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Abstract. Entropy is an important tool to describe the degree of uncertainty of fuzzy sets. In this study, we first define a new
entropy and distance measure in the linguistic q-Rung orthopair fuzzy (LIVqQROF) environment, and verify its correctness
and rationality. Secondly, in the LIVqROF environment, the new entropy formula is effectively applied to the multi-attribute
decision making (MADM) with unknown attribute weights, which provides a new idea for solving the MADM problems.
Finally, the feasibility and effectiveness of the proposed method are verified by a numerical example.
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1. Introduction

Zadeh [1] proposed the fuzzy set (FS), which only
has the membership degree, and it is difficult to
describe the negative degree of the decision maker to
the evaluation information. Atanassov [2, 3] proposed
intuitionistic fuzzy set (IFS) on the basis of fuzzy
set, and creatively added non-membership degree to
the fuzzy sets. However, intuitionistic fuzzy num-
bers can only be used to describe the evaluation
information in the form of real numbers. Due to
the complexity of the decision-making environment,
the decision making information is often uncertain.
Sometimes it is very difficult to express the member-
ship and non-membership degree with real numbers.
Therefore, Atanassov [4] also proposed interval intu-
itionistic fuzzy set (IVIFS), which membership and
non-membership are interval numbers rather than real
numbers. In real life, the form of linguistic terms

*Corresponding author. Zhiwei Gong. E-mail: zwgong @fafu.
edu.cn.

is often used to qualitatively evaluate information.
Zadeh [5] proposed the fuzzy linguistic method, and
Zhang [6] defined the concept of linguistic intuition-
istic fuzzy set (LIF). Similar to intuitionistic fuzzy
sets, linguistic intuitionistic fuzzy sets are also limited
by the representation range. Inspired by the concepts
of Pythagorean fuzzy set (PFS) and gq-Rung orthopair
fuzzy set (QROFS) introduced by Yager in [7] and [8],
Garg [9] proposed linguistic Pythagorean fuzzy set
(LPFS) and Lin [10] developed the concept of linguis-
tic g-Rung orthopair fuzzy set (LqROFS). Linguistic
interval intuitionistic fuzzy numbers can better deal
with the uncertainty and fuzziness of decision infor-
mation, and can truly reflect the objective world. Garg
proposed linguistic interval intuitionistic fuzzy set
(LIVIFS) and linguistic interval Pythagorean fuzzy
set (LIVPFS) in [11] and [12], respectively. Khan
[13] established linguistic interval q-Rung orthopair
fuzzy set (LIVqROFS).

Information measure plays an important role in
fuzzy set theory, and many researchers have explored
it from different perspectives. In order to deal with the
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fuzziness measurement between FSs, De Luca and
termini [14] gave an axiomatic definition of fuzzy
entropy based on Shannon [15]. Since then, Hooda
et al. [16, 17], Mishra et al. [18-21], Pal [22] have
studied various entropy measures of FSs. Burillo
and Bustance [23] defined the intuitionistic fuzzy
entropy to measure the hesitation degree of intu-
itionistic fuzzy sets. Liu [24] presented the interval
intuitionistic fuzzy entropy.Li [25, 26] gave the study
of slope entropy and fractional slope entropy. Zhang
and Jiang [27], Zhang [28], Wei [29], and Wei and
Zhang [30] introduced the entropy measure of IVIFSs
and applied it in solving MADM problems. Rani
[31] gave a new entropy measure of IVIFS, Kumar
et al. [32] gave a new Pythagorean fuzzy entropy,
Sonia et al. [33] gave a entropy measures for inter-
val valued intuitionistic fuzzy soft set and Ohlan [34]
presented a distance measure on IVIFS. Inspired by
their research, this paper defines an entropy measure
and distance measure in LIVQROF environment. The
relationship between the proposed entropy measure
and distance measure are studied.

The rest of this paper is arranged as follows. In
Section 2, we introduce some definitions and oper-
ation rules on IVIFSs and LIVqROFSs. In Section
3, the axiomatic definitions of entropy and distance
in LIVQROF environment are given, a new entropy
and distance are proposed, and their rationality and
relevance are proved. In Section 4, a multi-attribute
decision making method is proposed in LIVqQROF
environment by using the proposed entropy. A numer-
ical example is used to verify the effectiveness and
rationality of the method.

2. Preliminary

The linguistic assessment scale is the basis of lin-
guistic decision making. In [35], Bordogna et al.
defined an additive linguistic scale.

Definition 2.1. Let
S:{Sa|a=0,1,"' 7t}

be an additive linguistic assessment scale with a lin-
guistic term subscript non-negative integer, and let S
satisfy the following conditions:

(1) The set is ordered: s < sgifa < B.

(2) There is a negative operator: neg(sy) = sg such
thata + B = 1.

where ¢ is an even number and s,, refers to linguistic
terms.

After that, Xu [36] extended the discrete term set
S to a continuous term set S = {sq | € [0, 7]}, where
(t > t) is a sufficiently large natural number. If
sy € S, then we call s, the original linguistic term,
otherwise, we call s, the virtual linguistic term.

