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Abstract. In multi-task reinforcement learning (MTRL), the objective is to simultaneously learn multiple tasks and exploit their
similarity to improve the performance w.r.t. single-task learning. In this paper we investigate the case when all the tasks can be
accurately represented in a linear approximation space using the same small subset of the original (large) set of features. This
is equivalent to assuming that the weight vectors of the task value functions are jointly sparse, i.e., the set of their non-zero
components is small and it is shared across tasks. Building on existing results in multi-task regression, we develop two multi-task
extensions of the fitted Q-iteration algorithm. While the first algorithm assumes that the tasks are jointly sparse in the given
representation, the second one learns a transformation of the features in the attempt of finding a more sparse representation. For
both algorithms we provide a sample complexity analysis and numerical simulations.

Keywords: Reinforcement learning, multi-task learning, sparsity, feature learning, theoretical guarantees

1. Introduction

Reinforcement learning (RL) and approximate
dynamic programming (ADP) [2, 26] are effective
approaches to solve the problem of decision-making
under uncertainty. Nonetheless, they may fail in
domains where a relatively small amount of samples
can be collected (e.g., in robotics where samples are
expensive or in applications where human interaction
is required, such as in automated rehabilitation). For-
tunately, the lack of samples can be compensated by
leveraging on the presence of multiple related tasks
(e.g., different users). In this scenario, usually referred
to as multi-task reinforcement learning (MTRL), the
objective is to simultaneously solve multiple tasks and
exploit their similarity to improve the performance w.r.t.
single-task learning (we refer to [28] and [16] for a com-
prehensive review of the more general setting of transfer
RL). In this setting, many approaches have been pro-
posed, which mostly differ for the notion of similarity

*Corresponding author: Daniele Calandriello, Team SequeL,
INRIA Lille — Nord Europe, France. E-mail: daniele.calandriello@
inria.fr.

leveraged in the multi-task learning process. In [30]
the transition and reward kernels of all the tasks are
assumed to be generated from a common distribution
and samples from different tasks are used to estimate
the generative distribution and, thus, improving the
inference on each task. A similar model, but for value
functions, is proposed in [17], where the parameters of
all the different value functions are assumed to be drawn
from a common distribution. In [25] different shaping
function approaches for Q-table initialization are con-
sidered and empirically evaluated, while a model-based
approach that estimates statistical information on the
distribution of the Q-values is proposed in [27]. Simi-
larity at the level of the MDPs is also exploited in [18],
where samples are transferred from source to target
tasks. Multi-task reinforcement learning approaches
have been also applied in partially observable environ-
ments [19].

In this paper we investigate the case when all the
tasks can be accurately represented in a linear approxi-
mation space using the same small subset of the original
(large) set of features. This is equivalent to assuming
that the weight vectors of the task value functions are
Jjointly sparse, i.e., the set of their non-zero components
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is small and it is shared across tasks. We can illustrate
the concept of shared sparsity using the blackjack card
game. The player can rely on a very large number of fea-
tures such as: value and color of the cards in the player’s
hand, value and color of the cards on the table and/or
already discarded, different scoring functions for the
player’s hand (e.g., sum of the values of the cards) and
so on. The more the features, the more likely it is that the
corresponding feature space could accurately represent
the optimal value function. Nonetheless, depending on
the rules of the game (i.e., the reward and dynamics), a
very limited subset of features actually contribute to the
value of a state and we expect the optimal value func-
tion to display a high level of sparsity. Furthermore,
if we consider multiple tasks differing for the behav-
ior of the dealer (e.g., the value at which she stays) or
slightly different rule sets, we may expect such spar-
sity to be shared across tasks. For instance, if the game
uses an infinite number of decks, features based on the
history of the cards played in previous hands have no
impact on the optimal policy for any task and the cor-
responding value functions are all jointly sparse in this
representation.

The main limitation of this formulation is that it
forces all tasks to be jointly sparse, and the set of useful
features is not know in advance. Therefore whenever
a new task is added, the sparisty scenario may be sig-
nificantly affected. On the one hand, adding tasks may
improve the sample complexity by reducing the overall
variance. On the other hand, if the new task requires
features that were useless up to that point (i.e., it is not
jointly sparse), then it would not help identifying the set
of useful features, and in addition the set of useful fea-
tures would grow larger. In the second part of the paper
we will introduce a generalization of the concept of joint
sparsity to tackle this problem. The sparsity of the linear
weights in the solution is highly dependant on the par-
ticular feature space chosen for the problem. We will try
to learn a transformation of the features in order to build
a new feature space where the solution has its sparsest
representation. Intuitively, this will correspond to gen-
eralizing the assumption of correlation through shared
sparsity (shared support) to the more general assump-
tion of linear correlation between tasks, and provide us
more flexibility in choosing which tasks can be added
to the problem. This concept will be explored in more
detail in the remarks of Sections 4 and 5 after we will
have formalized the notation and introduced the main
results.

In this paper we first introduce the notion of sparse
MDPs in Section 3. Then we build on existing results in

multi-task regression [1, 20] to develop two multi-task
extensions of the fitted Q-iteration algorithm. While
the first algorithm (Section 4) assumes that the tasks
are jointly sparse in the given representation, the sec-
ond algorithm (Section 5) performs a transformation
of the given features in the attempt of finding a more
sparse representation. For both algorithms we provide
a sample complexity analysis and numerical simula-
tions both in a continuous chain—-walk domain and in
the blackjack game (Section 6).!

2. Preliminaries
2.1. Multi-task reinforcement learning (MTRL)

A Markov decision process (MDP) is a tuple M =
(X, A, R, P, y), where the state space X is a bounded
closed subset of the Euclidean space, the action space
A is finite (i.e., |A| < o0), R: X' x A — [0, 1] is the
reward of a state-action pair, P : X x A — P(X) is the
transition distribution over the states achieved by taking
an action in a given state, and y € (0, 1) is a discount
factor. A deterministic policy 7 : X — A is a mapping
from states to actions. We denote by B(X x A; b) the
set of measurable state-action functions f : X' x A —
[—b;b] absolutely bounded by b. Solving an MDP
corresponds to computing the optimal action-value
function Q* € B(X x A; Qmax = 1/(1 — p)), defined
as the largest expected sum of discounted rewards
that can be collected in the MDP and fixed point of
the optimal Bellman operator 7: B(X x A; Qmax) —
B(X x A; Omax) defined as 7Q(x,a) = R(x,a) +
¥ 2.y POlx, a)maxy Q(y, a). The optimal policy is
finally obtained as the greedy policy w.r.t. the opti-
mal value function as 7*(x) = arg max,c 4 Q*(x, a). In
this paper we study the multi-task reinforcement learn-
ing (MTRL) setting where the objective is to solve
T tasks, defined as M; = (X, A, P, R;, y;) with t €
[T]={1, ..., T}, with the same state-action space, but
different dynamics P; and goals R;. The objective of
MTRL is to exploit possible relationships between tasks
to improve the performance w.r.t. single-task learning.
In particular, we choose linear fitted Q-iteration as the
single-task baseline and we propose multi-task exten-
sions tailored to exploit the sparsity in the structure of
the tasks.

