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Abstract

The Springer numbers, introduced by Arnold, are generalizations of Euler num-
bers in the sense of Coxeter groups. They appear as the row sums of a double
triangular array (vn,k) of integers, 1 6 |k| 6 n, defined recursively by a boustro-
phedon algorithm. We say a sequence of combinatorial objects (Xn,k) is an Arnold
family if Xn,k is counted by vn,k. A polynomial refinement Vn,k(t) of vn,k, together
with the combinatorial interpretations in several combinatorial structures was intro-
duced by Eu and Fu recently. In this paper, we provide three new Arnold families
of combinatorial objects, namely the cycle-up-down permutations, the valley signed
permutations and Knuth’s flip equivalences on permutations. We shall find corre-
sponding statistics to realize the refined polynomial arrays.

Mathematics Subject Classifications: 05A05, 05A19

1 Introduction

1.1 Springer numbers and Arnold triangle

Let W be a finite Coxeter group W with set of generators S. For w ∈ W , its descent
set is defined by Des(w) := {s ∈ S : ℓ(w) < ℓ(ws)}, where ℓ(w) is the length function.
For each J ⊂ S, Springer [15] considered the set DJ := {w ∈ W : Des(w) = J} and define

K(W ) := max
J⊂S

|DJ |,

which we called the Springer numbers of type W . It can be proved that in type An−1 we
haveK(Sn) = En, the Euler number which counts the number of alternating permutations
σ = σ1σ2 . . . σn ∈ Sn with σ1 > σ2 < σ3 > · · · and therefore Springer numbers are
generalizations of the Euler numbers. See [16, 17] for more information on Euler numbers
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and alternating permutations. In 1877, Seidel defined the triangular array (En,k) for the
calculation of En by

En,k = En,k−1 + En−1,n−k+1 (n > k > 2)

with E1,1 = 1, En,1 = 0(n > 2), and showed that En =
∑

k En,k. The refinement En,k of
En is called the Entringer number since Entringer [7] has proved that En,k is the number
of alternating permutations with first entry k.

The above idea of refinement can be generalized into type Bn and Dn. For the Coxeter
group Bn (Dn, respectively) of type Bn (Dn, respectively) Arnold [2] proved that the
Springer numbers can be read as the row sums

K(Bn) =
∑

k6n

vn,k, and K(Dn) =
∑

k6n

vn,−k.

of the double triangle generated recursively by the boustrophedon recurrence relations

vn,−k = vn,−k−1 + vn−1,k (n > k > 1),

vn,1 = vn,−1 (n > 2),

vn,k = vn,k−1 + vn−1,−k+1 (n > k > 1),

with v1,1 = v1,−1 = 1 and vn,−n = 0 for all n > 2. Initial values are listed in Table 1. We
call vn,k the Arnold numbers.

n\k K(Dn) −5 −4 −3 −2 −1 1 2 3 4 5 K(Bn)
1 1 1 1 1
2 1 0 1 1 2 3
3 5 0 2 3 3 4 4 11
4 23 0 4 8 11 11 14 16 16 57
5 151 0 16 32 46 57 57 68 76 80 80 361

Table 1: The Arnold numbers vn,k and Springer numbers.

1.2 Arnold family and polynomial refinements

A signed permutation of [n] is a bijection σ of the set [±n] := −[n] ∪ [n] onto itself
such that σ(−i) = −σ(i) for each i ∈ [±n]. For simplicity we denote −i by ī. A signed
permutation is usually denoted by its window notation σ = σ1σ2 . . . σn, where σi = σ(i).
Since Bn and Dn are respectively the permutation models of the type Bn and Dn Coxeter
groups [3], just like Sn is for type An−1, by an abuse of notation we let Bn denote the
set of signed permutations of [n], and let Dn ⊂ Bn be those signed permutations with
|{i : σi < 0}| being even.

We may define three types of alternating signed permutations [2, 10] as

Sn := {σ ∈ Bn : σ1 > σ2 < σ3 > · · · },
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S0
n := {σ ∈ Bn : σ1 > 0 and σ1 > σ2 < σ3 > · · · }.

SD
n := {σ ∈ Bn : σ1 > −σ2 and σ1 < σ2 > σ3 < · · · }.

It is proved [2, 10] that K(Bn) = |Sn| and K(Dn) = |SD
n | = |Sn| − |S0

n|. Arnold called
those permutations in S0

n and SD
n the snakes of type Bn and Dn, respectively. Moreover,

he proved that vn,k (vn,−k, respectively) counts the number of snakes of type Bn (Dn,
respectively) with first entry k (−k, respectively).

Recently, Eu and Fu [8] gave a polynomial refinements of vn,k in the Arnold triangle
as follows. For 1 6 |k| 6 n, define the polynomials Vn,k = Vn,k(t) by

Vn,−k = Vn,−k−1 + t−1Vn−1,k (n > k > 1),

Vn,1 = t2 Vn,−1 (n > 2),

Vn,k = Vn,k−1 + t Vn−1,−k+1 (n > k > 1),

with V1,1 = t2, V1,−1 = 1, and Vn,−n = 0 (n > 2). Note that vn,k = Vn,k(1). The first few
polynomials Vn,k(t) are listed in Table 2.

n\k 1 2 3 4
1 t2

2 t3 t+ t3

3 t2 + 2t4 2t2 + 2t4 2t2 + 2t4

4 5t3 + 6t5 t+ 7t3 + 6t5 2t+ 8t3 + 6t5 2t+ 8t3 + 6t5

n\k −4 −3 −2 −1
1 1
2 0 t

3 0 1 + t2 1 + 2t2

4 0 2t+ 2t3 4t+ 4t3 5t+ 6t3

Table 2: The Arnold–Hoffman polynomials Vn,k(t).

We call Vn,k the Arnold-Hoffman polynomials since it is proved in [8] that

Qn(t) =
1

t
(Vn,1 + Vn,2 + · · ·+ Vn,n)

and
Pn(t)− tQn(t) = Vn,−1 + Vn,−2 + · · ·+ Vn,−n

for 1 6 k 6 n, where the polynomials Pn, Qn defined by

dn

dxn
tan(x) = Pn(tan(x)) and

dn

dxn
sec(x) = Qn(tan(x)) sec(x)

are introduced by Hoffman [9].
Following [14], a sequence of combinatorial objects (Xn,k) is called an Arnold family

if |Xn,k| = vn,k for 1 6 |k| 6 n. Furthermore, it is a refined Arnold family if we can find
a statistic over (Xn,k) such that Vn,k is the enumerator with respect to this statistic. For
example, for signed permutations, it is proved by Josuat-Vergés [10] that Vn,k(t) for k > 0
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(k < 0, respectively) counts the type Bn snakes (Dn, respectively) with respect to the
statistic ‘change of sign’. Recently in [8] Eu and Fu came up with several new refined
Arnold families, among them the signed increasing 1-2 trees, signed André permutations,
signed Simsun permutations of type I and type II, and complete increasing binary trees.

2 Structures investigated and Main Theorems

Our motivation comes from the fact that there are still other combinatorial structures
counted by Euler numbers or Springer numbers, but their complete profiles (or even corre-
sponding definitions in types Bn or Dn) in the sense of refined Arnold families are missing.
In this paper we investigate three of them, namely the cycle-up-down permutations, the
valley signed permutations and Knuth’s flip equivalence classes on permutations, and
complete their profiles.

2.1 Cycle-up-down permutations

A permutation σ ∈ Sn can be written in the standard cycle notation, which means
that in each cycle the first entry is the smallest entry of this cycle, and these smallest
first entries among the cycles are increasing. For example, σ = (1, 8, 5)(2, 4)(3)(6, 9, 7) is
a standard cycle notation. From now on, when we mention a cycle notation it is always
standard. A permutation σ ∈ Sn is called cycle-up-down if, in its standard cycle notation,
each cycle (σi1 , σi2 , . . . , σir) is reverse alternating, i.e.,

σi1 < σi2 > σi3 < · · · .