Combining the concept of intuitionistic fuzzy sets
[2] with the definition of linguistic terms [35], Zhang
[6] first proposed the concept of linguistic intuition-
istic fuzzy sets(LIFSs), which is defined as follows.

Definition 2.2. Let X = {x1, xp, --- , x,} be a finite
universe discourse and S = {s,|« € [0, 7]} be a con-
tinuous linguistic term set with a positive integer T.
A LIFS on the set X is defined as

I = {(xi, s0(xi), S0 (xi))|x; € X}, ey

where sp : X — S denotes the degree of linguistic
membership and s, : X — S denotes the degree of
linguistic nonmembership of the element x; € X to
the set I, respectively, with the condition that 0 <
0 4+ o < t. The degree of linguistic indeterminacy is
given as s, (x;) = St—g—g-

For convenience, the pairs of (sg(x;), sy(x;)) are
called as linguistic intuitionistic fuzzy value(LIFV)
or linguistic intuitionistic fuzzy number(LIFN).

On the basis of LIFSs and the concept of
Pythagorean fuzzy sets [7], Garg [9] proposed the
concept of linguistic Pythagorean fuzzy sets(LPFSs),
which is defined as follows.

Definition 2.3. Let X = {x1, x2, --- , x,} be a finite
universe discourse and S = {sy|a € [0, 7]} be a con-
tinuous linguistic term set with a positive integer 7.
A LPFS on the set X is defined with the form

P = {(x;, so(x;), S (x))|x; € X}, ()

where sg(x;), S5(x;) € S stand for the linguistic mem-
bership degree and linguistic nonmembership degree
of the element x; to P, respectively, with the condi-
tion that 0 < 67 4 o> < 2. The degree of linguistic
indeterminacy is given as: s;(x;) = s JE

Similarly, the pairs of (sg(x;), s5(x;)) are called as
linguistic Pythagorean fuzzy value(LPFV) or linguis-
tic Pythagorean fuzzy number(LPFN).

On the basis of LIFSs, LPFSs and g-rung orthopair
fuzzy sets [8], Lin [10] proposed linguistic q-rung
orthopair fuzzy sets(LqROFSs), which is defined as
follows.
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Definition 2.4. Let X = {x1, x2, - - - , x,} be a finite
universe discourse and S = {sq|o € [0, 7]} be a con-
tinuous linguistic term set with a positive integer .
Then the form of a LqQROFS on X is defined as

L = {(xi, so(xi), so(xi))|xi € X}, 3

where sg(x;), so(x;) € S stand for the linguistic mem-
bership degree and linguistic nonmembership degree
of the element x; to L, respectively, with the condi-
tion that 0 < 67 + 09 < t9. The degree of linguistic
indeterminacy is given as: sz (xi) = S g/7e—gs—oq-

Similarly, the orthopair of (sg(x;), so(xi))
is called as linguistic q-rung orthopair fuzzy
value(LqROFV) or linguistic g-rung orthopair fuzzy
number(LqROFN).

Obviously, when ¢ = 1 and g = 2, the two special
cases of LqQROFSs are LIFSs and LPFSs, respectively.

In [4], Atanassov and Gargov proposed the concept
of interval-valued intuitionistic fuzzy sets(IVIFSs),
which is defined as follows.

Definition 2.5. Let X = {x, xp, --- , x,} be a finite
universe discourse. Then the form of a IVIFS on Y is
defined as

T = {(x;, 00xp), 6(x)lx; € X}, )

where 0(x;) = [01.(x7), Bu(x))], 6(x;) = [61(x), v
(x;)] are all subsets of [0, 1] and are said to be the
membership degree and nonmembership degree of
the element x; to 1, respectively, with the condition
that 0 < 91] + 6y < 1. The degree of indetermi-
nacy is given as: 73(x;) = [ (x;), Aip(x)] = [1 —
Ou(xi) = by (x), 1= B0 = L))

For convenience, the pairs of (6(x;), 6(x;))
are called as interval-valued intuitionistic fuzzy
value(IVIFV) or interval-valued intuitionistic fuzzy
number(IVIFN).

If 6. (x;) = Oy(x;) and 61 (x;) = 6y(x;), then the
given IVIFSs can be reduced to intuitionistic fuzzy
sets(IFSs).

n [11, 37], Garg, Liu et al. defined the con-
cept of linguistic interval-valued intuitionistic fuzzy
sets(LIVIFSs). In [12], Garg proposed the con-
cept of linguistic interval-valued Pythagorean fuzzy
sets(LIVPFESs). On this basis, Khan et al. [13] further
proposed linguistic interval-valued g-rung orthopair
fuzzy sets(LIVqQROFSs), which is defined as follows.

Definition 2.6. Let X = {x, xp, --- , x,} be a finite
universe discourse and S = {sq|a € [0, 7]} be a con-
tinuous linguistic term set with a positive integer .

