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Abstract: Precise point positioning (PPP) with ambiguity resolution (AR) can improve positioning
accuracy and reliability. The narrow-lane (NL) AR solution can reach centimeter-level accuracy
but there is a certain initialization time. In contrast, extra-wide-lane (EWL) or wide-lane (WL)
ambiguity can be fixed instantaneously. However, due to the limited correction accuracy of the
empirical atmospheric model, the positioning accuracy is only a few decimeters. In order to further
improve the real-time performance of PPP while ensuring accuracy, we developed a multi-system
multi-frequency uncombined PPP single-epoch EWL/WL/NL AR method with regional atmosphere
modelling. In the proposed method, the precise atmosphere, including zenith wet-troposphere delay
(ZWD) and the slant ionosphere, is extracted through multi-frequency stepwise AR, which then
is both interpolated and broadcast to users. By adding regional atmosphere constraints, users can
achieve single-epoch PPP AR with centimeter-level accuracy. To verify the algorithm, four sets of
reference networks with different inter-station distances are used for experiments. With atmosphere
constraints, the accuracy of the single-epoch WL solution can be improved from the decimeter level
to a few centimeters, with an improvement of more than 90%, and the epoch fix rate can also be
improved to varying degrees, especially for the dual-frequency case. Due to the enlarged noise of the
EWL combination, its accuracy is at the decimeter level, while the accuracy of the WL/NL solution
can reach several centimeters. However, reliable NL ambiguity-fixing tightly relies on atmosphere
constraints with sufficiently high accuracy. When the modelling of the atmosphere correction is not
accurate enough, the NL AR performance is degraded, although this situation can be improved to a
certain extent through the multi-GNSS combination. In contrast, in this case, the WL ambiguity can
be successfully fixed and can support the precise positioning with an accuracy of several centimeters.

Keywords: uncombined precise point positioning; single-epoch; ambiguity resolution; atmosphere
modelling

1. Introduction

As a wide-area high-precision positioning technology, precise point positioning (PPP)
has been widely used in deformation monitoring, precise timing, and other fields [1–3].
However, it usually requires a long convergence time to achieve centimeter-level accuracy
and leads to a poor real-time performance. PPP ambiguity resolution (AR) can shorten the
initialization time to a certain extent. However, due to the strong correlation between vari-
ous parameters, reliable AR also requires tens of minutes [4,5]. These problems have also
become the bottleneck of the development of PPP technology. With the modernization of
the Global Positioning System (GPS) and Global Navigation Satellite System (GLONASS),
and the continuous improvement of Galileo, the BeiDou Navigation Satellite System (BDS)
and the Quasi-Zenith Satellite System (QZSS), many satellites can broadcast navigation

Remote Sens. 2021, 13, 3758. https://doi.org/10.3390/rs13183758 https://www.mdpi.com/journal/remotesensing

https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com
https://orcid.org/0000-0002-4145-3941
https://doi.org/10.3390/rs13183758
https://doi.org/10.3390/rs13183758
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/rs13183758
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com/article/10.3390/rs13183758?type=check_update&version=2


Remote Sens. 2021, 13, 3758 2 of 23

signals at three or more frequencies. Additionally, the Global Navigation Satellite Sys-
tem (GNSS) has officially entered an era of multi-system co-existence. The multi-system
and multi-frequency GNSS signals provide new opportunities for the improvement of
positioning performance.

During the research of GPS/BDS/Galileo/GLONASS combined PPP, Li et al. [6] em-
phasized that multi-system fusion can significantly improve the positioning performance
of PPP in harsh environments. Even in the case of the 40◦ cut-off elevation angle, it can
still achieve relatively stable positioning results. In addition, the convergence time can be
generally shortened from nearly 20 min to about 10 min. Guo et al. [7] proposed three triple-
frequency PPP models based on real-tracked BDS observations and the results showed that
different models show high consistency. The additional frequency has little effect on static
PPP but in case of poor observation conditions, the performance of kinematic PPP can be
slightly improved. Taking GPS as an example, Pan et al. [8] further demonstrated the math-
ematical equivalence of the different triple-frequency PPP models in the convergence stage
and the accuracy difference between the results of different models was usually no more
than 6 mm. Aimed at the unified multi-frequency ionosphere-free (IF) model, Elsobeiey [9]
and Viet Duong et al. [10] emphasized that the convergence of PPP can be accelerated by
selecting optimal linear combinations. In addition, some scholars have also compared the
positioning performance of multi-frequency PPP and traditional dual-frequency PPP, and
the results show that the positioning accuracy and convergence time of the multi-frequency
combination are always better than that in the dual-frequency case [11,12].

Compared with the dual-frequency case, the major advantage of multi-frequency
observations is that a variety of combinations with excellent characteristics, such as long
wavelength and weak ionosphere, can be formed through linear transformation, thereby
providing new opportunities for rapid PPP AR. Based on simulated triple-frequency GPS
signals, Geng and Bock [13] proposed a triple-frequency PPP AR algorithm in which
ambiguities of extra-wide-lane (EWL), wide-lane (WL), and narrow-lane (NL) are fixed
sequentially; using constraints of ambiguity-fixed ionosphere-free (AFIF) observations
instead of the original pseudorange, the correct fixing rate of NL ambiguity is increased
to 99% within 65 s, in contrast to only 64% within 150 s in the dual-frequency case. Later,
Li et al. [14,15] introduced a similar idea into BDS/Galileo multi-frequency PPP, and
analyzed the AR performance of triple-frequency, quad-frequency, and five-frequency
PPP with different combination coefficients. They came to the conclusion that regardless
of the time to first fix (TTFF) or positioning accuracy, the results of the multi-frequency
was always better than that of the dual-frequency. In addition to the above AFIF-based
multi-frequency AR strategy, as the uncombined PPP model has gradually become the
standard for multi-frequency data processing, many scholars have studied the AR method
based on multi-frequency uncombined PPP. Gu et al. [16] and Li et al. [17] extracted the
EWL/WL/NL fractional cycle bias (FCB) of BDS through integer transformation and com-
pared the AR performance of both the triple-frequency and dual-frequency case; the results
showed that the accuracy of triple-frequency AR was higher in the initialization phase. In
addition, Liu et al. [18] also used the least-squares ambiguity decorrelation adjustment
(LAMBDA) algorithm to determine the optimal coefficients in the linear transformation
process. Geng et al. [19] further evaluated the AR performance of GPS/BDS/Galileo/QZSS
based on triple-frequency uncombined PPP and the results showed that under the con-
straints of EWL/WL AR, the TTFF of NL ambiguity could be effectively reduced. In
addition to assisting NL ambiguity-fixing, another advantage of multi-frequency AR is
that the EWL/WL combination with long wavelengths is not sensitive to residual errors,
thus it is expected to achieve single-epoch-fixing [20]. Based on real-tracked vehicle-borne
data, Geng et al. [21,22] found that the single-epoch wide-lane ambiguity resolution (WAR)
could reach an accuracy of the decimeter level. Guo and Xin [23] further emphasized that
utilizing the advantage of low noise amplification of the Galileo E1/E5a/E6 combination,
the positioning accuracy could theoretically be further improved to about 10 cm.
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In general, multi-system and multi-frequency can greatly shorten the initialization
time of PPP. However, due to the short wavelength of NL ambiguity, it is still difficult
to fix instantaneously. In contrast, the EWL/WL ambiguity can generally be fixed using
a single epoch of data; however, due to lack of high-precision atmosphere correction,
the conventional single-epoch WAR can only reach an accuracy of the decimeter level.
Achieving real-time centimeter-level positioning, similar to network real-time kinematic
(NRTK) positioning, has always been the pursuit of PPP researchers. Based on the dual-
frequency IF model, Li et al. [24,25] studied the precise atmosphere augmented PPP and
achieved instantaneous fixing of the NL ambiguity by directly correcting the atmosphere
error of observations.