Denote CUDn the set of cycle-up-down permutations of length n. They are first defined
and investigated by Deutsch and Elizalde [5].

A signed permutation can also be written in the cycle notation in a clear way. For ex-
ample, σ′ = 2̄4̄316̄7̄5 has the cycle notation (1, 2̄, 4)(1̄, 2, 4̄)(3)(3̄)(5, 6̄, 7)(5̄, 6, 7̄) and σ′′ =
2̄45̄1̄9638̄7 has the cycle notation (1, 2̄, 4̄)(1̄, 2, 4)(3, 5̄, 9̄, 7̄, 3̄, 5, 9, 7)(6)(6̄)(8, 8̄). Sometimes
people use the notations

((3, 5̄, 9̄, 7̄)) := (3, 5̄, 9̄, 7̄)(3̄, 5, 9, 7)

and
[3, 5̄, 9̄, 7̄] := (3, 5̄, 9̄, 7̄, 3̄, 5, 9, 7)

to distinguish two types of cycles in signed permutations. In these notations of cycle
types, we call a signed permutation special if its cycle notation contains no bracket cy-
cles. Hence σ′ = ((1, 2̄, 4))((3)((5, 6̄, 7)) is special and σ′′ = ((1, 2̄, 4̄))[3, 5̄, 9̄, 7̄]((6))[8]
is not. However, in order to simplify the representations, we just use (a1,1, a1,2, . . .) to
represent ((a1,1, a1,2, . . .)) in the rest of this paper. That is, σ′ and σ′′ will be written in
(1, 2̄, 4)(3)(5, 6̄, 7) and (1, 2̄, 4̄)(3, 5̄, 9̄, 7̄, 3̄, 5, 9, 7)(6)(8, 8̄), respectively.

For a special signed permutation σ we let |σ| be the cycle notation (of a possibly new
permutation) obtained by taking absolute values for every entry in the cycle notation of
σ. For example |σ′| = (1, 2, 4)(3)(5, 6, 7).
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To our ends we define types Bn and Dn counterparts of the cycle-up-down permuta-
tions. A signed permutation σ ∈ Bn is a signed cycle-up-down permutation of type Bn if
it simultaneously meets the following conditions.

(i) it is special,

(ii) in its cycle notation σ = (a1,1, a1,2, . . .)(a2,1, a2,2, . . .) . . . (am,1, am,2, . . .) we have
ai,1 > 0 for all i,

(iii) |σ| ∈ CUDn.

Let CUD(B)
n ⊂ Bn be the set of signed cycle-up-down permutations of type Bn. Also

define
CUD

(B)
n,k := {σ ∈ CUD(B)

n , am,1 = k}

for 1 6 k 6 n. For example

CUD
(B)
1 ={(1)};

CUD
(B)
2 ={(1, 2), (1, 2̄), (1)(2)};

CUD
(B)
3 ={(1, 3, 2), (1, 3, 2̄), (1, 3̄, 2), (1, 3̄, 2̄), (1, 2)(3), (1, 2̄)(3),

(1, 3)(2), (1, 3̄)(2), (1)(2, 3), (1)(2, 3̄), (1)(2)(3)}.

A signed permutation σ ∈ Bn is a signed cycle-up-down permutation of type Dn if its
cycle notation has the form σ = (a1,1, a1,2, . . .)(a2,1, a2,2, . . .) . . . (am,1, am,1) and satisfies
simultaneously:

(i) all cycles are not of the form (a, ā) except (am,1, am,1),

(ii) ai,1 > 0 for all i, and

(iii) |σ| is a cycle-up-down permutation (with the convention (|am,1|, |am,1|) := (am,1)).

Let CUD(D)
n ⊂ Bn be the set of signed cycle-up-down permutations of type Dn and define

CUD(D)
n,k := {σ ∈ CUD(D)

n , am,1 = k}.

for 1 6 k 6 n. For example

CUD
(D)
1 ={(1, 1̄)};

CUD
(D)
2 ={(1)(2, 2̄)};

CUD
(D)
3 ={(1, 3)(2, 2̄), (1, 3̄)(2, 2̄), (1, 2)(3, 3̄), (1, 2̄)(3, 3̄), (1)(2)(3, 3̄)}.

For σ ∈ CUD(B)
n or CUD(D)

n in its cycle notation, we define the statistic negative-peak
npk by

npk(σ) := #{ai,j : ai,j < 0, |ai,j| > |ai,j−1|},

the electronic journal of combinatorics 30(4) (2023), #P4.19 5



with the convention that for σ ∈ CUD(D)
n the i in the cycle unique (i, ī) also contributes

1 to npk. For example, for σ′ = (1, 3̄, 2̄)(4)(5, 6̄)(7, 9, 8̄) ∈ CUD
(B)
9 we have npk(σ′) = 2

(namely 3̄ and 6̄), while for σ′′ = (1, 9̄, 2̄)(3, 4)(5, 8, 6̄)(7, 7̄) ∈ CUD
(D)
9 we have npk(σ′) = 2

(namely 9̄ and 7̄). Our first main result gives a realization of Vn,k(t) in terms of signed
cycle-up-down permutations.

Theorem 1. (Main Theorem I) For 1 6 k 6 n, we have

Vn,k(t) =
∑

σ∈CUD
(B)
n,n−k+1

tn+1−2·npk(σ)

and
Vn,−k(t) =

∑

σ∈CUD
(D)
n,n−k+1

tn+1−2·npk(σ).

In other words,

(CUD(D)
n,1 , . . . , CUD

(D)
n,n , CUD

(B)
n,n , . . . , CUD

(B)
n,1 )

together with the statistic npk is a realization of the refined Arnold family. The proof will
be put in Section 3.

2.2 Valley signed permutations

Valley signed permutations are first defined by Josuat-Vergés, Novelli, and Thibon [11]
and are only defined in types Bn and Dn.

For σ ∈ Sn, an entry σi is called a valley of σ if σi−1 > σi < σi+1 for i = 2, . . . , n− 1;
a peak of σ if σi−1 < σi > σi+1 for i = 2, . . . , n − 1. We also call σ1 a valley if σ1 < σ2
and σn a peak if σn > σn−1. A signed permutation σ = σ1σ2 . . . σn ∈ Bn is a valley signed
permutation of type Bn if σi < 0 implies that |σi−1| is a valley in |σ|. Let VS(B)

n be the
set of valley signed permutations of type Bn and

VS
(B)
n,k := {σ ∈ VS(B)

n , σ1 = k}

for 1 6 k 6 n. For example,

VS
(B)
1 ={1};

VS
(B)
2 ={12, 12̄, 21};

VS
(B)
3 ={123, 12̄3, 132, 13̄2, 213, 213̄, 231, 23̄1, 312, 312̄, 321}.

A signed permutation σ = σ1σ2 . . . σn ∈ Bn is a valley signed permutation of type Dn

if σ1 < 0, |σ1| > σ2 > 0 and, for i > 3, σi < 0 implies that |σi−1| is a valley in |σ|. Let
VS(D)

n be the set of valley signed permutations of type Dn and

VS
(D)
n,k := {σ ∈ VS(D)

n , σ1 = k̄}
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for 1 6 k 6 n. We have

VS
(D)
1 ={1̄};

VS
(D)
2 ={1̄2};

VS
(D)
3 ={2̄13, 2̄13̄, 3̄12, 3̄12̄, 3̄21}.

Define the statistic neg of σ ∈ VS(B)
n (or VS(D)

n ) by

neg(σ) := #{i : σi < 0}

and we obtain another realization of Vn,k(t).

Theorem 2. (Main Theorem II) For 1 6 k 6 n, we have

Vn,k(t) =
∑

σ∈VS
(B)
n,n−k+1

tn+1−2·neg(σ)

and
Vn,−k(t) =

∑

σ∈VS
(D)
n,n−k+1

tn+1−2·neg(σ).

In other words,
(VS

(D)
n,1 , . . . ,VS

(D)
n,n ,VS

(B)
n,n , . . . ,VS

(B)
n,1 )

together with the statistic neg, is a realization of the refined Arnold family. The proof
will be put in Section 4.

