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The family D(k,m) of graphs having an orientation such that for every vertex v € V(G)
either (outdegree) deg®(v) < k or (indegree) deg™ (v) < m have been investigated recently
in several papers because of the role D(k, m) plays in the efforts to estimate the maximum
directed cut in digraphs and the minimum cover of digraphs by directed cuts. Results
concerning the chromatic number of graphs in the family D(k, m) have been obtained
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via the notion of d-degeneracy of graphs (see [2, 5, 7, 16, 18]). A main tool in obtaining
results on D(k,m) is the following well known theorem of Hakimi. For a graph G, the
2|E(F)|
[V (F)

mazximum average degree of G is defined as Mad(G) = max , where the maximum

is taken over all non-empty subgraphs I of G.

Theorem 1 (Hakimi, [15]). Let G be a graph. Then G has an orientation such that the
mazximum outdegree of G is at most k if and only if Mad(G) < 2k.

In this paper we consider a far reaching generalization of the family D(k,m), in a
complementary form, into the context of r-uniform hypergraphs. To present a sample of
our results we need the following definitions.

1) Let H be an r-uniform hypergraph. An orientation of H associates with each edge an
ordering of its vertices; an edge of size r can be ordered in r! ways. Let D(H) denote an
orientation of H. Let P, Ps, ... ,P(;) be the p-sets of {1,...,7}, representing the possible
sets of positions that gets a p-set contained in an edge F under orientation D(H). For a
subset A C V(H) with |A| = p, let d;(A) denote the number of edges in D(H) in which
the set of positions occupied by A on the given orientation of H is precisely P;. When
A = {v}, we simply write d;(v) for d;({v}), 1 < i < r. We define the degree vector of
length (;) as the vector with coordinates d;(A), 1 < i < (;), representing the number of
occurrences of A in each of the (;) positions in which A appears in the oriented edges of
D(H). Further, A;(D) = max,ey deg;(v) is the maximum among the i-th coordinates of
the degree vectors of the vertices of H under orientation D.

2) Define f(D(H),p, k) as the number of p-sets A C V(H) with d;(A) > k for all p-sets
P C{l,....,r},1<i< (;), and denote f(H,p, k) the minimum of f(D(H),p, k) over all
orientations D(H) of H. We also use f(n,r,p, k) in case that H = H(n,r) = (K,)" is the
complete r-uniform hypergraph. For graphs, as p = 1, we use the shorter notation f(G, k)
for f(G,1,k). Define further f(r, p, k) as the minimum n such that in every orientation of
the complete r-uniform hypergraph H(n,r) there is a p-set with all coordinates at least
k. Thus f(r,p,k) =min{n : f(n,r,p, k) > 0}.

3) Let H be an r-uniform hypergraph. Suppose we color the p-sets of V(H) by some
colors. An edge FE is p-monochromatic if all its p-sets receive the same color. The Ramsey
p-chromatic number xr(H,p) is the minimum number of colors used in coloring the p-
sets of V(H) such that no edge is p-monochromatic. Note that yg(H, 1) is the traditional
chromatic number x(H) of H. Denote by xgr(n,r,p) the Ramsey p-chromatic number
of H(n,r), that is, xg(n,r,p) is the minimum integer ¢ such that the p-sets of H(n,r)
can be colored by t colors without a p-monochromatic edge (a monochromatic copy of
H(r,p)). Hence, in a sense, yg(n,r, p) is the inverse of the Ramsey numbers. For example,
Xr(n,3,2) =2for3 < n < 5, but yg(6,3,2) = 3since R(K3, K3) = 6, then xg(n,3,2) =3
for 6 < n < 16 but xg(17,3,2) = 4 since R(K3, K3, K3) = 17. Since

(¥) c1(321)%° < R(K5 : k colors) < 3k! (1)

we get calogn > ygr(n,3,2) = czlogn/loglogn. The left bound (*) was given by Exoo
n [11], while the right bound () is from Chung and Grinstead [9].
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4) Let B(H,p) be a largest family of p-sets of V(H) that can be colored using at most
(;) colors such that no edge of H with all its p-sets in B(H,p) is p-monochromatic. Let
|B(H,p)| =b(H,p). Thus if xr(H,p) < (;) then b(H,p) = (Z)

5) We say that an r-uniform hypergraph H is r-partite if V/(H) can be partitioned into
at most r independent sets. Note that for an r-uniform hypergraph H, b(H,1) is the
cardinality of the largest induced r-partite subhypergraph of H.

6) For an r-uniform hypergraph H, define Mad(H) = max{re(F)/|F| : 0 # F C V(H)}.
7) For an r-uniform hypergraph H, define M (H, k) = max{|A;UA;U...UA,|}, where the
maximum is taken among all mutually vertex disjoint subsets A; such that Mad(A;) < rk,
fori=1,2,...,7.

