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CEN: Thomas Strohlein’s Endgame Tables, a 50™ Anniversary

Guy Haworth!
Reading, UK

We should not let February 2020 recede too far into the distance without celebrating the 50" anniversary
of Thomas Strohlein’s (1970) Ph.D. thesis, Research on Combinatorial Games, see Fig. 1. Previously,
Bellman (1965) had indicated that Dynamic Programming could be applied to endgames. Ingo Althofer
(2019) relates that the topic was proposed by F. L. Bauer after the backwards analysis of games and
puzzles had been mentioned to him in the Netherlands by two Dutch colleagues, Max Euwe and Wim
van der Poel (van den Herik, 2020).

The thesis considered perfect-information, win-loss games using the concepts and results of graph
theory and boolean matrices. The properties of winning and optimal strategies were then described.
After defining Graph Kernels, Stréhlein brought chess into scope and described the first realisation of a
retrograde algorithm to create endgame tables. In the last of nine chapters, results including correct
maximal depth figures? were presented for the five pawnless endgames KRk, KQk, KRkb, KRkn and
KQkr. While Bellman’s Dynamic Programming (1965) noted that optimal endgame play could be
defined, Strohlein’s computational graph-theory discovered, illustrated and analysed it.2

UNTERSUCHUNGEN ORER KOMBINATORISCHS SPIELE

Fig. 1. Richard Bellman, Thomas Stréhlein (CPW, 2020b) and the title page of Research on Combinatorial Games.

1 Communicating author: g.haworth@reading.ac.uk

2 TS’ figures in today’s depth-to-conversion notation ‘DTC’: KRk (maxDTC = 16 winner’s moves), KQk (10 moves), KRkb
(18m), KRkn (27m) and KQkr (31m). Computers can quickly prove that Kk, KBk and KNk feature no wins.

3 Bellman (1965) notes that two positions may be regarded as equivalent, P1~P> in the sense that one can move from either
to the other. However, the equivalence classes so defined do not quite correspond to all the positions of an endgame force.
There is, for example, no KNNK position that precedes or succeeds 8/8/8/8/8/1NN5/2K5/k7 b.



The actual computations were carried out in the period 1967-9 (Schmidt and Stréhlein, 1989, 1993).
These were the first years of a West German National Research Programme. They were also the last
years of the AEG-Telefunken TR4 computer at the ‘LRZ’ Leibniz Rechenzentrum, see Fig. 2 (Bauer,
2007; Bitsavers, 2007; CPW, 2020a/b; Sapper, 2020). Lest we forget, this computer’s 0.25MB of core
memory, 50 MB of disc, and speeds of 4.5/30us for fixed-point add/multiply represented leading edge
performance in Europe when it was installed for $2.5m in 1964.4

Fig. 2. 1964: The LRZ, Richard-Wagner-Strasse 18, and the AEG TR4 (Bauer, 2007)

Table 1. The thesis’ table on p62 — plus column six.

md=  ~comp. t/md p> t/(md*p)
# Endgame maxDTC timet secs. no.pos. msec.
1 KRk 16 9m 33.8 65,536 516
2 KQk 10 6.5m 39 65,536 595
3 KRkb 18 6h30m 1,296 4,194304 309
4  KRkn 27 14h 16m 1902 4194304 454
5 KQkr 31 29h9m 3384 4194304 808

Stréhlein’s computer model of chess simplified the code for practical reasons. The king was not mated
but captured after being surrounded like Richard Il1. This capture could also notionally be done by the
opposing king but that would have been captured first! ‘Capture depths’ on some print-outs were
therefore one more than dtc depths in today’s ‘DTC’ Depth to Conversion metric. With no pawns and
with castling considered unavailable as now, the squares al, a8, h8 and hl were rightly considered
equivalent. However, for simplicity of programming and of reading the output, the sides al1-a8 and al-
h1 were not, so Strohlein’s raw count of maxDTC positions is only slightly less than double the number
of distinct positions. White is the stronger side and the focus is on wins for White, mainly White to
move. The table on p62 of the thesis gives the correct maxDTC figures as in Table 1 here. Clearly, the
step up from 3-man to 4-man endgames was a major one and a considerable feat worth pondering.