2.3 Knuth’s flip equivalence classes

Let σ ∈ Sn be a permutation with one-line notation σ1 . . . σkσk+1 . . . σn. A permuta-
tion σk . . . σ1σk+1 . . . σn is said to be a flip from σ if

k = n or σk+1 < min{σi : 1 6 i 6 k}.

Two permutations are flip equivalent if they can be obtained from each other by a
sequence of flips. For example, in S3 there are two flip equivalence classes, namely
{123, 321, 231, 132} and {213, 312}. The following elegant result was by Knuth [12].

Proposition 3. The number of flip equivalence classes is the Euler number En.

We extend the concept of flip equivalent to other types. For a signed permutation
σ = σ1 . . . σkσk+1 . . . σn in its window notation, the signed permutation σk . . . σ1σk+1 . . . σn
is said to be a flip from σ if

k = n or |σk+1| < min{|σi| : 1 6 i 6 k}.
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Two signed permutations are flip equivalent if they can be obtained from each other by
a sequence of flips. Denote by [σ] the equivalence class contains σ. For example, in B3,
there are 16 flip equivalence classes: [123], [213], [1̄23], [21̄3], [12̄3], [2̄13], [123̄], [213̄], [1̄2̄3],
[2̄1̄3], [1̄23̄], [21̄3̄], [12̄3̄], [2̄13̄], [1̄2̄3̄], [2̄1̄3̄].

Note that from this definition the numbers of flip equivalences classes on signed per-
mutations are not Springer numbers, but certain subsets are if we adapt the following.
For a signed word σ = σ1σ2 . . . σm such that |σi| 6= |σj| for all 1 6 i, j 6 m, define the
statistic signed maximum smax(σ) of σ by writing σ as σ = σLσ̂σR, where |σ̂| = min(|σ|)
and computing smax(σ) recursively:

(i) If σL = σR = ∅, then smax(σ) = σ̂.

(ii) If σL = ∅ and σR 6= ∅, then

— if (σ̂) > 0, then smax(σ) = σ̂.

— if (σ̂) < 0, then smax(σ) = smax(σR).

(iii) If σL 6= ∅ and σR = ∅, then

— if (σ̂) > 0, then smax(σ) = σ̂.

— if (σ̂) < 0, then smax(σ) = smax(σL).

(iv) If σL 6= ∅ and σR 6= ∅ and σ̂ > 0, then

— if min(|σL|) > min(|σR|), then smax(σ) = smax(σL).

— if min(|σL|) < min(|σR|), then smax(σ) = smax(σR).

(v) If σL 6= ∅ and σR 6= ∅ and σ̂ < 0, then

— if min(|σL|) < min(|σR|), then smax(σ) = smax(σL).

— if min(|σL|) > min(|σR|), then smax(σ) = smax(σR).

Note that for the flip equivalence class [σ], smax([σ]) := smax(σ) is well-defined as
smax(σ′) = smax(σ) for all σ′ ∈ [σ]. For example, we have smax(278̄169̄3̄4̄5) = 5 as
the above process to determine the signed maximum results in 278̄169̄3̄4̄5 → 69̄3̄4̄5 →
4̄5 → 5. Another example is smax([21̄34̄]) = 2 as one can check that all elements in
[21̄34̄] = {21̄34̄, 21̄4̄3, 34̄1̄2, 4̄31̄2} have the same signed maximum.

Let FL(B)
n be the set of flip equivalence classes of signed permutations in Bn whose

signed maximums are positive. Also define

FL
(B)
n,k := {[σ] ∈ FL(B)

n , smax([σ]) = k}
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for 1 6 k 6 n. We have

FL
(B)
1 ={[1]};

FL
(B)
2 ={[12], [12̄], [1̄2]};

FL
(B)
3 ={[123], [213], [1̄23], [12̄3], [123̄], [1̄2̄3], [1̄23̄], [12̄3̄], [21̄3], [2̄13], [21̄3̄]}.

Similarly, let FL(D)
n be the set of flip equivalence classes of signed permutations in Bn

whose signed maximums are negative, and define

FL
(D)
n,k := {[σ] ∈ FL(D)

n , smax([σ]) = −k}

for 1 6 k 6 n. We have

FL
(D)
1 ={[1̄]};

FL
(D)
2 ={[1̄2̄]};

FL
(D)
3 ={[1̄2̄3̄], [2̄13̄], [2̄1̄3], [21̄3̄], [2̄1̄3̄]}.

We will see that both are counted by Springer numbers of types Bn and Dn. Moreover,
define the statistic signed peak spk for σ ∈ Bn by

spk(σ) := #{i : 1 6 i 6 n, σi < 0, |σi−1| < |σi| > |σi+1|}

with the convention σ0 = σn+1 = 0. Note that spk([σ]) := spk(σ) is well-defined as
spk(σ′) = spk(σ) for all σ′ ∈ [σ]. With this we obtain the third realization of the refined
Arnold family.

Theorem 4. (Main Theorem III) For 1 6 k 6 n, we have

Vn,k(t) =
∑

σ∈FL
(B)
n,n−k+1

tn+1−2·spk(σ)

and
Vn,−k(t) =

∑

σ∈FL
(D)
n,n−k+1

tn+1−2·spk(σ).

In other words,
(FL

(D)
n,1 , . . . ,FL(D)

n,n ,FL(B)
n,n , . . . ,FL

(B)
n,1 )

together with the statistic spk forms a refined Arnold family.
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Figure 1: The complete increasing binary trees with three labelled nodes.

2.4 complete increasing binary trees with n labelled nodes

A (plane) binary tree is complete if every non-leaf node has two children. Let Tn be
the set of complete binary trees such that there are n nodes labelled by integers from 1 to
n but some leaves can be left unlabelled (called empty leaves), and along the path from
the root to any leaf the labels are increasing. These trees are first introduced by [10], and
in the rest of the paper, by complete increasing binary trees we always mean the trees
from the set Tn. Figure 1 shows the sixteen complete increasing binary trees with three
labelled nodes.

Recently a realization of the refined Arnold family in terms of complete increasing
binary trees is found by Eu and Fu [8]. Given τ ∈ Tn, the rightmost path of τ is a
sequence of nodes (v1, v2, . . . , vd) where v1 is the root and vi+1 is the right child of vi
for all i = 1, 2, . . . , d − 1. The node vd is called the rightmost leaf of τ . Let T ◦

n (T ∗
n ,

respectively) denote the subset of Tn consists of the trees whose rightmost leaf is empty
(labelled, respectively). The label of vd (vd−1, respectively) is called the rightmost label
of τ for τ ∈ T ◦

n (τ ∈ T ∗
n , respectively). For 1 6 k 6 n, let T ◦

n,k ⊂ T ◦
n (T ∗

n,k ⊂ T ∗
n ,

respectively) be the subset of trees whose rightmost label is k. Let emp(τ) be the number
of empty leaves in τ , we have the following.

Theorem 5 ([8]). For 1 6 k 6 n,

Vn,k(t) =
∑

τ∈T ◦

n,n−k+1

temp(τ)

and
Vn,−k(t) =

∑

τ∈T ∗

n,n−k+1

temp(τ).

It is then natural to seek bijection between complete increasing binary trees to cycle-
up-down permutations, valley signed permutations, and flip equivalence classes.

The main results of this paper are twofold. Firstly, we will give definitions (if needed)
of types Bn and Dn versions of the above structures and find suitable statistics such that
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each is a new realization of the refined Arnold family. Secondly, as the set of complete
increasing binary trees is the key structure for linking other Arnold families together
(see [8]), we will also give bijections between these new combinatorial objects with the
complete increasing binary trees.

The rest of the paper is organized as follows. In Section 3 we give a realization of the
refined Arnold family in terms of cycle-up-down permutations and in Section 4 in terms
of valley signed permutations. The interlude Sections 5 (resp. Section 6) are devoted to
bijections between cycle-up-down permutations (resp. valley signed permutations) with
complete increasing binary trees. In Section 7 we investigate Knuth’s flip equivalence
classes on signed permutations.