Then the form of a LIVqQROFS on X is defined as
L = (G sy ss@)lxi € X, (9)

where s;(xi) = [5p, (xi), 55, (x)], s5(xi) = [55, (x7),
s, (x;)] are all subsets of [so, sr] and are said to be
the membership degree and nonmembership degree
of the element x; to L, respectively, with the condition
that0 < @?j + 621, < 4. The degree of indeterminacy
is given as:

sa(xi) =87, (X)), Sy (x1)]

= | = S = .
[ /118563 f(/rq—QZ—&Z]

Obviously, when g = 1 and g = 2, the two spe-
cial cases of LIVQROFSs are LIVIFSs and LIVPFSs,
respectively. If 5a, (x)) = Soy (x;) and s, (x;) =
s, (x;), then the given LIVqQROFSs can be reduced
to an ordinary LqROFSs.

For convenience, the pairs of (s3(x;), s5(x;)) are
called as linguistic interval-valued g-rung orthopair
fuzzy value (LIVQROFV) or linguistic interval-
valued q-rung orthopair fuzzy number (LIVqROFN).

Definition 2.7. [38] Let A; = (sy.s5) = ([s;,
S3,) [86:, Sy D). i = 1,2 be two LIVQROFNS.
Then

(H If a1, = Stny > Sty = Sty S61. = Séa Sy
= S65y5 then A| = Ap;

) I sy, =8p,, 050, = Sty Se1. = Sears Sery
>S4,y then Ay < Ap;

(3) Negation of A; is defined as AIC =
([s61,5 6101 [5p,, + 83, D-

In [39], Bustince and Burillo proposed the
axiomatic definition of entropy measure for IFSs.
Analogously, in [24], Liu, Zheng and Xiong proposed
the entropy measure of IVIFSs, which is defined as
follows.

Definition 2.8. An entropy measure of IVIFS(X) is
a real-valued function F : IVIFS(X) — [0, 1], if it
satisfies the following conditions:

(F1) F(A) =0 if and only if A = ([1, 1], [0, 0])
or A = ([0, 0], [1, 1]) for each x; € X;

(F2) F(A) =1 if and only if [0 (x;), Oy(xi)] =
[61(x;), 6y(x;)] for each x; € X;

(F3) F(A) = F(A), where A€ = {(x;,6(x)),
bxlxi€ X} )

(F4) F(A)) < F(Ap) if Ay < Ay (ie. O10(xi) <
020 (xi), O1u(x;) < Oy (xi), 61L(x;) =
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621(xi), 61u(xi) = 62u(x;)) when brr.(x:)
< 621(x;) and Oy (x;) < 62p(x;) for each
x; € X,or Ay < Ay when 6> (x;) > 621(x;)
and Oy (x;) > 62u(x;).

In [40], Dii genci proposed the distance measure on
IVIFS(X), defined as follows.

Definition 2.9. Let Al, Az € IVIFS(X), a mapping
D : IVIFS(X) x IVIFS(X) — [0, 1] is called a dis-
tance measure between Al and Az if D(A 1, Az)
satisfies the following properties:

(D1) 0 < D(A}, Ay) < 1;

(D2) D(A1, Ar) =0if A} = Ay,

(D3) D(A1, Ay) = D(As, Ay);

(D4) If A} < Ay < A3z, Ay, Ay, A3 € IVIFS(X),
then  D(A;, Ay) < D(A;, A5)  and
D(A3, A3) < D(Ay, A3).

3. Entropy and distance measures for
LIVqROFSs

Pal [41] proposed the exponential entropy measure
of a fuzzy set A (A € F(X) = {(x;, u(x;))|x; € X})
as

__ (e~
EA) =27 ,;(M(x’)e
+ (1= p(xi)e ™ = 1), (©)

Rani et al. [31] proposed the exponential entropy
and distance measure for IVIFSs. Inspired by this,
this study will discuss the problem of LIVqQROFSs on
entropy and distance measure. In the following, we
give the axiomatic definition of entropy and distance
measure for LIVqROFSs.

Definition 3.1. An entropy measure of
LIVGROFS(X) is a real-valued function
E: LIVGROFS(X) — [0, 1], if it satisfies the
following conditions:

(E1) E(A)=0 if and only if A=
([s7. 521, [s0, sol) or A =([so0, sol. [s7, s¢1)
for each x; € X(i.e. A is a crisp set);

(E2) E(A) = 1if and only if [sy, (x;), 55, (xi)] =
[s5, (xi), &y, (x;)] for each x; € X;

(E3) E(A)= E(A°);

(E4) E(Ap) < E(Ay)if Ay < Ay whensy, (x) <
S6,, (xi) and S92U(xi) < 86, (x;) foreach x; €

X, or Ag < Al when S@zL(x,') > S5, (x;) and
Sy (Xi) = 8650 (Xi).

Definition 3.2. Let A;, A», A3 € LIVGROFS(X), a
mapping D : LIVgROFS(X) x LIVGROFS(X) —
[0, 1]is called a distance measure on LIVgROFS(X),
if it satisfies the following properties:

(D1) 0 < D(A1, Ay) < 1;

(D2) D(Ay, A2) =0if A; = A

(D3) D(Ay, Ay) = D(Az, Ay); o

(D4) If A <Ay <A;, then D(Aj, Ay <
D(A;, A3) and D(A,, Az) < D(A4, A3).