4 Similarly, Cambridge University’s ~$5m 1965 TITAN ATLAS by 1968 sported 0.75MB core-store, 40MB disc and fixed-
point add/multiply times of 1.6/5.0us. $2.5m in 1964 ~ $21m in 2020, ‘top ten” petaflop money.



In addition to consulting the relevant KQk and KRk positions, the number of positions involved
exceeded the number of bits in memory so data had to be managed to and from disc. Thomas credits his
computer scientist wife, Ingeborg, with the finer points of the computing including the fast bit manipu-
lation in machine code. Some remarkably long computer runs were involved: the TR4 was notably more
reliable than its successor, the TR440 (Bauer, 2007, p102). KQkr later became the icon of non-trivial
endgames thanks in part to Thompson (Kopec, 1990) and Jansen (1992).
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Fig. 3. The KRkn and KQkr results, “TUM-INFO’ (1978) and Relations and Graphs (1989, 1993).

Consideration of the computer results continued after 1970 in association with Gunther Schmidt, ac-
knowledged in the thesis. The outputs for KRk and KRkb were photocopied and bound, see Fig. 3, and
further analysed in Stréhlein and Zagler (1978) which included, see Figs. 4 and 5:

1) pp 003-088: all KRk positions with an optimal move; ‘!’ indicates uniqueness,
2) pp 089-100: a list of KRk positions with dtc > 4 and a unique optimal winning line,
3) pp 101: a list of the maxDTC positions, i.e., with dtc = 16 moves,®
4) pp 105-202: a lexicographic list of all winning KRkb positions with dtc > 4.
A winning move is given: ‘*’ = ‘only winning move’ and ‘!’ =

= ‘uniquely optimal’.
Other work on relations, graphs and games (Schmidt, G. and Strohlein, T., 1985; Stréhlein, T., 1976;
Stréhlein, T. and Zagler, L., 1977) contributed to their definitive books on the subject (Schmidt and
Stréhlein, 1989, 1993). These include the broader applications of games, one of which — program
verification — is also relevant in the world of models and games.

5229 positions with dtc = 31 ply: 121 distinct, being 108 pairs ‘mirrored’ in al-h8 plus 13 exclusively on al-h8.



Thomas Stréhlein’s thesis and subsequent work has been an inspiration to later workers. We have since
enjoyed Ken Thompson’s sub-6-man ‘EGT’ endgame tables on CD (Tamplin, J.T. and Haworth, G.M.,
2001) and the Nalimov (2000) 6-man EGTs online (Bleicher, 2010). We now benefit from sub-8-man
results (de Man et al, 2018; Lomonosov, 2012) and look forward to 8-man EGTs. However, this pioneer-
ing work and thesis is where it all started and they deserve to be better known. Thomas himself
celebrated his ‘50" with his family and longtime friend and colleague Gunther Schmidt on Feb. 23,
2020, see Fig. 6.

Thomas Strohlein (2020) has made a generous contribution of original and immaculately conserved
material to the author’s EGT archive: this will afford further study. | also thank him for reviewing this
note. | welcome any offers of help for my halting and inadequate attempts to do justice to his thesis in
translation.

The e-version of this note (Haworth, 2020) provides supporting files including an archive on the TR4,
the thesis, some extracts from references cited in the thesis, various pgn and data files, and the 40"
anniversary celebration of LRZ in 2007.