3 Proofs of Main Theorem I

For 1 6 k 6 n, define the polynomials

CUD
(B)
n,k = CUD

(B)
n,k (t) :=

∑

σ∈CUD
(B)
n,k

tn+1−2·npk(σ)

and
CUD

(D)
n,k = CUD

(D)
n,k (t) :=

∑

σ∈CUD
(D)
n,k

tn+1−2·npk(σ).

To prove Theorem 1, by referring to the recurrences of Vn,k(t) we need to prove the
following three recurrences:

(i) CUD
(D)
n,k = CUD

(D)
n,k−1 + t−1CUD

(B)
n−1,k−1 for 1 < k 6 n;

(ii) CUD
(B)
n,n = t2CUD

(D)
n,n for n > 2;

(iii) CUD
(B)
n,k = CUD

(B)
n,k+1 + tCUD

(D)
n−1,k for 1 6 k < n.

We investigate them in the propositions below.

Proposition 6. For 1 < k 6 n, we have

CUD
(D)
n,k = CUD

(D)
n,k−1 + t−1CUD

(B)
n−1,k−1.

Proof. We shall construct a bijection

ψ : CUD
(D)
n,k −→ CUD

(D)
n,k−1 ∪ CUD

(B)
n−1,k−1.

Given σ = (a1,1, a1,2, . . .) . . . (am−1,1, am−1,2, . . .)(k, k̄) ∈ CUD(D)
n,k .

(i) If am−1,1 = k − 1. We first delete the cycle (k, k̄) and let

ψ(σ) = (a′1,1, a
′
1,2, . . .)(a

′
2,1, a

′
2,2, . . .) . . . (a

′
m−1,1, a

′
m−1,2, . . .),
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where a′i,j =











ai,j , if |ai,j| < k,

ai,j − 1, if ai,j > k,

ai,j + 1, if ai,j < −k.

. It is clear that ψ(σ) ∈ CUD
(B)
n−1,k−1.

As for the polynomial, since npk(ψ(σ)) = npk(σ)− 1, so

(n− 1) + 1− 2npk(ψ(σ)) = (n+ 1− 2npk(σ)) + 1

and we get the term t−1CUD
(B)
n−1,k−1.

(ii) If am−1,1 6= k − 1. We let

ψ(σ) = (a′1,1, a
′
1,2, . . .)(a

′
2,1, a

′
2,2, . . .) . . . (a

′
m−1,1, a

′
m−1,2, . . .), (k − 1, k − 1)

where a′i,j =

{

ai,j, if |ai,j| is not k or k − 1,

sgn(ai,j)k, if |ai,j| = k − 1,

It is also clear that ψ(σ) ∈ CUD
(D)
n,k−1 and npk(ψ(σ)) = npk(σ). Hence we have the

term CUD
(D)
n,k−1.

The inverse map ψ−1 can be established directly by the reversing the above process
the lemma is proved.

For examples, σ = (1, 5̄, 2̄)(3, 4)(6, 9, 8̄)(7, 7̄) ∈ CUD
(D)
9,7 is mapped to

ψ(σ) = (1, 5̄, 2̄)(3, 4)(6, 8, 7̄) ∈ CUD
(B)
8,6

and σ′ = (1, 5̄, 2̄)(3, 6̄)(4, 9, 8̄)(7, 7̄) ∈ CUD
(D)
9,7 mapped to

ψ(σ′) = (1, 5̄, 2̄)(3, 7̄)(4, 9, 8̄)(6, 6̄) ∈ CUD
(D)
9,6 .

Proposition 7. For n > 2, we have CUD
(B)
n,n = t2CUD

(D)
n,n .

Proof. The bijection ψ : CUD(B)
n,n −→ CUD(D)

n,n is easy: we replace the last cycle (n) in

σ ∈ CUD(B)
n,n by the cycle (n, n̄) (and vice versa). Notice that npk(ψ(σ)) = npk(σ)+ 1 and

n+ 1− 2npk(ψ(σ)) = (n+ 1− 2npk(σ))− 2, we get the term t2CUD
(D)
n,n as desired.

Proposition 8. For 1 6 k < n, we have

CUD
(B)
n,k = CUD

(B)
n,k+1 + tCUD

(D)
n−1,k.

Proof. We construct a bijection

ψ : CUD
(B)
n,k −→ CUD

(B)
n,k+1 ∪ CUD

(D)
n−1,k.

Given σ ∈ CUD(B)
n,k . Suppose the first entry of the last cycle of is k, i.e., it is of the form

σ = (a1,1, a1,2, . . .) . . . (am−1,1, am−1,2, . . .)(k, . . .). We have three cases.
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(i) If the last cycle of σ is (k, k + 1), let

ψ(σ) = (a′1,1, a
′
1,2, . . .)(a

′
2,1, a

′
2,2, . . .) . . . (k, k̄),

where

a′i,j =











ai,j , if |ai,j| < k,

ai,j − 1, if ai,j > k + 1,

ai,j + 1, if ai,j < −(k + 1).

It is clear that ψ(σ) ∈ CUD
(D)
n−1,k and npk(ψ(σ)) = npk(σ). Since (n − 1) + 1 −

2npk(ψ(σ)) = (n+ 1− 2npk(σ))− 1, we get the term tCUD
(D)
n−1,k.

(ii) If the last cycle of σ is not (k, k + 1) but there exist |am,ℓ| = k+ 1 for some ℓ > 2,
then we divide the last cycle into two cycles. That is, let

ψ(σ) = (a1,1, a1,2, . . .) . . . (k, am,2, . . . , am,ℓ−1)(k + 1, am,ℓ+1, . . .)

and we have ψ(σ) ∈ CUD
(B)
n,k+1 and npk(ψ(σ)) = npk(σ).

(iii) If the last cycle doesn’t contain k + 1 or k + 1, let

ψ(σ) = (a′1,1, a
′
1,2, . . .)(a

′
2,1, a

′
2,2, . . .) . . . (a

′
m,1, a

′
m,2, . . .),

where a′i,j =











ai,j , if |ai,j| is neither k nor k − 1,

sgn(ai,j)k, if |ai,j| = k − 1,

sgn(ai,j)(k − 1), if |ai,j| = k.

Then ψ(σ) ∈ CUD
(B)
n,k+1 and npk(ψ(σ)) = npk(σ).

Note that cases (ii) and (iii) lead to the term CUD
(B)
n,k+1. The inverse map ψ−1 can be

established by reversing the process, hence the recurrence is verified.

For examples, σ = (1, 3̄, 2̄)(4)(5, 6̄)(7, 9, 8̄) ∈ CUD
(B)
9,7 is mapped to

ψ(σ) = (1, 3̄, 2̄)(4)(5, 6̄)(7, 9)(8) ∈ CUD
(B)
9,8

by case (ii), while by case (iii), σ′ = (1, 3̄, 2̄)(4)(5, 8̄, 6̄)(7, 9) ∈ CUD
(B)
9,7 is mapped to

ψ(σ′) = (1, 3̄, 2̄)(4)(5, 7̄, 6̄)(8, 9) ∈ CUD
(B)
9,8 .

We are ready to prove Main Theorem I.

Proof of Theorem 1. It remains to check the initial cases. For n = 1, we have npk((1)) = 0
and npk((1, 1̄)) = 1. Hence

CUD
(B)
1,1 (t) = t1+1−2npk((1)) = t2 = V1,1(t)
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and
CUD

(D)
1,1 (t) = t1+1−2npk((1,1̄)) = 1 = V1,−1(t).

Since CUD
(D)
n,1 are empty for all n > 2, we have

CUD
(D)
n,1 (t) = 0 = Vn,−n(t) (n > 2).

Together with Propositions 6, 7, and 8, the proof is completed.