The aforementioned scholars’ research has initially verified the feasibility of single-
epoch PPP AR. With the development of multi-GNSS and multi-frequency, the single-
epoch PPP AR with multi-scale accuracy still lacks targeted research. For this reason,
this paper is mainly oriented to multi-system and multi-frequency signals based on a
unified multi-frequency uncombined PPP model, and the performance of single-epoch
EWL/WL/NL ambiguity-fixed solutions enhanced by regional atmosphere are analyzed
in detail. In addition, this positioning mode can also meet the diversified requirements for
the positioning accuracy of different industries.

The article is structured as follows. In Section 2, the multi-frequency uncombined PPP
model, multi-frequency FCB estimation method, stepwise AR strategy, and regional atmo-
sphere modelling method are discussed. In Section 3, the data process strategy is briefly
described and the results of the multi-frequency FCB, regional atmosphere modelling, and
single-epoch AR performance are analyzed successively. In Section 4, the characteristics of
the single-epoch EWL/WL/NL ambiguity-fixed solution is discussed. Some conclusions
are given in Section 5.

2. Methods
2.1. Multi-Frequency Uncombined PPP Model

The undifferenced pseudorange and carrier phase observation on the raw frequency
can be expressed as [6,14,22]{

Ps
r,i = ρs

r + Ms
r,w · Tr,w + c · tr − c · ts + γi Is

r,1 + dr,i − ds
i + es

r,i

Ls
r,i = ρs

r + Ms
r,w · Tr,w + c · tr − c · ts − γi Is

r,1 + λi

(
Ns

r,i + br,i − bs
i

)
+ εs

r,i
(1)

where indices s, r, i refer to the satellite, receiver, and carrier frequency band, respectively;
Ps

r,i and Ls
r,i are the pseudorange and carrier phase observations in the unit of length; ρs

r
is the geometric distance between the receiver and satellite; Tr,w and Ms

r,w are the zenith
wet-troposphere delay (ZWD) and the corresponding mapping function; c is the speed of
light in vacuum; tr and ts are the receiver and satellite clock bias, respectively; Is

r,1 is the
slant ionosphere delay at the first frequency; γi = f 2

1 / f 2
i is the ionosphere factor; Ns

r,i is
the integer ambiguity with wavelength λi; dr,i and ds

i are the receiver and satellite code
bias in the unit of length; br,i and bs

i are the receiver and satellite phase bias in the unit of
cycle; and lastly εs

r,i and es
r,i denote the measurement noise in the pseudorange and phase

observations. One thing to note is that the errors not listed in the formula, such as the
phase center offsets (PCO), variations (PCV), phase windup, etc., need to be accurately
corrected using existing models [26,27].

Due to the correlation between various estimated parameters, parameter realignment
is usually required in PPP processing. Based on the assumption that the satellite-related
hardware bias is stable over time, it is usually lumped together with ambiguity parameters
and is estimated as float constants. However, with the development of multi-frequency
GNSS, many scholars have found that this assumption is not strict during the precise clock
estimation process, especially for GPS Block IIF and BDS-2. The additional third frequency
presents an obvious phase anomaly phenomenon, which exhibits periodicity related to
its orbital period [28–30]. This means that the traditional precise clock product associated
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with the dual-frequency IF combination cannot be directly applicable to multi-frequency
PPP data processing. To compensate for the impact, the concept of the inter-frequency
clock bias (IFCB) is introduced and the phase bias bs

i is also rewritten into the following
form [31]:

bs
i = b

s
i + b̃s

i (2)

where b
s
i and b̃s

i denote the time-invariant and time-varying parts of satellite phase bias,
respectively.

Due to linear dependence between the unknown parameters, rank deficiency exists
in Equation (1). To solve this problem, the idea of re-parameterization is usually adopted.
For the convenience of the subsequent description, corresponding to frequency i and j, the
following notations are used:

αij = f 2
i /
(

f 2
i − f 2

j

)
βij = − f 2

j /
(

f 2
i − f 2

j

)
DCBs

ij = ds
j − ds

i
DCBr,ij = dr,j − dr,i
ds

IFij
= αij · ds

i + βij · ds
j

dr,IFij = αij · dr,i + βij · dr,j

b̃s
IFij

= αij · λi · b̃s
i + βij · λj · b̃s

j

(3)

where αij and βij denote the coefficients of a specific IF combination; DCBs
ij and DCBr,ij

denote the differential code bias (DCB) of the satellite and receiver; and ds
IFij

,dr,IFij ,b̃
s
IFij

denote the IF combination of the hardware delays on the raw frequency.
Firstly, based on the above notations, the well-known re-parameterization related to

the clock bias is carried out as follows.{
c · t̃r = c · tr + dr,IF12

c · t̃s = c · ts + ds
IF12

+ bs
IF12

(4)

Secondly, since the code bias is strongly correlated with ionosphere parameters, they
cannot be separated without external ionosphere constrains. At the same time, in order
to compensate for the frequency-related time-varying parts of the phase bias, the next
re-parameterization is mainly for the ionosphere, code bias, and time-varying phase bias.

Ĩs
r,1 = Is

r,1 − β12 · (DCBr,12 −DCBs
12)− β12 ·

(
b̃s

2 − b̃s
1

)
(5)

Finally, after the above re-parameterization and proper simplification, the full-ranked
multi-frequency uncombined PPP model can be obtained.

Ps
r,1 = ρs

r + Ms
r,w · Tr,w + c · t̃r − c · t̃s + γ1 · Ĩs

r,1 + ζ1 + es
r,1

Ps
r,2 = ρs

r + Ms
r,w · Tr,w + c · t̃r − c · t̃s + γ2 · Ĩs

r,1 + ζ2 + es
r,2

...
...

...
Ps

r,i + Ds
i = ρs

r + Ms
r,w · Tr,w + c · t̃r − c · t̃s + γi · Ĩs

r,1 + Dr,i + ζi + es
r,i

Ls
r,1 = ρs

r + Ms
r,w · Tr,w + c · t̃r − c · t̃s − γ1 · Ĩs

r,1 + λ1 · N
s
r,1 + εs

r,1
Ls

r,2 = ρs
r + Ms

r,w · Tr,w + c · t̃r − c · t̃s − γ2 · Ĩs
r,1 + λ2 · N

s
r,2 + εs

r,2
...

...
...