Definition 3.3. Let s, € S, ¢ : S — [0, t] is a map-
ping, such that ¢(sy) = .

Definition 3.4. Let X = {xj,x2,---,x,}, A€
LIVgROFS(X), the entropy measure is defined by

. l n
_ o () (=W (i)
E(A) _W(\/E D { § (\IJA(X,)e

i=1

1
(1= Wyt 1)1 @)
where
Wi (xi)
_ Psy, (X)) + (s, (X)) + 27 — (55, (X)) — PS5, (Xi))
o 4t '

In the following, we prove the validity of our pro-
posed entropy measure (7).

Theorem 3.5. The mapping E(A) defined in Equation
(7) is a linguistic interval-valued q-Rung orthopair
fuzzy entropy measure.

Proof. Obviously to prove that E(A) is an entropy
measure of LIVqQROFS(X), we just need to prove that
it satisfies (E1)-(E4) in Definition 3.
. (El)Let A be a crisp _set then we have
A = ([s¢, s¢], [50, s0])  or A = ([s0, sol, [s¢, 521,
that is [S9L (x7), Sty (x)] = [57, 5¢] and
[s6, (xi), sy, (xi)] = [s0, s0] or [sp, (xi), 5, (xi)] =
[s0,s0] and [sg, (xi), 55, (xi)] = [s7, s¢] for each
x; € X, so we get W5(x;) =1 or Wy(x;) = 0. From
equation (7), we obtain that E(A) =0.

On the other hand, if E (A) = 0, from the definition
of exponential entropy given by Pal in [41], we know
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that W, (x;) =0or 1 foreachx; € X.i.e.,
(sp, (X)) + (s, (X)) + 2T — P(s5, (x)) — (s, (x:))

=0
4t
(®)
or
B(sp, (x)) + P(sp, (xi)) + 27 — P(s5, (%)) — (56, (x1)) ;
4t o
)

for each x; € X. Now Equations (8) and
(9) hold if either A = ([s¢,s<], [s0,50]) or
A= ([s0, Sol, [5¢, sz]) i.e. Aisa crisp set.

(E2)Let [sp, (xi), 55, (xi)] = [s6, (xi), s6, (xi)], i.e.
54, (x;) = s5,(xi), S@U(x,‘) = S5, (x;) for each x; € X.
Apply the condition to Equation (7), we can get
E(A)=1.

On the other hand, let

JW; () = (W (x;)el!~¥at)

1
We—1)
+ (1= Wy (x))e?a) — 1), (10)
if E(A)=1, thatis 137 | f(W;(x;) =1, so we
can get f(W;(x;)) = 1foreach x; € X. Take the par-

tial derivative of equation (10) with respect to W 5 (x;)
and set it equal to zero, we have

of (W3 () _
W) (Je—1D

— W5 (x)e ¥y = 0,

(1 = Wy(xi)e! ~¥at

itimplies (1 — \IlA(x,'))el_‘I’A("i) = \I!A(xi)eq’?t("i) for
each x; € X. Since g(x) = xe”* is a bijection function,
we get 1 — W, (x;) = Wy(x;), that is W;(x;) = 0.5
for each x; € X. Since

P 1
W32 (Ve—1)
— (14 Wy (x))e a0y,

(W3 (x) — 2)el ¥l

we get

2 w(xs
|:8 f(lIJA(xl)) <0,

W4 (x)))? } W (x)=0.5

for each x; € X. So f(W¥;(x;)) is a concave func-
tion and has a maximum at W;(x;) =0.5. By
Equation (7), E(A) achieves the maximum at
W5 (x;) = 0.5 which implies that [S@L (xp), Sy (x)] =
[s6, (xi), Sy, (xi)].

(E3)  Form A€ ={(x;, [ss, (xi), s (x0)],
[s(;L (xi), S@U(xi)])|x,- € X} and Equation (7), we
can easily get that E(A) = E(A©).

(EDIf we take x = (55, (1) + (s, (7)) and
Y = P(s5, (X)) + d(s5,(xi)), let

X+2T—y (q_xy
glx.y) = (—— —)el T
4t
2 — x+2t—y
—}-(l—w)e(%)—l, (1)
47

where x, y € [0, T].
Taking the partial derivatives of g with respect to
x and y, respectively, we get

ag :i (Y+2T—x)e(y+i:—x)
Jx 4t 4t

4t 12)

_ X+ 2t — ye(x+i;>')] ’
Bﬁ :i x+ 2t — y)e(ﬁ‘z‘ry)
dy 4t 4t

2 — y4+21—x
_ y—i—'L’xg(+4r)] (13)

4t

Set g—ﬁ =0and % = 0 to find the critical points, we
get x = y. From Equation (12) and x = y, we obtain
dg

— >0,when x <y
0x

and

)

8 <0,when x >y,

0x
for any x, y € [0, 7].