IWe refer the reader to the technical report [5] for more details
about the theoretical results, which are mostly based on existing
results in multi-task regression and so they were omitted from this
version.
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Algorithm 1 Linear FQI with fixed design and fresh
samples at each iteration in a multi-task setting.

input: Input sets {S; = {:}1% };F:],tol, K
output: WX, béft
Initialize w® «~ 0,k =0

do

k+—k+1

fora <+ 1,...,| Al do
fort < 1,...,7 do
fori <« 1,...,n;do

Sample rf’,a’t = R¢(xi4,a) and yf,a,t ~Pi("|zi, a)
Compute 2, , = 1, , + ymaxy Gyt )
end for
Build new dataset fo’,g = {(ziz,a), zfat}f;]
end for
Compute W[ by multi-task regression on the datasets
{ijﬂt}tT:l (see Egs. 4,10, or 13)
end for
while (max W2 — W21, > tol) and k < K

2.2. Fitted Q-iteration with linear function
approximation

Whenever X and A are large or continuous, we need
to resort to approximation schemes to learn a near-
optimal policy. One of the most popular ADP methods
is the fitted-Q iteration (FQI) algorithm [7], which
extends value iteration to approximate action-value
functions. While exact value iteration proceeds by iter-
ative applications of the Bellman operator (i.e., Q¥ =
TQ*1), in FQI, each iteration approximates 7Q*~!
by solving a regression problem. Among possible
instances, here we focus on a specific implementa-
tion of FQI in the fixed design setting with linear
approximation and we assume access to a genera-
tive model of the MDP. Since the action space A
is finite, we approximate an action-value function
as a collection of |A| independent state-value func-
tions. We introduce a dy -dimensional state-feature
vector ¢(-) = [91(-), 20, ..., @a, ()17 withgi: X —
R such that sup, ||¢(x)||> < L, while the corresponding
state-action feature vector is

T
Y(x,a)=1[0,-+,0,01(x),...004),0,---,0],
—— N——
(a—1)xdy (lAl—a)xdy
times times

with dimension d = |A| x d;,. From ¢ we con-
struct a linear approximation space for action-value
functions as F = { f,,(-, -) = ¥ (-, )Tw, w € R?} where
the weight vector w can be decomposed as w =
[wi,..., w4] so that for any a e A, we have

fuw(,a) = ¢>(~)Twa. FOQI receives as input a fixed set
of states S = {x;};*, (fixed design seiting) and the
space F. Starting from w® = 0 defining the function
0V, at each iteration k, FQI first draws a (fresh) set
of samples (rffa, yffa)?il from the generative model
of the MDP for each action a € A on each of the
states {x;}i* | (i.e., ¥, = R(x;, a)andyk, ~ P(|x;, a)).
From the samples, |.A| independent training sets D'; =
{(xi, a), zﬁ a}?gl are generated, where

Zfa = rffa + y max Qk_l(yffa, a), (D)
a

and @k_l( yl'-< 4+ @) is computed using the weight vector
learned at the previous iteration as y( yf-‘ w a)Tw*=1 (or

equivalently ¢>(yf-f a)Tw’;TI). Notice that each zi-f 4 18 an

unbiased sample of T@k_l and it can be written as
2o =70 (i @) + 1, by

where n¥ , is a zero-mean noise bounded in the interval
[— Omax; Omaxl). Then FQI solves |.A| linear regression
problems, each fitting the training set D(/j and it returns
vectors 1’[1];, which lead to the new action value function
fox with wk = [1’[)]{, el @f‘ 4 Notice that at each iter-
ation the total number of samples is n = | A| X n,. The
process is repeated until a fixed number of iterations
K is reached or no significant change in the weight
vector is observed. Since in principle @k_l could be
unbounded (due to numerical issues in the regression
step), in computing the samples z{f 4 We can use a
function Q%! obtained by truncating Q*~! within
[— Omax; Omax]- In order to simplify the notation, we
also introduce the matrix form of the elements used by
FOI as @ = [p(x1)T;: -+ ;(xn,) ] € R1*, @k =
[pGEDTs 1k DT e Ruxd RE=[rh ..
rk o € R™, and the vector Zf = [zf ... 2k 1€
R obtained as

Zt = R + ymax(@fwl ).
a

The convergence and the performance of FQI are
studied in detail in [21] in the case of bounded approx-
imation space, while linear FQI is studied in [18,
Thm. 5] and [24 Lemma 5]. When moving to the multi-
task setting, we consider different state sets {S,}thl
and each of the previous terms is defined for each
task 7 € [T] as ®F, ®%, Rk . Zk  and we denote by
Wk € RY*T the matrix with vector ¥ € RY as the r—th
column. The general structure of FQI in a multi-task
setting is reported in Fig. 1.
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Fig. 1. Visualization of |[W||,,; penalties (high on the left and low
on the right).

Finally, we also introduce the following matrix
notation. For any matrix W € RIXT W], € R? is
the #-th column and [W]' € R” the i-th row of the
matrix, Vec(W) is the R4T vector obtained by stack-
ing the columns of the matrix one on top of each
other, Col(W) is its column-space and Row(W) is
its row-space. In addition to the classical €, £
norm for vectors, we also use the trace (or nuclear
norm) ||W||, = trace((WW1)!/2), the Frobenius norm
IWlF = IWIZ )!/? and the £5 1-norm [|[W |2, =
Z?: 1 IIW1]l2. We denote by 0 the set of orthonor-
mal matrices. Finally, for any pair of matrices V and
W, V_L Row(W) denotes the orthogonality between the
spaces spanned by the two matrices.

3. Fitted Q-iteration in sparse MDPs

Depending on the regression algorithm employed at
each iteration, FQI can be designed to take advantage
of different characteristics of the functions at hand,
such as smoothness (¢»—regularization) and sparsity
(€1-regularization). In this section we consider the
standard high—dimensional regression scenario and we
study the performance of FQI under sparsity assump-
tions. Define the greedy policy w.r.t. a Q¥ function as
7k (x) = arg max, O (x, a). We start with the following
assumption.

Assumption 1. The linear approximation space F is
such that for any function f,« € F, the Bellman oper-
ator 7 can be expressed as

Tfk(x, a)

= R, @ + VB~ pjea | QW 7))

= Y(x. ) wf + yp(x, )T PE wk, 3)

where 7% is greedy w.r.t. Sk

The main consequence of this assumption is that the
image of the Bellman operator is contained in F, since
it can be computed as the product between features

Y(x, a) and a vector of weights wX and Pf;k w*. This
implies that after enough applications of the Bellman
operator, the function f,,+ = Q* will belong to F as a
combination ¥ (x, a)Tw*. The assumption encodes the
intuition that in the high—-dimensional feature space F
induced by ¥, the transition kernel P, and therefore the
system dynamics, can be expressed as a linear combina-

tion of the features using the matrix ng. This condition
is usually satisfied whenever the space Fis spanned by a
very large set of features that allows it to approximate a
wide range of different functions, including the reward

- . k.
and transition kernel. The matrix P$ is dependent on

the previous Q% approximation through the 7% policy,
and on the feature representation , since it effectively
encodes the operator || o Pdx|x, a) QK (x', 7* (x"))dx'.
Under this assumption, at each iteratign of FQI, there
exists a weight vector w* such that 70¥~! = £, and
an approximation of the target function f,« can be
obtained by solving an ordinary least-squares prob-
lem on the samples in Dﬁ. Unfortunately, it is well
known that OLS fails whenever the number of sam-
ples is not sufficient w.r.t. the number of features (i.e.,
d > n). For this reason, Asm. 1 is often joined together
with a sparsity assumption. Let J(w) ={i =1, ...,d :
w; # 0} be the set of s non-zero components of vector
w(ie., s = |J(w)|) and J°(w) be the complementary
set. In supervised learning, the LASSO is effective in
exploiting the sparsity assumption that s < d and dra-
matically reduces the sample complexity, so that the
squared prediction error of O(d/n) of OLS decreases to
O(slog d/n) for LASSO (under specific assumptions),
thus moving from a linear dependency on the number of
features to a linear dependency only on the features that
are actually useful in approximating the target function.
A detailed discussion about LASSO, its implementation
and theoretical guarantees can be found in [4] and [12].
In RL the idea of sparsity has been successfully inte-
grated into policy evaluation [9, 13, 15, 23] but rarely
in the full policy iteration. In value iteration, it can be
easily integrated in FQI by approximating the target
weight vector w through LASSO as?

