In an initial evaluation,
we focus on number of branches that are wrongly connected and low quality bifurcations. We have
randomly selected 16 out of 42 mammary gland models and their automatically extracted center-lines
and compute the number of branches and bifurcations per model as well as the wrongly connected
branches and low quality bifurcations. We established from this analysis that 97.81% of the branches
are detected with the correct topology of the corresponding structure of arborization in mammary
gland and 97.65% of the bifurcations are properly positioned in the model. Errors occurred in models
that were branched more and where branched from different parts were nearly touching each other.
We prevented this to happen in the models and in this manner prevented the errors from occurring.

Our center-line extraction thus results in an accurate representation of the topology of the mam-
mary glands in our experiment and we can use these representations to extract features to characterize
the mammery glands.
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3.2. Extraction of features from 3D models and center-lines

Each of the models represents a phenotype measurement. So from each 3D model we extract a number
of features. The simple features are, the number of branches and bifurcations in a model. Next, for
each global center-line we extract individual branches and for each branch we compute branch length,
curvature, torsion, tortuosity, minimal radius, maximal radius, mean of the radius and median of the
radius. Where radius relates to the radius of the duct.

The curvature of a branch is defined as the average of curvatures of each of the branch-points. The
curvature of a point is the inverse of the radius of the local osculating circle. The radius is defined as
the radius of maximum inscribed sphere for each point. So, curvature of one point on the center-line
is defined as:

K =
1

R
(1)

where K is the curvature at point ”i” and R is the radius of the local osculating circle.

The torsion of the line c(s) is the degree by which the osculating plane rotates along the line [31],
defined as:

τ(s) =
[c′(s)× c′′(s)] · c′′′(s)
|c′(s)× c(s)|

(2)

where prime denotes the derivative and cross (x) denotes the cross product. The tortuosity is the ratio
between the branch length and the distance of the branch end-points, defined as:

χ =
L

D
− 1 (3)

where L is the length of the center-line and D is the Euclidean distance between its end-points.

So, after measurement extraction, for each model we have global features and features per branch
that assemble in a feature vector per model. All of our models are labelled with the condition and
therefore, we can establish what features are dominant for a treatment. The center-lines and its features
are used for the construction of the L-system. This will provide us an abstracted archetype for each of
the treatments.

3.3. L-system programming platform

In order to be able to incorporate our measurement results into an abstraction we need a versatile and
programmable platform for L-systems. We use the L-Py platform to construct the L-system model
for lactiferous duct. This is an L-system simulation framework initially used for modelling plant
architecture development based on the Python language [32]. We use dynamic language to enhance
the development of lactiferous duct growth models. To that end the turtle geometry is used - this is a
tool for the geometric interpretation of a character string as a sequence of segments so that it can draw
the information in the string as a geometrical representation in 3D space. During the string reading,
the turtle moves on the line with varying segment lengths and angles. The turtle can move in the 3D
space based on differential geometry and using quantities such as local tangent, curvature, and step
size [32]. The L-Py platform provides seamless control of the differential turtle geometry.
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Within the feature set we obtain from our experiments, we look for those features that are promi-
nent in representing phenotypical changes of mammary gland under different environmental condi-
tions. Subsequently, from these features we can generate an archetypal mammary gland as an L-
system. This L-system then simulates a particular phenotype under normal circumstances. Next, from
the experimental conditions, we will generate an L-system that is an expression of the environmental
pressure that is imposed by the exposure to a compound. These conditions are elaborated in section
4.1, and the feature extraction are presented in section 4.2. The generation of the L-system abstraction
is elaborated in section 4.3.

4. Analysis of arborization and L-system construction

Our case study is scaled such that we can do sufficient statistical analysis as well as develop the
workflow from a 3D graphical model derived from section images to an L-system that represents the
arborization of the lactiferous duct. The aim of this study is to come to a formalized abstraction of a
phenomenon in biology. The scale of the study is, therefore, chosen such that we can accomplish this.
In a larger study, the outcome of the process described here can be used to obtain further insights in
the mechanical and molecular-genetic aspects of biology.