8) Recall that a hypergraph H is d-degenerate if in every induced subhypergraph F' of H
(including H itself) there is a vertex whose degree in F' is at most d. A classical result of
Szekeres and Wilf [22] states that, if a graph G is d-degenerate, then y(G) < d+ 1. This
theorem extends easily to hypergraphs, namely if H is a d-degenerate hypergraph then
X(H) <d+1.

9) We shall now complete the notation used in this paper. Given a hypergraph H with
vertex set V(H) and edge set E(H), the number edges of H is denoted by e(H). With
deg(v) we denote the degree of v € V| i.e. the number of edges containing v. We denote
by 0(H) the minimum among all degrees of the vertices of H. Let d(H) =13 _ deg(v)
be the average degree of H. We will deal with r-uniform hypergraphs, i.e. hypergraphs
having every edge of size r. We denote with H(n,r) the complete r-uniform hypergraph
on n vertices. For a subset A C V of the vertex set of H, the induced subhpergraph H[A]
of H by A is the hyperpgraph with vertex set A and all edges £ € E(H) such that £ C A.
Moreover, for v € A, deg(v : A) stands for the degree of v in H[A]. We call a subset
S C V independent if |SNE| < r—1 for every edge F € E(H) and with a(H) we denote
the maximum cardinality of an independent set of H.

All these concepts are valid also for graphs (r = 2), where we write G instead of H.
Finally, we denote by K, the complete graph on n vertices and by K, is the complete
bipartite graph with partite sets of cardinality a and b.

The following is a sample of our main results:
1) Let H be an r-uniform hypergraph. Then there is an orientation of H such that for
every vertex v € V(H), the (outdegree) d;(v) < k if and only if Mad(H) < rk.
2) Let H be an r-uniform hypergraph on n vertices. Then f(H,1,k) =n— M(H,k —1).
3) Let H be an r-uniform hypergraph. Then f(H,1,k) > x(H) —r(r(k —1) + 1).
4) f(n,r,1,k) = max{n—rt, 0}, where ¢ is the maximum integer such that (‘1) < (k—1)r.
5) f(H,p,1) > (Z) — b(H, p) where equality holds for p =1 and p =r — 1.
6) f(r,r—1,1) = R(H(r,r — 1),r), the Ramsey number of H(r,r — 1) using r colors. In
particular f(3,2,1) =17, f(4,3,1) < 15202 (see [20])
7) Let H(n.r) be the complete r-uniform hypergraph on n vertices. Suppose r > p > 1,
t>p, k>1,and n > N(r,p,t,k). Then in every orientation D(H) there is a t-set B of

V(H) all its (;) p-sets having degree-vector with all coordinates at least k.
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8) We determine f(G, k) for several families of graphs including complete ¢-partite graphs,
maximal outerplanar graphs and maximal planar graphs.
The paper is organized as follows.

Contents

1 Introduction 1

2 Generalization of Hakimi’s Theorem to hypergraphs 4

3 Bounds on f(H,1,k) and f(H,p,1) 5
3.1 Bounds using the generalization of Hakimi’s Theorem to hypergraphs . . . 5
3.2 Lower bound using the chromatic number . . . . . .. .. ... ... ... 9
3.3 Concrete results for families of graphs . . . . . . . ... ... 10

4 Ramsey type theorem for f(H, p,k) 17
4.1 Bounds using the notion of b(H,p) . . . . . . ... ... ... 17
4.2 Bounds using Ramsey numbers . . . . . .. ..o 19

5 Open problems 21

2 Generalization of Hakimi’s Theorem to hypergraphs

To prove the generalization of Hakimi’s theorem to r-uniform hypergraphs, we need the
following result:

Lemma 2 (Frank, Kirdly, Kirdly [12]). Let H(V, E) be a hypergraph and let f -V — Z7
be a mapping of the vertex set V of H into the set of non-negative integers. Then there
is an orientation D(H) of H such that deg,(v) = f(v) for every v € V if and only if

() Xvev f(v) = e(H) and
(i) Yo ep f(v) = e(F) for every F CV.

Lemma 3. Let H = (V, E) be a hypergraph and let f : V — Z* be a mapping of the
vertex set V of H into the set of non-negative integers. Suppose that, for every F* CV,
Y wer J(V) = e(F). Then there is an orientation D(H) of H such that deg,(v) < f(v)
for everyv € V.