Thus, g(x, y) is increasing with respect to x when

x <y and is decreasing when x > y. Similarly, we
obtain that

dg

— <0,when x <y
ay

and

og
— >0, when x > y.

dy

Now if Aj < Ay, with s, (x;) < s5,,(x;) and
Sty (xi) < S,y (x;) for each x; € X. Then we have

SélL(x,') = sézL(x;) = S&21.(xi) = S&11(xi)»

S0 = Sy = St = Se1p(x)-
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It implies that S, () = Se1L(xi) and Sy =
S6,y(x;)- Thus, from the monotonic of g(x, y) and
Equation (7), we obtain E(Al) < E(Ay).

Similarly, when A2 <A 1 with Sby, (Xi) > S5y, (X;)
and Sty (Xi) > 84,y (x;) for each x; e X and thus, it
can be prove that E(Al) < E(Az).

By calculating the weight of each element x; € X, a
weighted exponential entropy measure of LIVqQROFS
is proposed as follows:

n 1 n o
=7 {Z w; (W (et

i=1

(1= waeneta —1) 1 a4

n
where w; > 0, > w; = 1, and
i=1

W (x)

sy, (6) + Plsy, (6) + 2T — Plss, (x) — Plsa,, (X))

- 4t ’
Itisclear,ifw; = 1, then Ew(A) = E(A).Itcanbe

easily checked that the mapping Ew(A), defined by
Equation (14), is an entropy measure for LIVqQROFS.
For A, Ay € FS(X), X = {x1,x2,---,x,}, Fan
and Xie [42] proposed the fuzzy information for dis-
crimination of A| against A, is defined by

n

I1(A1, Ag) = (1 = (1 = pa, ()t D710
i=1

— luAl(xi)e(MAz(xi)_llfAl(xi))). (15)

The fuzzy distance between A and A; is defined
by

Di(Ay, Ay) = I1(Ay, A2) + 11(Az, Ay). (16)

For Aj, Ay € IVIFS(X), X = {x1,x2, -+ ,Xn}
Ohlan [34] proposed the interval-valued intuitionistic
fuzzy information for discrimination of A| against A,
is defined by

n
DAy, Ap) =) (1= (1 — Hy, (x))
i=1
e(Hgl(x,-)—ng(xz‘)) _ HA](Xi)e(HAZ(Xi)_HAl(Xi))),

a7

where
Hj (xi)
_ O1L(xi) + 01y (x) +2 — 61.(x) — G1u(xi)
) ,
Hj, (xi)
_ 021 (x) + Oy (xi) + 2 — 621.(x;) — B2u(xi)
1 )

The distance measure for IVIFSs is defined as

Dy(Ay, Ay) = L(Ay, Ay) + I(Ay, Ay).  (18)

Inspired by the above distance measures of FSs and
IVIFSs, now the distance measures of LIVqQROFSs
can be defined as the following.

Definition 3.6. Let X = {x1,x2, -+, X}, A, As €
LIVgROFS(X), the linguistic interval-valued g-
Rung orthopair fuzzy information for discrimination
of A] against 2\2 is defined by

n

1(A1, Ay) = {Z (1-a-w; @

i=1
1

4
e(‘I’Al (i)=Wa, () _ \IjAl (xi)e("l’;;z(xi)—"l’;xl (Xi)))q}

(19)
where

Wy, ()

_ Bsp,, (X)) + Bsp, , (X)) + 27 — Plsg,, (%) — P(s6,,, (X))
- 4t ’

Wy, (xi)

gy, (ki) + Plsp,,, (xi)) + 27 — Blssy, (i) — Plsayy (X))
- 4t ’

Theorem 3.7. If ¢ = 1, the relation between E(A)
and I(A, B) is given by the following formula

E(A)=1-

where W(x;) = %
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Proof.

JVel(A, B)

n
— \/22(1 -1 - q;A(xi))e(\I’;\(Xi)*‘Ug(Xi)) _ qjﬁ(xi)e(‘l’g(xt')*\l’;\(xi)))

i=1

= Ve (1= (1= Wy (xpePat)=)

i=1

=D (e (=0’ —

i=1

=n(e—1) = (1~

i=1

1
Wy (xi)e2™

\I,A(xi)e(l—‘y;\(m)))

\I/;,(Xi)))

W5 ()e¥At) 4w (el YAt 1)

=n(e—1) = (1= ;00))e¥a% + Wy (e ~¥a) — 1)

i=1

n
=7 Z((l - ‘I'A(xi))ew;‘(x") + \IJA(xz')e(I*“’A(x,-)) _

i=1
=n(Je—1)—n(J/e — )E(A)
= n(Je — (1 — E(A)).

Thus, we get E(A) = 1 — I(A, B).

(f 1

Definition 3.8. Let X = {x;,x2,---,x,}, A; =
(sp,> $8:), 1 =1, 2 be two LIVQROFSs, the distance

measure D(Al, Az) between the LIVgROFS(X) A
and A» is defined as follows:

A 1
T2 —e D)

n
{Z (2=(1= Wy, () + Wy, (e 2 070D

i=1
1
n N\ A . q
— (1= Wy, (x0) + Wy, (e “’Al(’“”)"} :
(20)
In particular, if g = 1, then
D(Ay, Ay) = I(A1, Ap) + I(A5, Ay). (21)
Theorem 3.9. The mapping D(A1, Ay) defined

in Equation (20) is a distance measure on
LIVqGROFS(X).

