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Abstract: (1) Background: A binding recommended retail price has been used in several markets in a
variety of forms, and the book market is a typical example. Publishers sell books to online retailers at
a unit wholesale discount computed on the cover price. Retailers are then allowed to set the retail
price. Therefore, if consumers regard the cover prices as reference points, then they may be more
likely to purchase books if retail prices are lower than the cover prices. (2) Methods: We develop a
Stackelberg game model for a book supply chain to investigates how reference price effects affect
retailers and publisher’s pricing strategies. (3) Results: The results show that retailers will sell printed
books at a discount only when the publisher’s wholesale discount rate is not high. Further, as the
intensity of the reference price effects increases, (a) the lower boundary of the wholesale discount
rate rises, (b) publishers’ profits increase and (c) retailers’ profits increase relative to the level of
consumers’ e-books acceptance. (4) Conclusions: This result is related to the fact that the online
retailer, such as Amazon and JD.com, like to invoke reference price effects in consumers’ minds by
highlighting the printed book’s discount rate.

Keywords: reference prices; pricing; multi-channel supply chain; online book market

1. Introduction

In some industries, manufacturers recommend a retail price to their retailers. This
recommended retail price strategy has been used in markets ranging from grocery prod-
ucts to electronics. Most manufacturers provide nonbinding recommended retail prices;
however, some forms of recommended retail prices are binding, such as list prices and
maximum resale price maintenance. Binding recommended retail prices are common
in such markets as books, medicines and magazines. When a manufacturer sells goods
with binding recommended retail prices, retailers receive a unit discount based on the
recommended retail price.

A typical example is the book industry, where a publisher often sets a cover price
for books first Cheng, et al. [1]; this price may depend more on genre or category than on
production costs [2]. Publishers always sell their printed books to retailers or distributors at
a fixed discount rate (the publisher’s wholesale discount) computed on the cover price [3].
Retailers can then set the retail price for printed books, which may not exceed the cover
price. Thus, retailers face a choice of two strategies: comply with the cover price or
undercut. Furthermore, with the dramatic development of online retailing, the books’ sale
from online book retailers, including Amazon, Barnes & Noble, accounts for 40 percent of
global book sales [4]. Furthermore, this percentage is as higher as 80 percent in China book
market. However, due to online retailing’s low operation cost, the online book retailers
often competed with each other by selling the books at a considerable discount. Thus,
when consumers browse book listings online, they are aware of two prices: the cover price
(list price) listed on the books and the price offered by the retailer.

Prior research verifies that consumers are unlikely to pay a retail price higher than the
recommendation when the recommended price acts as a reference price [5,6]. Other studies
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point out that a retail price lower than the recommendation may stimulate consumption [7].
Empirical evidence also indicates that the recommended price may influence consumer’s
preferences [8,9]. It is worth to note that Tom Corson-Knowles, the founder of TCK publish-
ing, points out that a discount of 50% or more on the prices of their publications on Amazon
usually brings a two to three times sales increase [10]. Statista.com’s surveys also show
that about 41% of consumers show interest in discounts for books in Germany [11] and 55%
of consumers are swayed by a discount price when purchasing a book in Poland [12]. In
general, consumers may consider the cover price (recommended price) as a reference point
and are more likely to buy books offering bigger sales discounts, i.e., larger differences
between the cover price and the retail price.

Nevertheless, with reference point effects, how the publisher sets the cover price
(recommended price) and whether the retailer will always lower the retail prices are not
clear. On the one hand, a high cover price may induce the retailer to set an even higher
retail price, negatively affecting sales. On the other hand, a lower cover price may squeeze a
publisher’s revenue. Several studies about recommended prices show that a recommended
price does not always lower the retail prices with reference price effects [5,13]. But none
of them investigate how the reference price effects influence the recommended price.
Moreover, previous studies mainly focus on the non-binding recommended prices scenario
where consumers might be more sensitive to loss than gain. When it comes to the books
market, the cover price (recommended price) of the printed book is binding. How the
reference price effects affect price in a binding recommended scenario is value to investigate.

The combined effects of the reference price effects and a bonding recommended
price in the book supply chain, coexisting the printed book and e-books, make it more
complicated to predict the publisher and retailer strategies. Thereby, how will the publisher
set the cover price for printed books? Under what conditions should the retailer comply
with or undercut the cover price? If publishers also publish an electronic version of
their printed books, should they release the printed and electronic versions of the books
simultaneously, and under what circumstances should the publisher release only the
printed books? How will reference point effects influence the decision of the publisher, the
retailer and consumers?

To capture the aforementioned issues, we establish a game model that incorporates
the reference price effects in a monopoly book supply chain consists of a publisher and an
online retailer. Our study aims to theoretically investigate the interaction between publisher
and online retailer, and how the publisher decision on the cover price of print influences the
selling discount and further influence consumer’s behavior, thus we establish a Stackelberg
game and assume the publisher to be the leader. Moreover, we model the printed book
and its e-version as vertically differentiated goods since consumers value books’ e-version
less than the printed version [14,15]. In a publication’s newly released stage, the publisher
decides whether to release both versions of the book simultaneously or only a printed
edition. For printed book publishing, the publisher decides the cover price and sells it to a
retailer with a constant wholesale discount. Then, the online retailer should decide to sell
the printed book to comply with the cover price or with a discount. Some consumers may
consider the cover price of a printed book as the reference price. Therefore, the publisher
and retailer must react to the fact that demand is affected by the reference price effects.

The rest of this paper is organized as follows. Section 2 provides a brief review of
related literature. Section 3 describes the main assumptions and notations of our model. In
Section 4, we analyze publishers’ and retailers’ optimal pricing strategies and investigate
how the reference price effects affect them and profits. Section 5 extends the model by
considering consumers’ reference point effects for e-books. Section 6 concludes the paper.

2. Literature Review

There are three research streams related to this paper: books market, reference price
effects and recommended retail price. We briefly review the relevant literature in this
section.
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Studies in the books market have focused on the presence of e-books. Previous
qualitative studies on e-book have investigated topics such as e-book conception [16],
related technology issues [17] and predicting the e-book market’s future [18]. Other
research on e-books mainly focused on whether introducing a digital version of books
negatively affects printed books’ sales. Bounie, et al. [19] analyze the bestsellers and find
that e-book sales may help or hurt the total sales of e-books and p-books. Chen, et al. [20]
utilize a natural experiment to further examine how e-books affect printed books’ sales.
They found that there is no strong cannibalization between printed books and e-books in
the short term. Theoretical studies of the books market analyze the publisher’s strategy
under multi-channel models with price competition in the book supply chain, which is
closely related to our study. Specifically, Hua, et al. [3] first investigate the impact of e-books
on the publishers’ distribution channel choices. Li, et al. [21] and Li, et al. [22] examine the
publisher’s pricing and launch strategies and discover the publisher’s publishing sequence
is related to the market potential. Chen and Tang [23] formulate a model to analyze the self-
publishing model. Several studies explore the pricing strategies of e-books that compared
the agency pricing model and wholesale pricing model of e-books [2,24,25].

The above studies describe the pricing model of printed books as general products,
and none of them consider the effect of printed books’ cover price. While, Hua, et al. [3]
point out that the publisher cannot determine the wholesale price of books due to the
keen competition in books market. Lu, et al. [2] and Cheng, et al. [1] capture the unique
characteristics of books and point out that books’ price mechanism depends more on
book genre or category than on product costs. Works closely related to this paper are
Tan and Carrillo [25] and Lu, et al. [2], who adopt the Stackelberg model to explore how
the publisher’s distribution channel choice for e-books influences the retailer’s strategies
and retail prices. Similarly, this study investigates the interaction between the publisher
and the retailer. Thus, we build a publisher-leader Stackelberg model to theoretically
analyze the publisher’s pricing and distribution strategies and retailer’s reaction, and how
the reference price effects influence their strategies. Our work is differentiated from the
aforementioned studies by conducting a vertical differentiated book supply chain and
capturing the characteristics pricing feature of book markets.

A reference price reflects consumers’ price expectations, which may arise in differ-
ent scenarios and may be influenced by time or context [26]. In some studies, reference
prices refer to the products’ historical prices [27,28]; Other studies argue that reference
price is constructed from prices of similar products at the point of purchase [29]. Preview
study related to reference price effects considers the impact of reference prices on con-
sumer decisions [30–32] and strategy behavior [33,34], firms’ dynamic pricing strategic
decisions [35–37], revenue management [38] and finite memory [39].

Our study is closely related to such a stream of research on promotion strategy.
Greenleaf [40] develops a single-period model to describe how studies reference price
effects influence promotion profits. He finds that promotion could increase profit only
when the influence of gain outweighed that of loss. Fibich, et al. [41] examine similar
questions in an asymmetric reference price scenario. The above studies focus on retailer
promotion and ignore the interaction between the manufacturer and the retailer. Lin [42]
develops a supply chain consisting of one manufacturer and one retailer to investigate the
effect of price promotion in the presence of reference price effects. Their results indicate
that the reference price effects may mitigate double marginalization effects and improve
channel efficiency. Malekian and Rasti-Barzoki [7] consider how promotion pricing affects
supply chain member’s profits with reference price effects. Zhang, et al. [43] consider a
supply chain in a bilateral monopoly setting with the reference price effects. In their study,
the reference price is an exponentially weighted average of past prices. Our study extends
the previous work by including characteristics specific to the book industry and capturing
the interaction between printed and e-version of books. Furthermore, in our study, a
binding recommended retail price acts as the reference price, which is endogenously given
by the manufacture.
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Our study is also related to the literature of recommended retail prices (suggested
retail price). Plenty of literature analyzes whether a recommended retail price decreases the
retail price and influences consumer demand. Bruttel [8] provides experimental evidence
to show that the demand is larger for higher recommended retail prices, while it drastically
drops for prices above the recommended. Buehler and Gartner [44] provide theoretical
rationale to show that price suggestions will always be undercut if they affect demand
directly.