Proof. Let g : V — Z* be a mapping such that
(i) for every F CV, > _pg(v) > e(F);
(ii) g(v) < f(v) for every v € V;

(iii) D, 9(v) is the minimum among all functions that satisfy (i) and (ii).
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We will show that »° _, g(v) = e(H) and then, by Lemma 2, there is an orientation D(H)
of H for which deg,(v) = g(v) < f(v) for every v € V and we are done. Let X C V be
a set with maximum cardinality for which ) _\ g(v) = e(X). Possibly X is the empty
set. If X =V we are done, so we assume |X| < |V|. If w is a vertex in V' \ X for which
g(w) = 0, then by maximality of |X| we obtain

Y g) >e(XU{wh) Ze(X) =) g0)+0=> g)+gw)= > g),

veXU{w} veX veX veXU{w}

a contradiction. Hence V' '\ X contains no vertex w with g(w) = 0. Let z be in V' \ X
such that g(z) > 0 and define h : V' — Z* such that h(v) = g(v) for v € V' \ {z} and
h(z) = g(z) — 1. Suppose now that there is a subset / C V such that ) _ph(v) < e(F).
Then z € F and e(F) < Y, p9(v) = 143 ph(v) < 14 e(F), which implies that
Y ver 9(v) = e(F). But, by the maximality of |X| and since F' is not contained in X as
z € Fand z € V' \ X, we have that

Y W) > e(FUX)Ze(F) +e(X) =) gv)+Y g(v) = > g(v),

veFUX veF veX veEFUX

again a contradiction. It follows that ) _.h(v) > e(F') for all ¥ C V and thus h is a
function satisfying (i). Since evidently h(v) < g(v) < f(v) for all v € V| h also satisfies
(ii). However ) .\ h(v) < >, o g(v), which contradicts the minimality of g. Hence
| X| = |V] and we are done. O

Theorem 4. [Let H be an r-uniform hypergraph and k > 0 an integer. Then there is an
orientation of H such that, for allv € V, deg,(v) < k if and only if Mad(H) < rk.

Proof. We proceed proving first the necessity. Let D be an orientation of H such that,
for all v € V, deg;(v) < k and let X be a subset of V' such that Mad(H) = re(X)/|X]|.
Let D* be the induced orientation from D on X. Then e(X) = >  _,deg;(v : X) <
Y vex degi(v) < k| X|. Hence multiplying by r and dividing by | X|, we obtain Mad(H) =
re(X)/|X| < rk.

For the sufficiency, let f(v) = k for every v € V. Since Mad(H) < 7k, we get
re(F)/|F| < rk for every FF C V and e(F) < k|F| = ) p f(v). Hence by Lemma 3
there is an orientation of H such that deg,(v) < k for every v € V. O

3 Bounds on f(H,1,k) and f(H,p,1)

3.1 Bounds using the generalization of Hakimi’s Theorem to
hypergraphs

The next theorem reveals a basic relation between f(H,1,k) and M(H, k —1).

Theorem 5. Let H be an r-uniform hypergraph on n vertices. Then f(H,1,k) = n —
M(H,k—1).
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Proof. For the upper bound, let Ay,..., A, be r mutually vertex disjoint sets realizing
M(H,k—1)andlet B=V\,_, A;. Since Mad(4;) < r(k — 1), then by Theorem 4, we
can orient the edges in A; such that the deg;(v) < k — 1 for all v € A;. Further, orient
the edges in B arbitrarily. Now we have to take care for edges which are not contained in
some A; or B without violating deg;, < k—1in A4;, i =1,...,r. Let E be an edge such
that E\ A; # (), and such that E\ B # 0 (i.e. such that it is neither contained in any
A; nor in B). Set a; = [EN Al and b = |[EN B|. Clearly, b+ >, . a; = 7 and there
are at least two positive summands and all a; < r — 1. Define a bipartite graph 7" with
one side the vertex set X = {1,...,r} the other side the vertex set E and the edges such
that, for v € E and ¢ € X, vi is an edge if and only if v ¢ A;. If we show that a perfect
matching exists in this bipartite graph 7', then this perfect matching supplies an order
on E such that the vertices in A; do never get position ¢ and so deg;(v) < k — 1 for all
v € A;. For a subset @ of E consider the following cases. If |Q| = r, then @ = F and @
contains vertices either from some A; and A; or from some A; and B and in both cases
IN(Q)| =r =|Q)|. If otherwise |Q| < r — 1, then, as every vertex in E has at least r — 1
neighbors in X, it follows clearly that |N(Q)| > r — 1 > |@Q| and we are done by Hall’s
Theorem.

Hence there is an order on E that does not violate deg;(v) < k — 1 for each v € A;,
i=1,...,r and we are done. Hence there are at least M (H, k — 1) vertices in which, for
some i =1,...,7, deg;(v) <k —1, provingn — M(H,k—1) > f(H,1,k).