Ls
r,i = ρs

r + Ms
r,w · Tr,w + c · t̃r − c · t̃s − γi · Ĩs

r,1 + λi · N
s
r,i + δi + εs

r,i

(6)

where Dr,i and Ds
i denote the receiver inter-frequency bias (IFB) and satellite DCB, re-

spectively; Ns
r,i denote the float ambiguity; ζi is the residual phase bias introduced by the
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re-parameterization of the satellite clock and ionosphere; and δi is the IFCB correction for
multi-frequency phase observations. Their specific expressions are as follows.{

Dr,i = (γi − 1) · β12 ·DCBr,12 + DCBr,1i
Ds

i = (γi − 1) · β12 ·DCBs
12 + DCBs

1i
(7)

Ns
r,i = Ns

r,i + br,i − b
s
i −

dr,IF12 − ds
IF12

λi
− γi · β12 · (DCBr,12 −DCBs

12)

λi
(8)

ζi =


2 · β12 · b̃s

2 + (α12 − β12) · b̃s
1 i = 1

(β12 − α12) · b̃s
2 + 2 · α12 · b̃s

1 i = 2
(γi + 1) · β12 · b̃s

2 − (γ2 + γi) · β12 · b̃s
1 i ≥ 3

(9)

δi = α12 ·
(

1− γi
γ2

)
· b̃s

1 − β12 · (γi − 1) · b̃s
2 − b̃s

i , i ≥ 3 (10)

It can be found from Equation (8) that the time-invariant phase bias b
s
i is absorbed

by float ambiguity parameters and the time-varying phase bias b̃s
i is corrected with the

IFCB correction. In addition, unlike the dual-frequency pseudorange, the multi-frequency
pseudorange usually requires additional consideration of receiver-related IFB and satellite-
related DCB [7]. Among them, receiver IFB is usually estimated as constants, while satellite
DCB can be corrected using the products released by analysis centers, such as Deutsches
zentrum für Luft- und Raumfahrt (DLR) and the Chinese Academy Science (CAS) [32].
Another point to note is that since the weight of the pseudorange observation is low, the
residual phase bias ζi does not need to be considered.

The above model is applicable to GPS, Galileo, and BDS. In multi-system fusion, due
to the different hardware delay at the receiver end, it is usually necessary to estimate
multiple receiver clock or inter-system bias (ISB) parameters [33]. Therefore, the estimated
parameters for multi-system multi-frequency uncombined PPP in this paper include:

X =
[

x, y, z, t̃r, ISBr, Dr,i, Tr,w, Ĩs
r,1, Ns

r,i

]
(11)

2.2. Multi-Frequency FCB Estimation

The multi-frequency FCB is usually estimated by the iterative least-squares method
using globally distributed sites [34,35]. For multi-frequency uncombined PPP, the float
ambiguity on each raw frequency can be directly used for FCB estimation in theory. How-
ever, in actual data processing, due to the short wavelength of the raw frequency, it is more
sensitive to residual atmosphere error as well as to multipath and other unmodelled errors,
thus its accuracy is poor. In this case, it might be down-weighted or rejected as gross errors
in the quality control stage of FCB estimation, which in turn affects the estimation accuracy
of FCB. In order to maximize the usage of float ambiguity and ensure the FCB accuracy, the
float ambiguity on the raw frequency can generally be linearly transformed to form various
combined ambiguities with excellent characteristics, such as long wavelength and weak
ionosphere. Table 1 lists the EWL/WL combinations used in this article. In addition to the
listed EWL/WL combinations, another linearly independent ambiguity combination needs
to be selected. In this paper, in order to eliminate the influence of ionosphere delay, the NL
ambiguity derived from the IF and WL ambiguity is selected as the last linear combination.
Although its wavelength is only about 11 cm, it is hardly affected by the ionosphere.
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Table 1. EWL/WL/NL combinations of GPS, Galileo, BDS-2, and BDS-3 for FCB estimation.

System Frequency Wavelength/m Tag System Frequency Wavelength/m Tag

GPS L2-L5 5.86 EWL BDS-2 B3I-B2I 4.88 EWL
L1-L2 0.86 WL B1I-B3I 1.02 WL

L1 + L2 0.11 NL B1I + B3I 0.11 NL
Galileo E5b-E5a 9.77 EWL BDS-3 B1c-B1I 20.93 EWL

E6-E5a 2.93 EWL B3I-B2a 3.26 EWL
E1-E5a 0.75 WL B1I-B3I 1.02 WL

E1 + E5a 0.11 NL B1I + B3I 0.11 NL

According to the order of wavelength from largest to smallest, the EWL/WL/NL FCB
is extracted in sequence. The specific steps are as follows:

1. The EWL/WL float ambiguity is formed by the linear transformation of raw ambiguity
and then the EWL/WL FCB is extracted using the least-squares method;

2. In view of the long wavelength of WL ambiguity, by correcting WL FCB, the WL float
ambiguity can be fixed by integer rounding;

3. Construct IF float ambiguity from raw ambiguity, further combine the fixed WL
ambiguity in the second step to calculate NL float ambiguity, and finally extract the
NL FCB by the iterative least-squares method; and

4. Restore the raw frequency FCB from the extracted EWL/WL/NL FCB above [35,36].

The flowchart of the above multi-frequency FCB estimation algorithm is shown
in Figure 1.
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2.3. Multi-Frequency Stepwise Ambiguity Resolution

On the basis of the above function model and FCB product, in order to ensure the
accuracy of extracted atmosphere information in the follow-up process, it is necessary to
perform PPP AR first. For PPP AR, the FCB at the receiver end is first eliminated through
the between-satellite-single-difference (BSSD) method and then the satellite FCB is cor-
rected to restore the integer nature of ambiguity. Finally, the ambiguity is fixed as an integer
through a certain function model, such as the widely used LAMBDA algorithm [37]. For
uncombined multi-frequency high-dimensional ambiguity, it is extremely time-consuming
to search and fix it as a whole. In addition, the significance of the ratio test decreases with
the increase of the ambiguity dimension [38,39]. Therefore, in order to improve the AR
efficiency, a stepwise AR method of fixing EWL/W/NL ambiguities sequentially is used
in this paper. For the convenience of description, we take X̂0 and P as the raw frequency
ambiguity and its variance–covariance matrix. By constructing a linear transformation
matrix, the raw ambiguity can be mapped to EWL/WL/NL ambiguity and the correspond-
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ing variance–covariance matrix can also be obtained according to the variance–covariance
propagation law.

X̂LC =

 Dn
Dw
De

 · X̂0 (12)

PLC =

 Dn
Dw
De

 · P0 ·

 Dn
Dw
De

T

(13)

where X̂LC and PLC represent the linear combination (LC) ambiguity and its variance–
covariance matrix, and De,Dw,Dn are the mapping matrix from raw ambiguity to EWL/WL/
NL ambiguity.