4 Proof of Main Theorem II

In this section we prove Theorem 2. For 1 6 k 6 n, define

V S
(B)
n,k = V S

(B)
n,k (t) :=

∑

σ∈VS
(B)
n,k

tn+1−2neg(σ)

and
V S

(D)
n,k = V S

(D)
n,k (t) :=

∑

σ∈VS
(D)
n,k

tn+1−2neg(σ).

We are going to show that both have the same recurrence relations as Vn,k.

Proposition 9. The following recurrence relations hold.

(i) V S
(D)
n,k = V S

(D)
n,k−1 + t−1V S

(B)
n−1,k−1, for 1 < k 6 n.

(ii) V S
(B)
n,n = t2V S

(D)
n,n , for n > 2.

(iii) V S
(B)
n,k = V S

(B)
n,k+1 + tV S

(D)
n−1,k, for 1 6 k < n.

Proof. (i) We construct a bijection

ψ : VS
(D)
n,k −→ VS

(D)
n,k−1 ∪ VS

(B)
n−1,k−1.

Given σ = σ1σ2 . . . σn ∈ VS
(D)
n,k with σ1 = −k.

Case 1: If σ2 = k − 1. We first remove σ1 and let ψ(σ) = σ′
1σ

′
2 . . . σ

′
n−1, where

σ′
i =











σi+1, if |σi+1| < k,

σi+1 − 1, if σi+1 > k,

σi+1 + 1, if σi+1 < −k.

It is clear that ψ(σ) ∈ VS
(B)
n−1,k−1 and neg(ψ(σ)) = neg(σ) − 1. Since (n − 1) + 1 −

2neg(ψ(σ)) = (n+ 1− 2neg(σ)) + 1, we get the term t−1V S
(B)
n−1,k−1.
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Case 2: If σ2 6= k − 1, let ψ(σ) = σ′
1σ

′
2 . . . σ

′
n with

σ′
i =











σi, if |σi| is neither k nor k − 1,

sgn(σi)k, if |σi| = k − 1,

sgn(σi)(k − 1), if |σi| = k.

Then we have ψ(σ) ∈ VS
(D)
n,k−1, neg(ψ(σ)) = neg(σ) and we obtain the term V S

(D)
n,k−1.

(ii) There is an immediate bijection ψ : VS(B)
n,n −→ VS(B)

n,n . For σ ∈ VS(B)
n,n , the image

ψ(σ) is obtained by replacing σ1(= n) by n̄. Since neg(ψ(σ)) = neg(σ) + 1, we have
n+ 1− 2neg(ψ(σ)) = (n+ 1− 2neg(σ))− 2 and recurrence (ii) is proved.

(iii) We construct a bijection

ψ : VS
(B)
n,k −→ VS

(B)
n,k+1 ∪ VS

(D)
n−1,k.

Given σ ∈ VS
(B)
n,k with σ1 = k.

Case 1. If σ2 = k + 1. We firstly remove σ1 and let ψ(σ) = σ′
1σ

′
2 . . . σ

′
n−1, where

σ′
i =











σi+1, if |σi+1| < k,

σi+1 − 1, if σi+1 > k.

σi+1 + 1, if σi+1 < −k.

It can be seen that ψ(σ) ∈ VS
(D)
n−1,k and neg(ψ(σ)) = neg(σ). Since (n − 1) + 1 −

2neg(ψ(σ)) = (n+ 1− 2neg(σ))− 1, we get the term tV S
(D)
n−1,k.

Case 2. If σ2 6= k + 1, then we let ψ(σ) = σ′
1σ

′
2 . . . σ

′
n with

σ′
i =











σi, if |σi| is neither k nor k + 1,

sgn(σi)k, if |σi| = k + 1,

sgn(σi)(k + 1), if |σi| = k.

Now ψ(σ) ∈ VS
(B)
n,k+1 and neg(ψ(σ)) = neg(σ), which gives us the term V S

(B)
n,k+1. The

inverse map ψ−1 can be established by reversing the operations and (iii) is verified.

For examples, by case 2 of (i), the sighed permutatuin σ = 7̄42815̄39̄(10)6 ∈ VS
(D)
10,7 is

mapped to 6̄42815̄39̄(10)7 ∈ VS
(D)
10,6. Also, by the case 2 of (iii), σ = 79856̄413̄2 ∈ VS

(B)
9,7

is mapped to 89756̄413̄2 ∈ VS
(B)
9,8 .

Now we are ready to prove Main Theorem II.

Proof of Theorem 2. It remains to check the initial values. For the case n = 1, we have
neg(1) = 0 and neg(1̄) = 1. Hence

V S
(B)
1,1 (t) = t1+1−2neg(1) = t2 = V1,1(t)
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and
V S

(D)
1,1 (t) = t1+1−2neg(1̄) = 1 = V1,−1(t).

Since VS
(D)
n,1 are empty for all n > 2, we have

V S
(D)
n,1 (t) = 0 = Vn,−n(t)

for n > 2. Together with Proposition 9, the proof is completed.

5 Complete increasing binary trees and Cycle-up-down permu-

tations

Recall that Tn is the set of complete increasing binary trees with n labelled nodes and
T ◦
n (T ∗

n , respectively) are those trees with empty (resp. labelled) rightmost leaf. In this
section, we shall establish the bijections

φ
(B)
C : CUD(B)

n → T ◦
n and φ

(D)
C : CUD(D)

n → T ∗
n .

The subscript C indicates that it is for cycle-up-down permutations.

5.1 Type Bn

We roughly describe the flowchart of the desired bijection. We map an up-down
sequence to a non-plane complete increasing tree by Algorithm 1. By Algorithm 2

we map each cycle of σ ∈ CUD(B)
n to a complete increasing binary tree with the help

of Algorithm 1. By combing corresponding trees from all cycles we reach our desired
bijection. Our running example is σ = (1, 3̄, 2̄)(4)(5, 6̄)(7, 9, 8̄) ∈ CUD

(B)
9,7 . We need two

operations first.

(i) Double bracket decomposition: Decompose a sequence a1, a2, . . . , an of distinct inte-
ger into ((a1, . . . , ai−1)ai(ai+1, . . . , an)), where ai is the smallest entry.

(ii) Complement: Replace the i-th smallest entry of a sequence A = a1, a2, . . . , an of
distinct integers by the i-th greatest entry for each 1 6 i 6 n. Denote the resulting
sequence by Ac.

Algorithm 1 is actually adapted from [6], which maps a sequence of distinct integers
into a non-plane complete increasing binary tree.

Algorithm 1:

Input : A sequence A = a1, a2, . . . , an of distinct integers.
Set T (A) to be an empty tree. Apply the following procedures recursively.

(i) If max(A) is on the left of min(A) : Let A := Ac and go to (ii)
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(ii) If max(A) is on the right of min(A) : Apply double bracketing decomposition on A
and write A = ((AL)ai(AR)). Construct a tree rooted at ai and define the children
of ai to be two nodes labelled by min(AL) and min(AR) (If any of the sequence is
empty, the child is defined to be empty).

(iii) Apply the above procedure recursively on AL and AR.

Output : A complete increasing binary (non-plane) tree T (A). Note that the leaves of
T (A) are all empty.

For example, Figure 2 maps A = 2, 6, 3, 7, 4, 9, 8 to the corresponding tree T (A) with
these numbers as the labels.

Figure 2: From a sequence A to the complete increasing binary tree T (A).

We say a permutation σ = σ1, σ2, . . . , σ|A| of elements of a set A of distinct integers
up-down if σ1 < σ2 > σ3 < · · · . Let UDA be the set of up-down permutations and
UDA,1 ⊆ UDA consisting of those with σ1 = min(σ). The following is an easy consequence
of Algorithm 1.

Corollary 10. Algorithm 1 induces a bijection between

(i) UDA and the set of complete increasing (non-plane) tree with nodes labelled by ele-
ments of A such that all leaves are empty.

(ii) UDA,1 and the set of complete increasing (non-plane) tree with nodes labelled by
elements of A such that all leaves are empty and the root has an empty child.