4.1. The different groups in the case study and measurement preparation

The section images of the lactiferous duct are acquired and a stack of aligned images is used as
input for the 3D model [33, 34]. For each stack the lactiferous duct structures are delineated by a
specialist resulting in initial 3D models. For all models, interpolation and surface reconstruction is
applied. Subsequently, the center-lines of all branches are extracted. To assess the topological shape
differences in the models the center-line of the lactiferous duct structure are used in the analysis. The
distinct tree-like structure of the mouse lactiferous duct, and how it is obtained from the workflow, is
depicted in Figure 1.

The collection of 3D models comprises 4 different experimental conditions, 3 of which are expo-
sures to compounds that might have an effect of the development of the lactiferous duct. The different
groups are (1) the WT control group, (2) OLIE control group, (3) the EP group and (4) the DES group.
For this case study the same compound dose is administered for groups 2,3 and 4; i.e 10 microgram.
In Figure 4a,b and example of a model in the OLIE group is depicted and in Figure 4b,c an example
of a model in the EP group is depicted.

The exposures entail that a mouse embryo is exposed early in development to different environ-
mental factors that can be recognized as hormone; a.k.a. endocrine disruptors. These compounds
influence development of reproductive organs in primary and secondary stages by altering the struc-
ture of the duct.

Our hypothesis is that we expect to observe an effect in the EP and the DES group with respect to
the development of the duct. Therefore the models from the group EP and the group DES should be
significantly different from the WT group. The OLIE group is a control group that is exposed to an
inert compound. Consequently, there should be no effect in the OLIE group and the results should be
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Figure 3. Different branch structures of lactiferous duct (a) surface model from group OLIE; (b) center-line of
the model from group OLIE; (c) surface model from group EP; (d) center-line of the model from group EP.

similar to the WT group. The WT and OLIE group are considered as the ground truth group. The EP
and the DES group should thus be significantly different from the ground truth groups.

4.2. Feature extraction and characteristics of the groups

The topological structure of the duct is derived from a center-line extraction method, cf. section 3.1
[9]. The features derived from center-lines are the basis for the L-system representation. Our primary
question is whether we can accurately separate complex 3D structure on the basis of the selected
morphology features. The data set is a collection of all branches of a group with their measurements.
In order to check for significant differences between measurements and groups (cf. section 4.1) we
use the KS-test. The KS-test is selected as we can not assume that the measurements are normally
distributed - some of them are clearly not.

From the nature of the experimental setup we know that the WT and the OLIE group must be
very similar, this will therefore be subject to a test. We do not know how similar the EP and the DES
groups are; so this will be subject to a test as well. Finally, as given that WT and OLIE are similar
and that EP and DES will resort in an effect in the development of the duct, we test these these groups
in pairs. That is, WT and OLIE (OW) are considered the ground truth and the DES with EP (DE)
are the disruptor group. A KS-test is applied on the different measurements of these three selected
combinations. If we set a null-hypothesis that there is no effect in the DE group with respect to the
ground truth, we expect the null-hypothesis to be rejected.

The KS-test requires the significance value, i.e. p-value, to be set. For our case study the signifi-
cance level was set to p = 0.01. The outcome of the KS-test is that if the tested value is significantly
larger then value h is 1. Otherwise, if the tested value, the data set, is significantly smaller than the
reference set, then h is -1. If there is no significant difference between the two datasets then value h
is 0.
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For the groups that are evaluated the results are shown in Table 1. We are able to conclude from
these results that group OLIE and WT are exactly the same. Moreover, group DES and group EP
are almost the same except for curvature. We can understand this result by inspecting the center-
lines of the models respectively. We observe that the group EP clearly has more curved branches
compared to group DES. Nevertheless, the combined group DES with EP and group OLIE with WT
are significantly different in length, curvature, maximal radius, mean of the radius and median of the
radius. These features are the prominent ones over torsion, tortuosity and minimal radius. The results
support the hypothesis and also confirm the feasibility of our 3D analysis for this complex system.

Table 1. Result of the comparison of the data from the DES/EP samples, the OLIE/WT samples and the
DES+EP/OLIE+WT samples.

length curvature torsion tortuosity min-
radius

max-
radius

mean-
radius

median-
radius

DES-EP
h 0 -1 0 0 0 0 0 0
p 0.2027 0.0098 0.5588 0.8170 0.7951 0.6364 0.8275 0.9412

OLIE-WT
h 0 0 0 0 0 0 0 0
p 0.2564 0.8537 0.7724 0.9246 0.0416 0.2951 0.1581 0.3943

DE-OW
h -1 1 0 0 0 -1 -1 -1
p 0.0043 0.0031 0.2714 0.5649 0.1007 4.99E-5 0.0026 0.0040

Table 2. Input measurements for L-system of the lactiferous duct; for illustration, the WT and the DES samples
are chosen.