For the lower bound, let D be an orientation of H that realizes f(H,1,k). Let A; be
the set of all vertices v with deg,(v) < k —1 and, for i = 2,...,7, let A; be the set of
vertices v not in U;;ll A; with deg;(v) < k — 1. Consider the induced orientation D; on
H[A;]. Since A;(D;) < k—1, then by Theorem 4, it follows that Mad(A;) < r(k—1). Since
the sets A;, 1 <4 < r, are pairwise vertex disjoint, it follows that | |J;_, A;| < M(H,k—1).
Hence f(H,1,k) =n—|U;_, Ai| = n— M(G,k—1).

Combining the upper and the lower bound we obtain f(H,1,k) =n—M(H,k—1). O

Let G be a graph. Note that, since f(G,1) =n — M(G,0), to determine if f(G,1) <
n—k is equivalent to prove that M (G,0) > k. As M (G, 0) is precisely the maximum order
of an induced bipartite subgraph of G and this problem is well-known to be NP-complete
[17], the problem to determine if f(G,1) < n — k is clearly NP-complete, too.

Theorem 6. Let t be the mazimum integer such that (f,j) < (k—1)r. Then

f(n,r, 1, k) = max{n — rt,0}.

In particular, f(K,, k) = f(n,2,1,k) =n—4k+2, f(n,3,1,k) =n — 3L—V24k2’23+3j and
1

fn,r1k) <n—e Y(r—1)rei(k—1)m1.

Proof. Let H = H(n,r). Let t be the maximum integer such that (‘")) < (k — 1)r. If
A C V(H) is a set such that Mad(A) < r(k — 1), then ﬁ(";") < r(k — 1), which is

equivalent to (‘f'__ll) < r(k —1). Hence |A| < t and the maximum cardinality of such a
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set A with Mad(A) < r(k — 1) is precisely ¢. Thus M(H(n,r),k — 1) = min{rt,n}. Now
Theorem 5 yields f(n,r,1,k) = max{n — rt,0}.

When r = 2, t is easily computed to 2k — 1, while when r = 3, it is not difficult to
check that ¢ = | Y2243 | Finally, using r(k — 1) < (,.',) < (:£%)""!, we obtain that

r—1 r—1
t>(r—1)e Y r(k— 1))f11, implying that f(n,r,1,k) =n—rt <n—e '(r—1)rri(k—
1), O

Corollary 7. Let G be a graph on n vertices with minimum degree 6(G) > (t—1)%. Then
f(G k) = (t =4k +2)[7].

Proof. Since §(G) > (t — 1)% it follows from the Hajnal-Szemeredi Theorem [14] that
G has [%] vertex-disjoint copies of K;. Each copy of K, supplies, by Theorem 6, at
least t — 4k + 2 vertices with indegree and outdegree at least k. Hence we have at least

(t — 4k +2)[ 7] vertices with indegree and outdegree at least k. O

Theorem 5 allows us to deduce a Turan’s type result for the maximum number of
edges in an r-uniform hypergraph H with f(H,1,k) = 0.

Theorem 8. Let H be an r-uniform hypergraph with f(H,1,k) =0. Then

e(H) < <:f) - r(”f) +(k—1)n

2r—1

and this bound is sharp for n > (k—1)r when r? divides n.

Proof. Since f(H,1,k) = 0, Theorem 5 implies that M (H,k —1) = n. Let now A; U A, U
...UA, be r vertex disjoint sets with Mad(4;) < r(k—1), 1 < i < r, realizing M (H, k—1).
Then |4, U A, U... U A,| = n. Then, by convexity, we have that >/_, () > r("/").
Moreover, as TTZ_"") < Mad(4;) < r(k — 1), it follows that e(A4;) < (k — 1)|A4;| for all
1=1,2,...,r. Hence the number of edges of H is at most

e(H) < (’;) - z; (‘Ayf") +i§;e(Ai) < (:‘) - r(”f) + (k- 1)n.

To see the sharpness, let r? divide n and take |A;| = n/r for , i = 1,2,...,r. Then
r divides |4;|. By the well-known Theorem of Baranyai [6], the r-uniform hypergraph
induced on A; has a 1-factorization. In particular, take precisely r(k — 1) 1-factors. Each
1-factor contributes with | A4;|/r edges and so we obtain exactly r(k—1)|A4;|/r = (k—1)|A;]
edges in each A;. Altogether, we obtain (k — 1)n edges and thus we have equality in the

inequality given above. Taking r(k — 1) 1-factors is possible if r(k — 1) < iﬁ;i = ("/ T)ﬁ

(which gives the total number of 1-factors). Hence r(k — 1) < %("/ "), which gives

nk—1) < T(”ﬂr) < r(%)". Taking logarithm we obtain log(n) + log(k — 1) < logr +
rlog(%) = logr +rlog(en) — 2rlogr = r +rlogn — (2r — 1)logr. Hence log(k — 1) <
(r—1)logn+r — (2r — 1) logr. Rearranging we get bg(k*l)*:fg%*l)logr < logn. This is
indeed fulfilled when n > (k — 1)r*~!, since then logn > log(k — 1)r*"~! = log(k — 1) +

log 7“27"71 = 10g(k—1)—r+(2r—1)logr. 0
r—1
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In order to get more information from Theorem 5 we need the following technical
lemmas.