Given σ = (a1,1, a1,2, . . .)(a2,1, a2,2, . . .) . . . (am,1, am,2, . . .) ∈ CUD(B)
n . For the cycle

Ci = (ai,1, ai,2, . . .), 1 6 i 6 m, we let int(Ci) = {|ai,1|, |ai,2|, . . .}. On the other hand, for

a finite set A of positive integers we let T
(1)
A denote the set of complete increasing binary

plane trees with empty leaves, satisfying that (i) the nodes are labelled using the integers
in A, and (ii) the rightmost labelled node is the root. The goal of Algorithm 2 is to

map a cycle Ci to a tree τ ∈ T
(1)
int(Ci)

.

Algorithm 2:
Input : A cycle Ci = (ai,1, ai,2, . . . , ai,d) of a signed cycle-up-down permutation σ.

First we let A = |ai,1|, |ai,2|, . . . , |ai,d| and construct T (A) using Algorithm 1.
For 1 6 j 6 d, do the followings.
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(i) If the node v with label |ai,j| contains two empty children in T (A):

— If ai,j < 0, then remove the two empty children.

(ii) If the node v with label |ai,j| contains exactly one labelled child in T (A):

— If ai,j < 0, let the labelled child be the right child of v and the empty node be
the left child of v.

— If ai,j > 0, let the labelled child be the left child of v and the empty node be
the right child of v.

(iii) If the node v with label |ai,j| contains two labelled children in T (A):

— If ai,j < 0, let the child with smaller label be the right child of v and the child
with larger label be the left child of v.

— If ai,j > 0, let the child with smaller label be the left child of v and the child
with larger label be the right child of v.

Output : The resulting tree τi. Note that it is easy to see that τi ∈ T
(1)
int(Ci)

.

For example, the cycle C = (2, 6̄, 3, 7, 4̄, 9̄, 8) maps to a tree in T
(1)
int(C) as in Figure 3.

Figure 3: The tree in T
(1)
int(C) from the cycle C = (2, 6̄, 3, 7, 4̄, 9̄, 8).

By Algorithm 2 we come up with the desired bijection.

Theorem 11. There is a bijection φ
(B)
C : CUD(B)

n −→ T ◦
n . Also, φ

(B)
C induces a bijection

between CUD(B)
n,k and T ◦

n,k for each 1 6 k 6 n.

Proof. Given σ = (a1,1, a1,2, . . .)(a2,1, a2,2, . . .) . . . (am,1, am,2, . . .) ∈ CUD(B)
n . By applying

Algorithm 2 on each cycle we obtain a sequence of trees τ1, τ2, . . . , τm such that τi ∈
T

(1)
int(Ci)

with the right child of root of each τi being empty. Now we replace the empty right
child of the root of τi by the tree τi+1 for 1 6 i 6 m. In this way we get a tree τ ∈ T ◦

n and

hence a bijection between CUD(B)
n and T ◦

n . Furthermore, if σ ∈ CUD
(B)
n,k then am,1 = k,

hence the root of τm is labelled by k. Since the root of τm is the rightmost labelled node
of τ , we know that τ ∈ T ◦

n,k.
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Now we give an example in detail for the whole bijection process. Consider the permu-
tation σ = (1, 3̄, 2̄)(4)(5, 6̄)(7, 9, 8̄) ∈ CUD(B)

9,7 . By applying Algorithm 1 on each cycle
we have the bracketing of cycles

(1, 3, 2) → (1(2(3))), (4) → (4), (5, 6) → (5(6)), (7, 9, 8) → (7(8(9)))

and therefore their corresponding non-plane trees as shown in Figure 4.

Figure 4: Map each cycle to a non-plane complete increasing binary tree.

Then we apply Algorithm 2 and result in the plane trees τ1, τ2, τ3, and τ4, as shown
in Figure 5.

Figure 5: Modify non-plane trees to plane trees τ1, τ2, τ3, and τ4.

Finally, using τ1, τ2, τ3, and τ4, the tree τ ∈ T ◦
9,7 can be constructed as shown in

Figure 6.

Figure 6: Combine τ1, τ2, τ3, and τ4 into a tree τ ∈ T ◦
9,7.
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5.2 Type Dn

The above can be modified to give a bijection in type Dn.

Theorem 12. There is a bijection φ
(D)
C : CUD(D)

n −→ T ∗
n . Moreover, φ

(D)
C induces a

bijection between CUD
(D)
n,k and T ∗

n,k for each 1 6 k 6 n.

Proof. Let

σ = (a1,1, a1,2, . . .)(a2,1, a2,2, . . .) . . . (am−1,1, am−1,2, . . .)(k, k̄) ∈ CUD
(D)
n,k .

For a cycle Ci of σ, do the followings.

(i) For 1 6 i 6 m− 1 : Apply Algorithm 2 on Ci.

(ii) For Cm = (k, k̄) : Let τm be the tree of single node with label k.

In this way we obtain a sequence of trees τ1, τ2, . . . , τm−1 such that τi ∈ T
(1)
int(Ci)

for
1 6 i 6 m− 1 and a single node tree τm labeled by k. Since for 1 6 i 6 m− 1 the right
child of root of τi is empty, we replace the empty right child of the root of τi by the tree
τi+1 and get a tree τ ∈ T ∗

n,k. This results in a bijection between CUD
(D)
n,k and T ∗

n,k, also

between CUD(D)
n and T ∗

n .

Again we give an example in detail. Let σ = (1, 9̄, 2̄)(3, 4)(5, 8, 6̄)(7, 7̄) ∈ CUD
(D)
9,7 . By

Algorithm 1, the bracketing corresponding to first three cycles are

(1, 9, 2) → (1(2(9))), (3, 4) → (3(4)), (5, 8, 6) → (5(6(8)))

and their corresponding non-plane trees are given in Figure 7.

Figure 7: Map each cycle to a non-plane complete increasing binary tree.

By applying Algorithm 2 we obtain plane trees τ1, τ2, and τ3, shown in Figure 8
together with the tree τ4 with a single node corresponding to the cycle (7, 7̄).

Finally, the tree τ ∈ T ∗
9,7 is constructed from τ1, τ2, τ3, and τ4, as shown in Figure 9.

The following bonus is straightforward from Theorem 11 and Theorem 12 and we omit
the proof.

Corollary 13. In both bijections φ
(B)
C : σ 7→ τ and φ

(D)
C : σ 7→ τ , the labels on the

rightmost path of τ is exactly the set of minimum entries of cycles of |σ|.
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Figure 8: Modify non plane trees τ1, τ2, τ3 and add a single node tree τ4.

Figure 9: Combine τ1, τ2, τ3, and τ4 into a tree τ ∈ T ∗
9,7.

6 Complete increasing binary Trees and Valley signed permu-

tations

In this section, we give the bijections

φ
(B)
V : VS(B)

n → T ◦
n and φ

(D)
V : VS(D)

n → T ∗
n

between valley signed permutations and complete increasing binary trees.

6.1 Type Bn

We first look at the type Bn case. Firstly, note that for σ = σ1σ2 . . . σn ∈ Sn in
its window notation, if {σv1 , σv2 , . . . , σvt} are the set of valleys, then a valley signed per-
mutation σ′ ∈ VS(B)

n with |σ′| = σ is uniquely determined from the choices of the signs
of σ′

v1+1, σ
′
v2+1, . . . , σ

′
vt+1. For example, there are 4 type Bn valley signed permutations

51324, 513̄24, 51324̄, 513̄24̄ ∈ VS
(B)
5 such that |σ′| = 51324 which has two valleys (at 1

and 2).
The next algorithm, which sends an ordinary permutation to a complete increasing

binary plane tree with empty leaves, is well-known ([17], p.44).

Algorithm 3:

Input : A sequence σ = σ1, σ2, . . . , σn of distinct positive integers.

Let σi = min(σ) and σL = σ1, . . . , σi−1 and σR = σi+1, . . . , σn. Construct a tree
recursively by setting σi as the root of T and T (σL) (resp. T (σR)) be its right and left
subtree (with the convention that T (∅) is an empty node). Note that to our purpose we
set T (σL) to be the ‘right’ subtree.
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Output : A complete increasing binary plane tree with empty leaves.