2Notice that when performing linear regression, it is important to
include a constant feature to model the offset of the function. To avoid
regularizing this term in the optimization, we subtract its average from
the target of the regression, and then add it again when evaluating the
function. For this reason at iteration k we may also store a bias b\ € R
for each action. Once the algorithm terminates it returns the weights
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Nnx

1 2

~k . T k

w, = arg min — E D)W — Z; + Allw]|1.

a gwERdx Ny i=1 <¢(xz) Zz,a) lwlh
“4)

While this integration is technically simple, the con-
ditions on the MDP structure that imply sparsity in the
value functions are not fully understood. In fact, we
could simply assume that the optimal value function Q*
is sparse in F, with s non-zero weights, thus implying
that d — s features capture aspects of states and actions
that do not have any impact on the actual optimal value
function. Nonetheless, this would not provide any guar-
antee about the actual level of sparsity encountered by
FQI through iterations, where the target functions f,
may not be sparse at all. For this reason we need stronger
conditions on the structure of the MDP. In [6,11], it
has been observed that state features that do not affect
either immediate rewards or future rewards through the
transition kernel can be discarded without loss of infor-
mation about the value function. Thus, we introduce the
following assumption.’

Assumption 2. (Sparse MDPs). Given the set of states
S= {xi}?;l used in FQI, there exists a set J (set of
useful features) for MDP M, with |J]| = s < d, such
that for any i ¢ J, and any policy w

1
[P{;] =0, (5)
and there exists a function f, r = R such that J (wh)
cJ.

Assumption 2 implies that not only the reward func-
tions are all sparse, but also that the features that are
useless (i.e., features not in J) have no impact on the
dynamics of the system. Building on the previous inter-
pretation of Pf; as the linear representation of the transi-
tion kernel embedded in the high-dimensional space F,
we can see that the assumption corresponds to imposing
that the matrix Pf//’ has all its rows corresponding to fea-
tures outside of J set to 0. This in turn means that the
future state-action vector E[y/(x’, a')"] = W(x, a)TP$
depends only on the features in J. In the blackjack sce-
nario illustrated in the introduction, this assumption is
verified by features related to the history of the cards
played so far. In fact, if we consider an infinite number of

@,’f together with the bias bf , that can be used to determine the policy
in any state.

3Notice that this assumption can be interpreted as an explicit
sufficient condition for feature independency in the line of [11,
Equation 5], where a completely implicit assumption is formalized.
Furthermore, a similar assumption has been previously used in [10]
where the transition P is embedded in a RKHS.

decks, the feature indicating whether an ace has already
been played is not used in the definition of the reward
function and it is completely unrelated to the other fea-
tures and, thus it does not contribute to the optimal value
function. As an example of what constitutes a group of
similar tasks, we can consider the control of a humanoid
robot. Humanoid robots are equipped with a large num-
ber of sensors (both internal and external) and actuators
that allow them to perform a wide variety of tasks. In
tasks such as grasping objects, writing with a pen, tying
knots, and other manipulation tasks, the controller needs
to consider information about the surrounding environ-
ment and information relative to position, speed, and
acceleration of joints in robot upper-body. This means
that all the information coming from sensors positioned
in the legs of the robot can be ignored since they are not
relevant to accomplish such tasks. So, in the humanoid
robot context, manipulation tasks can be referred to as
a group of “similar” tasks since they share a subset of
features that are relevant for solving the different con-
trol problems. Although this may appear as an extreme
scenario, similar configurations may often happen in
robotic problems (or other domains where physical sys-
tems are considered) in which starting from the raw
reading of the sensors (e.g., position and speed), features
are built by taking polynomials of the basic state vari-
ables. In this situation, it is often the case that only few
polynomials are actually useful (e.g., the dynamics may
be linear in position and speed), while other polynomi-
als could be discarded without preventing the learning
of the optimal action-value function. Since such struc-
ture could be shared across multiple tasks, then the
shared-sparisty assumption would be verified and multi-
task approaches could be very effective. Two important
considerations on this Assumption can be derived by
a closer look to the sparsity pattern of the matrix P"Z.
Since the sparsity is required at the level of the rows, this
does not mean that the features that do not belong to J
have to be equal to O after each transition. Instead, their
value will be governed simply by the interaction with the
features in J. This means that the features outside of J
can vary from completely unnecessary features with no
dynamics, to features that are redundant to those in J to
describe the evolution of the system. Another important
point is the presence of linear dependency among the
non-zero rows in Pf;. Because it is often the case that
we do not have access to the pr’ matrix, it is possible
that in practice dependent features are introduced in the
high-dimensional setting. In this case we could select
only an independent subset of them to be included in J
and remove the remaining, but this can not be easily done
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in practice without full access to the model. For the rest
of the paper we assume for simplicity that the sparsity
pattern J is unique. As we will see later, the presence
of multiple possible Pf//’ matrices and sparsity patterns
J is not a problem for the regression algorithms that we
use, and we will provide a longer discussion after intro-
ducing more results on sparse regression in Remark 2 of
Theorem 1. Assumption 2, together with Asm. 1, leads
to the following lemma.

Lemma 1. Under Assumptions 1 and 2, the application
of the Bellman operator T to any function f,, € F, pro-
duces a function f,y = Tfy, € F such that J(w') C J.

Proof. As stated in Assumption 1, Fis closed under the
Bellman operator 7, i.e., f, € F = Tf, € F. We also
introduced the P*" matrix that represents the expected
transition kernel in the High-Dimensional space. Using
this assumption, we have that, given a vector wk, for all
x € Xthere exists a wt! such that

fur1(x, @) = Y(x, @) wht!
k

= y(x, ) w® + py(x, a) P w
= Ty

k . .
Clearly vector w**! = w® 4 PT w* satisfies this con-
dition. Under Assumption 2, we know that it exists
a set of useful features J. Moreover, the assumption

L . k .
implies that the rows of the matrix P$ corresponding
to features outside the J set are equal to 0. The product

Pf;k wk will therefore follow the same sparsity pattern

of J, irregardless of wk. This, in addition to the fact that
J(w®) C J, proves the lemma. O

The previous lemma guarantees that, at any itera-
tion k of FQI, the target function f,x = TO* ! has a
number of non-zero components |J (wk)| <s. We are
now ready to analyze the performance of LASSO-FQI
over iterations. In order to make the following result
easier to compare with the multi-task results in Sec-
tions 4 and 5, we analyze the accuracy of LASSO-FQI
averaged over multiple tasks (which are solved indepen-
dently). For this reason we consider that the previous
assumptions extend to all the MDPs {/\/l,}tT=1 with a
set of useful features J; such that |J;| = s; and average
sparsity 5 = (>, s¢)/ T. The quality of the action-value
function learned after K iterations is evaluated by
computing the corresponding greedy policy 7K (x) =
argmax, QX (x, a) and comparing its performance to
the optimal policy. In particular, the performance loss is
measured w.r.t. a target distribution u € P(X x A). To
provide performance guarantees we have first to intro-

duce an assumption used in [3] to derive theoretical
guarantees for LASSO.