Type MBL σm MBC σm MBR σm MBN σm

WT 303.1 34.19 0.0096 0.0004 28.45 1.37 6.17 0.75

DES 193.1 12.85 0.0101 0.0003 27.90 0.74 14.625 3.19

MBL: Mean of branch length in micrometer; MBC: Mean of branch curvature;
MBR: Mean of branch radius in micrometer; MBN: Mean of branches number;

σm : standard deviation of mean.

4.3. L-system modeling

The abstraction of the lactiferous duct to an L-system requires to have the right rewriting rules. We
first focus on the realization of the elongation and the bifurcations of the duct. We thus integrate
the available measurements in the system, i.e. branch length, curvature, radius and the number of
branches. We consider these measurements more prominent as is shown from the statistical analysis
of the variation in morphology of the experimental groups (cf. section 4.2).

The integration of branch length, curvature and the radius of maximal inscribed sphere is relatively
straightforward. A change in the branching pattern in the L-system, i.e. the number of branches, is
realized by changing the probability of bifurcation construction.
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Algorithm 1: L-system generation from measured features
Initialize maximum number of branch order to 4
Initialize increment of radius through time to 0.0001
Initialize maximum duration of a branch relating to the branch order
Initialize branch angle with a random number from 15 to 25 weighted with the branch order
Initialize branch angle to a random number from 3 to 7
Initialize total number of iteration of the system
Set time to zero
Set branch order to zero
module A represents trunk apical meristem
module B represents apical meristem of lateral branches
module I Internode
Start recursion for procuction, using the native method for this in L-py.
production:
A(t,o):
if time t is shorter than maximum duration of a branch (o) then

Continue growing with a set branch angle and length: IA(t+1,o)
end
else

Create bifurcation with a set roll angle around previous branch and a set angle in between
the bifurcation: IB(0,o+1)

end
B(t,o) if time t is shorter than maximum duration of a branch (o) then

produce IB(t+1,o)
end
else

create bifurcation: B(0, o+1)
end
Decrement radius of the branch

This approach can be summarized in Algorithm 1, where we introduce the following variables for
generating a model from our parameters. The branch order is retrieved from our observations in the
models, we set it just 1 step higher than the maximum order that we have retrieved from the models,
i.e. 4. The radius increment is set to a value that is hardly visible in the L-system model as, in the
visual sense, we strive for an abstraction model. We allow maximum duration of the branch order so
as to enable the model to bifurcate ”fast”. From the models angular bifurcation is measured between
10 and 30 degrees, therefore the value is randonmized within that range and the result is weighted. The
bending of the lateral branches is processed in similar fashion. The iteration time is used to constrain
the complete development of the bifurcating model.

From the measurements we have established what measurements differentiate the condition from
the ground truth, i.e. wild type. These measurements are used to construct an L-system. To this end
we set the rewriting rules to model the L-system for each specific condition.
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WT L-system
archetype, ex. 1

WT L-system
archetype ex. 2

WT surface model
view 1

WT surface model
view 2

DES L-system
archetype ex. 1

DES L-system
archetype ex. 2

DES surface model
view 1

DES surface model
view 2

Figure 4. Two examples of L-sytem archetypes and real surface models that they were derived from. It can be
appreciated that the WT L-system archetype is really similar for different 3D models. For the surface model we
present two views of the same 3D model.

The L-system model mainly focuses on the abstraction of elongation and bifurcation of the center-
line of the lactiferous duct. We illustrate the L-system abstraction for two different kinds of lactiferous
ducts: i.e. the wild type and the DES exposed type. These can be considered extreme cases. In Table
2 the measurements used for these L-system abstractions are listed.

According to the hypothesis, compared to wild type (WT), the lactiferous duct with the DES con-
dition would be significantly different. Here the effect is clearly seen as the DES-model has more
branches with shorter branch length. In Figure 4, the results of the rewrite rules and L-system visual-
ization in an abstracted model of the lactiferous duct are depicted.
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The WT model represents the innate program of the mouse - the exposure to endocrine disruptors
alters the innate program, we see this re-coding of the innate system in the productions of the DES
L-system. Understanding of the rewriting rules helps to understand and predict the phenotype from
a given environmental factor. Moreover, at the same time the abstraction in the L-system allows to
make inferences in this complex system and certain effects can be anticipated from the L-systems.