Proof. In order for Equation (20) to be qualified as a
sensible measure of LIVgROFSs, it must satisfy the
conditions (D1)-(D4) in Definition 3.2.

(DDIt is clear that the function h(t) =2 —
(1 —=10e" — (1 +1t)e”" in interval [-1,1] has maxi-
mum value f,.x(t) =2 — 2¢~! and minimum value
fmin(®) = 0. h(2)is decreasingin [-1,0] and is increas-
ing in [0,1]. Since —1 < \IJAl(x,-) — \IJAZ(xi) <1,we
get0 < D(A;, Ay) < 1.
R (D2)Let A; and A5 be two LIVgROFSs, if Al =
Ay then sy, (xi) = plsp, (x). sy, (xi) =
(53, (X)) P51, (1) = Py, (1), DS, (1)) =
(85, (x7)). Itis clear ‘I’Al (x;) — QJAZ(xi) = 0, there-
fore, D(Al, AQA) =0

(D3)D(A1, A2) =
from Equation (20).

(DAIf A < Ay < A3, we have 0 < W3 ,(xi) —
\Ij (xl) < \Ij (xl) "IJ (xz) and 0 < \I’[ (xl)
\IJAz(x,) < \Il (xl) lIJ (xl) Then it is easy to
see that D(A], Az) < D(A], A3) and D(Az, A3) <
D(A] , A3) o

It can be said that D(A |, A») is a distance measure
between LIVqQROFSs 2\1 and 2\2 since D(Al, 212)
satisfies (D1)-(D4). O

D(Ay, A)) s easily known
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4. Application of the proposed entropy
measure of LIVqQROFSs

Now we apply the proposed LIVqQROFSs based
weighted entropy measure to the Multi-criteria group
decision making (MCGDM) problem. Therefore, we
introduce a MCGDM model based on LIVqQROFS
weighted entropy measure.

4.1. A method of group decision making of
LIVqROFS setting based on the proposed
weighted entropy measure

We provide a group decision making method based
on LIVQROFSs with the known experts and unknown
criteria weights. Let X = {X1, X2, , X} be a set
of m feasible alternatives, and C = {€1,¢2, -+, Cn}
be a set of attributes. w = (wy, wa, -+ , wy)T is
the weighting vector of attributes satisfying w; > 0

and Zn: wj=1. Let D={dy,dp,---
of dé:ilsion makers with the weighting vector V =
o) satisfying vy > 0 and XI: v = 1.
Assume that each decis(ilgn maker giveskTﬁeir own

l] )m><n’

,d;} be a set

(v17v29.'. 5

decision matrix R; = ( where

A( ) = ([S9<A>, 9<k)] [s, <k>,S <k>])

is the evaluation result given by decision maker dj €
D under the attribute ¢; € C for the alternative X €
x.

Step 1. Construct the linguistic interval-valued
g-rung orthopair fuzzy decision matrices Ry =
(Al(']I'())mxn (k =1, l)'

Step 2. Based on the given expert weights,
apply the proposed LIVqQROF operators(Khan et al.
[13]) to aggregate the LIVQROFVs. We choose the
LIVqQROFWA operator to aggregate all the deci-
sion matrices R; into a collective decision matrix
R = (Fij)mxn» where

?.ij = ([SéijL s séiju]’ [s(’f,’_,'L s SC?,‘_,‘(/])
~(1) A2 ~(
— LIVgROFWA(? f]), PP D)

_ A(l) ® vy A(Z) @B vlf"(l)

=([s TR
=TT, - A

o® .
-, a—(2 il oy

ROTE s 1.

l/L v l/U v
THk (% THk ()%

Step 3. Calculate the weight vector of the criterion.
The weight formula of the criterion is determined as
follows.

w= 2 EEG) o @
n—>Y Ej
j=1
where E(¢)) is the entropy value of the jth attribute,
which is calculated by Equation (7).

Step 4. For each alternative %;, Equation (14) is
used to calculate the weighted LIVqROF information
measure.

Step 5. Rank all the alternative %; according to the
Ew(X;), the smaller the value of Ew(%&;), the better
the alternative X;.

4.2. Illustrative example

In the following, we apply the proposed group
decision method to the evaluation of college teach-
ers. Five college teachers {Xi, X2, X3, X4, X5} who
participated in the evaluation from four main evalu-
ation indexes: Teaching ability (¢), student training
and service (¢;),cientific research ability (¢3), disci-
pline construction (¢4). Assume that, three decision
makers {d;, d, d3} evaluated five teachers with four
attributes using the following linguistic scale

= {so = extrmely poor, s| = very poor,
s = poor, s3 = slightly poor,
s4a = fair, s5s = slightly good, s¢ = good,

s7 = very good, s§ = extremly good}.

Step 1. The decision matrices given by decision
makers are shown in Tables 1, 2 and 3 .