Assumption 3. (Restricted Eigenvalues (RE)). For any
s € [d], there exists «(s) € RT such that:

min{ [PAll,
NI

< s 1Al =3 1As1L } > Kk(s), (6)

- A € RN\{0},

where n is the number of samples, and J¢ denotes the
complement of the set of indices J.

Theorem 1. (LASSO-FQU). Let the tasks {M,}_, and
the function space F satisfy assumptions 1, 2 and 3 with
average sparsity 5= _,s;/T and features bounded
sup, [1¢(x)|l2 < L. If LASSO-FQI (Algorithm I with
Equation 4) is run independently on all T tasks for K
iterations with a regularizer . = 8 Qmax %, for any
numerical constant 8 > 8, then, with probability at least
(1 — 24" /KT “the performance loss is bounded as

1 T
>3
t=1

1 Q% L*5logd
<0 max + K H2 ,
- <<1—V>“ lfci‘mn@ w7 O

2

nK
07 — 0" (7)

2,p

where Kunin(5) = min; k(sy).

Remark 1 (concentrability terms). Unlike similar
analyses for FQI (see e.g., [21]), no concentrability
term appears in the previous bound. This is possible
because at each iteration LASSO provides strong guar-
antees about the accuracy in approximating the weight
vector of the target function by bounding the error
||wf — ﬁ)ﬂ |2. This, together with the boundedness of
the features ||¢(x)||2 < L, provides an £ ,-norm bound
on the prediction error || fwf — f@f [|2,00 Which allows
for removing the concentrability terms relative to the
propagation of the error.

Remark 2 (assumptions). Intuitively, Assumption 3
gives us a weak constraint on the representation capa-
bility of the data. In an OLS approach, the rank of
the matrix ®'® is required to be strictly greater than
0. This can be expressed also as |®Al, /[|All, > 0,
because the minimum quantity that this expression can
take is equal to the smallest singular value of ®. In
a LASSO setting, the number of features d is usually
much larger than the number of samples, and the matrix
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@' ® is often not full rank. The RE Assumption forces
a much weaker restriction focusing on a condition on
|®PAll,/IIAs]l2, where in the denominator the norm
||A ]| only focuses on the components of A in the set
J. This vector is composed only by the non-zero groups
of variable, and intuitively this norm will be larger than
the smallest eigenvalue of the part of the matrix &
related to the non-zero groups. k(s) is therefore a lower
bound on the capability of the matrix ® to represent a
solution not for the full OLS problem, but only for the
sparse subspace that truly supports the target function.
A number of sufficient conditions are provided in [29],
among them one of the most common, although much
stronger than the RE, is the Restricted Isometry Condi-
tion. Assumptions 1 and 2 are specific to our setting and
may provide a significant constraint on the set of MDPs
of interest. Assumption 1 is introduced to give a more
explicit interpretation for the notion of sparse MDPs.
In fact, without Assumption 1, the bound in Equation 7
would have an additional approximation error term sim-
ilar to standard approximate value iteration results (see
e.g., [21]). Assumption 2 is a potentially very loose suf-
ficient condition to guarantee that the target functions
encountered over the iterations of LASSO-FQI have a
minimum level of sparsity. More formally, the neces-
sary condition needed for Thm. 1 is that for any £ < K,
the weight wht! corresponding to fwf“ = wa/; (.e.,
the target function at iteration k) is such that there
exists s < d such that maxye[x] max;c[r) sf < s where
sf =|J (wﬁ<+1 )|. Such condition can be obtained under
much less restrictive assumptions than Assumption 2 at
the cost of a much lower level of interpretability (see
e.g., [11]). Without this necessary condition, we may
expect that, even with sparse Oy, LASSO-FQI may
generate through iterations some regression problems
with little to no sparsity, thus compromising the per-
formance of the overall process. Nonetheless, we recall
that LASSO is proved to return approximations which
are as sparse as the target function. As a result, to guar-
antee that LASSO-F QI is able to take advantage of the
sparsity of the problem, it may be enough to state a
milder assumption that guarantees that 7never reduces
the level of sparsity of a function below a certain thresh-
old and that the O} functions are sparse. As discussed in
the definition of Assumption 2, we decided to consider
J (wf) to be unique for each task. This is not guaranteed

to hold when the rows of the matrix Pg * that are in J are
not linearly independent. Nonetheless, if we consider
that at each step the new weight vector w**! is chosen
to be sparse, we see that LASSO will naturally disregard

linearly correlated lines in order to produce a sparser
solution. On the other hand, not all sparsity patterns can
be recovered from the actual samples that we use for
regression. In particular, we can only recover patterns
for which Assumption 3 holds. Therefore the LASSO
guarantees hold for the sparsity pattern J(w**!) such
that the ratio | J(w**1)|/k*(J(w**1))is most favorable,
while the patterns that do not satisfy Assumption 3 have
a 0 denominator and are automatically excluded from
the comparison. Finally, we point-out that even if “use-
less” features (i.e., features that are not used in Q) do
not satisfy Equation 5 and are somehow correlated with
other (useless) features, yet their weights would be dis-
counted by y at each iteration (since not “reinforced” by
the reward function). As a result, over iterations the tar-
get functions would become “approximately” as sparse
as Q7 and this, together with a more refined analysis of
the propagation error as in [8], would possibly return
a result similar to Thm. 1. We leave for future work
a more thorough investigation of the extent to which
these assumptions can be relaxed.

Proof. We recall from Asm. 1 and Lemma 1, that at
each iteration k and for each task ¢, samples zﬁ . can
be written as

G = Sk (i @) + N as = [@IwE, + 1k
where wX € R is the vector that contains the weight
representing exactly the next value function for each
task. With this reformulation we made explicit the fact
that the samples are obtained as random observations
of linear functions evaluated on the set of points in
{Si}ierr). Thus we can directly apply the following
proposition.