The most associated line of study with recommended retail price focus on the effect of
reference price effects. Empirical study verifies that the recommended price may influence
preferences and serve as a reference point [9]. Based on this assumption, Puppe and
Rosenkranz [45] propose a model in which consumers experience a loss when purchasing at
a price higher than recommended retail price. Fabrizi, et al. [5] extent their model by adding
downstream competition. Both researchers demonstrate that the recommended retail price
will either be undercut or complied with by the retailer but never surpassed. However, all
of the above literature does not investigate the impact of binding recommended price with
reference price study. Empirical data shows that a recommended price does not always
lower prices when it acts as a binding price ceiling [13]. Our study is different from the
above study: first, we theoretically analyze how a binding recommended retail price affects
the retail price with reference price effects; Second, we assume the recommended retail
price (cover price) is endogenously given by the manufacture.

In summary, our paper’s key aspects, which are books supply chain with the coexis-
tence of printed and e-book, reference price effects and binding recommended retail prices,
have not been thoroughly explored. Our study develops an analytical model to examine
how the reference price effects influence publishers’ and retailers’ pricing strategies and
how the reference price affects the interaction between the publisher (supplier) and the
retailer. Our study explores the research scenario of reference price effects, and our model
can also be adapted to study the various content products such as music, software, movies
and video games.

3. Model Setup

We consider a book supply chain that consists of one publisher and one printed book
online retailer. The publisher makes release decisions on a newly released book in one
period. The publisher should first decide whether to publish both the printed version
and the e-version of a book simultaneously, or only the printed version. Consistent with
Hua, et al. [3] and Li, et al. [21], we assume the publisher sells the printed book through a
book retailer, and sells the e-version directly to consumers. The publisher holds pricing
power in the form of the cover price of the printed book. This cover price can also be
understood as a binding recommendation price. Thus, the retailer faces a choice of two
pricing strategies: sell the printed book at a discount retail price (i.e., lower than the cover
price), or sell it in compliance with the cover price. A publisher supplies the book to a
retailer at a fixed wholesale discount rate—that is, at a fixed ratio to the cover price. This
wholesale discount rate is often decided based on industry standards or on requirements
by wholesalers and retailers [46,47]. The discount rate is about 50% in the US printed book
market, and between 40% and 65% in Chinese book markets. Thus, we assume this rate to
be industry specific and exogenous.

3.1. Consumer

Consumers are heterogeneous in their willingness to pay V, which is uniformly dis-
tributed over [0, 1] and the total market size is normalized to one. A Statista.com survey
shows that 56% of US consumers agree with the statement that e-books should be cheaper
than printed versions [48] and that consumers always value the e-version of books less than
the printed version [14,15]. Thus, consistent with Tan and Carrillo [25] and Cheng, et al. [1],
we assume that e-books are vertically differentiated from printed books. We then introduce
a variable θ (0 < θ < 1) to reflect a consumer’s differential preference, which also refers
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to consumers’ degree of acceptance of electronic books. Due to reference price effects, the
total utility that consumers obtain consists of two parts: acquisition utility and transaction
utility [49]. A consumer receives acquisition utility V − P1 from a printed book purchase
and θV − P2 from the corresponding e-book purchase. P1 and P2 represent the retail prices
of print books and e-books, respectively. The transaction utility depends on the comparison
between the real retail price and the reference price. Given the cover price of the printed
books, consumers’ transaction utility is µ(a− P1)

+ − µ(P1 − a)+. The first term represents
the perceived utility gain if a > P1, and the second term represents the perceived utility loss
if P1 > a. However, in our study, the cover price serves as a binding recommendation price,
which means the retail price P1 never exceeds the cover price (P1 ≤ a). Thus, the second
term always equals zero. In short, consumers receive transaction utility purchase µ(a− P1)
from a printed book purchase. That is, consumer’s utility functions for purchasing printed
books and e-books are:

U1 = V − P1 + µ(a− P1),

U2 = θV − P2.

These are in line with the work of Fabrizi, et al. [5] and Amaldoss and He [50]; the
reference price effects provide additional utility to consumers since the cover price, which
acts as a binding recommendation price, is not less than the retail price. The parameter
µ represents the degree of consumers’ concern over the discount and is a measure of
consumers’ sensitivity to the difference between the retail price and the cover price of
the printed book. When the retailer sells printed books at the cover price, there is no
additional utility. We only consider consumers’ reference price effects for printed books
in our main model, since the aim of our study is to examine how the effects influence the
pricing strategy of printed books. In Section 5, we extend our model by considering the
consumers’ reference price effects for e-books.

To analyze the effects of reference price effects on publishers’ strategy, we consider
the case without reference price effects to be a benchmark. Thus, consumers only obtain
acquisition utility from a purchase; the utility functions for purchasing printed books and
e-books in this case are:

UB
1 = V − P1,

UB
2 = θV − P2.

3.2. Profit Function

Consumers can choose to purchase either a printed version or an e-version of the
book. Figure 1 illustrates the market segmentation. We denote v1 the marginal consumer
who is indifferent between purchasing a printed book and an e-book, v2 the marginal
consumer indifferent between a printed book and nothing and v3 the marginal consumer
indifferent between an e-book and nothing. By solving U1 = U2, U1 = 0 and U2 = 0, we
have v1 = P1+µP1−aµ−P2

1−θ , v2 = P1 + µP1 − aµ and v3 = P2
θ . Thus, the demand functions of

the two channels are as follows:

D1 =

{
1− P1+µP1−aµ−P2

1−θ , P1 ≥ aθµ+P2
θ+θµ

1− P1 − µP1 + aµ, P1 < aθµ+P2
θ+θµ

D2 =

{ P1+µP1−aµ−P2
1−θ − P2

θ , P1 ≥ aθµ+P2
θ+θµ

0, P1 < aθµ+P2
θ+θµ .
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Similarly, we depict the market segmentation without the reference price effects in
Figure 2. By solving UB

1 = UB
2 , UB

1 = 0 and UB
2 = 0, we have vb

1 = P1−P2
1−θ , vb

2 = P1 and
vb

3 = P2
θ . Thus, the demand functions of the two channels are as follows:

DB
1 =

{
1− P1−P2

1−θ , P1 ≥ P2
θ

1− P1, P1 < P2
θ

DB
2 =

{
P1−P2
1−θ −

P2
θ , P1 ≥ P2

θ

0, P1 < P2
θ .

JTAER 2021, 16, FOR PEER REVIEW 6 
 

 

= 1 − + − −1 − ,                       ≥ ++1 − − + ,                                 < ++  

= + − −1 − − ,                       ≥ ++0,                                                                    < ++ . 

 
Figure 1. Market Segmentation when ≥ . 

Similarly, we depict the market segmentation without the reference price effects in 
Figure 2. By solving = ,  = 0 and = 0 , we have = ,  =  and = . Thus, the demand functions of the two channels are as follows: 

= 1 − −1 − ,                      ≥1 − ,                                <  

= −1 − − ,                     ≥0,                                            < . 

 
Figure 2. Market Segmentation of the Benchmark Model when ≥ . 

The retailer profit function is given as: = ( − ) . 

The publisher profit function is given as: = +  

0    1 

Printed book  E-book  None 

Figure 2. Market Segmentation of the Benchmark Model when P1 ≥ P2
θ

The retailer profit function is given as:

ΠR = (P1 − ad)D1.

The publisher profit function is given as:

ΠP = adD1 + P2D2

The variable d (0 < d < 1) denotes the publisher’s wholesale discount rate for the
printed book, which is exogenous. Related studies on manufacturers’ price control refer
to this discount cost as the transfer price [51]. This assumption is also in line with the
work of Cachon and Lariviere [52] and De Giovanni [53], whose studies demonstrated that
the supply chain coordinates when all parties know the contract terms in advance, if the
supply chain uses a complicated contract.

We normalize the retailer’s production and operating costs to zero, because this study
aims to examine retailer reactions to the cover price and publisher discount rate. Book
publishing as an industry is characterized by high fixed costs and low marginal costs [54].
The definitions of the parameters and decision variables are summarized in Table 1.
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Table 1. Model Variables.

Variable Description

V Consumers’ willingness to pay for a printed book, V ∈ [0, v]
θ The consumers’ acceptance level of an e-book, 0 < θ < 1
µ The degree of consumers’ concern about a discount, 0 < µ ≤ 1
d The publisher’s wholesale discount rate of the printed book, 0 < d < 1
s The sales discount rate of a printed book, s = 1− P1

a
w The wholesale price of a printed book, w = da
ΠP The publisher’s profit
ΠR The online retailer’s profit
D1 The demand for printed book
D2 The demand for e-book

Decision Variables

a The cover price of printed book
P1 The retail price of printed book
P2 The retail price of e-book

4. Analysis

In this section, we first characterize the equilibrium outcome of the benchmark. We
then analyze the equilibrium outcome in the presence of reference price effects. Based
on these analyses, we can deliver a constructive comparison between the two situations
and then identify how reference price effects affect the publisher’s choice of strategy. The
specific analytical process and outcomes are shown in Appendix A.