Step 2. The weighting vector v = (0.3, 0.5, 0.2) of
decision maker is given. Let ¢ = 3, the LIVQROFWA
operator is utilized to aggregate all the decision matri-
ces Ry(k =1, 2, 3) into a collective decision matrix
R, as shown in Table 4.

Step 3. By using Equation (22), take g = 3, we
get the criteria weight as:

w = (0.2729, 0.1427, 0.3908, 0.1936).
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Decision matrix R provided by decision maker d;

3

C4

([s2, 561, [s1, s3])
([s3, 551, [52, 85])
([s3, 541, [s1, 52])
([s1, s3], [53, s6])
([s2, 6], [s3, 551)

([s3, 551, [52, 54])
([s3, s61, [s3, s51)
([s3, 551, [52, s61)
([s3, 4], [s2, s6])
([s2, 541, 3, s6])

Decision matrix R, provided by decision maker da

3

C4

([s2, s3], [53, s4])
([s3, 561, [53, s51)
([s3, 541, [s1, 53])
([s1, 4], [s2, s6])
([s3, 561, [53, s5])

([s3, 851, [s1, s4])
([s4, s6]1, [53, s41)
([s3, s6]1, [s2, s51)
([s2, 861, [s2, 551)
([s2, 551, [54, 55])

Decision matrix R3 provided by decision maker d3

3

&y

([s2, s3], [54, s5])
([s2, 551, [s3, 561)
([s3, 551, [52, 83])
([s4, 6], [s4, s5])
([s3, 541, [53, 55])

([s3, 4], [s1, s5])
([s2, 541, [53, s51)
([s2, s61, [s4, s51)
([s1, 551, [s3, 541)
([s2, 551, [s1, 53])

Collective LIVqROF assessment information

3

&4

Table 1
6‘1 6‘2
X ([s2, 531, [53, s4]) ([s3, 541, [s1, s4])
X2 ([s2, s4], [s2, s6]) ([s2, s6], [s1, s31)
X3 ([s3, 551, [52, s6]) ([s4, 561, [53, s5])
X4 ([s1, s3], [53, s4]) ([s3, 5], [52, 54])
X5 ([s2, 551, [53, s6]) ([s2, 541, [52, s6])
Table 2
¢1 [
X ([s2, 541, [53, s5]) ([s2, 541, [52, s6])
X2 ([s3, 561, [52, s51) ([s3, 551, [53, 851)
X3 ([s3, 551, [52, s6]) ([s2, 551, [53, 54])
X4 ([s2, 531, [53, s51) ([s3, 551, [54, 85])
X5 ([s3, 541, [52, 85]) ([s3, 541, 53, s6])
Table 3
¢l )
X ([s1, 541, [53, 85 ([s2, s4], [s3, s6])
X2 ([s3, se1, [s2, s51) ([s2, se1, [s3, 551)
X3 ([s3, 561, [s1, s4]) ([s3, 551, [52, s6])
X4 ([s2, 531, [53, s51) ([s3, 541, [53, 851)
X5 ([s2, 541, [53, s6]) ([s1, 551, [53, 56])
Table 4
1 &)
X1 ([s1.8765, 53.76121, ([52.3973, 54.00001,
[53.0000, $4.67621) [51.7617, $5.3128])
bo) ([52.7753, 55.61271, ([52.6008, 55.57791,
[52.0000, $5.28111) [52.1577, $4.28961)
X3 ([53.0000, 55.25601, ([s3.0802, 55.37061,
[s1.7411, 85.5326]) [52.7663, $4.63821)
X4 ([s1.80805 $3.0000] ([53.0000, $4.84181
[53.0000, $4.67621) [53.0673, $4.67621)
Xs ([52.6008 > $4.36641 ([52.53165 $4.2529],

[52.4495, $5.4772])

[52.65645 $6.000])

([52.00005 $4.54331,
[52.2855, $3.8367])
([52.8545, 55.5779],
[s2.6564, $5.18571)
([53.00005 $4.25291,
[51.1487, $2.6564])
([52.42565 54.4764]
[52.5946, $5.78521)
([54.7083 56.07741,
[53.0000 $5.0000])

([53.00005 54.84181,
[s1.23115 $4.1826])
([53.4835, 55.75311,
[53.0000, $4.47211)
([s2.8545, 85.76111
[52.2974, $5.28111)
([s2.31465 5.410115
[52.1689, $5.05061)
([52.0000 $4.75671
[52.7808 $4.76821)

7873

Step 4. Take ¢ = 3, calculate E,(X;) for each the
alternative using Equation (14).

Ey(x1) = 0.9911, Ey(k2) = 0.9944, Ey(33)
=0.9807, E,(%4) = 0.9884, E,,(X5) = 0.9859.

Step 5. Since E,(X3) < Ep(Xs) < Ep(Xg) <
Ey(x1) < Ey(x2). We get a descending order of %;.
5C3>565>)AC4>5C1 >562.

Therefore, we get X3 is the best alternative.