Lemma 9. Let H be an r-uniform hypergraph on n vertices with Mad(H) < k, where k
18 a non-negative integer. Then:

1) For every subhypergraph F of H, Mad(F') < k.

(1)

(2) H is k-degenerate.

(3) H is (k+ 1)-colorable.
(4)

4) a(H) = n/(k+1).

Proof. (1) This is evident from the definition of Mad(H ).

(2) H is k-degenerate since in every subhypergraph F' of H (including H) §(F) < d(F) <
Mad(F) < Mad(H) < k.

(3) By the Szekeres-Wilf Theorem for hypergraphs (see [22], the same proof as for graphs)
if H is d-degenerate, then x(H) < d + 1. Hence in our case x(H) < k+ 1.

(4) Observe that a(H) > 2 B O

Lemma 10. Let k > 0 be an integer. The following assertions hold.
(1) If H is a k-degenerate r-uniform hypergraph, then Mad(H) < rk.

(2) Suppose H is an (r(k+1)—1)-degenerate hypergraph. Then V(H) can be partitioned
into r vertex disjoint subsets V(H) = |J;_, Ai such that the induced subhypergraph
on A; is k-degenerate for each 1 < i < r.

Proof. (1) Since H is k-degenerate, so does every subhypergraph F' of H. Hence for every
subhypergraph F' we have by induction e(F) < k|F| and hence r e(F)/|F| < rk and
Mad(H) < rk.

(2) Suppose first that |V (H)| < r. Clearly H has at most one edge and is 1-degenerate and
as1 < r(0+1)—1=r—1, H is (r—1)-degenerate and we can partition V' (H) into singletons
which are 0-degenerate. Suppose we have proven the result for (r(k 4+ 1) — 1)-degenerate
hypergraphs of order n. Let now H be an at most (r(k + 1) — 1)-degenerate r-uniform
hypergraph of order n+1. By (r(k+1)—1)-degeneracy and Lemma 9(2), there is a vertex
v with deg(v) < r(k+1) — 1 and such that H* = H — v is also (r(k + 1) — 1)-degenerate.
By induction, V(H*) can be partitioned into r vertex disjoint subsets A;, 1 < i < r, all
of them inducing k-degenerate subhypergraphs. Since deg(v) < r(k + 1) — 1, there is at
least one A; with at most k edges in A; U{v}. But then A; U {v} is again a k-degenerate
subhypergraph. O]

For the following, define 54(H) as the maximum cardinality |F'| over all subsets F' C
V(H) such that the induced subhypergraph on F' is d-degenerate. Note that fy(H) =
a(H).

Theorem 11. Let H be an r-uniform hypergraph on n vertices and G a graph. Then the
following assertions hold.
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(2) n— Bura(H) = f(H,1,k) =n — 1B (H).
(3) If G has average degree d > 4k — 2, then f(G, k) < E%len'

Proof. (1) Let A;, i =1,...,7 be r vertex disjoint classes such that Mad(4;) < r(k — 1)

and |J,_, A;| = M(H,k — 1). By Lemma 9(4), A; contains an independent set X; of
cardinality |X;| > klAll-H = Tk'f‘?flrl. Clearly,

| Ay M(H, k—1)
Z|X| Zrk—r—i—l rk—r+1
Hence, a(H)r(rk —r+1) > M(H,k —1). From this we get
f(H,1,k)=n—M(H,k—1)>2n—a(H)r(rk—r+1)

(2) We have to show that 5,x—1(H) < M(H,k —1) < rpB,x-1)(H).

(i) Let ' C V(H) be a set such that its induced subhypergraph of H is (rk—1)-degenerate
and such that |F| = f,,—1(H). By Lemma 10(2), V(H) can be partitioned into r vertex
disjoint subsets A; each of them inducing a (k — 1)-degenerate subhypergraph. By Lemma
10(1), Mad(4;) < r(k — 1) and hence |F| =|J; , A;j| < M(H, k —1).