We assume that the publisher makes the first move. The publisher first sets the cover
price for the printed book and the retail price for the e-book, and the retailer then decides
to sell the printed book at the cover price or at a discounted retail price.

The sequence of events implies that the publisher is the leader of the game. In the
Appendix A, we analyze an alternative time sequence of the main model in which the
publisher and the retailer determine the retail prices P1 and P2 simultaneously, after the
publisher sets the cover price a. However, in such a time sequence, the publisher does not
earn more profit than in the current sequence. Thus, this sequence is not further analyzed.

4.1. Benchmark without Reference Price Effects

In the benchmark case, with the proposed time sequence, the problem is solved
backward in two steps. The retailer needs to solve the following problem:

max
P1

ΠR = (P1 − ad)
(

1− P1 − P2

1− θ

)
.

And the problem of the publisher:

max
a, P2

ΠP = ad
(

1− P1−P2
1−θ

)
+ P2

(
P1−P2
1−θ −

P2
θ

)
,

s.t. P1 ≤ a.

Lemma 1. The optimal solutions for the benchmark case are as follows:

(i) when 0 < d < 2
3−θ , the retailer will undercut the cover price. The optimal prices are: a = 1

2d ,
P2 = θ

2 and P1 = 3−θ
4 .

(ii) when 2
3−θ < d < 1, the retailer will set the retail price in compliance with the cover price.

The optimal prices are a = P1 = (1−θ)(4−2d−θ)

2((2−d)2−(2−d2)θ)
and P2 = (2+d(1−2d))(1−θ)θ

2((2−d)2−(2−d2)θ)
.

Lemma 1 provides the general conditions for the equilibrium pricing strategy. When
the publisher’s wholesale discount rate d is above a certain threshold, the retailer will sell
the printed book at the cover price; otherwise, the retailer will sell the book at a discounted
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retail price. Furthermore, the publisher will always publish both printed and electronic
versions. A high publisher’s wholesale discount restrains the retailer from setting a lower
retail price for the printed book. As a result, the retailer sells the printed book at the cover
price. When the wholesale discount is not very high, the retailer is left with a large margin
to set a low retail price via a sales discount. The threshold for the wholesale discount rate
increases with θ. This is because, as θ increases, the competition between the two versions
intensifies, driving the retailer to reduce the retail price for the printed book.

Proposition 1. If the retailer sells the printed book at a discounted retail price, then ∂a
∂d < 0,

∂P1
∂d = 0 and ∂P2

∂d = 0. If the retailer sells the printed book with no discount, then ∂a
∂d = ∂P1

∂d > 0
and P2 is concave in d.

When the retailer sells the printed book at a discount, the publisher reduces the
cover price of the printed book through a wholesale discount rate increase to maintain the
wholesale price at a constant level. Thus, the retail price of the printed book is independent
of the wholesale discount rate. When d is high, the cover price is increasing in d. A high
value of d forces the retailer to set a high retail price for the printed book. In this scenario,
the publisher will change the pricing strategy from capturing more demand to obtaining
high profits from the sale of each printed book; consequently, the publisher will set a
high cover price. It is also interesting that the e-book’s retail price is concave in d. When
d is high, but not significantly high, the publisher first increases the retail price of the
e-book to motivate the retailer to sell the printed book at the cover price. However, when
this discount is exceptionally high, the retailer will undoubtedly sell the printed book at
the cover price, and the publisher decreases the retail price of the e-book to attract more
consumers with a lower willingness to pay to choose the e-book. In this case, the printed
book demand is decreasing in d and the e-book demand is increasing.

4.2. Model with Reference Price Effects

We next analyze the situation in which consumers are concerned about the sales
discount. As with the benchmark, we first solve the retailer’s problem by maximizing
profit:

max
P1

ΠR = (P1 − ad)
(

1− P1 + µP1 − aµ− P2

1− θ

)
The optimal value of the retail price of the printed book is a function of the cover price

of the printed book and the retail price of the e-book, such that P∗1 = 1−θ+a(d+µ+dµ)+P2
2(1+µ)

. We
then substitute this value for P1 back into the publisher’s problem, so that the problem of
the publisher is as follows:

max
a, P2

ΠP = ad
(

1− P1+µP1−aµ−P2
1−θ

)
+ P2

(
P1+µP1−aµ−P2

1−θ − P2
θ

)
,

s.t. 1−θ+a(d+µ+dµ)+P2
2(1+µ)

≤ a.

To determine the equilibrium outcomes, we first define four threshold values for the
publisher’s discount rate:

d1 = µ
1+µ ,

d2 = µ(θ(4+µ)−4)
θ(8+8µ+µ2)−8(1+µ)

+ 2
√

2
√

(2−3θ+θ2)µ2

(θ(8+8µ+µ2)−8(1+µ))
2 ,

d3 = µ(θ(4+µ)−4)
θ(8+8µ+µ2)−8(1+µ)

− 2
√

2
√

(2−3θ+θ2)µ2

(θ(8+8µ+µ2)−8(1+µ))
2 ,

d4 = 3µ−2θµ
2−2θ+3µ−2θµ ,

d5 = 1
4 (

4+(6−θ)µ
(3−θ)(1+µ)

+

√
16+8(6−4θ+θ2)µ+9(2−θ)2µ2

(3−θ)2(1+µ)2 ),
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Lemma 2. The optimal solutions in the presence of reference price effects are:

(i) When µ
1+µ < d < max(d1, d2) the publisher only publishes printed books and the optimal

prices are ai = 1
2d−2µ+2dµ and Pi

1 = 1
4

(
1

1+µ + 2d
d−(1−d)µ

)
.

(ii) When max(d1, d2) < d < d3, the publisher publishes both versions of the book and the optimal

prices are: aii = 1
2d−2µ+2dµ , Pii

1 = 1
2

(
1−θ

(2−θ)(1+µ)
+ d

d−(1−d)µ

)
and Pii

2 = 1
2 −

1
2−θ + θ.

(iii) When d3 < d < d4, the publisher publishes both versions of book and the optimal prices

are: aiii = (1−θ)(4d−(1−d)θµ)

8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 , Piii
1 =

(1−θ)(2d2(3−θ)(1+µ)−θµ2+dµ(−2+θ(2+µ)))
(1+µ)(8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2)

and Piii
2 = d(1−θ)θ(4d−3(1−d)µ)

8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 .

(iv) When d4 < d < 1, the optimal prices are aiv = (1−θ)(2(2+µ)−θ−2d(1+µ))
2((2−θ+µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))

,

aiv = Piv
1 , and Piv

2 = (1−θ)θ(2+µ+d(1−2d)(1+µ))
2((2−θ+µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))

.

(v) When 0 < d < µ
1+µ , the publishers will not sell the book.

Lemma 2 provides the general conditions for the equilibrium pricing strategies in
the presence of consumers’ reference price effects. Unlike in the benchmark model, there
exists a lower boundary for the wholesale discount rate d1, below which the publisher will
not distribute its books. A low wholesale discount rate leaves the publisher a small profit
margin. Furthermore, the existence of reference price effects will encourage the retailer to
further reduce the retail price, rendering the publisher unprofitable. Thus, we only discuss
the situation where d1 < d.

When d1 < d, the publisher will choose to distribute both versions of the book only
when the wholesale discount rate is above a certain level, that is, max(d2, d3) < d, unless
the publisher will only distribute the printed version through the retailer. If the publisher
decides to sell both versions of the book, as in the benchmark model, then the retailer will
sell the printed book at the cover price when d is high. The intuition behind this is the same:
a high publisher’s wholesale discount restrains the retailer from setting a lower retail price
for the printed book.

It is interesting to note that, when d is below d4, even if the publisher sells both the
printed book and the e-book, no consumer chooses the e-book. This is because, with
reference price effects, both the publisher and the retailer will benefit from the high sales
discounts. The existence of the e-book produces a competition effect that motivates the
retailer to further reduce the retail price for the printed book. Therefore, the retailer will
keep the e-book channel merely to control the printed version’s price, and no direct sales
occur when the wholesale discount rate is low.

Proposition 2. If the retailer sells the printed book at a discounted retail price, then ∂a
∂d < 0,

∂P1
∂d < 0, ∂a

∂µ > 0, ∂P1
∂µ > 0; if the retailer sells the printed book with no discount, then ∂a

∂d > 0,
∂P1
∂d > 0, ∂a

∂µ < 0, ∂P1
∂µ < 0. P2 is not monotonic in d and µ in both cases.