For example, the tree obtained from 7513426 is shown in Figure 10.

Figure 10: The tree obtained from 7513426 by Algorithm 3.

From Algorithm 3 we have an easy observation.

Lemma 14. For 2 6 i 6 n, the node with label σi has two empty children in T (σ) if and
only if σi is a peak in σ.

Proof. For 2 6 i 6 n, if σi is a peak, then it is not the minimum entry of any consecutive
subsequence of σ unless the subsequence only contains σi itself. This means that when
T (σ) is constructed both of the left and right subtrees of σi are empty nodes. If σi is not
a peak, then at least one of its subtree is nonempty.

Theorem 15. There is a bijection φ
(B)
V : VS(B)

n −→ T ◦
n . The map φ

(B)
V also induces a

bijection between VS
(B)
n,k and T ◦

n,k for each 1 6 k 6 n.

Proof. Given σ ∈ VS(B)
n , we first construct T (|σ|) byAlgorithm 3. If |σv1 |, |σv2 |, . . . , |σvt |

are the valleys of |σ|, then we have

{i : σi < 0} ⊆ {v1 + 1, v2 + 1, . . . , vt + 1}.

There must exist a peak |σpi | in |σ| such that vi < pi < vi+1 for each i = 1, 2, . . . , t − 1,
and a peak |σpt | with pt > vt. Now, for 1 6 i 6 t, if σvi+1 < 0, we remove the two empty
children of the node with label |σpi | in T (σ). Note that these operations are well defined

by Lemma 14. We result in a tree τ ∈ T ◦
n and set φ

(B)
V (σ) = τ .

Furthermore, since σ1 is in the left subsequence during the recursive construction of
T (σ), the node with label σ1 must be the rightmost labelled node. Hence the map φ

(B)
V

induces a bijection between VS
(B)
n,k and T ◦

n,k.

For example, let σ = 756̄89413̄2 ∈ VS
(B)
9,7 . By Algorithm 3, T (|σ|) is constructed as

in the left of Figure 11.
Since the peaks in |σ| corresponding to negative entries (6̄ and 3̄) are 9 and 3, we

remove the empty children of these two nodes from T (|σ|) and obtain the tree τ ∈ T ◦
9,7 in

the right of Figure 11.
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Figure 11: The process of bijection from 756̄89413̄2 ∈ VS
(B)
9,7 to a tree in T ◦

9,7.

6.2 type Dn

Similarly to the type Bn case, if {σv1 , σv2 , . . . , σvt} are the set of valleys of σ ∈ Sn, then
a valley signed permutation σ′ ∈ VS(D)

n with |σ′| = σ is also uniquely determined from

the choices of the signs of σ′
v1+1, σ

′
v2+1, . . . , σ

′
vt+1. For example, There are four σ′ ∈ VS

(D)
5

with |σ′| = 51324, namely 5̄1324, 5̄13̄24, 5̄1324̄, and 5̄13̄24̄.

Theorem 16. There is a bijection φ
(D)
V : VS(D)

n −→ T ∗
n . The map φ

(D)
C also induces a

bijection between VS
(D)
n,k and T ∗

n,k for each 1 6 k 6 n..

Proof. Given σ ∈ VS(D)
n , we first construct T (|σ|) by Algorithm 3.

Firstly, from the definition of VS(D)
n , the rightmost labelled node of T (σ) is labelled by

|σ1| with two empty children and we remove them. Let |σv1 |, |σv2 |, . . . , |σvt | be the valleys
of |σ|. We have

{i : i > 1 and σi < 0} ⊆ {v1 + 1, v2 + 1, . . . , vt + 1}.

There must exist a peak |σpi | in |σ| such that vi < pi < vi+1 for each i = 1, 2, . . . , t − 1,
and a peak |σpt | with pt > vt. Now for 1 6 i 6 t, if σvi+1 < 0, then remove the two
empty children of the node with label |σpi | in T (σ). These operations are well defined by

Lemma 14. We obtain the resulting tree τ ∈ T ∗
n and set φ

(D)
V (σ) = τ .

Furthermore, since the rightmost labelled node of τ is labelled by |σ1|, the map φ
(D)
V

induces a bijection between VS(D)
n,k and T ∗

n,k.

For example, let σ = 7̄5863419̄2 ∈ VS
(D)
9,7 . The tree T (|σ|) is shown in the left of

Figure 12. First we remove the two empty children of the node 7. The negative entries
9̄ is corresponding to the peak 9 in |σ|, so we remove its empty children from T (|σ|) and
obtain the tree τ ∈ T ∗

9,7 in the right of Figure 12.
For a permutation σ = σ1σ2 . . . σn, an entry σi is a left-to-right minimum if σi =

min{σj : 1 6 j 6 i}. We have a bonus corollary.

Corollary 17. In both bijections φ
(B)
V and φ

(D)
V , the set of the labels on the rightmost path

of τ is the set of left-to-right minimums of |σ|.
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Figure 12: The process of bijection from 7̄5863419̄2 ∈ VS
(D)
9,7 to a tree in T ∗

9,7.

Proof. Observe that in φ
(B)
V or φ

(D)
V , |σi| is a label on the rightmost path if and only if |σi|

is on the left of the minimum entry at each stage of Algorithm 3 until itself becomes
the minimum. Hence the entries on the left of |σi| are all with absolute value greater than
|σi|. That is, |σi| is a left-to-right minimum.

7 Proof of Main Theorem III

We turn to flip equivalence classes. For completeness’ sake we give a proof of Knuth’s
result in terms of increasing 1-2 trees. An increasing 1-2 tree on the nodes [n] is a (non-
plane) rooted tree so that each non-leaf nodes has 1 or 2 children and labels along the
unique path from root to any leaf are increasing. It is well known that they are also
counted by Euler numbers [16, 17].

Proof of Proposition 3: It suffices to maps an equivalent class to an increasing 1-2 tree.
For σ ∈ Sn, let σ̂ = min(σ) and write σ = σLσ̂σR. Construct an increasing 1-2 tree τ(σ)
recursively as follows:

(i) Let σ̂ be the root of τ(σ).

(ii) Let τ(σL) and τ(σR) be the (non-ordered) subtrees of the root σ̂.

It can be checked directly that flip equivalent permutations map to the same tree and the
result follows. �

7.1 Bijection between flip equivalence classes and complete binary trees

The main result of this subsection is the next bijection.

Theorem 18. There is a bijection

φF : (FL(B)
n ∪ FL(D)

n ) → (T ◦
n ∪ T ∗

n ).

Moreover, φF induces a bijection between FL
(B)
n,k (FL

(D)
n,k , respectively) and T ◦

n,k (T ∗
n,k,

respectively) for 1 6 k 6 n.
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Proof. We shall proceed as follows. For a given signed permutation σ we first correspond
it to a tree τ(σ) ∈ T ◦

n ∪T ∗
n . Then we show that if σ′ ∈ [σ], then τ(σ′) = τ(σ) and therefore

the bijection φF ([σ]) := τ(σ) is well-defined.

Algorithm 4:

Input : A signed permutation σ.
We construct the tree τ(σ) ∈ T ◦

n ∪ T ∗
n recursively. If σ is empty, let τ(σ) be an empty

node. If σ is not empty, write σ = σL, σi, σR, where |σi| = min(|σ|). Let the label of the
root of τ(σ) be |σi|.

(i) If both of σL, σR are empty and σi < 0, then let the node with label |σi| be a leaf.

(ii) If both of σL, σR are empty and σi > 0, then let the node with label |σi| be with
two empty leaves.

(iii) If σL and σR are not both empty, consider the two values min(|σL|) and min(|σR|),
where min(∅) := +∞.

— If σi > 0 and min(|σL|) < min(|σR|), then let τ(σL) (τ(σR), respectively) be
the left (right, respectively) subtree of the node with label |σi|.

— If σi > 0 and min(|σL|) > min(|σR|), then let τ(σR) (τ(σL), respectively) be
the left (right, respectively) subtree of the node with label |σi|.