Proposition 1 [3]. For any task t € [T], any action
a € A and any iteration k < K, let w];,, be sparse
such that |J(wg ;)| < sf and satisfy Assumption 3 with

Kf = /c(sf). Then if Equation 4 is run independently on

logd
=, for

all T tasks with a regularizer A = §Qmax

any numerical constant § > 2\/5, then with probabil-

_ d1—282/8

ity at least 1 , the function fr« computed in
a,t

Equation 4 has an error bounded as

2 2568202 sKlogd
k ~k max °t

In order to prove the final theorem we need to adjust
previous results from [21] to consider how this error
is propagated through iterations. We begin by recalling
the intermediate result from [21] about the propagation
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of error through iterations adapted to the case of action-
value functions. For any policy 7, given the right-linear
operator PT : B(X x A) — B(X x A)

(P O)(x, a)=/Pz(y|x, )y w(blx)Q(y, b),
Y b

we have that after K iterations for each task ¢t € [T]

K—H)

K 2(1—
;-0 1< A= {ZakA,uet

+agAx|QF — Q?|],

with
K—k—1
%, for0 <k < K,
oy =
(11_;/,?1, , fork =K

1—y K _
A,sz(I—yPlH’) !

x {(Pf’*)K‘MP P 1...P,”;{H],
Ak = yE
x {(P,”;F)K“ P ...P,’ﬂ .
and with the state-action error sf(y, b) = @k(y, b) —

T,Qk_l( y, b) measuring the approximation error of
action value functions at each iteration. We bound the
error in any state y € X and for any action b € A as

e (v, bl = |, (3, D) = [ (y, b)l
= ¢ wh, — ()W, |

< llpW)ll2llw) , —

k
=< L“wb,[_

a\)h,[HZ
~k
wb7[||21

We notice that the operators Ay, once applied to a
function in a state-action pair (x, a), are well-defined
distributions over states and actions and thus we can
rewrite the previous expression as

K
T
107 — O:" |

_ K+l
A e )

(1-yp?

K—1
Kok
[ E ok AL max Nwp,, — w2 + 20k Ak Qmax‘|
k=0

- yE+h
(1—yp)?

K—1
lz agL ml?x ||w§,t - w];,t||2 + 20k Qmax] . 9
k=0

Taking the average value, and introducing the bound
in Proposition 1 we have that

7K 2 2
- {21/(1 —VKH)}
P e

1T
T2

=1
K—1 T k
1 sy logd
22 2
[ZakL Qmaxfzk4(;k) - +2aKQmax].
k=0 t=1 ¢

holds. Since from Lemma 1, sﬂ‘ < |J;| = s; for any iter-
ation k, this proves the statement. O

o -0

4. Group-LASSO fitted Q-iteration

After introducing the concept of MDP sparsity in
Section 3, we now move to the multi-task scenario and
we study the setting where there exists a suitable repre-
sentation (i.e., set of features) under which all the tasks
can be solved using roughly the same set of features,
the so-called shared sparsity assumption. We consider
that assumptions 1 and 2 hold for all the tasks ¢ € [T],
such that each MDP M; is characterized by a set J;
such that | J;| = s5,. We denote by J = UL, J; the union
of all the useful features across all the tasks and we state
the following assumption.

Assumption 4. We assume that the joint useful features
across all the tasks are such that |J| =5 < d.

This assumption implies that the set of features “use-
ful” for at least one of the tasks is relatively small
compared to d. As aresult, we have the following result.

Lemma 2. Under Assumptions 2 and 4, at any iteration
k, the target weight matrix W* € R¥T s such that
J(Wky <5, where J(W) = UL J([W*],).
Proof. By Lemma 1, we have that for any task
t, at any iteration k, J([Wk],) C J;, thus J(Wk) =
UtTZ] J ([Wk],) C J and the statement follows. O
Finally, we notice that in general the number of
jointly non-zero components cannot be smaller than
in each task individually as max;s; <3 <d. In the
following we introduce a multi-task extension of FQI
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where the samples coming from all the tasks contribute
to take advantage of the shared sparsity assumption to
reduce the sample complexity and improve the average
performance.

4.1. The algorithm

In order to exploit the similarity across tasks stated
in Asm. 4, we resort to the Group LASSO (GL) algo-
rithm [12, 20], which defines a joint optimization
problem over all the tasks. GL is based on the observa-
tion that, given the weight matrix W € R?*T | the norm
W, measures the level of shared-sparsity across
tasks. In fact, in || W||, | the £2-norm measures the “rel-
evance” of feature i across tasks, while the £{-norm
“counts” the total number of relevant features, which we
expect to be small in agreement with Asm. 4. In Fig. 1
we provide a visualization on the case when | W], ; is
small and large. Building on this intuition, we define the
GL-FQI algorithm in which, using the notation intro-
duced in Section 2.2, the optimization problem solved
by GL at each iteration for each action a € A is

2
LWl (10)

k
Za,t — CD;wa,,

T
. .
W, =arg n‘)l‘}:l z; ‘
Further details on the implementation of GL-FQI
are reported in [5].

4.2. Theoretical analysis

The multi-task regularized approach of GL-FQI
is designed to take advantage of the shared-sparsity
assumption at each iteration and in this section we show
that this may lead to reduce the sample complexity w.r.t.
using LASSO in FQI for each task separately. Before
reporting the analysis of GL-FQI, we need to introduce
a technical assumption defined in [20] for GL.

Assumption 5 (Multi-Task Restricted Eigenvalues).
For any s € [d], there exists «(s) € R™ such that:

1 Vee(A)]l, ol
— = A eR 0}, 11
n{ﬁ Vee(apl, - & € MY (v

[ < s, 1Al <31 Azl2 } > «k(s),

where 7 is the number of samples, J¢ denotes the com-
plement of the set of indices J, and & indicates the
block diagonal matrix composed by the union of the T
sample matrices ®;.

This assumption provides us with similar guarantees
as Prop. 1.

Proposition 2 [20]. For any action a € A and any iter-
ation k < K, let Wé‘ be sparse such that |J(W§)| <
$¢ and satisfy Assumption 5 with ik = i(2s*). Then
if Equation [I0] is rlun with a regularizer ) =
3.5\ 2

Lﬁ‘ (1 + W) , for any numerical constant
8 > 0, then with probability (1 — log(d)"s), the func-
tion f@’j . computed in Equation4 has an error bounded
as

2
2

1 d k w7k
T;H[Wa]t—[wa],

1 k ik 2
== HVec(Wa) — Vec(Wh) ‘2
- 160L2 Q% 5 . (log d)3/>+3

K (25) n JT '
Td

Similar to Theorem 1 we evaluate the performance of
GL-F QI as the performance loss of the returned policy
w.r.t. the optimal policy and we obtain the following
performance guarantee. The proof is similar to Thm. 1,
using Prop. 2 instead of 1.