As in the benchmark, a is decreasing in d when the retailer sells the printed book at
a discounted retail price. P1 and P2 are no longer independent of d but decreasing in d.
The reason is that demands are influenced not only by the price competition between the
printed book and e-book, but also by the difference between the cover price and the retail
price of the printed book. Thus, as d increases, the retailer has a large margin to decrease
the retail price for a deeper discount that can attract more consumers to choose the printed
book. Meanwhile, the publisher will also lower the e-book’s retail price, which also drives
the retailer to set a low P1. As d becomes relatively large, the retailer sells the printed book
at the cover price; the result is similar to that of the benchmark. A high wholesale discount
rate restrains the retailer from selling the printed book at a lower price. The cover price is
increasing in d. For conciseness, we provide a representative example in Figure 3. We show
how the cover price and retail price change with respect to d by setting θ = 0.7 and varying
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µ = {0.2, 0.5, 0.8}. This value of θ is based on the result of [14]’s (2018) experiment, which
shows that consumers’ willingness to pay for e-books is about 70% of their willingness to
pay for the printed version.
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Figure 3 reflects the trade-off faced by the publisher and the retailer between adopting
a low-price strategy and a high discount strategy to attract consumers. If the value of d is
not high, then the cover price of the printed book is increasing in µ, leaving the retailer a
wide margin to discount. A high discount strategy is dominant when µ is high. Specifically,
when µ = 0.5 and 0.8, both the cover price and the retail price of the printed book are very
high: it takes a significant discount rate to attract consumers to choose the printed book.
Furthermore, it is interesting that the e-book’s retail price is independent of d when d is
low. This reflects the special case when the publisher keeps the e-book channel, but no
sales occur in it. However, when the value of µ is low, the high discount strategy is no
longer dominant. Instead, the low-price strategy becomes dominant. The publisher will
then decrease both the printed book’s cover price and the e-book’s retail price to induce the
retailer to set a low retail price. When d is larger, the retailer sells the printed book at the
cover price: the results are different. In Figure 4, we present a close-up of d from Figure 3
to analyze how the characteristic influences the price strategy.
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For a specific high value of d, there is no margin for the retailer to sell the print book
at a discount, and the cover price of the printed book is decreasing in µ. The publisher
gives up the high discount strategy that takes advantage of reference price effects to
attract consumers, turning instead to a reduced print cover price to accomplish the same.
Meanwhile, the publisher will also first increase the retail price of the e-book to encourage
the retailer to sell at the cover price and guarantee that some consumers will choose the
e-book. As the value of d further increases, the retailer will be certain to sell at the cover
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price; the publisher will then decrease the e-book’s price to capture more sales from it. As a
result, the e-book’s price is concave in d when the value of d is extremely high.

From Lemma 2, the publisher’s optimal strategy is related to d, µ and θ. We now
illustrate how these characteristics influence the publisher’s strategies. We then partition
the d-θ space by equilibrium channel for µ = 0.15 in Figure 5a and µ = 0.85 in Figure 5b.
The five regions of Figure 5 correspond to the five cases in Lemma 2.
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As we mentioned before, the publisher chooses to publish both versions when the
value of d is relatively significant (Regions ii, iii and iv and releases only the printed books
when d is small (Region i). Further, the thresholds of d for each case are increasing in
consumers’ e-book acceptance level θ. An increase of θ encourages the publisher to increase
the retail price of the e-book. Meanwhile, the competition between the two versions of
the book is also increasing in θ, in turn driving the retailer to decrease the retail price of
the printed book. Thus, when the value of θ is exceptionally high, the publisher prefers to
sacrifice demand for e-books or even restrict sales to the single channel.

Corollary 1. As the reference price effects intensify, the threshold of d for the publisher to publish
both printed and electronic versions of books rise.

When there are no reference price effects, the publisher always publishes both versions
of books. However, there exists a lower boundary of the wholesale discount above which
consumers care about the discount. As the reference price effects become weak, the publish
is more willing to distribute both versions of books through the retailer. This result is
consistent with practice.

The previous study points out that the reference price effect is diminishing sensitivity,
which means the impact of reference price decreases with its size [55]. In previous decades,
the book market was relatively immature, and consumers showed strong interest in the
sales discount rate. Thus, book retailers competed to attract consumers through deep
sales discounts, and the publisher prefers to publish only the printed book. As the book
market and online market matured in recent years, price competition between retailers
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has strengthened, the reference price effects become weak as the frequency of discount
becomes high. Thus, the publisher will always prefer to release both versions of a book
simultaneously.

Next, to analyze how reference price effects influence the retailer’s sales discount
decision, we introduce the notation s = 1− P1

a to refer to the sales discount rate for a
printed book. The results are captured in the following proposition.

Proposition 3. The retailer’s sales discount is decreasing in d and increasing in θ. However, the
retailer’s sales discount is nonmonotonic in µ.

The sales discount is not always increasing in µ. When θ is high and d is low, the
sales discount is convex in µ. This result reflects the publisher’s trade-off between greater
demand for the printed book and for the e-book. The retailer also faces the problem of
whether to raise the sales discount rate to attract more consumers or set a higher retail price
to extract the surplus of consumers who have a higher willingness to pay. If the consumers’
discount concern is not intense, then the retailer will set a high retail price, which leads
to a decrease in the discount rate; if the consumers are highly discount-sensitive, then it
is optimal for the retailer to decrease its prices monotonically to prevent consumers from
feeling a sense of loss.

4.3. The Effects of Wholesale Discount Rate

In the following, due to books’ special pricing mechanism, printed books’ wholesale
discount rate is always industry specific and exogenous, we will investigate how the
wholesale discount rate influences printed book’s wholesale price and publisher’s profit.
We introduce the notation w = da to refer to the wholesale price of printed books. The
results are captured in the following lemma.

Lemma 3. The wholesale prices of the printed book are decreasing in d if the printed book is sold at
a discounted price. Otherwise, the wholesale price is increasing in d.

Lemma 3 shows that the influence of d on wholesale prices coincides with its influence
on the cover price. Even though the publisher does not have the pricing power of wholesale
price on each book, the publisher can still control the wholesale prices by adjusting the list
price.

Proposition 4. The publisher’s profit is always decreasing in d.

It is interesting to find that the publisher will always benefit from a low value of d.
The reason behind this is that when the value of d is at a low level, the publisher can always
benefit from setting a high cover price can let the retailer sells the printed book with a
discount. As the value of d increases, the retailer’s constraint value to sell printed books
with cover price also increases, which leads the publisher to increase the cover price to lead
the retailer to sell with the cover price. However, the increase of cover price will lead to a
decrease in printed book sales. As a result, the publisher will always benefit from a low
value of d.

4.4. Reference Price Effects

To further explore the impact of reference price effects, we compare the publisher’s
and retailer’s profits in the benchmark model to the results of the main model in this part.
Since the main model is only feasible when µ

1+µ < d < 1, we only compare the profits

when µ
1+µ < d < 1. The results are summarized in the following Proposition:

Proposition 5. (1) ΠB
P < ΠP; (2) ΠB

R > ΠR when 0 < θ < 2− 2
√

1
1+µ and d1 < d < d3,

otherwise, ΠB
R < ΠR.
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Previous studies show that the reference price will not always benefit the supply chain
members’ profits because of double-marginalization effects [42]. Our results show that
the reference price effects always have a positive impact on the publisher’s profit. The
reference price effects also represent a positive impact on the retailer’s profit except when

0 < θ < 2− 2
√

1
1+µ and d1 < d < d3. The appearance of the negative impact is due to the

publisher using the e-book to control the printed version’s price in this special situation.
These results explain why both the publisher and the retailer like to invoke reference price
effects in consumers’ minds by highlighting the printed book’s discount rate either on the
web page or in the offline bookstore.

5. Extension: Reference Price for E-Books

In the above analysis, we only consider that consumers have reference price effects for
printed books. In this extension, we assume consumers also have reference price effects for
e-books. Since the retailer always lists the printed book’s cover price as a reference on the
e-book’s web page, we then assume that consumers also see the cover price of the printed
book as a reference price.

Hence, discount-sensitive consumers compare the retail price and retail price to the
cover price to evaluate the discount level in deciding whether to buy or not. That is,
consumers’ utility functions for purchasing printed books and e-books are:

U′1 = V − P1 + µ(a− P1),U′2 = θV − P2 + µ(a− P2).

Consumers can choose between a printed book, an e-book or nothing. Let v4 denote
the valuation of a consumer who is indifferent between purchasing a printed book and an
e-book, and v5 denote the valuations of consumers who are indifferent between purchasing
a printed book and nothing, and v6 denote the valuations of consumers who are indifferent
between purchasing an e-book and nothing. By solving U′1 = U′2, U′1 = 0 and U′2 = 0,

we have v4 = (1−µ)(P1−P2)
1−θ , v5 = P1 + µP1 − aµ and v6 = P2+µP2−aµ

θ . Thus, the demand
functions of the two channels are as follows:

D′1 =

{
1− (1−µ)(P1−P2)

1−θ , P1 ≥ P2
θ −

a−aθµ
θ+θµ

1− (P1 + µP1 − aµ), P1 < P2
θ −

a−aθµ
θ+θµ

D′2 =

{
(1−µ)(P1−P2)

1−θ − P1+µP2−aµ
θ , P1 ≥ P2

θ −
a−aθµ
θ+θµ

0, P1 < P2
θ −

a−aθµ
θ+θµ

When P1 < P2
θ −

a−aθµ
θ+θµ , the publisher only publishes the printed version of the book,

and the result is similar to that in the single-channel case in the main model. Thus, we
summarized the result and condition only when P1 ≥ P2

θ −
a−aθµ
θ+θµ .

Lemma 4. If P1 ≥ P2
θ −

a−aθµ
θ+θµ , the optimal solutions are:

(1) when µ2

2+2µ+µ2 < θ < 1 and d6 < d < min{d7, 1} the retailer will undercut the cover price.

(2) if d7 < 1, when d7 < d < 1, the retailer will set the retail price to coincide with the cover
price.