(i) Let A;, i = 1,...,7 be r vertex disjoint classes such that Mad(A4;) < r(k — 1) and
Ui_, Al = M(H,k —1). By Lemma 9(2), A; is r(k — 1)-degenerate and hence |A;| <
Bre—1y(H) and M (G, k—1) = |UA;| < rfp-1)(H). Hence with (i) and (ii) and Theorem

5, we have
n = 1By (H) < F(H,1, k) =n — M(H,k —1) < n — B (H)

and we are done. 3
(3) By a result given in [3], if d(G) > 2d, then £4(G) > 4 g . In our case set d = 2k — 1,

so if d > 2(2k — 1) = 4k — 2, then Bop_1(G) = 2kn/(d + 1). Hence, by Theorem 11(2),

2kn d—2k—i—1

f(G k) <n— Bog- 1(G)<n_c_i+1 11

3.2 Lower bound using the chromatic number

Theorem 12 is a generalization for r-uniform hypergraphs of the case r = 2 proved in [2].

Theorem 12. Let H be an r-uniform hypergraph on n vertices. Then f(H,1,k) > x(H)—
r(r(k—1)+1). This bound is sharp in case that r = 2.
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Proof. Let H be a r-uniform hypergraph with chromatic number x(H) > r(r(k—1)+1),
otherwise there is nothing to prove. We will show first that in any orientation D(H) of
H there is at least one vertex v with deg;(v) > k for i = 1,2,...,r. Suppose there is an
orientation D = D(H) of H such that for every vertex x € V there is an index j such
that deg;(r) < k. Let A; be the set of vertices u with deg,(u) < k. Define recursively
Aj; as the set of vertices in u € V' \ U/Z| A; with deg;(u) < k, where some A; are possibly
empty. If A; is not empty, then for all vertices v € A; we have that deg;(v) < k, in the
induced orientation of the r-uniform subhypergraph induced by A; still all vertices v € A;
have deg;(v) < k. By Theorem 4, this is possible if and only if Mad(A4;) < r(k —1). By
Lemma 9 (3), it follows that H|[A;] is r(k — 1) + 1-colorable. Hence we can take for each
nonempty A; r(k— 1)+ 1 different and new colors and we obtain x(H) < r(r(k—1)+1),
which is a contradiction.

So, every orientation D(H) of H contains a vertex v with deg;(v) > k for all i =
1,2,...,7. Now let us prove the theorem by induction on x(H). The case k = 1 is easy,
so we assume that k > 2. For x(H) = r(r(k — 1) + 1) + 1, as we already showed, there
is indeed one vertex, say u, with deg;(u) > k for all ¢ = 1,2,...,r. Now assume we have
proved the theorem for x(H) =t > r(r(k — 1) + 1) + 1. Let now H have chromatic
number x(H) = t+1 and let D(H) be any orientation of H. Consider H* = H —u, where
evidently x(H*) > t. If x(H*) =t, then by the induction hypothesis in every orientation
of H*, including the orientation induced by D(H), there are at least t — r(r(k — 1) 4+ 1)
vertices with all coordinates of their degree vector at least k. Then, together with u, there
are at least t —r(r(k—1)+1)+1=(t+1) —r(r(k—1)+ 1) vertices with all coordinates
at least k and we are done. Hence suppose that xy(H*) = t + 1. Then again there is a
vertex u' € V(H*) with all its coordinates at least k& and we may consider H** = H* —’
and repeat. Hence we have proved that there are at least x(H) — r(r(k — 1) + 1) vertices
with all coordinates at least k and we obtain f(H,1,k) > x(H) —r(r(k—1) + 1).

To prove the sharpness for r = 2, consider the complete graph on n vertices K,,
where clearly x(K,) = n and, by Theorem 6, f(K,,k) =n — 4k + 2. Hence f(K,, k) =
n— 4k +2 = x(H) — 2(2(k — 1) + 1). O

3.3 Concrete results for families of graphs

For a graph G, define ay(G) = max |A U B|, where the maximum is taken over all vertex
disjoint independent sets A and B. Clearly, as(G) = M(G,0). Observe that trivially
20(G) > a(G) > a(G) with the lower bound attained if and only if G = K,,. With this
definition we have the following corollary to Theorem 11.

Corollary 13. Let G be a graph on n vertices. Then the following holds.
(1) n—a(G) = f(G,1) = n—2a(G) and both bounds are sharp.

(2) If there are two vertez-disjoint independent sets of cardinality a(G), then f(G,1) =
n —2a(G).

(3) If x(G) =t, then f(G,1) < |““2n] and this bound is sharp.

t
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Proof. (1) Observe that trivially 2a(G) > a2(G) > a(G) and since ay(G) = M(G,0),
substituting in Theorem 11, we get the desired result. Another proof of the lower bound
is as follows. The Gallai-Milgram Theorem (see [13]) states that every oriented graph G
with independence number a(G) has a vertex partition into a(G) oriented paths. So let
Py, P, ..., Pya be such a partition. Let Py,..., P; be the paths consisting of a unique
vertex and Py 1, ..., Pyq) the paths consisting each of at least two vertices. Clearly, each
of the paths P, 1,. .., Py) contribute with | P;| —2 vertices whose coordinates are at least
1 (those vertices except the head and the tail of the path). Hence, in every orientation D

of G, there are at least ZQ(G) | P;| — 2 vertices with coordinates at least 1. However,

i=t+1
o(GQ) o(G)
S IP[-2=|P|+...+|P|-t+ > |P|-2
=t i=t+1

a(G)

= IRl 2Aa(@) 1)~
= ni— 20(G) +t = n —2a(G).