— If σi < 0 and min(|σL|) < min(|σR|), then let τ(σR) (τ(σL), respectively) be
the left (right, respectively) subtree of the node with label |σi|.

— If σi < 0 and min(|σL|) > min(|σR|), then let τ(σL) (τ(σR), respectively) be
the left (right, respectively) subtree of the node with label |σi|.

Output : A complete increasing binary tree τ(σ).

It is clear that τ(σ) ∈ Tn. By the definition of flip equivalence of signed permutations,
it is clearly that the bijection φF defined by φF ([σ]) := τ(σ) is well-defined. Moreover,
the node with label |smax([σ])| is the rightmost label of the tree φF ([σ]). That is, for

1 6 k 6 n, the map φV induces a bijection between FL
(B)
n,k (FL

(D)
n,k , respectively) and T ◦

n,k

(T ∗
n,k, respectively).

For example, the equivalence class [12̄3] ∈ FL
(B)
3,1 contains 4 signed permutations

12̄3, 32̄1, 2̄31, and 132̄. Apply bijection φF on each of the 4 signed permutations we
get the same tree τ ∈ T ◦

3,1, as shown in the left of Figure 13. On the other hand, the

equivalence class [2̄4̄13] ∈ FL
(D)
4,3 contains 4 permutations 2̄4̄13, 3̄12̄4̄, 3̄14̄2̄ and 4̄2̄13̄ and

the tree we obtained is in the right of Figure 13.
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Figure 13: The trees correspond to [12̄3] and [2̄4̄13].

7.2 Proof of Theorem 4

To prove Main Theorem III, we need a final piece.

Lemma 19. For [σ] ∈ FL(B)
n ∪ FL(D)

n , we have

emp(φF ([σ])) = n− 2 · spk([σ]) + 1.

Proof. Observe that spk([σ]) is equal to the number of labelled leaves of φF ([σ]). Hence
the number of non-leaf nodes of φF ([σ]) is n − spk(σ). Moreover, the total number of
leaves of a complete binary tree is one plus the number of its non-leaf nodes. Therefore,
we have

emp(φF ([σ])) + spk([σ]) = n− spk([σ]) + 1

which is our goal.

Proof of Theorem 4. By Theorem 5, Theorem 18 and Lemma 19 the proof is completed.

8 Concluding remarks

In this paper, we give types Bn and type Dn definitions of cycle-up-down permutations
and flip equivalence classes on signed permutations. We provide new refined Arnold
families on them as well as on the valley signed permutations. Table 3 summarizes our
contribution.

Cycle-up-down perm. Valley-signed perm. Flip equiv. classes
Definition Vn,k Definition Vn,k Definition Vn,k

An−1 [5] — — — [12] —
Bn Section 2.1 Theorem 1 [11] Theorem 2 Section 2.3 Theorem 4
Dn Section 2.1 Theorem 1 [11] Theorem 2 Section 2.3 Theorem 4

Table 3: Summary of results.
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We also give bijections between these structures with complete increasing binary trees.
Together with those bijections in [8] between complete increasing binary trees and other
structures (e.g. signed increasing 1-2 trees, signed André permutations, and signed Simsun
permutations of type I and type II), we have bijections between all these Arnold families.

However, in the light of the fact that the set of even-signed permutations is just a subset
of signed permutations, i.e., Dn ⊂ Bn, it is not so satisfying that in our structures as well
as those presented in [8] realizing the refined Arnold families, the type Dn structures are
usually not subsets of the corresponding type Bn structures. This hints that there could
exist totally different constructions of all these structures compatible with Dn ⊂ Bn. It
will be of great interest if one can find them.

Euler numbers are ubiquitous in combinatorics. Except for what we and [8] have
investigated, there are still many interesting combinatorial structures counted by them.
For examples, the number of sequences (a1, . . . an−1) with 0 6 ai < i, such that no three
terms are equal [4], the number of self-dual rooted edge-labeled trees with n vertices [1],
the number of linear extensions of the “zig-zag” poset [16, 17], the number of total cyclic
orders on {0, 1, . . . , n} under certain conditions [13], and so on. It would also be interesting
to find their types Bn and Dn counterpart definitions and corresponding statistics such
that together they realize the refined Arnold families.

Another common generalization of Sn and Bn is the wreath product Sn ≀ Cn, the
r-colored permutations. The alternating permutations have been generalized along this
route [11]. It is also a natural problem to see if all the structures considered in [8] and
this paper have their colored generalizations. We leave these problems to the interested
readers.

References

[1] N. Apostolakis. A duality for labeled graphs and factorizations with applications to
graph embeddings and hurwitz enumeration. arXiv:1804.01214, 2018.

[2] V. I. Arnol’d. The calculus of snakes and the combinatorics of Bernoulli, Euler and
Springer numbers of Coxeter groups. Russian Math. Surveys, 47(1): 1, 1992.

[3] A. Björner, F. Brenti. Combinatorics of Coxeter groups (Vol. 231). Springer Science
& Business Media, 2006.

[4] S. Corteel, M. A. Martinez, C. D. Savage, M. Weselcouch. Patterns in Inversion
Sequences I. Discrete Math. Theor. Comput. Sci. Proc., 18(2): 1a-1a, 2016.

[5] E. Deutsch, S. Elizalde. Cycle up-down permutations. Australas. J. Combin., 50:
187-199, 2021.

[6] R. Donaghey. Alternating permutations and binary increasing trees. J. Combin. The-
ory Ser. A, 18(2): 141-148, 1975.

[7] R. C. Entringer. A combinatorial interpretation of the Euler and Bernoulli numbers.
Nieuw Arch. Wiskd., 14(3): 241-246, 1966.

the electronic journal of combinatorics 30(4) (2023), #P4.19 27

https://arxiv.org/abs/1804.01214


[8] S. P. Eu, T. S. Fu. Springer Numbers and Arnold Families Revisited. Arnold Math.
J., 1-30, 2023.

[9] M. E. Hoffman. Derivative polynomials, Euler polynomials, and associated integer
sequences. Electron. J. Combin., #R21, 1990.

[10] M. Josuat-Vergès. Enumeration of snakes and cycle-alternating permutations. Aus-
tralas. J. Combin., 60(3): 279–305, 2014

[11] M. Josuat-Vergès, J. C. Novelli, J. Y. Thibon. The algebraic combinatorics of snakes.
J. Combin. Theory Ser. A, 119(8): 1613-1638, 2012.

[12] D. Knuth. 11452. The American Mathematical Monthly. 116(7): 648-648, 2009.

[13] S. Ramassamy, S. Extensions of partial cyclic orders, Euler numbers and multidi-
mensional boustrophedons. Electron. J. Combin., 25(1): #P1, 2018.

[14] H. Shin, J. Zeng. More bijections for Entringer and Arnold families. Electronic Re-
search Archive, 29(2): 2167-2185, 2021.

[15] T. A. Springer, T. A. Remarks on a combinatorial problem. Nieuw Arch. Wiskd.,
19(3), 30-36, 1971.

[16] R. P. Stanley. A survey of alternating permutations. Contemp. Math., 531: 165-196,
2010.

[17] R. P. Stanley. Enumerative Combinatorics Volume 1 second edition. Cambridge Stud-
ies in Advanced Mathematics, 2021.

the electronic journal of combinatorics 30(4) (2023), #P4.19 28


	Introduction
	Springer numbers and Arnold triangle
	Arnold family and polynomial refinements

	Structures investigated and Main Theorems
	Cycle-up-down permutations
	Valley signed permutations
	Knuth's flip equivalence classes
	complete increasing binary trees with n labelled nodes

	Proofs of Main Theorem I
	Proof of Main Theorem II
	Complete increasing binary trees and Cycle-up-down permutations
	Type Bn
	Type Dn

	Complete increasing binary Trees and Valley signed permutations
	Type Bn
	type Dn

	Proof of Main Theorem III
	Bijection between flip equivalence classes and complete binary trees
	Proof of Theorem 4

	Concluding remarks