Consistent with the main model, the retailer will sell the printed book only when the
wholesale discount rate is above a certain level. However, the results are related to the
consumer’s acceptance level of e-books θ, which reflects the competition intensity between
the printed version and the e-version of the book. The reference price effects for the e-book
restrain the printed book’s price, especially when θ is low; thus, the publisher will publish
both versions of the book profitably only when the value of θ is above a certain threshold

µ2

2+2µ+µ2 . When µ2

2+2µ+µ2 < θ ≤ µ2, the retailer will always sell the printed version at a
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discounted retail price if d is not low, that is, d5 < d. When the value of θ is larger, that is,
µ2 < θ, the retailer will sell the printed version at a discounted retail price only when the
value of d is at a moderate level.

6. Conclusions

This paper explores the publishers’ and retailers’ distribution and pricing strategies
with the reference price effects. In the book supply chain, the publishers always set a cover
price for their printed books depending on the genre, edition or cost of the books, and then
the cover price act as a binding recommended price influences the retail price. Accordingly,
consumers may compare retail prices and cover prices of printed books when making
their purchase decisions. In other words, consumers regard the cover price as a reference
price and show interest in books with discounts. The impacts of the reference price effects
in the books market are complicated. Due to the reference price effects, online retailers
compete with each other by providing discounts frequently. Furthermore, a Chinese book
retail market report also indicates that publishers attempt to increase cover prices to allow
the retailer to attract consumers with a deeply discounted price. However, the frequent
discounts may weaken the reference price effects.

Preview study theoretically and empirically analyze how a non-binding recommended
retail price impacts the market with the reference price effects, but the impact of a binding
recommended retail price has not been well investigated; most of the studied about the
book market do not consider the distinct pricing merchant of printed books. Hence, how
the reference price effects influence the publishers’ and retailers’ strategies with a cover
price (binding recommended price) has not been well studied. Further, it is important to
know whether publishers and retailers benefit from the reference price effects.

To investigate publishers’ and retailers’ strategies with the reference price effects, we
develop a publisher-leader Stackelberg game of a book supply chain coexisting printed
and e-books. Our study fills the gap by capturing the pricing feature in the books market
and examining the publishers’ channel and pricing strategies and interaction between
the retailer and the publisher in the presence of reference price effects. In our model, a
publisher first sets the cover price of the printed book, and a retailer decides to comply
with or undercut the cover price. We incorporate consumers’ reference price effects to
analyze how the effect influences publisher’s e-books distribution decisions and printed
and e-books’ retail prices.

Common sense tells us that retailers will always undercut manufacturers’ suggested
price if this price affects demand directly, and that they will monotonically decrease their
prices to prevent consumers from feeling a sense of loss. Our results suggest that this
statement does not always hold but depends on the publisher’s discount rate for printed
books and consumers’ relative acceptance of e-books. Our main results are as follows.

First, we found that the cover and retail prices for printed books do not always
decrease in response to consumers’ concerns about the sales discount. This finding reflects
the publisher’s and the retailer’s trade-off between adopting a low-price strategy and a
high discount strategy to attract consumers. In other words, the reference price effects
allow the retailer and publisher to attract consumers with a high price and high discount.

Second, our study shows that the publisher is more willing to publish both books
as the reference price affects’ salience decreases. The development of e-commerce drives
online retailers to compete by providing discounts frequently, and consumers become less
sensitive to the reference price effect. Therefore, the publisher may prefer to publish both
the print and digital versions of books.

Third, we found that the publisher’s profit is always decreasing as the wholesale
discount rate increase. With the development of e-commerce, books’ retailing is over-
reliance on online retailers, several publishers may lower the wholesale discount to online
retailers. However, our result shows that a low wholesale discount is not necessarily hurt
the publisher’s profit. On the contrary, the publisher can take advantage of the reference
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price effect by setting a high cover price of print books and attract consumers with high
discounts.

Furthermore, the reference price effects will always benefit publishers and benefit
retailers when the consumers’ acceptance level of e-books is not low. Therefore, the retailers
should highlight the discounted price on the page to intensify the reference price effects.

We also extend our model by considering the consumers’ reference price effects for
e-book prices. The results, depending on consumers’ acceptance level of e-books, show
that when consumers’ acceptance level of e-books is at a moderate level, the publisher will
always sell the printed books at a discount. This result is also in line with the practice that
the printed books sold on Amazon and Jd.com always have a discount.

There are several limitations in this paper. First, we assumed the publisher’s wholesale
discount to be exogenous. The development of online retailing allows some dominated
online retailers to bargain for a low publisher’s discount. Further study can endogenize
the publisher’s discount by considering the negotiation between the publisher and the
retailer and analyzing how their bargaining power affects the equilibrium results. Second,
to examine the cover price’s effect, we assume consumers see the cover price as a reference
price and only consider the sales period immediately after a book is published. However,
the prices of printed and e-books are dynamic. Thus, future studies can consider a multi-
period dynamic pricing strategy for the retailer and consider the case where the reference
price is based on historical prices. Third, since this study focuses on analyzing the influence
of printed books’ price mechanism, we assume that publishers sell e-books through their
own channel. Future studies can consider the setting in which the publisher distributes
e-books through the retailer’s e-books channel or a third-party retail platform and explore
the retailer’s reaction.
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Appendix A

Proof of Lemma 1

We begin to solve the problem when P2 < P1
θ , we first solve the retailer’s problem in

the benchmark:

max
P1

ΠR = (P1 − ad)
(

1− P1 − P2

1− θ

)
After characterizing the optimal value of P1 = argmaxΠR(a, P2) =

1−θ+a(d+µ+dµ)+P2
2(1+µ)

,
we substitute back into the publisher’s problem. We use the first-order condition to solve
the problem:

max
a, P2

ΠP = ad
(

1− P1−P2
1−θ

)
+ P2

(
P1−P2
1−θ −

P2
θ

)
s.t. P1 ≤ a

P2 < P1
θ

We define the Lagrangian function:

L = ad
(

1− P1 − P2

1− θ

)
+ P2

(
P1 − P2

1− θ
− P2

θ

)
+ m

(
a− 1− θ + P2

2− d

)
+ n

(
θ + adθ − θ2

2− θ
− P2

)
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The optimal solutions must satisfy the following K.K.T. conditions:

∂L
∂a

= 0 (A1)

∂L
∂P2

= 0 (A2)

∂L
∂m
≥ 0, m

∂L
∂m

= m
(

a− −1 + θ − Pe

−2 + d

)
= 0 (A3)

∂L
∂n
≥ 0, n

∂L
∂n

= n
(

θ + adθ − θ2

2− θ
− Pe

)
= 0 (A4)

Since there are two Lagrange multipliers, there are four cases.

Case 1: m = 0, n = 0

Equations (A1) and (A2) leads to a∗ = 1
2d and P2

∗ = θ
2 . We then verify Equations (A3)

and (A4). Plugging a∗ and P2
∗ into a− −1+θ−Pe

−2+d ≥ 0, we obtain 0 < d < 2
3−θ . Plugging

a∗ and P2
∗ into θ+adθ−θ2

2−θ − Pe ≥ 0, we find this condition always holds. In summary, the
condition of Case 1 is 0 < d < 2

3−θ , and the retail price of printed books is 3−θ
4 and the

publisher’s optimal profit is 1+θ
8 .

Case 2: m = 0, n ≥ 0

By Equations (A1), (A2) and (A4), we obtain a∗ = 1
2d , P2

∗ = 1
2 +

1
−2+θ + θ and n = − 1

2 .
Since n < 0, case 2 is infeasible.

Case 3: m ≥ 0, n = 0

By Equations (A1)–(A3), we obtain a∗ = (1−θ)(4−2d−θ)

2((2−d)2−(2−d2)θ)
, P2

∗ = (2+d(1−2d))(1−θ)θ

2((2−d)2−(2−d2)θ)

and m = (2−d)d(d(3−θ)−2)
2((2−d)2−(2−d2)θ)

. To guarantee m ≥ 0, we have 2
3−θ < d < 1. We then check the

constraint θ+adθ−θ2

2−θ − P2 ≥ 0, which is always satisfied when 2
3−θ < d < 1. In summary,

the condition of Case 3 is 2
3−θ < d < 1, and the retail price of printed books is the cover

price and the publisher’s optimal profit is (4(1−d)d+θ)(1−θ)

4((2−d)2−(2−d2)θ)
.

Case 4: m ≥ 0, n ≥ 0

By Equations (A3) and (A4), we obtain m = (2−d)d(θ+d(3−2θ)−2)
2(2−d−θ)2 and n = (d(3−2d)+θ−2)(2−θ)

2(2−d−θ)2 .