So, in every orientation of G there are at least n — 2a(G) vertices with indegree and
outdegree at least 1.

Note that the upper bound is attained if and only if G = K,. Otherwise, if G has
size at least one, then n — a(G) — 1 > f(G,1). Further, the lower bound is attained
for example by the graph G = tK,, where a(G) =t and f(G,1) = t(m — 2), since by
Theorem 6 f(K,,,1) =m — 2. Hence f(G,1) =tm — 2t = n — 2a(G).

(2) In this case M(G,0) = 2a(G) and the result follows.

(3) Suppose that t > 2, otherwise there is nothing to prove. Let Ay, ..., A; be the color

classes such that |A;| > ... > [A;]. Then [A;| > % and |Ay| > ";El‘. Hence ax(G) >

1Ay U As| > Ay + n;lfln\ — (t—22v111|+n and then n — % >n—a(G) = f(G,1).

This implies that % > f(G,1) and, since|A;| > %, we obtain

(n—n/t)t—2) (t—1n(t—-2) n(t—2)
t—1 (-t > (G, 1)

and hence f(G,1) < [(t —2)%]. Another proof of this upper bound is as follows. Let
Ay, ..., A; be the partition of V into x(G) = t independent sets and assume |A;| > ... >
|A;]. Orient all edges from A; to V'\ Ay and all the edges into Ay from V' \ A,. Clearly,
the vertices in A; have indegree exactly 0 and the vertices in As have outdegree exactly
0. Clearly, |A; U Ay| > 2% and hence in the above orientation there are at most (¢ —2)n/t
vertices with indegree and outdegree at least 1.

That this bound is sharp can be seen by the complete t-partite graph with all parts
equal to n/t. Then clearly the graph has a K;-factor containing n/t vertex-disjoint copies
of K;. In every orientation of GG every copy of K; supplies t — 2 vertices with indegree
and outdegree at least 1. Altogether we have (by vertex disjointness) at least | (t —2)n/t]
vertices with indegree and outdegree at least 1. O
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If G = Ky, pny....ns» 1-€. @ & complete t-partite graph with partition sets V; of cardinality
|Vi| = ni, 1 < i < t, then we are able to compute f(G, k). For this purpose we will first
prove the following lemma.

Lemma 14. Let G be a complete t-partite graph Ky, n,..n, with partition sets V; of
cardinality |Vi| = n; for 1 <i <t,t > 2, whereny > ng > ... 2 ny > 1. Among all sets
AC U:f:l V; =V of cardinality a, where 0 < a < n = Zf.:l n;, the minimum number of
edges in the subgraph induced by A is

q—1 q—1
Agr‘x/}&ll:ae(G[A]) = Z nin; + (a — ;m) ;ni,

1<i<j<q—1
. . . -1
where q is the index for which Y _ n; <a <Y i n,.

Proof. Let A* C |J._, Vi be a set with minimum number of edges e(G[A*]) among all
subsets of cardinality a and let a; = |V; N A*| and let a; = |V; N A*|. Since e(G[A*]) =
ZKKN a;aj, we can choose a set A* such that a; > a2 > ... > a;. Now let ¢ be the
minimum index ¢ for which a; # n; and let s be the maximum index ¢ for which a; # 0.
Evidently, s —1 < ¢ < s+ 1. If g =s orif s+ 1 = ¢, we are done. So suppose that
g < s. Since a, # n, and a; # 0, we can take vertices z € V, \ A, and y € A,. Define
now Aj = A, U{z}, and A, = A, \ {y} and A] = A, for all i # ¢,s. Let A’ = U;_, A] and
a; = |A;|. The we have

(GIAN = Y dd

1<i<j<t
=a, Za;—l—a;a’s—l—a’s Za;—l— Z a;a;
J#q,s J#q,s 1<],8,57,8
=(ag+1) Y _aj+(ag+(as— D)+ (a;—1) Y aj+ > aq
J#q,s J#4,s 1<],8,57#,8
=as+a,—1+ Z aa; = as+ a; — 1+ e(G[A])
1<i<j<t