Figure 5. Schematic representation of the production rules for WT and DES condition. The strings are aligned
so that one can easily inspect the amount of bifurcation in the DES condition. Therewith it clearly shows the
effect of this environmental stress. Each ”I” represents an internode step, brackets indicate a branching. The
color coding indicates the iterations over the model.

The differences between the two example L-systems can be appreciated by visual inspection of
Figure 4. However, one can also assess the production string that we can deduce from the production
of the L-system. In Figure 5 a schematic rendition of the production string for the two cases of Figure
4 is depicted. The increasing complexity and branching can be read from this string; the color coding
is added to interpret the iterations that have passed in the production of the system.

5. Conclusion & discussion

In this paper we have focused on the analysis of complex 3D models with a structure of arborization.
With a small case study on the lactiferous duct under different conditions of exposure to compounds of
endocrine disruption, a complete computational workflow is illustrated. This workflow starts at smart
acquisition to a comprehensive stack of aligned section images, followed by annotation and initial
surface model generation, followed by model optimization and center-line extraction. This workflow
is concluded by feature extraction of the topology of the model. In itself, the features can be used in
a statistical inference or a machine learning approach which will tell different conditions apart. We
have shown this for our case study.

Importantly, we strive at an analysis from which we can derive and present an archetype of the
normal (control) situation as well as an archetype of the experimental situation. We have shown that
from the features that we have extracted from the 3D models, we can construct an L-system; so the
L-system is truly based on empirical data. The L-system enables to represent different phenomena as
observed from experimental settings. This spatial abstraction in the L-system is a true representation
of the data and the L-system visualizations also render as a good abstraction of the 3D structures
from our models. Therewith, we have accomplished our goal to obtain this abstracted model in a
formalized form. The availability of such model augments an analysis purely based on data as the
graphical abstraction confirms there is a generic form that can be referred to.

The formal abstraction to the L-system enables to reason over these topologies. The L-system of
the normal development, i.e. the wildtype, embodies a blue print of the innate program of the forma-
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tion of the lactiferous duct, we can add more time points to further understand this particular program.
At the same time, the phenotype measurement is formalized in an L-system and the productions from
the innate program to a specific phenotype can be inferred through the L-system. The phenotype from
some environmental condition can be considered as a sequence of alterations from the innate program
of duct formation. This augments the toolbox for analysis a great deal and will further contribute to
the understanding of branching patterns under exposure of compounds in the environment. In this
manner it has great potential in the contribution of research to the development of the lactiferous duct
system as well as studies on effects of potential pollutants.

The work presented in this paper takes a phenomenological approach to the analysis of the murine
lactiferous duct. It constructs the abstractions, i.e. L-system, just from measurements taken from sam-
ples exposed to different conditions. The condition, i.e. the disruptor, will alter the molecular genetics
of the animal and thus influence the formation of the lactiferous duct. A lot of Gene Networks, involv-
ing different growth factors, participate in the formation of the lactiferous duct [35, 36]. The alterations
as we observe them, are engaged by the interference to these Gene Networks. In fact, these networks
are instrumental in making the alterations from the blue print shape as captured the the L-system of
the lactiferous duct.

The construction of the abstraction in the L-system from measurement is retrospective. The rewrit-
ing rules, however, can be used in what-if scenarios in a prospective as well as predictive manner. The
complex ontogeny [35] of the lactiferous duct is now abstracted in an L-system and this can bring
parameters from molecular genetics and tissue mechanics into play so as to further elaborate on these
models. This will enable us to really make inferences from the model with molecular parameters. One
can make observations from dose effects as well as relate the gene expression to changes in the duct
topology.

This comprehensive analysis of induced phenotypes, from model to abstraction helps us in bring-
ing new inspiration to the manipulation of the L-system which together with the features provide an
important quantifiable twist to this system. Our primary L-system model illustrates the potential for
the simulation of mammary gland formation. The L-system can provide a ground truth model from
real data. In the future we will direct our research further to this delicate interplay of nature inspired
systems and nature driven models and combine empirical computing with fundamental abstractions in
computing.
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