To guarantee m ≥ 0, we have 2−θ
3−2θ < d < 1. This condition leads to n < 0. Thus, this case

is infeasible.
In sum, we obtain the optimal solution as presented in lemma 1. �

Proof of Proposition 1

It is easy to get that if the retailer sells printed books with a discount:

∂a
∂d

= − 1
2d2 < 0

∂P1

∂d
= 0

∂P2

∂d
= 0

If the retailer sells printed books with the cover price:

∂a
∂d = (1−θ)(4−d(1+θ)(4−d−θ))

((2−d)2−(2−d2)θ)
2

∂P2
∂d = (1−θ)θ(2(6−θ)−d(20−7d−(4−d)θ))

2((2−d)2−(2−d2)θ)
2



J. Theor. Appl. Electron. Commer. Res. 2021, 16 1508

It suffices to prove (1−θ)(4−d(1+θ)(4−d−θ))

((2−d)2−(2−d2)θ)
2 > 0 always holds, which implies that the

cover price increasing in d. The feasible region of this case is 2
3−θ < d < 1,

(1−θ)θ(2(6−θ)−d(20−7d−(4−d)θ))

2((2−d)2−(2−d2)θ)
2 is positive only when 2

3−θ < d < 2(5−θ)
7−θ −

√
2
√

8−7θ+θ2

(7−θ)2 ;

otherwise (1−θ)θ(2(6−θ)−d(20−7d−(4−d)θ))

2((2−d)2−(2−d2)θ)
2 is negative. Thus, the retail price of e-books is

concave in d.
Therefore, the publisher’s profits in the AA model decrease in θ. �

Proof of Lemma 2

We begin to solve the problem when P1 ≥ aθµ+P2
θ+θµ , we first solve the retailer’s problem:

max
P1

ΠR = (P1 − ad)
(

1− P1 + µP1 − aµ− P2

1− θ

)
After characterizing the optimal value of P1 = argmaxΠR(a, P2) =

1−θ+a(d+µ+dµ)+P2
2(1+µ)

.
We substitute back into the publisher’s problem. We use the first order condition to solve
the problem:

max
a, P2

ΠP = ad
(

1− P1+µP1−aµ−P2
1−θ

)
+ P2

(
P1+µP1−aµ−P2

1−θ − P2
θ

)
s.t. 1−θ+a(d+µ+dµ)+P2

2(1+µ)
≤ a

P2 < −θ−adθ+θ2+aθµ−adθµ
−2+θ

First, we check the second order condition by examining the Hessian.

H =

 ∂2ΠP
∂a2

∂2ΠP
∂P2∂a

∂2ΠP
∂a∂P2

∂2ΠP
∂P2

2

 =

 d((1−d)µ−d)
1−θ

d(2+µ)−µ
2(1−θ)

d(2+µ)−µ
2(1−θ)

−2+θ
(1−θ)θ


H is negative semidefinite if and only if d((1−d)µ−d)

1−θ ≤ 0 and d((1−d)µ−d)
1−θ × −2+θ

(1−θ)θ
−

d(2+µ)−µ
2(1−θ)

× d(2+µ)−µ
2(1−θ)

≥ 0. These conditions hold when 0 < µ < 1, 0 < θ < 8+8µ

8+8µ+µ2 and d1 <

d < 1, where d1 = µ(θ(4+µ)−4)
θ(8+8µ+µ2)−8(1+µ)

+ 2
√

2
√

(2−3θ+θ2)µ2

(θ(8+8µ+µ2)−8(1+µ))
2 ; 0 < µ < 1, 8+8µ

8+8µ+µ2 <

θ < 1 and d2 < d < 1, where d2 = µ(θ(4+µ)−4)
θ(8+8µ+µ2)−8(1+µ)

− 2
√

2
√

(2−3θ+θ2)µ2

(θ(8+8µ+µ2)−8(1+µ))
2 . The

following analysis is conducted based on these conditions.
The Lagrangian formulation of the problem is given by:

L = ad
(

1− P1+µP1−aµ−P2
1−θ

)
+ P2

(
P1+µP1−aµ−P2

1−θ − P2
θ

)
+ f
(

a− 1−θ+a(d+µ+dµ)+P2
2(1+µ)

)
+g
(
−θ−adθ+θ2+aθµ−adθµ

−2+θ − P2

)
The optimal solutions must satisfy the following K.K.T. conditions:

∂L
∂a

= 0 (A5)

∂L
∂P2

= 0 (A6)

∂L
∂ f
≥ 0, f

∂L
∂ f

= f
(

a− 1− θ + a(d + µ + dµ) + P2

2(1 + µ)

)
= 0 (A7)
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∂L
∂g
≥ 0, g

∂L
∂g

= g
(
−θ − adθ + θ2 + aθµ− adθµ

−2 + θ
− P2

)
= 0 (A8)

Case 1: f = 0, g = 0

Equations (A5) and (A6) lead to a∗ = (1−θ)(4d−(1−d)θµ)

8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 and P2
∗ =

d(1−θ)θ(4d−3(1−d)µ)
8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 . We then verify Equations (A7) and (A8). Plugging a∗ and

P2
∗ into a − 1−θ+a(d+µ+dµ)+P2

2(1+µ)
≥ 0, we obtain 2(1−θ)(2d(2−d(3−θ))+(1−d)(2d(3−θ)−θ)µ)

8d2(1−θ)−8(1−d)d(1−θ)µ+(1−d)2θµ2 ≥ 0.

This condition holds when 0 < θ < 8+8µ
8+8µ+µ2 , d1 < d < d4 and 8+8µ

8+8µ+µ2 < θ < 1 and d2 <

d < d4, where d4 = 1
4 (

4+(6−θ)µ
(3−θ)(1+µ)

+

√
16+8(6−4θ+θ2)µ+9(2−θ)2µ2

(3−θ)2(1+µ)2 ). Plugging a∗ and P2
∗ into

−θ−adθ+θ2+aθµ−adθµ
−2+θ − P2 ≥ 0, we find this condition always holds when d3 < d < d4,

where d3 = 3µ−2θµ
2−2θ+3µ−2θµ . In summary, the condition of Case 1 is d3 < d < d4 and the

retail price of printed books is
(1−θ)(2d2(3−θ)(1+µ)−θµ2+dµ(−2+θ(2+µ)))
(1+µ)(8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2)

and the publisher’s

optimal profit is d(1−θ)(d(1+θ)−(1−d)θµ)

8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 .

Case 2: f = 0, g ≥ 0

By Equations (A5), (A6) and (A8), we obtain a∗ = 1
2d−2µ+2dµ , P2

∗ = 1
2 + 1

−2+θ +

θ and g = (3−2θ)µ−d(2+3µ−2θ(1+µ))
4(1−θ)(d−µ+dµ)

. The constraint g ≥ 0 leads to 0 < θ < 8+8µ

8+8µ+µ2 ,

d1 < d < d3 and 8+8µ

8+8µ+µ2 < θ < 1 and d2 < d < d3. We then check the constraint

a− 1−θ+a(d+µ+dµ)+P2
2(1+µ)

≥ 0, which is always satisfied. The retail price of printed books is
1
2

(
1−θ

(2−θ)(1+µ)
+ d

d−(1−d)µ

)
and the publisher’s optimal profit is d

4(2−θ)(d−(1−d)µ) .

Case 3: f ≥ 0, g = 0

By Equations (A5)–(A7), we obtain a∗ = (1−θ)(2(2+µ)−θ−2d(1+µ))
2((2−θ+µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))

,

P2
∗ = (1−θ)θ(2+µ+d(1−2d)(1+µ))

2((2−θ+µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))
and

f = (−2+d+(−1+d)µ)(2d(2+d(−3+θ))+(−1+d)(2d(−3+θ)+θ)µ)
4(−(−2+θ−µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))

. To guarantee f ≥ 0, we have d4 <

d < 1. We then check the constraint −θ−adθ+θ2+aθµ−adθµ
−2+θ − P2 ≥ 0, which is always satisfied.

In summary, the condition of Case 3 is d4 < d < 1, and the retail price of printed books is the
cover price and the publisher’s optimal profit is (1−θ)(θ+4(1−d)d(1+µ))

4((2−θ+µ)(2+µ)−2d(1+µ)(2+µ)+d2(1+µ)(1+θ+µ))
.

Case 4: f ≥ 0, g ≥ 0

By Equations (A7) and (A8), we obtain f = d(+d−(1−d)µ−2)(2+3µ−d(3−2θ)(1+µ)−θ(1+2µ))

2(2−d−θ+(1−d)µ)2

and g = (2−θ)(θ−µ+d(3−2d)(1+µ)−2)
2(2−d−θ+(1−d)µ)2 . To guarantee f ≥ 0, we have 2−θ+3µ−2θµ

3−2θ+3µ−2θµ < d < 1.

This condition leads to g < 0. Thus, this case is infeasible.
We then solve the problem when P1 < aθµ+P2

θ+θµ , where publisher only publishes printed
books. we first solve the retailer’s problem:

max
P1

ΠR = (P1 − ad)(1 + aµ− P1 − µP1)

After characterizing the optimal value of P1 = argmaxΠR(a) = 1+a(d+µ+dµ)
2(1+µ)

. We
substitute back into the publisher’s problem. We use the first-order condition to solve the
problem:

max
a

ΠP = ad(1 + aµ− P1 − µP1)s.t.
1 + a(d + µ + dµ)

2(1 + µ)
≤ a
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We obtain the optimal cover price a∗ = 1
2d−2µ+2dµ . We then verify the condition

of discount by plugging a∗ into 1+a(d+µ+dµ)
2(1+µ)

≤ a, we obtain 2+3µ−3d(1+µ)
4(1+µ)(d−(1−d)µ) ≥ 0. This

condition holds only when µ
1+µ < d < 2+3µ

3+3µ . In summary, when µ
1+µ < d < 2+3µ

3+3µ , the
retailers sell printed books with a discounted retail price, and the optimal retail price of
printed books is 1

4

(
1

1+µ + 2d
d−(1−d)µ

)
and the publisher’s optimal profit is d

8(d−(1−d)µ) .When

0 < d < µ
1+µ and 2+3µ

3+3µ < d < 1, the retailers sell printed books with the cover price, and

the optimal cover price is 1
2−d+µ−dµ and the publisher’s optimal profit is (1−d)d(1+µ)

(2−d+(1−d)µ)2 .