Then, the EWL/WL/NL ambiguity and its variance–covariance matrix is injected into
the LAMBDA method sequentially to search for its optimal integer candidates. Take the
multi-frequency observation of GPS L1/L2/L5, Galileo E1/E5a/E6/E5b, BDS-2 B1I/B2I/B3I,
and BDS-3 B1c/B1I/B2a/B3I as an example; these are also the frequencies that will be used
in the subsequent experiments of this article. The fixed EWL ambiguities in the first step
include L2-L5 of GPS, E6-E5a/E5b-E5a of Galileo, B3I-B2I of BDS-2, and B1c-B1I/B3I-B2a
of BDS-3. One thing to note is that although there are two EWL combinations for quad-
frequency observations, they are all fixed simultaneously instead of being fixed in two
steps. Then, the WL ambiguities of each system are fixed in the second step, including
L1-L2 of GPS, E1-E5a of Galileo, and B1I-B3I of both BDS-2 and BDS-3. Finally, the NL
ambiguities are attempted to be fixed, including L1 of GPS, E1 of Galileo, and B1I of both
BDS-2 and BDS-3. In each step, if AR passes the ratio test, additional constraints can
be used to update other parameters and then the multi-scale ambiguity-fixed solutions
(EWL-fixed solution, WL-fixed solution, and NL-fixed solution) are obtained. In addition,
the partial ambiguity resolution (PAR) strategy can be used in each step at the same time to
improve the AR success rate [40,41].

2.4. Regional Atmosphere Modelling

Once NL ambiguity is fixed successfully, the ZWD and slant ionosphere delay can be
updated through the fixed-minus-float ambiguity increments, as well as the corresponding
variance–covariance matrix [42]. Based on the atmosphere information extracted at each
reference station, the atmosphere at the user end can be interpolated according to its
spatial distribution.

T̂u,w =
n

∑
i=1

ai · Ti,w (14)

Îs
u,1 =

n

∑
i=1

ai · Ĩs
i,1

where u and i are indices for the user and reference stations; T̂u,w and Îs
u,1 are the interpo-

lated ZWD and slant ionosphere delay; n is the number of reference stations; and ai is the
interpolation coefficient.

For a certain satellite, the ionosphere coefficients are usually calculated based on
the difference between the ionospheric pierce point (IPP) coordinates of the user and
reference stations. 1 1 · · · 1 1

∆Bs
1,u ∆Bs

2,u · · · ∆Bs
n−1,u ∆Bs

n,u
∆Ls

1,u ∆Ls
2,u · · · ∆Ls

n−1,u ∆Ls
n,u

 ·
 a1

...
an

 =

 1
0
0

 (15)

where ∆Bs
i,u and ∆Ls

i,u are the differences between the latitude and longitude of IPP,
respectively.
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Similarly, the ZWD coefficients can be calculated by least-squares according to the
differences of the Gaussian projection horizontal coordinates between the user and base
stations, which can be found referring to Shi et al. [43].

 1 1 · · · 1 1
∆Xs

1,u ∆Xs
2,u · · · ∆Xs

n−1,u ∆Xs
n,u

∆Ys
1,u ∆Ys

2,u · · · ∆Ys
n−1,u ∆Ys

n,u

 ·
 a1

...
an

 =

 1
0
0

 (16)

where ∆Xs
i,u and ∆Ys

i,u denote the differences of the plane coordinates of the user and the
reference stations.

After obtaining atmosphere information for users, the estimated parameters are con-
strained in the form of pseudo-observation equations to weaken their correlation, thereby
shortening the initialization time. For the ZWD parameter, the constraint equation is
as follows.

T̂u,w = Tu,w, σ2
zwd (17)

where σ2
zwd represents the variance of ZWD information.

For the slant ionosphere information, as it is re-parameterized during the float PPP
process, as shown in Equation (5), the interpolated value contains the receiver DCB of
each reference station. Therefore, it cannot directly constrain the undifferenced ionosphere
parameters. In order to eliminate the influence of the receiver DCB, the BSSD approach is
adopted for the constraints of ionosphere parameters.

∇ Îs,s0
u,1 = ∇ Ĩs,s0

u,1 , σ2
ion (18)

where s and s0 represent the un-reference and reference satellite, respectively, and σ2
ion

represents the variance of BSSD ionosphere information.

3. Results
3.1. Data Processing

In order to verify the algorithm in this paper, experiments were carried out with
various reference networks. Firstly, nearly 200 multi-GNSS experiment (MGEX) stations
with 30 s sampling intervals distributed globally were used to extract multi-frequency FCB
and their specific site distribution is shown in Figure 2. One thing to note is that due to
the poor orbit accuracy of BDS GEO satellites, they are excluded from the FCB estimation
process. Then, in order to analyze the influence of regional atmosphere modelling on
single-epoch PPP AR, four groups of networks were selected for experiments. The specific
site distribution is shown in Figure 3 and the detailed observation information of each
dataset is shown in Table 2. In data processing, the cut-off elevation angle was set to 10◦

for usable measurements and an elevation-dependent weighting strategy was applied to
both the raw phase and code measurements, with a priori precision of 3 mm and 0.3 m
for IGSO/MEO satellites, while 1 cm and 1 m were used for GEO satellites, respectively.
The rapid multi-GNSS orbit and clock products at intervals of 5 min and 30 s, respectively,
provided by GeoForschungsZentrum Potsdam (GFZ), were used, wherein BDS-3 was
processed with BDS-2 together using B1I/B3I observation types. We also applied the
absolute phase centers model [26]. It is worth mentioning that due to lack of receiver
PCO/PCV information for BDS and Galileo, we simply used GPS corrections instead. The
elevation-dependent satellite-induced code biases of BDS-2 were also corrected according
to Wanninger and Beer [44]. In addition, for multi-frequency pseudorange observations,
the satellite DCB was corrected using products released by CAS, and for IFCB correction
of multi-frequency phase observations, it was only applied for satellites of GPS Block
IIF and BDS-2. In the process of AR, the well-known LAMBDA method was used to
search for the optimal integer solution [37] and both stepwise AR and PAR strategies
were adopted with a ratio threshold of 2.0. As for the regional atmosphere modelling,
the Delaunay Triangulated Network (DTN) topology structure was adopted due to its
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uniqueness and efficiency. The following experiments were carried out from these three
aspects: (1) results of multi-frequency FCB, (2) results of regional atmosphere modelling,
and (3) results of single-epoch PPP AR. One thing to note is that, unlike the conventional
filtering solution that uses multiple epoch data, in the single-epoch mode, it is generally
considered that there is no relationship between adjacent epochs and all the estimated
parameters in Equation (11) need to be reinitialized at each epoch. In the subsequent
positioning experiments discussion, four types of single-epoch ambiguity-fixed solutions
will be compared and for convenience of description, we refer to them as Solution A,
Solution B, Solution C, and Solution D. The specific definitions are as follows:

• Solution A: conventional single-epoch WL ambiguity-fixed solution without atmo-
sphere modelling;

• Solution B: single-epoch EWL ambiguity-fixed solution with atmosphere modelling;
• Solution C: single-epoch WL ambiguity-fixed solution with atmosphere modelling; and
• Solution D: single-epoch NL ambiguity-fixed solution with atmosphere modelling.
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# Location
Average

Inter-Station
Distance

Time Rate Duration Observation Type

I
North

Carolina,
USA

139.1 km 2020
DOY325 1 s 1 h GPS L1/L2

Galileo E1/E5a

II California,
USA 102.6 km 2020

DOY148 30 s 20 h GPS L1/L2/L5
Galileo E1/E5a/E5b

III Shaanxi,
China 91.4 km 2020

DOY148 30 s 10 h

GPS L1/L2/L5
Galileo

E1/E5a/E6/E5b
BDS-2 B1I/B2I/B3I

BDS-3
B1c/B1I/B2a/B3I

IV Hobart,
Australia 369.5 km 2021DOY182 30 s 20 h

GPS L1/L2/L5
Galileo

E1/E5a/E6/E5b
BDS-2 B1I/B2I/B3I

BDS-3
B1c/B1I/B2a/B3I
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Figure 3. Four groups of reference network distributions with different inter-station distances: (a) network I located in
North Carolina, USA, with GPS/Galileo dual-frequency data; (b) network II located in California, USA, with GPS/Galileo
triple-frequency data; (c) network III located in Shaanxi, China, with GPS/Galileo/BDS-2/BDS-3 quad-frequency data; and
(d) network IV located in Hobart, Australia, with GPS/Galileo/BDS-2/BDS-3 quad-frequency data.