Theorem 2 (GL-FQI). Let the tasks {M,}"_, and the

Sfunction space F satisfy assumptions 1, 2, 4, and 5 with

Jjoint sparsity § and features bounded sup, ||¢(x)||2 <

L. If GL-FQI (Algorithm 1 with Equation 10) is run

jointly on all T tasks for K iterations with a regular-
1

s ok
) 38\ 2 .
izer A = L\%l;" 1+ (k’g\‘% , for any numerical

constant § > 0, then with probability at least

41/log(2d)[64 log?(12d) + 1]/ _

_ _ -3
1-K Gogd) ~ 1 — Klog(d)™®,
the performance loss is bounded as
T 2
1 K
13 o - )
=1 2,u

212 3248
-0 1 L7 Qhax 3 1+ (logd)
T\ =yt [ K25 n JT
+yK Qﬁm] ) :
Remark 1 (comparison with LASSO-FQI). We first

compare the performance of GL-FQI to single-task FQI
with LASSO regularization at each iteration. Ignoring
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all the terms in common with the two methods, con-
stants, and logarithmic factors, we can summarize their
bounds as

GL-FQI : 6(%(1 + lff;)),

LASSO-FQI : @(ﬂ;g d),

where 3 =1/T ), 5; is the average sparsity. The first
interesting aspect of the bound of GL-FQI is the
role played by the number of tasks 7. In LASSO-
FQI the “cost” of discovering the s; useful features
is a factor logd, while GL-FQI has a factor 1+
log(d)/ /T, which decreases with the number of tasks.
This illustrates the advantage of the multi—task learn-
ing dimension of GL-FQI, where all the samples of all
tasks actually contribute to discovering useful features,
so that the more the number of features, the smaller
the cost. In the limit, we notice that when 7 — o0,
the bound for GL-F QI does not depend on the dimen-
sionality of the problem anymore. The other aspect of
the bound that should be taken into consideration is
the difference between 5 and 3. In fact, if the shared-
sparsity assumption does not hold, we can construct
cases where the number of non-zero features s; is very
small for each task, but the union J = U, J; is still a
full set, so that § &~ d. In this case, GL-FQI cannot
leverage on the shared sparsity across tasks and it may
perform significantly worse than LASSO-FQI. This is
the well-known negative transfer effect that happens
whenever the wrong assumption over tasks is enforced
thus worsening the single-task learning performance.

Remark 2 (assumptions). Assumption 5 is a rather
standard (technical) assumption in Group-LASSO and
RL and it is discussed in detail in the respective litera-
ture. The shared sparsity assumption (Assumption 4) is
at the basis of the idea of the joint optimization defined
in GL-FQL

5. Feature learning fitted Q—iteration

Unlike other properties such as smoothness, the spar-
sity of a function is intrinsically related to the specific
representation used to approximate it (i.e., the func-
tion space F). While Assumption 2 guarantees that F
induces sparsity for each task independently, Assump-
tion 4 requires that all the tasks share the same useful
features in the given representation. As discussed in
Rem. 1, whenever this is not the case, GL-FQI may be

affected by negative transfer and perform worse than
LASSO-FQI. In this section we further investigate an
alternative notion of sparsity in MDPs and we intro-
duce the Feature Learning fitted Q-iteration (FL-FQI)
algorithm, and derive finite—sample bounds.

5.1. Sparse representations and low rank
approximation

Since the poor performance of GL-FQI may be due
to arepresentation (i.e., definition of the features) which
does notlead to similar tasks, it is natural to ask the ques-
tion whether there exists an alternative representation
(i.e., adifferent set of features) that induces a high-level
of shared sparsity. Let as assume that there exists a lin-
ear space F* defined by features ¢* such that the weight
matrix of the optimal Q-functions is A* € RY*T such
that J(A*) = s* < d./As shown in Lemma 2, together
with Assumptions 2 and 4, this guarantees that at any
iteration J(AX) < s*. Given the set of states {S,}IT:1 , let
® and ®* be the feature matrices obtained by evaluating
¢ and ¢* on the states. We assume that there exists a lin-
ear transformation of the features of F* to the features
of F such that &= &*U with U € R%*% _1In this set-
ting, at each iteration k and for each task ¢, the samples
used to define the regression problem can be formu-
lated as noisy observations of <I>*A’; for any action a.
Together with the transformation U, this implies that
there exists a weight matrix W defined in the original
space F such that ®*AX = @*UU~1 Ak = WK with
WK =U~1Ak Tt is clear that, although A¥ is indeed
sparse, any attempt to learn Wé‘ using GL would fail,
since W"j may have a very low level of sparsity. On
the other hand, an algorithm able to learn a suitable
transformation U, it may be able to recover the represen-
tation ®* (and the corresponding space F*) and exploit
the high level of sparsity of A’;. This additional step of
representation or feature learning introduces additional
complexity, but allows to relax the strict assumption
on the joint sparsity 5. In particular, we are interested
in the special case when the feature transformation is
obtained using an orthogonal matrix U. Our assumption
is formulated as follows.

Assumption 6. There exists an orthogonal matrix U €
0! (the block matrix obtained by having transforma-
tion matrices U, € 0% for each action a € A on the
diagonal) such that the weight matrix A* obtained as
a transformation of W* (i.e., A* = U~!W*) is jointly
sparse, i.e., has a set of “useful” features J(A*) =
UL | J([A*],) with [J(A%)| = s* < d.
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Coherently with this assumption, we adapt the multi-
task feature learning (MTFL) problem defined in [1]
and at each iteration k for any action a we solve the
optimization problem
(UL, A = (13)

a

T
. k 2
arg min E Zg, — ©UalAdell” + 2| All21 -
U, 04, A eRIXT —|

In order to better characterize the solution to this
optimization problem, we study more in detail the
relationship between A* and W* and analyze the two
directions of the equality A* = U~!W*. When A* has
s* non-zero rows, then any orthonormal transforma-
tion W* will have at most rank r* = s*. This suggests
that instead of solving the joint optimization problem in
Equation 13 and explicitly recover the transformation
U, we may directly try to solve for low-rank weight
matrices W. Then we need to show that a low-rank W*
does indeed imply the existence of a transformation to
a jointly-sparse matrix A*. Assume W* has low rank
r*. It is then possible to perform a standard singular
value decomposition W* = UXV = UA*. Because X
is diagonal with r* non-zero entries, A* will have r*
non-zero rows. It is important to notice that A* will
not be an arbitrary matrix, but since it is the product of
an orthonormal matrix with a diagonal matrix, it will
have exactly r* orthogonal rows. Although this con-
struction shows that a low-rank matrix W* may imply
a sparse matrix A*, the constraint coming from the
SVD argument and the fact that A* has orthogonal rows
may prevent from finding the representation that indeed
leads to the most sparse matrix (i.e., the matrix recov-
ered from the SVD decomposition of a low-rank W
may lead to a matrix A which is not as sparse as the A*
defined in Assumption 6). Fortunately, we can show that
this is not the case by construction. Assume that start-
ing from W* an arbitrary algorithm produces a sparse
matrix A’ = U~'W*, with sparsity s’. Again, given
a SVD decomposition A’ = U'Y'V' = U’ A”. Because
the rank r’ of matrix A’ is surely equal or smaller than
s’, we have that by construction A” is an orthogonal
matrix with at most s’ non-zero rows. Finally, since
A" =U'"'A = U~ U~ 'W#, and since U'T'U! s
still an orthonormal transformation; it is always pos-
sible to construct an orthogonal sparse matrix A* that
is not less sparse than any non-orthogonal alternatives.
Based on such observations, it is possible to derive the
following equivalence (the proof is mostly based on the
results from [1] and it is available in full detail in [5]).

Proposition 3. Given A, W € R¥*T U € 0%, the fol-
lowing equality holds

T
%igz;||2’;,, — O Ua[Aali|* + 2 Al
=
T
=min} [1Zg, = AWl AW (14)

t=1

The relationship between the optimal solutions is W* =
UA*.

In words the previous proposition states the equiv-
alence between solving a feature learning version of
GL and solving a nuclear norm (or trace norm) regular-
ized problem. This penalty is equivalent to an £;-norm
penalty on the singular values of the W matrix, thus
forcing W to have low rank.