In sum, we obtain the optimal solution as presented in lemma 1. �

An alternative time sequence of main model

For a given wholesale discount rate d, the publisher could first declare cover price
a, and then publisher determine P2 and online retailer determines P1 simultaneously. We
denote such a time sequence as A. We now show that the publisher’s profits are higher in
main model versus A.

When P1 ≥ aθµ+P2
θ+θµ , the publisher problem of sequence A is same with the main model.

Thue, we only solve the problem when P1 ≥ aθµ+P2
θ+θµ , we first determine P1 and P2 to

maximize the online retailer and publisher’s profits, respectively. By solving the following
optimization problem,

max
P1

ΠA
R = (P1 − ad)

(
1− P1 + µP1 − aµ− P2

1− θ

)

max
P2

ΠA
P = ad

(
1− P1 + µP1 − aµ− P2

1− θ

)
+ P2

(
P1 + µP1 − aµ− P2

1− θ
− P2

θ

)
We can derive the optimal retail price P1 and P2 as functions of a as:

P∗1 (a) =
2(1− θ) + ad(2 + θ) + a(2 + 2d− θ)µ

(4− θ)(1 + µ)

P∗2 (a) =
θ(1− θ − a(µ− d(3 + µ)))

4− θ

Plugging P∗1 (a) and P∗2 (a) into condition P1 ≥ aθµ+P2
θ+θµ , we find the condition of dual-

channel holds only when 0 < a < 1−θ
d−dθ+µ−dµ . Plugging P∗1 (a) into condition P1 < a, we

find the condition of discount holds only when a > 2(1−θ)
2(2+µ)−θ−d(2+θ+2µ)

.
Replacing the above solutions into the profit function of the publisher and solving the

problem of publisher. If the retailer sells the printed books with discount, the optimal cover
price and retailer’s profit are:

a =
(1− θ)

(
d
(
8 + θ2)− 2(1− d)θµ

)
2
(

d2(1− θ)(8 + θ)− 8(1− d)d(1− θ)µ− (1− d)2θµ2
)

ΠA
P =

d(1− θ)
(

d(2 + θ)2 − 4(1− d)θµ
)

4
(

d2(1− θ)(8 + θ)− 8(1− d)d(1− θ)µ− (1− d)2θµ2
)

If the retailer sells the printed books with cover price, then the optimal cover price
and publisher’s profit are:

a =
2(1− θ)

2(2 + µ)− θ − d(2 + θ + 2µ)
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ΠA
P =

(1− d)(1− θ)(θ + d(4 + θ + 4µ))

(θ − 2(2 + µ) + d(2 + θ + 2µ))2

By comparing publisher’s profit of the main model ΠP with ΠA
P , we can obtain that

ΠP > ΠA
P always hold. Thus, the sequence in the main model is better off than in A model

for publisher.

Proof of Proposition 2

It is easy to achieve that if the retailer sells printed books with a discount:

∂a
∂d

=
((1− θ)µ(4d(θ − 3θ2 − d(8− θ(9 + θ)))µ− 2(1− d)θ(3 + d− 3(1− d)θ)µ2 + (1− d)2θ2µ3 − 32d2(1− θ)))

((1 + µ)(8(1− d)d(1− θ)µ + (1− d)2θµ2 − 8d2(1− θ))
2
)

< 0

∂P1

∂d
=

((1− θ)(θµ2(θ(8 + µ)− 12) + 2dθµ(8(1 + µ)− θ(8 + µ(8 + µ)))− d2(4 + θµ)(8(1 + µ)− θ(8 + µ(8 + µ)))))

(8(1− d)d(1− θ)µ + (1− d)2θµ2 − 8d2(1− θ))
2 < 0

∂P2

∂d
=

(1− θ)θµ(3(1− d)2θµ2 − 8d2(1− θ)− 8(1− d)dθµ)

(8(1− d)d(1− θ)µ + (1− d)2θµ2 − 8d2(1− θ))
2 < 0

∂P1
∂µ = (1−d)(1−θ)(8d2(4−θ)(1−θ)+8(1−d)dθµ−(1−d)2θ2µ2)

(8(1−d)d(1−θ)µ+(1−d)2θµ2−8d2(1−θ))
2 > 0

∂a
∂µ > 0

∂P2

∂µ
=

(1− d)d(1− θ)θ(8d2(1− θ) + 8(1− d)dθµ− 3(1− d)2θµ2)

(8(1− d)d(1− θ)µ + (1− d)2θµ2 − 8d2(1− θ))
2 > 0

If the retailer sells the printed book with a discount, the cover prices and retail prices
are decreasing in d and increasing in µ.

In the case that the retailer sells printed books with the cover price and no consumer
choose e-books.

∂a
∂d

=
1 + µ

2((1− d)µ− d)2 < 0

∂P1

∂d
=

µ

2((1− d)µ− d)2 < 0

∂P2

∂d
= 0

∂a
∂µ

=
−1 + d

2((1− d)µ− d)2 > 0

∂P1

∂µ
=

1
2

(
(1− d)d

(d− (1− d)µ)2 −
1− θ

(2− θ)(1 + µ)2

)
> 0

∂P2

∂µ
= 0

If the retailer sells printed books with the cover price:
∂a
∂d

=
(1− θ)(1 + µ)((2 + µ)2 + d2(1 + µ)(1 + θ + µ) + d(1 + θ + µ)(θ − 2(2 + µ)))

((θ − µ− 2)(2 + µ) + 2d(1 + µ)(2 + µ)− d2(1 + µ)(1 + θ + µ))2 > 0

∂P2

∂d
=

((1− θ)θ(1 + µ)(2d(5− θ + 3µ)(2 + µ)− d2(7− θ + 3µ)(1 + µ)− (2 + µ)(θ − 3(2 + µ))))

(2((θ − µ− 2)(2 + µ) + 2d(1 + µ)(2 + µ)− d2(1 + µ)(1 + θ + µ))2)



J. Theor. Appl. Electron. Commer. Res. 2021, 16 1512

∂a
∂µ

=
((1− d)(1− θ)(2θ(2 + µ)− θ2 − 2d2(1 + µ)2 − 2(2 + µ)2 − d(θ2 + 2θµ− 4(1 + µ)(2 + µ))))

(2((2 + θ − µ− 2)(2 + µ) + 2d(1 + µ)(2 + µ)− d2(1 + µ)(1 + θ + µ))2)
< 0

∂P2

∂µ
=

(1− d)(1− θ)θ(3d2(1 + µ)2 − 2d3(1 + µ)2 − (2 + µ)2 − d(θ − 2(2 + µ)))

2((θ − µ− 2)(2 + µ) + 2d(1 + µ)(2 + µ)− d2(1 + µ)(1 + θ + µ))2

It suffices to prove ∂P2
∂d > 0 when d4 < d < d5, where d5 = (−5+θ−3µ)(2+µ)

(−7+θ−3µ)(1+µ)
−√

(2+µ)(θ(−7+θ−3µ)+4(2+µ))

(−7+θ−3µ)2(1+µ)2 ; otherwise ∂P2
∂d < 0. Furthermore, ∂P2

∂µ is positive when d4 <

d < d6; otherwise ∂P2
∂µ is negative. Thus, the retail price of e-books is not monotonic in d

and µ. The cover price is increasing in d but decreasing in µ. �

Proof of Corollary 1

We then prove how the thresholds of d influence by consumers’ reference price effect.
∂d1
∂µ >0, ∂d2

∂µ >0, ∂d3
∂µ >0, ∂d4

∂µ >0, ∂d5
∂µ >0. Thus, the thresholds of d are increasing in µ. �

Proof of Proposition 3

We then prove how the key parameters: publishing discount rate d, consumers’
acceptance level of e-books θ and consumers’ concern about discount µ affect the retailer’s
discount decision. we introduce a notation s = 1− P1

a refers to the sales discount rate of
print books.

If the retailer sales printed books with the cover price, then s = 0; if the retailer sale
printed books with a discount, then s1 = 2d(2−d(3−θ))+(1−d)(2d(3−θ)−θ)µ

(1+µ)(4d−(1−d)θµ)
if e-books have

demand; otherwise, s2 = 2−θ+3µ−2θµ−d(3−2θ)(1+µ)
(2−θ)(1+µ)

It is easy to obtain that:

∂s1

∂d
=

2(3− θ)
(
2dθµ(1 + µ)− θµ2 − d2(1 + µ)(4 + θµ)

)
(1 + µ)(4d− (1− d)θµ)2 < 0

∂s2

∂d
=

1
2− θ

− 2 < 0

∂s1

∂θ
=

2d(d− (1− d)µ)(4d− 3(1− d)µ)

(1 + µ)(4d− (1− d)θµ)2 > 0

∂s2

∂θ
=

d− (1− d)µ

(2− θ)2(1 + µ)
> 0

∂s1

∂µ
=

(
2d2(4− θ(7− d(3− θ) + θ)) + 4(1− d)d(2− d(3− θ))θµ− (1− d)2θ(θ − 2d(3− θ))µ2

)
(
(1 + µ)2(4d− (1− d)θµ)2

)
∂s2

∂µ
=

1− θ

(2− θ)(1 + µ)2 > 0

The sign of ∂s1
∂µ if the retailer sale printed books with a discount in the feasible region

d3 < d < d4 could switch between positive and negative. The sales discount rate is
nonmonotonic in µ. �
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Proof of Lemma 3

We then prove how the key parameters: publishing discount rate d affect the pubsli-
her’s wholesale price and profit. we introduce a notation w = da refers to the wholesela
price of printed books.