3.2. Results of Multi-Frequency FCB

Using the FCB results of 2020 DOY148 as an example, Figure 4 shows the daily
GPS/Galileo/BDS-3/BDS-3 EWL FCB series, wherein different colors indicate different
satellites. In view of the long wavelength of EWL ambiguity, the EWL FCB of each system
is very stable over time. At the same time, it is found that the values of Galileo E5b-E5a and
BDS-3 B1c-B1I EWL FCB are very close to zero. Table 3 lists the specific statistical results of
the daily standard deviation (STD) and it can be seen from the table that the average daily
STD of EWL FCB was generally less than 0.02 cycles.

Table 3. Daily STD statistical results of GPS/Galileo/BDS-2/BDS-3 EWL FCB.

STD
(Cycle)

GPS
L2-L5

Galileo
E5b-E5a

Galileo
E6-E5a

BDS-2
B3I-B2I

BDS-3
B1c-B1I

BDS-3
B3I-B2a

Maximum 0.014 0.002 0.007 0.015 0.003 0.025
Minimum 0.007 0.001 0.004 0.004 0.001 0.008
Average 0.011 0.002 0.005 0.008 0.002 0.016

Figure 5 shows the WL and NL FCB series of GPS/Galileo/BDS-2/BDS-3. Table 4
also lists the STD statistics of each system. It can be found that the WL FCB of each system
shows similar time-varying characteristics and changes were relatively stable within one
day. Among them, the WL FCB of Galileo has the best stability, with an average STD of
only 0.014 cycles. For NL FCB, its variation in a short period of time was small but due
to its short wavelength, there were still certain fluctuations in one day. As for BDS-2, the
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stability of IGSO satellites was significantly better than that of MEO, with an average STD
of 0.040 cycles and 0.170 cycles, respectively. This is mainly due to the poor spatial visibility
of BDS-2 MEO satellites, especially outside the Asia–Pacific region. Compared with MEO,
the IGSO satellites mainly served the Asia–Pacific region, with dense ground-tracking
stations and more visible satellites per epoch, and this also means that its float ambiguity
converged quickly and had high accuracy, thus it is reasonable that the FCB stability was
better than for MEO. Overall, except for BDS-2 MEO satellites, the daily STD of NL FCB of
each system generally did not exceed 0.1 cycles.
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Table 4. Daily STD statistical results of GPS/Galileo/BDS-2/BDS-3 WL and NL FCB.

System
WL FCB STD (Cycle) NL FCB STD (Cycle)

Maximum Minimum Average Maximum Minimum Average

GPS 0.070 0.021 0.041 0.116 0.028 0.062

Galileo 0.022 0.010 0.014 0.115 0.048 0.076

BDS-2
IGSO 0.041 0.016 0.028 0.054 0.019 0.040

MEO 0.044 0.028 0.037 0.184 0.144 0.170

BDS-3 0.051 0.020 0.033 0.141 0.045 0.084

3.3. Results of Regional Atmosphere Modelling

Four stations located in different networks are chosen as examples, namely NCGO,
P565, SNYX, and LILY. Figure 6 shows the ZWD interpolation results. The magnitude of
ZWD was about ten centimeters and changed slowly within a few hours. At the same time,
it could be found that the difference between the interpolated value and the estimated
value was small, and the ZWD interpolation accuracy of the four stations in the whole
period was 1.0 cm, 0.8 cm, 1.0 cm, and 1.0 cm, respectively.
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Figure 6. ZWD interpolation results of NCGO, P565, SNYX, and LILY.

Figures 7–10 show the BSSD ionosphere errors of these four stations and among
them, different colors indicate different satellites. For station NCGO, P565, and SNYX, the
interpolation error of each satellite generally did not exceed 5 cm. For the entire period, the
interpolation accuracy was 0.9 cm, 0.9 cm, and 1.3 cm, respectively. The interpolation error
of LILY was relatively large, even exceeding 15 cm in certain periods. The main reason
for this phenomenon is that the average inter-distance of network I~III was within the
range of about 90 km to 140 km, while the average inter-distance of network IV could reach
about 369 km, as can be seen from Table 2. Generally speaking, the spatial correlation of
atmosphere decreases as the distance between stations increases, thus the interpolation
accuracy of LILY was relatively lower, and the RMS was only 4.4 cm.
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Figure 7. BSSD ionosphere interpolation errors of GPS/Galileo at station NCGO.
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Figure 9. BSSD ionosphere interpolation errors of GPS/Galileo/BDS-2/BDS-3 at station SNYX.
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Figure 10. BSSD ionosphere interpolation errors of GPS/Galileo/BDS-2/BDS-3 at station LILY.

Figure 11 further shows the atmosphere modelling results for all user stations. Overall,
the interpolation accuracy of ZWD was better than that of the BSSD ionosphere. For
network I~III, the average atmosphere modelling accuracy was better than 2 cm. Among
them, the accuracy of ZWD was 0.5 cm, 0.8 cm, and 1.1 cm, respectively, and the accuracy
of the BSSD ionosphere was 0.9 cm, 1.0 cm, and 1.6 cm, respectively. For network IV, due to
its larger inter-station distance, the overall modelling accuracy was relatively lower, while
the accuracy of ZWD and BSSD ionosphere was 1.7 cm and 5.2 cm, respectively.
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Figure 11. Atmosphere modelling accuracy for all user stations.

3.4. Results of Single-Epoch PPP AR

This section will analyze four types of single-epoch ambiguity-fixed PPP solutions.
First, using NCGO, P565, SNYX, and LILY as examples, Figures 12–15 directly compare
the results of Solutions A~D. One thing to note is that the station NCGO can only re-
ceive GPS/Galileo dual-frequency data, thus there is no EWL ambiguity-fixed solution,
namely Solution B. In comparing the results of different solutions at each station, a similar
phenomenon can be seen, that is, the accuracy of the single-epoch EWL/WL/NL ambiguity-
fixed solution with regional atmosphere modelling (i.e., Solutions B~D) was significantly
better than that of the conventional WL ambiguity-fixed solution (i.e., Solution A).
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Figure 12. Single-epoch PPP ambiguity-fixed results at NCGO with GPS/Galileo dual-frequency data.
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Figure 13. Single-epoch PPP ambiguity-fixed results at P565 with GPS/Galileo triple-frequency data.
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Figure 14. Single-epoch PPP ambiguity-fixed results at SNYX with GPS/Galileo/BDS-2/BDS-3 quad-frequency data.
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Figure 15. Single-epoch PPP ambiguity-fixed results at LILY with GPS/Galileo/BDS-2/BDS-3 quad-frequency data.