T T STROEWLEINW & LRZ WUENCHEN 38.11.87 ]

a) p03 -
[T T W1AZ wTAS wrad w3 wrAh KTAY wTAl WTl1 wrl2 wrh3 CELL! 2 1%] HTES =TEY -TRE
mms EEEs T Tams sams spam e mawE e smEn Bamm wmnn i wmay semw LT LI
Eana EEEs 1Ta2 1Tad 1Th2 iTag iTap 1T 1642 1Ta2 iwk2 1RAZ lak? 1nkZ 1RAE 1HLE ERAZ
mums 1143 EEun 1TA3 17a3 1743 ATa3 174l ®TAZ1  PTRL 1Tad L AL LAy T #THY #TBL wTHL SRAL
- 11ad 144 Fmma 1 TA4 iTa4 ATaa 1Tha BEAZ: LLET] Hwk2 FRUE Y 1T ELLFaY PHAR THAR LLLT]
mmms 1Tws 1145 1THE L] 1745 1Tas 1148 L 34:F] #TH) BeBZ| %783 1745 #THY WTH1 #Thy SEAs
ms Llae 1The 1Twe 1TaE Ll 1The iTal Buk2 BuAP1  BgAZ By WrR3r 3TAA FTERD RTER SEah
e pTa? 1TAY 1 TAT RLE 1TAY LI PRl e LA LELE] HeF2 L BAAD LAl TY “7hy 1Ta? LBy §xay

b) p89 sStellungen mit eindeutiger Hauptvariante

FUECEFAHL 4

AdESA21TES  AqAaBRZiTHE A4ATARgTHT? A4ABAZTHE AdBLaTrKa®  AARQATIKLT  seP3A7 WAL AABAATpHAS  RgdnATERAS  ERGATIRED
AAEIET MBS A4CQE7WBS  RACIBT(MES  A4CaB2gKBg  AACARTERAS  AAFSER (KR4 R4CSR7 MBS AdCeBJ KB4 A4CTHI RAE  AECBEZAoA
AL TEY  GAESRZTITES  GAEEaR|Tee  uAETAZaTET  ACTLBIKRY  AEBRRITRE  GAF4RZ|TEN  GdROuReTh ek baRilab 4R TLRIT.T
AAFTABIWESY A4FHA2ETAN 40442 |THE  A4GSAZETES A40EA20THE A4NTAZITAT wafTaf <ES  S40BAFeTEE  d4madZelha  poewSag) s

C) p101 34 T STAUEKLCIW & LAY WLEACHEN 13:17.87 i
HANIMALFULGER 17

A1RFCE  ALRIDA  ALF20B  AJBIEA  AABPES  ALpdC4  ALRINE S3BIDY  ARBAE4  ayB3IER  A1BACS  AyEBCA  aiMeCS  ajoeld  a1Be0s
A195e4  AiRSES  SIBTCE  ANETLS  ALBTE4  AYRYLS  AIBARS  L1BBE4  AQBBES  44C208  ALCEDE AQC20B  A1CZE4  ALCRES  w3C3D4
16305 A1CADA  ALCIFA  RICIES  A1CRL4  Ain3Fs  A3C3FS  AACHFE  A1CAAS  aaC6DY  A1C&D4  A3CE0% K1C&E4  AICAES  ARCEFe
ALGEFS  ALCTDY  MACTOM  AfC708  ALCTO§ afcTha  AEETEY  AiCTEs MAGTFA ARCTFS  ALCUFe  A3CEDD  AJCEDS  ALCEDT  A4CHES
410808 ALCEEs ALDRES  s1DJE4  R1DGEY Ainsl4  ALDEES aiDsFd L1DAFS  LEDPE4  AQEFDI  waF 204 43F205 aif20d  aafFpid
§1FFES  ALFICa  A3F 304 aiF30S  ALF3IDE  ALFIE4  AIFIFS  #AFIEA  ALF4DS  saFdDe  ALFHEY A FAES  A3FBACS  A1fER4 AAFADD
WIF4EY AlFgEa  AiFgEn aifpCy AAFP04  aiFy0g 4QP7Ds AIFFE3 AAFTE4  AAFPEs  AF7Es  auFeDs  atFE3  A10sfd  aifgly
AIFBEE ALFBEF ALG2DS AQGRE4  MCBPEY  WIGPFY 416304 ALG3I0DM  A1GIDS  ATO3DE AL03E4  A(GIES  A1GALE  ALC3IF4  ALGRFE
a163Fe  AlGaFe  AAGECE  AdGpDa  M1GaDR  ALORE4 A1GeF5  41GaTy w1GEFa  daGpFs  AYG7D4 A1GTDn A1GTDE ALGPE AISTES
ain?Ee  &1G7F4  MAGIFS  AAGTFE AQGEDS A1c8Ee A1GAFS .y GAES AEGETE  L1CEFT  ALRZES A1HZES  AIHZES  A§=3Cd AIHIDS
ARHIEA  ALWIES ALKIFS  ALMIGH  ASHECS  AImADS  AIMAFd AIHAES  A1HETT  LIHAGHE ALFFDES  AJHTEd  NIMTES AY-TFS  AQHTTE
AfuTEE  ALpfDS  ALeBE4  4QWMEES  AZERC4  AZA30&  APA3IDS  AZBACH  aZBeDY  4PEEDS  ARCEDA  apCebb  AzCef4  AzCEES  AZCTOR
AIFRPE]  AFFICA AT S04 AFFICS AZFREAL  AQFIES  AZTANS  NIF4ES  AITACE  APFA0S AP eDa  ADFGDS APFGE4  APFOLS  AIF IS
AZURFA AgheFs  AQLeFS  AFGTTA . B1BECS  Byra0y  B4CPN4  WiCpE4  B1T4DY  AgCala  W1LeD5 ByCeEe  ByCaE5 B C70E  Hyloid
BiNSES  WipeFs BLLTCe MEFZud BAFPES BafdEs FIF3D4  RIF3PS BLF3IEA RyFICS  PAfEDd ByFans  RIFAED  B1ief4  BIFeiS
R1e7ES M1u3Fs BlcérS BIGTH &