The wholesale price for each prcing strategies are wi = d ∗ ai = d
2(d−(1−d)µ) ,

wii = d ∗ aii = d
2(d−(1−d)µ) , wiii = d ∗ aiii = d(1−θ)(4d−(1−d)θµ)

8d2(1−θ)−8(1−d)d(1−θ)µ−(1−d)2θµ2 , wiv = d ∗ aiv =

d(1−θ)(θ+2d(1+µ)−2(2+µ))
2(2d(1+µ)(2+µ)−(2+µ)(2−θ+µ)−d2(1+µ)(1+θ+µ))

, respectively.
It is easy to obtain that
∂wi

∂d < 0, ∂wii

∂d < 0, ∂wiii

∂d < 0, ∂wiv

∂d > 0. The wholesale prices of printed books are
decresing in d if the printed book is sold with discount (wi, wii, wiii), otherwise, the printed
books is sold with cover pirce, and the wholesale prince is increasing in d. �

Proof of Proposition 4

It is easy to achieve that:
∂Πi

P
∂d < 0, ∂Πii

P
∂d < 0, ∂Πiii

P
∂d < 0, ∂Πiv

P
∂d < 0.

The publisher’s profits are always decreasing in d. �

Proof of Proposition 5

Proposition 5 can be derived by comparing the results of Lemma 1 and Lemma 2. �

Proof of Lemma 4

We begin to solve the problem when P1 ≥ P2
θ −

a−aθµ
θ+θµ , we first solve the retailer’s

problem:

max
P1

ΠR = (P1 − ad)
(

1− (1− µ)(P1 − P2)

1− θ

)
After characterizing the optimal value of P1 = argmaxΠR(a, P2) =

1−θ+ad(1+µ)+(1+µ)P2
2(1+µ)

.
We substitute back into the publisher’s problem. We use the first order condition to solve
the problem:

max
a, P2

ΠP = ad
(

1− (1− µ)(P1 − P2)

1− θ

)
+ P2

(
(1− µ)(P1 − P2)

1− θ
− P2 + µP2 − aµ

θ

)

s.t.
1− θ + (1 + µ)Pe

(2− d)(1 + µ)
≤ a

P2 <
2aµ + θ(1 + a(d− (2− d)µ))− θ2

(2− θ)(1 + µ)

First, we check the second order condition by examining the Hessian.

H =

 ∂2ΠP
∂a2

∂2ΠP
∂P2∂a

∂2ΠP
∂a∂P2

∂2ΠP
∂P2

2

 =

 − d2(1+µ)
1−θ

2dθ+2(1−θ+dθ)µ
2(1−θ)θ

2dθ+2(1−θ+dθ)µ
2(1−θ)θ

− 2−θ
(1−θ)θ


H is negative semidefinite if and only if− d2(1+µ)

1−θ ≤ 0 and
(
− d2(1+µ)

1−θ

)
×
(
− 2−θ

(1−θ)θ

)
−

2dθ+2(1−θ+dθ)µ
2(1−θ)θ

× 2dθ+2(1−θ+dθ)µ
2(1−θ)θ

≥ 0. These conditions hold when 0 < µ < 1, µ2

2+2µ+µ2 <

θ < 1 and d5 < d < 1, where d5 = 1
2 (

√
(2−θ)µ2

θ(1+µ)2 +
µ

1+µ ). The following analysis is con-

ducted based on these conditions.
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The following analysis is conducted based on these conditions. The Lagrangian
formulation of the problem is given by:

L = ad
(

1− (1−µ)(P1−P2)
1−θ

)
+ P2

(
(1−µ)(P1−P2)

1−θ − P2+µP2−aµ
θ

)
+h
(

a− 1−θ+(1+µ)Pe
(2−d)(1+µ)

)
+j
(

2aµ+θ(1+a(d−(2−d)µ))−θ2

(2−θ)(1+µ)
− P2

)
The optimal solutions must satisfy the following K.K.T. conditions:

∂L
∂a

= 0 (A9)

∂L
∂P2

= 0 (A10)

∂L
∂h
≥ 0, h

∂L
∂h

= h
(

a− 1− θ + (1 + µ)Pe

(2− d)(1 + µ)

)
= 0 (A11)

∂L
∂j
≥ 0, j

∂L
∂j

= j
(

2aµ + θ(1 + a(d− (2− d)µ))− θ2

(2− θ)(1 + µ)
− P2

)
= 0 (A12)

Case 1: h = 0, j = 0

Equations (A9) and (A10) leads to a∗ = θ(µ−θµ+2d(1+µ))

4d2θ(1+µ)2−2(1−θ)µ2−4dθµ(1+µ)
and P2

∗ =

dθ(µ−θµ+2dθ(1+µ))

4d2θ(1+µ)2−2(1−θ)µ2−4dθµ(1+µ)
. We then verify Equations (A11) and (A12). Plugging a∗ and

P2
∗ into a− 1−θ+(1+µ)Pe

(2−d)(1+µ)
≥ 0, we obtain d2(3−θ)θ(1+µ)2+(1−θ)µ(θ+µ)−dθ(1+µ)(2+(3−θ)µ)

(2−d)(1+µ)((1−θ)µ2+2dθµ(1+µ)−2d2θ(1+µ)2)
≥ 0.

This condition holds when µ2

2+2µ+µ2 < θ < µ2 , d5 < d < 1 and µ2 < θ < 1 and d5 < d < d6,

where d6 = 1
2

(
1− 1−θ

(3−θ)(1+µ)
+

√
4θ+4(3−θ)(2−θ)θµ+(3−θ)(4−θ−θ2)µ2

(3−θ)2θ(1+µ)2

)
. Plugging a∗ and

P2
∗ into 2aµ+θ(1+a(d−(2−d)µ))−θ2

(2−θ)(1+µ)
− P2 ≥ 0, we find this condition always holds when

0 < µ < 1, µ2

2+2µ+µ2 < θ < 1 and d5 < d < 1. In summary, the condition of Case 1

is µ2

2+2µ+µ2 < θ < µ2 , d5 < d < 1 and µ2 < θ < 1 and d5 < d < d6. Furthermore, the retail

price of printed books is θ(2d(1+µ)−µ+θµ)

2(1−θ)µ2+4dθµ(1+µ)−4d2θ(1+µ)2 and the publisher’s optimal profit is
dθ(d(1+θ)(1+µ)−µ+θµ)

4(1−θ)µ2+8dθµ(1+µ)−8d2θ(1+µ)2 .

Case 2: h = 0, j ≥ 0

By Equations (A9), (A10) and (A12), we obtain a∗ = 1
2d−2µ+2dµ ,

P2
∗ = −2(−1+θ)2µ+dθ(−3+2θ)(1+µ)

2(−2+θ)(1+µ)(d+(−1+d)µ) and j = − µ+θ(d+(−1+d)µ)
2θ(d+(−1+d)µ) . when µ2

2+2µ+µ2 < θ < 1 ,
d5 < d < 1, j < 0. Thus, this case is infeasible.

Case 3: h ≥ 0, j = 0

By Equations (A9)–(A11), we obtain a∗ = (1−θ)(4−θ+3µ−2d(1+µ))
2(1+µ)(4−2θ+2µ−d(4+(3+θ)µ−d(1+θ)(1+µ)))

,

P2
∗ = (1−θ)((2−d)µ+θ(2+d(1+2µ−2d(1+µ))))

2(1+µ)(4−2θ+2µ−d(4+(3+θ)µ−d(1+θ)(1+µ)))
and

h = d2(3−θ)θ(1+µ)2−(1−θ)µ(θ+µ)−dθ(1+µ)(2+(3−θ)µ)
2θ(1+µ)(4−2θ+2µ−d(4+(3+θ)µ−d(1+θ)(1+µ)))

. To guarantee h ≥ 0, we have µ2 < θ < 1

and d6 < d < 1. We then check the constraint 2aµ+θ(1+a(d−(2−d)µ))−θ2

(2−θ)(1+µ)
− P2 ≥ 0, which is

always satisfied. In summary, the condition of Case 3 is µ2 < θ < 1 and d6 < d < 1, and
the retail price of printed books is the cover price and the publisher’s optimal profit is

(1−θ)(4dθ(1+µ)2−4d2θ(1+µ)2+(θ+µ)2)
4θ(1+µ)2(4−2θ+2µ−d(4+(3+θ)µ−d(1+θ)(1+µ)))

.
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Case 4: h ≥ 0, j ≥ 0

By Equations (A11) and (A12), we obtain

h =
(2−θ)(θ2−µ(2−d+(1−d)µ)−θ(2−d(1+µ)(3+2µ−2d(1+µ))))

2θ(d+θ−(1−d)µ−2)2 and

j = d(1+µ)(d(3−2θ)(1+µ)+θ(1+2µ)−2−3µ)

2(d+θ−(1−d)µ−2)2 . The condition h ≥ 0 leads to j < 0. Thus, this case is

infeasible.
The single channel case is the same as the base model. The optimal solutions are

characterized in the following lemma. �
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