This is motivated by the fact that if there exists a
representation F* in which A* is jointly sparse and that
can be obtained by transformation of , then the rank of
the matrix W* = U~! A* corresponds to the number of
non-zerorows in A*, i.e., the number of useful features.
Notice that assuming that W* has low rank can be also
interpreted as the fact that either the task weights [W*]¥
(the columns of W*) or the features weights [W*]’ (the
rows of W*) are linearly correlated. In the first case, it
means that there is a small dictionary, or basis, of core
tasks that is able to reproduce all the other tasks as a
linear combination. As a result, Assumption 6 can be
reformulated as Rank(W*) = s*. Building on this intu-
ition we define the FL-FQI algorithm that is identical
to the GL-FQI except for the optimization problem,
which is now replaced by Equation [14].

5.2. Theoretical analysis

Our aim is to obtain a bound similar to Theorem 2 for
the new FL-FQI Algorithm. We begin by introducing
a slightly stronger assumption on the data available for
regression.

Assumption 7 (Restricted Strong Convexity). Under
Assumption 6, let W* = UDVT be a singular value
decomposition of the optimal matrix W* of rank
s*, and Us*, V5" the submatrices associated with
the top r singular values. Define B = {A € R¥*T :
Row(A) LU’ and Col(A)J_VS*}, and the projection
operator onto this set I1g. There exists a positive con-
stant « such that
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1P Vee(MI3 |\ _ paxt

-2 . , 15
2nT || Vec(A)||3 (15)

[Tp(M1 < 3A = TIp(A)l1 p =«

The RSC assumption plays a central role in recent
developements in high-dimensional statistics in regres-
sion, matrix completion and compressed sensing [22].
The corresponding proposition is

Lemma 3. For any action a € A and any iteration
k < K, let W[]f satisfy Assumption 6 with Rank(WCIf) <
s*, Assumption 7 with k and T > O(logn). Then if
Equation 14 is run with a regularizer A\ >

2LQmax@ for any numerical constant § > 0
and the noise is symmetric*, then there exists con-

stants ¢1 and cy such that with probability at least

1 — cyexp{ca(d + T)} the function fr« computed in
a,t

Equation 4 has an error bounded as

1 & 2
k ok
T ;_1 H[Wa]z—[Wa]z )

40481202 .r(d +T)
Ti’n

‘We can now derive the main result of this section.

| PN
=2 IW =W <

Theorem 3 (FL-FQI). Let the tasks {M,}IT: | and the
function space F satisfy assumptions 1, 2, 6, and 7 with
s* = Rank(W?*), features bounded sup, ||¢(x)||» < L
and T > O(logn). If FL-F QI (Algorithm 1 with Equa-
tion 13) is run jointly on all T tasks for K iterations with

d+T
n

stants c1 and ¢ such that with probability at least (1 —
c1 exp{ca(d + HX, the performance loss is bounded
as

a regularizer .. > 2L Qmax , then there exist con-

1
T2

t=1
1 [Q2L*s* d )

max ~ (1 “a .

<o [P (1 7))

“4The requirement on the noise to be drawn from a symmetric dis-
tribution can be easily relaxed but the cost of a much more complicated
proof. In fact, with an asymmetric noise, the truncation argument used
in the proof of Lemma 3 would introduce a bias. Nonetheless, this
would only translate in higher order terms in the bound and they would
not change the overall dependency on the critical terms.

2

K
T
Q;k_ tr

2.p

Remark 1 (comparison with GL-F QI). From the pre-
vious bound, we notice that FL-FQI does not directly
depend on the shared sparsity 3 of W* but on its rank,
that is the value s* of the most jointly-sparse repre-
sentation that can be obtained through an orthogonal
transformation U of the given features X. As com-
mented in the previous section, whenever tasks are
somehow linearly dependent, even if the weight matrix
W* is dense and 3 &~ d, the rank s* may be much
smaller than d, thus guaranteeing a-dramatic perfor-
mance improvement over GL-FQI. On the other hand,
learning a new representation comes at the cost of
increasing the dependency on d. In fact, the factor
1 4 log(d)/~/T in GL-FQI, becomes 1 + d/ T, imply-
ing that many more tasks are needed for FL-FQI
to construct a suitable representation (i.e., compute
weights with low rank). This is not surprising since
we added a d x d matrix U in the optimization prob-
lem and a larger number of parameters needs to be
learned. As a result, although significantly reduced by
the use of trace-norm instead of £, |-regularization, the
negative transfer is not completely removed. In partic-
ular, the introduction of new tasks, that are not linear
combinations of the previous tasks, may again increase
the rank s*, corresponding to the fact that no alterna-
tive jointly-sparse representation can be constructed.
Another way to interpret this is by imagining a small
set of fundamental tasks. For example, recalling the
humanoid robot case mentioned in Section 3, let us
consider the basic tasks of grasping, picking up, and
throwing. If, starting from the features that we pro-
vide; it is possible to extract a concise description of
the optimal value function (e.g. in the rotated feature
space) for all of these basic tasks and more complex
tasks have optimal value functions that can be well
approximated by a linear combination of the solutions
to the basic tasks, then samples collected from the lat-
ter can be effectively reused to learn solutions to the
former.

Remark 2 (assumptions). Assumption 7 is directly
obtained from [22]. Intuitively, the top s* singular val-
ues play the role of the non-zero groups, the space B is
perpendicular to the non-zero part of the column space
and row space (i.e., the submatrix of ® with positive
in RE). Then the residual A — T1g(A) (thatis parallel to
the space spanned by the top s* singular values because
is perpendicular to B) must be greater than the pro-
jection. This is similar to [[A e, 1 < 3 |Ayllp,; where
we have spaces parallel and perpendicular to the top r
subspace instead of group J and its complement.
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6. Experiments

We investigate the empirical performance of GL-
FQI, and FL-FQI and compare their results to
single-task LASSO-FQI. First in Section 6.1 we report
a detailed analysis in the chain walk domain, while in
Section 6.2 we consider a more challenging blackjack
domain.

6.1. Chain walk

In the chain walk domain, the agent is placed on a
line and needs to reach a goal from a given starting
position. The chain is a continuous interval with range
[0, 8], and the goal can be situated at any point in the
interval [2, 6]. The agent has 2 actions at her disposal,
aj and ay, that correspond to a step in each direction.
When choosing action a; the state of the environment,
represented by the agent’s position, transitions from x
to x' = x + 1 + € (respectively x’ = x — 1 + € for ap),
with € a Gaussian noise. Given a goal g = y, the agent
receives a reward O for every step, and a reward 1 when
the future state x’ is close to g, according to the formula
X —yl <0.5.

We generate T tasks by randomly selecting a posi-
tion for the goal from U(2, 6), and we randomly select
n = 30 samples for each task, starting from random
positions and taking a random action. We force the
inclusion of at least two transitions with reward equal
to 1 to characterize each task. The average regret, eval-
uated by taking a set of random points {x,-}f\; , and
simulating many trajectories following the proposed
policy and the optimal policy, is computed as:

041 GL-FQI

— Lasso-FQlI
random

03[

0.0 2.0 4.0 6.0 80 9.0 100 11.0
log2(d)
T=3

K

EPINNLIINE

=1"" =l j=0

— Ent{iyjrﬂxo :xiH. (16)

j=0

We define two experiments to test GL-FQI and
FL-FQI. In both cases, the chain is soft-discretized
by defining 17 evenly spaced radial basis functions
M(x;, 0.05) on [0, 8]. To these 17 informative dimen-
sions, we added noisy features U(—0.25, 0.25), for
a total d € 17, ...,2048. In the first experiment, the
features are inherently sparse; because the noisy dimen-
sions are uncorrelated with the tasks. Since s = 17 < d
we expect a clear advantage of GL-FQI over LASSO.
The averages and confidence intervals for regret are
plotted in Figure 2. As expected, the GL-FQI solution
outperforms: LASSO-FQI when the number of tasks
increases. In particular we can see that when 7 = 10,
the term log(d) /+/T remains small and the performance
of GL-FQI remains stable.