d) p107 wEk wT ak al al al sl al L 18 sl sl al al

al db ®1 p21 NEBR3I
bBi aS: BTdS1 a7i10Tcél  bE: SEBG® BH: SThdl o¥: MKB3I®  o%: BHERAF o57: UTchl w%:10T=hl w5:90F=61 F2:00Tehl
EA 10Teb] g3t 10Tebl gH:107To68 g7:10Ted® m2110Tebl hM:10Tob®  hd:10Ta6
a7 ai bE: MEBR]I
Bi a5: GEall bZ: SERI® w6; GTH7Y BB: ETeTH =i EERI®  e31 AEBI®  eS: UEEIN &3 10Tel0  £2:10Ta7r  £h:1ITaR
Fhei0TaT® g5 k0TeT! hE:16Tefd BE: 10TeT® nBrWOT:T

Fig. 4. Extracts from pages of Strohlein and Zagler (1978) including the exemplar positions of Fig. 5:
(a) p03, the first results, wtm KRk positions, wK on a1, the bK (later captured) on al...a7, the Ron al...b8;
(b) p89, wtm ‘positions with a clear main variant’: first move and others uniquely optimal, correct depths;
(c) p101, the correct list of KRk max-depth positions, the last move capturing the Black king as suggested by the ‘17’;
(d) p107, KRkb wtm wins with dtc >4



=

fg 1
£ ™ o5

Ed a2
R EN - b o) c -] I g e

Fig. 5. White to move positions taken from the extracts of Fig. 4, annotated wKwR/bK(bB), T = Turm = Rook:
(@) p03 row 3 col. 9, albl/a3, ‘9TB2!” = 1.Rb2 is uniquely optimal and dtc = 8 white moves;

(b) p89 rl cl, ada5/a2, ‘“TB5’ = uniquely optimal 1.Rb5!, Kal°® 2.Kb3! Kb1° 3.Rc5! Kal® 4.Rcl#!, dtc indeed is 4m;
(c) p89 last position, d4h2/c1, ‘KD3’ = uniquely optimal 1.Kd3!, Kb1! 2.Kc3! Kal! 3.Kb3! Kb1° 4.Rh1#!, dtc = 4m;
(d) p101 last position, b1g7/f7, ‘17’ (counting the capture of the king), i.e., dtc = maxDTC = 16m;

(e) p107 5 last position, a3d7/b1f4, <11Td4** = ‘dtc = 11m, 1.Rd4!! is the only winning move’.
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