In the conventional single-epoch mode (i.e., Solution A), in order to enhance the model
strength, the atmosphere error is usually corrected by the empirical model. Due to limited
correction accuracy, even if the WL ambiguity is successfully fixed, the positioning accuracy
can only reach a few decimeters. Especially for station NCGO with only GPS/Galileo
dual-frequency data, there was no EWL ambiguity constraint during the stepwise AR
process, thus its positioning accuracy was the worst, with 0.710 m and 1.024 m in the
horizontal and vertical direction, and the epoch fix rate was only 39.1%. In contrast, for
stations P565, SNYX, and LILY, which could receive triple or quad-frequency data, under
the constraints of EWL ambiguity, the conventional single-epoch WL ambiguity-fixed
solution could also achieve a high epoch fix rate of 90.3%, 99.7%, and 98.9%, respectively.
Meanwhile, the horizontal and vertical accuracy could be increased to about 20~35 cm and
50~70 cm, respectively.

In comparing the results of Solution A and Solution C, it can be clearly seen that with
the addition of atmosphere constraints, the accuracy of the single-epoch WL ambiguity-
fixed solution significantly improved from the decimeter level to several centimeters.
Meanwhile, the epoch fix rate improved to varying degrees. Especially for dual-frequency
data site NCGO, its horizontal and vertical accuracy increased to 0.030 m and 0.052 m, with
an improvement of 95.8% and 94.9%, and the epoch fix rate also increased to 99.8%.

In further comparing the results of the single-epoch EWL/WL/NL ambiguity-fixed
solution with regional atmosphere modelling (i.e., Solutions B~D), it can be found that the
accuracy of the WL ambiguity-fixed solution was generally better than that of the EWL
ambiguity-fixed solution and the accuracy of the NL ambiguity-fixed solution was higher
than that of the WL ambiguity-fixed solution. The above phenomenon was mainly due
to the different noise levels of EWL/WL/NL combinations. For the EWL/WL combina-
tion, in taking advantage of their long wavelength, the epoch fix rate close to 100% can
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usually be obtained. However, for the NL combination, although its accuracy was the best,
fixing NL ambiguity successfully using only a single epoch of data requires sufficiently
high-precision atmosphere modelling due to its short wavelength. From the analysis in
Section 3.3 for network I~III, the overall modelling accuracy was better than 2 cm; thus,
with high-precision atmosphere constraints, the single-epoch NL ambiguity-fixed solutions
at NCGO, P565, and SNYX all achieved high epoch fix rates of 99.7%, 100.0%, and 100.0%,
respectively. In contrast, for station LILY, due to the larger inter-station distance and lower
modelling accuracy of network IV, the epoch fix rate of the NL ambiguity-fixed solution
was only 77.0%.

Table 5 lists the accuracy results of all the user stations located in different networks
and a similar phenomenon can be seen at different stations. The positioning performance of
the single-epoch WL-fixed solution can be significantly improved with regional atmosphere
constraints. For network I, the average horizontal and vertical accuracy increased from
70.1 cm and 98.0 cm to 2.8 cm and 4.5 cm, with an improvement of 96.0% and 95.4%,
respectively. For network II~IV, due to the existence of EWL ambiguity constraints, the
improvement was smaller than that in the dual-frequency case. The average horizontal
accuracy increased from 41.3 cm, 22.0 cm, and 25.8 cm to 2.3 cm, 2.2 cm, and 7.7 cm,
increased by 94.4%, 90.0%, and 70.2%, respectively. The average vertical accuracy increased
from 80.5 cm, 54.6 cm, and 56.1 cm to 4.3 cm, 5.3 cm, and 9.8 cm, which were respectively
increased by 94.7%, 90.3%, and 82.5%.

As for the accuracy of the single-epoch EWL/WL/NL ambiguity-fixed solution with
atmosphere constraints (i.e., Solutions B~D), the horizontal and vertical accuracy of the
EWL solution for different networks was about 6~15 cm and 20~30 cm, respectively.
For network I~III, the WL solution achieved an accuracy of better than 3 cm and 5 cm
in the horizontal and vertical direction, respectively. Due to the smaller noise level of
the NL combination, its accuracy was generally better than the WL solution, and its
average accuracy in the horizontal and vertical direction was better than 1.5 cm and 3.0 cm,
respectively. For network IV with lower atmosphere modelling accuracy, the accuracy
of the WL/NL solution was slightly worse than the other three networks. The average
horizontal and vertical accuracy of the WL solution was 7.7 cm and 9.8 cm, respectively,
and the corresponding results of the NL solution was 4.0 cm and 6.0 cm, respectively.

Figures 16 and 17 further show the epoch fix rate of different ambiguity-fixed solutions.
It can be seen from the figure that in view of the longest wavelength of EWL ambiguity,
a fix rate of 100.0% can usually be achieved. As for the WL solution, in the case of dual-
frequency, as shown in Figure 16, the epoch fix rate of the conventional WL solution was
low, with an average value of only 37.9%. In contrast, after regional atmosphere modelling,
the fix rate significantly improved, reaching 99.6%. For the case of multi-frequency, as
shown in Figure 17, the fix rate of the WL solution only slightly improved after adding
regional atmosphere constraints, and for network II~IV, it increased from 91.7%, 99.5%,
and 96.2% to 99.9%, 100.0%, and 99.7%, respectively. In addition, it can also be seen from
the figure that when the accuracy of regional atmosphere modelling is high enough, the
NL ambiguity can also be successfully fixed. Among them, the epoch fix rate of network
I~III could reach 99.6%, 99.9%, and 100.0%, respectively. However, when the atmosphere
modelling accuracy is not accurate enough, it is difficult to fix NL ambiguity reliably (for
example, the epoch fix rate of network IV was only 70.9%).

Using the SNYX and DPRT station as examples, the single-epoch PPP AR perfor-
mance of BDS-only and multi-GNSS was further investigated and the results are shown in
Figures 18–21. In general, due to the better satellite spatial distribution and model strength
of the multi-GNSS fusion, the error distribution was more concentrated than that of the
BDS-only and both the positioning stability and accuracy improved. For station SNYX
located in network III, the horizontal accuracy of Solutions A~D increased from 30.7 cm,
13.3 cm, 3.5 cm, and 1.1 cm to 21.1 cm, 6.8 cm, 2.0 cm, and 0.7 cm, which increased by
31.3%, 48.9%, 42.9%, and 36.4%, respectively. The vertical accuracy increased from 72.3 cm,
22.6 cm, 9.1 cm, and 3.0 cm to 52.3 cm, 13.7 cm, 4.8 cm, and 2.4 cm, with the improvement
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of 27.7%, 39.4%, 47.3%, and 20.0%, respectively. For station DPRT located in network IV, the
horizontal accuracy increased from 35.1 cm, 17.9 cm, 13.3 cm, and 7.4 cm to 20.8 cm, 13.0 cm,
8.4 cm, and 4.0 cm, which increased by 40.7%, 27.4%, 36.8%, and 45.9%, respectively. The
vertical accuracy increased from 71.0 cm, 25.1 cm, 14.4 cm, and 9.6 cm to 54.9 cm, 20.2 cm,
9.6 cm, and 5.6 cm, with the improvement of 22.7%, 19.5%, 33.3%, and 41.7%, respectively.