In the second experiment, we introduced a rotation
in the features, by randomly generating an orthonor-
mal matrix U. This rotation combines the RBFs and
the noise, and § grows, although the rank s* remains
small. Results are reported in Fig. 3, where, as expected,
the low rank approximation found by FL-FQI is able
to solve the tasks much better than GL-FQI, which
assumes joint sparsity. Moreover, we can see that the
stability to the number of noisy dimensions grows when
T increases, but not as much as in the first experiment.

04—aLral

— Lasso-FQl
random

031

o . . . R
0.0 2.0 4.0 6.0 80 9.0 100 11.0
log2(d)

T=10

Fig. 2. Results of the first experiment in the chain walk domain comparing GL-FQI and LASSO-FQI. On the y axis we have the average regret
computed according to Equation (16). On the x axis we have the total number of dimensions d, including noise dimensions, on a logarithmic
scale. For each graph, T corresponds to the number of tasks learned at the same time in the experiment.
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04d—GL-Fal
— FL-FQl
random

0.0 2.0 40 50 60 70 80 90
log2(d)

T =100

041—GL-Fal
— FL-FQI
random

0.0 20 40 50 60 .70 80 90
log2(d)

T =200

Fig. 3. Results of the second experiment in the chain walk domain comparing GL-FQI and FL-FQI. On the y axis we have the average regret
computed according to Equation (16). On the x axis we have the total number of dimensions d, including noise dimensions, on a logarithmic
scale. For each graph, T corresponds to the number of tasks learned at the same time in the experiment.

6.2. Black jack

We consider two variants of the more challeng-
ing blackjack domain. In both variants the player can
choose to hit to obtain a new card or stay to end the
episode, while the two settings differ in the possibility
of performing a double (doubling the bet) on the first
turn. We refer to the variant with the double option as
the full variant, while the other is the reduced variant.
After the player concludes the episode, the dealer hits
until a fixed threshold is reached or exceeded. Different
tasks can be defined depending on several parameters
of the game, such as the number of decks, the threshold
at which the dealer stays and whether she hits when the
threshold is reached exactly with a soft hand.

Full variant experiment. In the first experiment we
consider the full variant of the game. The tasks are gen-
erated by selecting 2, 4, 6, 8 decks, by setting the stay
threshold at {16, 17} and whether the dealer hits on soft,
for a total of 16 tasks. We define a very rich description
of the state space with the objective of satisfying Asm. 1.
At the same time this is likely to come with a large
number of useless features, which makes it suitable for
sparsification. In particular, we include the player hand
value, indicator functions for each possible player hand
value and dealer hand value, and a large description
of the cards not dealt yet (corresponding to the his-
tory of the game), under the form of indicator functions
for various ranges. In total, the representation contains
d = 212 features. We notice that although none of the
features is completely useless (according to the defini-
tion in Asm. 2), the features related with the history of

the game are unlikely to be very useful for most of the
tasks defined in this experiment. We collect samples
from up to 5000 episodes, although they may not be
representative enough given the large state space of all
possible histories that the player can encounter and the
high stochasticity of the game. The evaluation is per-
formed by simulating the learned policy for 2,000,000
episodes and computing the average House Edge (HE)
across tasks. For each algorithm we report the perfor-
mance for the best regularization parameter A in the
range {2, 5, 10, 20, 50}. Results are reported in Fig. 4a.
Although the set of features is quite large, we notice
that all the algorithms succeed in learning a good pol-
icy even with relatively few samples, showing that all of
them can take advantage of the sparsity of the represen-
tation. In particular, GL-F QI exploits the fact that all 16
tasks share the same useless features (although the set
of useful feature may not overlap entirely) and its per-
formance is the best. On the other hand, FL-F QI suffers
from the increased complexity of representation learn-
ing, which in this case does not lead to any benefit since
the initial representation is already sparse. Nonetheless,
it is interesting to note that the performance of FL-FQI
is comparable to single-task LASSO-FQI.

Reduced variant experiment. In the second experi-
ment we construct a representation for which we expect
the weight matrix to be dense. In particular, we only
consider the value of the player’s hand and of the
dealer’s hand and we generate features as the Carte-
sian product of these two discrete variables plus a
feature indicating whether the hand is soft, for a total of
280 features. Similar to the previous setting, the tasks
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— GL-FQI
— FL-FQlI
Lasso-FQl

-0.04

-0.06

HE

-0.081

-0.17,

1000.0 2000.0 3000.0 4000.0 5000.0
n

(a) Full variant of blackjack

— GL-FQI
— FL-FQlI
Lasso-FQl

0.1

100.0 300.0 500.0 700.0 900.0 1100.0
n

(b) Reduced variant of blackjack

Fig. 4. Results of the experiment comparing FL-FQI, GL-FQI and
LASSO-FQI. On the y axis we have the average house edge (HE)
computed across tasks. On the x axis we have the total number of
episodes used for training.

are generated with 2, 4, 6, 8 decks, whether the dealer
hits on soft, and a larger number of stay thresholds in
{15, 16, 17, 18}, for a total of 32 tasks. We used regu-
larizers in the range {0.1, 1, 2, 5, 10}. Since the history
is not included, the different number of decks influ-
ences only the probability distribution of the totals.
Moreover, limiting the actions to either hit or stay fur-
ther increases the similarity among tasks. Therefore, we
expect to be able to find a dense, low-rank solution. The
results in Fig. 4b confirms this guess, with FL-F QI per-
forming significantly better than the other methods. In
addition, GL-F QI and LASSO-F QI perform similarly,
since the dense representation penalizes both single-
task and shared sparsity. This was also observed by the

fact that both methods favor low values of A, indicating
that the sparse-inducing penalties are not effective.

7. Conclusions

We studied the problem of multi-task reinforcement
learning under shared sparsity assumptions across the
tasks. GL-FQI extends the FQI algorithm by intro-
ducing a Group-LASSO step at-each iteration and it
leverages over the fact that all the tasks are expected to
share the same small set of useful features to improve
the performance of single-task learning. Whenever
the assumption is not valid, GL-FQI may perform
worse than LASSO-FQI. With FL-FQI we take a
step further and we learn a transformation of the given
representation that could guarantee a higher level of
shared sparsity. This also corresponds to find a low-
rank approximation and to identify a set of core tasks
that can be.used as a basis for learning all the other
tasks. While the theoretical guarantees derived for the
presented methods provide a solid argument for their
soundness, preliminary empirical results suggest that
they could be a useful alternative to single-task learning
in practice. Future work will be focused on providing
a better understanding and a relaxation of the theoreti-
cal assumptions and on studying alternative multi-task
regularization formulations such as in [31] and [14].
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