4.3. Comparative analyses

In this subsection, we compare the proposed
weighted entropy measure model for LIVqQROFSs
with other decision tools VIKOR model for
LIVqROFSs proposed by Khan et al. in [13] and
TOPSIS model for LIVqQROFSs proposed by Gur-
mani et al. in [38] to illustrate the effectiveness of our
proposed method.

Steps of Khan’s approach are as under:

Step 1. Construct the decision matrices. For better
comparison, we select the data in Tables 1, 2 and 3.

Step 2. The collective matrix is presented in Table
4 using the given expert weights.
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Step 3. According to Table 4, we get the
LIVqROFS positive ideal solution and LIVqQROFS
negative ideal solution respectively as:

T = {([53.0000, $5.6127], [$1.7411, S4.6762]),

([53.08025 §5.57791, [51.7617, $4.28961),

([54.7083, 56.07741, [51.1487, $2.6564]),

([53.4835, $5.76111, [S1.2311, S4.1826])}

r~ = {([51.8080, $3.0000], [53.0000, 55.53261),

([52.3973 $4.00001, [53.0673 $6.00001),

([52.0000, $4.2529]1, [53.0000, $5.78521),

([52.00005 $4.75671, [53.0000, $5.28111)}

Step 4. For better comparison, we give the criteria
weight as:

w = (0.2729, 0.1427, 0.3908, 0.1936).

Step 5. Calculate the distance between the
LIVQROFS positive ideal solution 7+ and the alter-
native %;, and the distance between the LIVqQROFS
negative ideal solution r~ and the alternative %;
respectively as:

dif (&1, ") =0.1570,d; (&1, r7) = 0.1235;
df Ga, rH) = (% ;) = )
2 2,7 ) —01010, d2 (xz,r ) —01065,
dy (33, 1) = 0.1537,d; (33, r7) = 0.1852;
df (4, ) = 0.1437,d; (34, 77) = 0.0650;
df (&s,rF) = 0.1072, d5 (&5, 77) =
S (X5, r") =0.1072, d5 (35,77 ) = 0.1172.

Step 6. Calculate the relative closeness coefficient
of each alternatives as follows:

AGk)) = 0.4403, A(R2) = 0.5133, A(%3) = 0.5465,
AGg) = 0.3115, A(s) = 0.5222.

Step 7.Rank the relative closeness coefficients in
descending order to select the best alternative.

Five alternatives

o w ~N
3
\
% N
<
.
-
/
-~
<
A Y
\
\
AY

The rank order of alternatives

w
7
13

+++=+=+ The rank order of alternatives calculated by the proposed approach
==== The rank order of alternative calculated by Khan's approach
= = The rank order of alternative calculated by Gurmani's approach

Fig. 1. The ranking of alternatives obtained by the three
approaches.

AG3) > AGs) > AR2) > AGL) > ARa).

Therefore, we get %3 is the best alternative.

Steps of Gurmani’s approach are as under:

In order to make the comparison result more rea-
sonable, we chose the same data, so steps 1, 2, 3 and
4 are the same as Khan’s approach.

Step 5. Calculate the group utility measure ®;
and individual regret measure y; of alternatives X;
respectively as:

@, =0.5971, &, = 0.3393, &3 = 0.4214,
®4 = 0.7355, 5 = 0.5832.

y1 = 0.2421, y, = 0.2375, y3 = 0.1978,
4 = 0.3657, y5 = 0.1833.

Step 6. Calculate the compromise measure Q; of
alternatives X;.

Q1 =0.4865, Q> = 0.1485, Q3 = 0.1434,
Q4 =1, 95 =0.3077.

Step 7. Rank the compromise measure in ascend-
ing order to select the best alternative.

Q3 < Dy < Qs < Qg < 94

Therefore, we get %3 is the best alternative.

The comparison results of the proposed approach
and the existing approachs are shown in Fig. 1.

According to the optimal results of the three meth-
ods, there are some similarities among the three
methods, but there are also differences among the
three methods from the final ranking of the alterna-
tives. The group decision making method based on
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weighted exponential entropy measure in LIVqQROFS
environment is more efficient, simple and consistent
than the existing measures and methods to solve the
decision problem.

5. Conclusion

In this study, a new multi-attribute group deci-
sion making method is proposed under the linguistic
interval-valued g-rung orthopair fuzzy environment.
We propose novel entropy and distance measure for
linguistic interval-valued g-rung orthopair fuzzy sets.
The main innovations and advantages of this study are
shown as follows:

(1) The axiomatic definitions of entropy and
distance are proposed under the LIVQROF envi-
ronment. It provides some important and reliable
reference results for the subsequent research of com-
plex information measures and distance measures in
the LIVqQROF environment.

(2) The proposed information measure is applied
to the problem of multi-attribute decision making.
An effective linguistic multi-attribute decision mak-
ing model is established, which enriches the theory
and method of qualitative decision making in the
LIVqROF environment.

Theoretical analysis and numerical results show
that the method is simple and intuitive without infor-
mation loss. The model can be applied to medical
diagnosis, personnel assessment, pollution treatment,
quality evaluation and other fields. We will continue
to extend the proposed method to complex decision
information environment.
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