Table 5. Accuracy statistics of different types of single-epoch ambiguity-fixed PPP solutions.

Site

Without
Constraint With Constraint

Solution A Solution B Solution C Solution D
H (cm) V (cm) H (cm) V (cm) H (cm) V (cm) H (cm) V (cm)

Network I with 139.1 km of inter-station distance (RMSZWD = 0.5 cm, RMSION = 0.9 cm)

HIPT 74.9 88.2 - - 2.3 3.8 0.6 1.2
NCEC 60.1 96.9 - - 2.4 3.7 0.8 2.7
NCET 74.5 89.0 - - 2.7 5.4 1.2 2.0
NCGO 71.1 102.4 - - 3.0 5.2 1.4 5.3
NCHI 72.2 95.6 - - 2.7 4.2 0.8 2.3
NCKN 63.0 93.0 - - 2.6 5.1 1.6 3.8
NCMG 70.4 98.8 - - 2.9 4.7 0.9 2.0
NCNB 70.6 108.7 - - 3.4 4.7 0.7 1.1
NCSA 80.7 120.2 - - 2.7 3.9 0.7 1.2
NCSF 52.9 82.0 - - 2.9 4.4 2.0 2.9
NCSW 72.0 145.4 - - 3.6 5.0 0.7 1.2
NCTA 80.0 96.3 - - 3.0 3.8 0.7 1.9
NCTR 78.4 117.4 - - 2.2 4.2 1.1 1.5
NCWA 87.0 90.4 - - 3.1 4.8 0.6 1.9
NCWC 72.4 87.4 - - 2.1 3.6 0.6 1.2
NCWL 71.5 88.6 - - 3.1 4.0 0.7 3.6
NCWM 53.4 77.2 - - 2.3 3.6 0.8 2.3
SNFD 57.4 86.9 - - 4.0 6.2 1.8 1.5

Average 70.1 98.0 - - 2.8 4.5 1.0 2.2

Network II with 102.6 km of inter-station distance (RMSZWD = 0.8 cm, RMSION = 1.0 cm)

P300 46.2 93.6 12.5 28.1 2.6 4.1 1.2 2.1
P544 42.5 76.2 13.9 30.0 1.8 4.0 1.1 2.0
P565 35.3 71.8 12.3 28.4 2.3 4.9 1.0 2.7

Average 41.3 80.5 12.9 28.8 2.3 4.3 1.1 2.3

Network III with 91.4 km of inter-station distance (RMSZWD = 1.1 cm, RMSION = 1.6 cm)

HZCG 22.8 52.3 6.7 14.9 2.4 5.7 0.8 2.7
SNYX 21.2 56.9 6.8 13.7 2.0 4.8 0.7 2.4

Average 22.0 54.6 6.8 14.3 2.2 5.3 0.8 2.6

Network IV with 369.5 km of inter-station distance (RMSZWD = 1.7 cm, RMSION = 5.2 cm)

BUR2 21.6 50.7 13.3 20.2 9.0 9.5 4.5 6.0
DERB 20.0 40.4 9.2 17.9 5.1 9.2 2.2 6.0
DPRT 20.8 54.9 13.0 20.2 8.4 9.6 4.0 5.6
LIAW 45.9 82.3 16.5 35.4 8.3 11.9 5.3 6.9
LILY 20.5 54.3 10.5 21.7 6.3 8.5 3.2 5.2

RHPT 26.1 53.7 13.9 20.8 9.2 10.0 4.7 6.5
Average 25.8 56.1 12.7 22.7 7.7 9.8 4.0 6.0

H and V represent the horizontal and vertical positioning accuracy, respectively. There are only GPS and Galileo
dual-frequency data in Network I and thus the EWL results with Solution B are blank.
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Figure 18. Comparison of the horizontal positioning errors of the BDS-only and multi-GNSS single-epoch ambiguity-fixed
solutions at station SNYX.



Remote Sens. 2021, 13, 3758 19 of 23
Remote Sens. 2021, 13, 3758 20 of 24 
 

 

 
Figure 19. Comparison of the vertical positioning errors of the BDS-only and multi-GNSS single-epoch ambiguity-fixed 
solutions at station SNYX. 

 
Figure 20. Comparison of the horizontal positioning errors of the BDS-only and multi-GNSS single-epoch ambiguity-fixed 
solutions at station DPRT. 

 

-2

-1

0

1

2

U
 [m

]

 

 
BDS-2/BDS-3 GPS/Galileo/BDS-2/BDS-3

02:00 04:00 06:00 08:00 10:00 12:00

-2

-1
0

1

2

U
 [m

]

GPST [hh:mm]
02:00 04:00 06:00 08:00 10:00 12:00

GPST [hh:mm]

Solution DSolution C

Solution BSolution A

100.0%

100.0%

100.0%

100.0%

RMS=72.3cm

RMS=9.1cm

RMS=52.3cm

RMS=4.8cm

100.0%

99.8%

100.0%

100.0%

RMS=22.6cm

RMS=3.0cm RMS=2.4cm

RMS=13.7cm

-0.8 -0.4 0 0.4 0.8

-0.8

-0.4

0

0.4

0.8

E
 [m

]

N [m]

 

 
BDS-2/BDS-3 GPS/Galileo/BDS-2/BDS-3

-0.8 -0.4 0 0.4 0.8
N [m]

-0.8 -0.4 0 0.4 0.8
N [m]

-0.8 -0.4 0 0.4 0.8
N [m]

Solution DSolution CSolution BSolution A

RMS=35.1cm
RMS=20.8cm

RMS=17.9cm
RMS=13.0cm

RMS=13.3cm
RMS= 8.4cm

RMS=7.4cm
RMS=4.0cm

-2

-1

0

1

2

U
 [m

]

 

 
BDS-2/BDS-3 GPS/Galileo/BDS-2/BDS-3

02:00 07:00 12:00 17:00 22:00

-2

-1
0

1

2

U
 [m

]

GPST [hh:mm]
02:00 07:00 12:00 17:00 22:00

GPST [hh:mm]

Solution DSolution C

Solution BSolution A

93.8% 97.3% RMS=71.0cm RMS=54.9cm 100.0% 100.0% RMS=25.1cm RMS=20.0cm

99.1% 99.9% RMS=14.4cm RMS=9.6cm 54.2% 65.6% RMS=9.6cm RMS=5.6cm

Figure 19. Comparison of the vertical positioning errors of the BDS-only and multi-GNSS single-epoch ambiguity-fixed
solutions at station SNYX.
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Figure 20. Comparison of the horizontal positioning errors of the BDS-only and multi-GNSS single-epoch ambiguity-fixed
solutions at station DPRT.
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By further comparing the results of these two stations, it can be found that, regardless
of the positioning accuracy or epoch fix rate, the results of DPRT were worse than that
of SNYX, which was mainly caused by the lower accuracy of atmosphere modelling. For
station SNYX, since the atmosphere modelling accuracy was high, even the NL solution
of the BDS-only could reach a fix rate of 99.8%. In contrast, due to the limited accuracy of
atmosphere modelling at station DPRT, the fix rate of the BDS-only NL solution was only
54.2%. It can be improved slightly and reach 65.6% through multi-GNSS combination. In
general, reliable fixing of NL ambiguity in the single-epoch mode tightly depends on the
regional atmosphere modelling accuracy.

4. Discussion

With the development of multi-GNSS and multi-frequency signals, the performance
of PPP has been significantly improved in terms of the convergence time and positioning
accuracy. Using these redundant signals, Li et al. [6], Guo et al. [7], Pan et al. [8], and
Cao et al. [9] all proved that the convergence time can be generally shortened, from the
traditional 20–30 min to less than 10 min. However, even so, the real-time property still
cannot meet the needs of some industries, e.g., the self-driving vehicle. Thus, the single-
epoch or nearly instantaneous PPP technology still are attractive and thereby it can be
widely applied into various industries. Laurichesse and Banville [20] studied the instan-
taneous multi-frequency PPP using Galileo quad-frequency signals and the horizontal
centimeter-level positioning could be obtained within about one minute. Geng et al. [21]
studied the global instantaneous decimeter-level positioning using the multi-frequency
single-epoch WL ambiguity-fixed solution. Considering the ionospheric error needs to
be addressed through ionosphere-free combination, the observation noise is inevitably
amplified. Although the decimeter-level accuracy may meet the requirement of many
applications, the more precise, i.e., the centimeter or sub-decimeter level, demands still
exist in many applications. For realizing this goal, high-precision atmosphere corrections
seem indispensable, notably in NRTK as well.

Fast PPP with regional atmosphere enhancement was studied by Li et al. [24,25],
wherein the successful NL AR was the prerequisite. Due to the short wavelength of NL
ambiguity, reliable fixing of NL ambiguity using a single epoch of data tightly depends
on the regional atmosphere modelling accuracy. Our study in this paper also indicates
that it is difficult to fix NL ambiguity reliably in the single-epoch mode with a high fixing
rate, especially for a network with long inter-station distance. Thus, for exploring more
possibilities, four types of single-epoch PPP ambiguity-fixed solutions were analyzed,
including the conventional single-epoch WL solution and regional atmosphere enhanced
single-epoch EWL/WL/NL solutions. Through comprehensively considering the AR
performance and positioning accuracy, we believe that the single-epoch WL solution with
regional atmosphere modelling has a good development prospect for various positioning
applications. Firstly, due to the addition of atmosphere constraints, its positioning accuracy
is theoretically better than the conventional single-epoch WL solution with ionosphere
estimation, which can reach centimeter to sub-decimeter levels. Secondly, the accuracy of
the atmosphere modelling required for WL ambiguity-fixing is not as strict as for NL AR
and thus the single-epoch fixing rate can be effectively guaranteed.

Concerning the comparison with the conventional NRTK technology, NRTK is also
a high-precision positioning method based on the enhancement of the regional reference
stations. In theory, under the support of the reference station network with the same
density, the positioning performance of the two positioning technologies, i.e., NRTK and
the single-epoch PPP with regional atmosphere enhancement, should be roughly the same.
However, PPP technology realizes the decomposition of each error in the state domain,
which makes some errors, such as satellite FCB, atmospheric delays, and other slowly
varying or constant errors, become broadcasted at longer intervals. This can effectively
reduce the amount of data transmission. In addition, the atmosphere-enhanced PPP
model studied in this paper is consistent with the global PPP model. This means that the
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unity of wide-area and local-area positioning models is realized, and the two models can
be seamlessly interchanged. Lastly, we believe that in NRTK positioning, the WL-fixed
solution studied in this paper can also be similarly used in some applications, wherein a
positive balance between real-time AR and positioning accuracy can be achieved.

5. Conclusions

The multi-system and multi-frequency provide new opportunities for the improve-
ment of PPP performance. Based on a unified multi-frequency uncombined PPP model,
this paper mainly focused on investigating the performance of single-epoch EWL/WL/NL
AR with regional atmosphere modelling. Firstly, the function model of multi-frequency
uncombined PPP was derived through the idea of re-parameterization. Then, based on
the idea of linear transformation, the method of multi-frequency FCB estimation and the
strategy of multi-frequency stepwise AR were introduced. Finally, on the basis of the
NL ambiguity-fixed solution, the high-precision atmosphere at each reference station was
extracted, further interpolated, and broadcast to users. By adding atmosphere constraints,
the correlation between various parameters was significantly weakened so as to realize
rapid PPP AR. In order to verify the above algorithm, the multi-frequency FCB was firstly
extracted from globally distributed reference stations and its characteristics were analyzed.
Then, four sets of reference networks with different sampling rates located in different
regions were selected for experiments. The average distance between the reference sta-
tions was within the range of about 90 km to 369 km. Furthermore, the accuracy of the
atmosphere modelling and performance of single-epoch PPP AR were analyzed.

In terms of multi-frequency FCB, the daily STD of EWL and NL FCB of each system
generally did not exceed 0.02 cycles and 0.1 cycles, respectively. Among them, the value
of Galileo E5b-E5a and BDS-3 B1c-B1I EWL FCB was almost zero. In terms of regional
atmosphere modelling, the magnitude of ZWD was about a dozen centimeters and changed
slowly with time. Overall, the modelling accuracy of ZWD was better than that of the BSSD
ionosphere. For the reference network with an inter-station distance of about 90 km~140
km, the average modelling accuracy was better than 2 cm, and when the inter-station
distance was expanded to about 369 km, the modelling accuracy of the ZWD and BSSD
ionosphere decreased to 1.7 cm and 5.2 cm, respectively. In terms of the performance of
single-epoch PPP AR, the conventional single-epoch WL solution usually used empirical
models to correct atmosphere errors; due to the limited correction accuracy of the model,
only decimeter-level accuracy could be obtained. Through regional atmosphere constraints,
the positioning performance can be significantly improved and the corresponding accuracy
can be increased to a few centimeters. In addition, the epoch fix rate can also be improved
to varying degrees. Especially for the dual-frequency case, because there is no EWL
ambiguity constraint in the stepwise AR process, the improvement was more obvious.
With the addition of atmosphere constraints, the accuracy of the single-epoch EWL solution
was about the decimeter level due to enlarged noise, while the WL/NL solution could
achieve an accuracy of several centimeters. However, due to the short wavelength of NL
ambiguity, reliable ambiguity-fixing tightly relies on high-precision atmosphere constraints.
When the modelling accuracy was not accurate enough, it was difficult to fix NL ambiguity
reliably in the single-epoch mode, although this situation can be improved to a certain
extent through multi-GNSS combination. In contrast, the WL ambiguity can be successfully
fixed and can still support the precise positioning with an accuracy of several centimeters.
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