But, since ¢ < s, we have that a; — a, < 0 and hence e(G[A]) < e(G[A]), which is a
contradiction to the minimality of e(G[A*]). Hence, ¢ = s or s + 1 = ¢ and thus a; = n;
fori <q—1,a; <n; for 1 =¢q, and a; =0 for ¢ > ¢ + 1. This implies that

e(G[AY]) = Z nin; + ag Zn,

1<i<j<g—1
Further, as a, = a — .9~ n; and ¢ is exactly the index for which %"/ n; <a < %, n,,
we obtain that
q—1 q—1
eGA) = Y mn+ <a - Zm) > i,
1<i<j<q—1 i=1 i=1

for every set A of cardinality a. O
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Corollary 15. Let G' be a complete t-partite graph K, n,,.. n, with partition sets V; of
cardinality |V;| = n;, where 1 < i < t, t >2,andny =2ny > ...=2n; > 1. IfAC Ut
1s a set of cardinality a such that ZZ ni<a< >l for an integer q > 1, then, for
any L € {1,2,...,q—1}

e(G[A]) = (a — ne)ny.

Proof. Let £ € {1,2,...,q— 1}. Then using Lemma 14, we obtain

e(G[A]) > Z nn; + (a — im) inl

1<i<j<q—1

q—1
>ny Z n; + (a — Zn,) ne = (a — ng)ng.
i=1

1<i<q—1,i#L
]

Theorem 16. Let ny > ny > ... > ny, where t > 3, ni,ne = k> — k + 1 and either
ny=>2k—2orng>k—1andny >k — 1. Thenf( sy ) = gy — 2k + 2.

Proof. Let V- = UL_,V; be the partition of the vertex set of Ky, n,. . n, such that |V;| =
n;. Let A and B be two vertex disjoint subsets of V' such that Mad(A) < 2k — 2 and
Mad(B) < 2k —2 and let a; = [ANV;|, b; = |[BNV;| for 1 <i <t and |A| > |B|. We will
show that |[AU B| < ny +ny + 2k — 2.

Suppose first that |A| = n; + r for an integer r > 0. Since |A| > nl, we can set g > 2
in Corollary 15 and so e(G[A]) = (ny +r —ny)ny = rny. Further, as 2 J[r ) < Mad(4) <
2k — 2, we have that

-----

rny < e(G[A]) < (k—1)(ny + 1),
which, together with ny > k% — k + 1, implies that

(k—1)ny k* — 2k +1 k? -2k +1
T\nl—k’—i—l_k 1+n2—k+1<k 1+k’2—2/{3—|—2
Hence, |[A| < ny +k—1.

If |B| < ny+ng + 2k — 2 — |A], it follows that |[AU B| ni + ng + 2k — 2 and we are
done. Hence assume that |B| = ny+ s for an integer s > ny — |A|+2k—1 > k. If by < no,
it follows by Corollary 15, setting n| = nq, n; = n; for i > 2 and reordering the indices if
necessary, that e(G[B]) > sny and, analogously as above, we obtain that s < £ — 1 and
thus |[AU B| < ny 4+ ng + 2k — 2 and we are done.

Assume now for contradiction that by = ny + p for an integer p with s > p > 0. By
Corollary 15, setting n| = ns+p, n, = n; for i > 2 and reordering the indices if necessary,
it follows that e(G[B]) > (ny+p)(s —p). Since M < Mad(B) < 2k — 2, we have that

(2 +p)(s —p) < e(G[B]) < (k= 1)(n2 +5),
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which, together with ny > k% — k + 1, implies that
o Mok —1) +p(ns + p)

nQ—i—p—k—I—l
(na+p—k+1)(k—1) +pna+p—Fk+1)+ (k—1)
no+p—k+1
(k—1)%
=p+k—1+
P ne+p—k+1
(k—1)? (k—1)?
<p+k-—1 =p+k—1 :
P +'/<:2—2k+2+p P +(k;—1)2+p+1

Hence, s <p+k—1and thusp > s—k+1 > ny — |A|+ k. Now consider e(G[A]). Since
a; < nyp—by < ng—no—p, we have that ZEZQ a; = |A|—a; = ni+k—p—a; > na+k. Thus
by Corollary 15, setting n{ = n; —ng —p , n! = n, for i > 2 and reordering the indices if
necessary, it follows that e(G[A]) > (|A| — ng)ny. Note that k2 —k +1 < ny <n; —p <
|A]—k and thus |A| > k*+1. Define now the function f(z) = (|A|—z)z = |A|z—2?, where
k* —k+1<x<|A| — k. Evidently, f(x) takes its minimum either when z = k* — k + 1
or when # = |A| — k. Since f(k* —k+1) = |A|(k* =k + 1) — (k* — k + 1)* and
f(|A| — k) = |Alk — k2, to prove that f(k* —k+1) > f(]A] — k) is equivalent to

(R —k+12 =k (k=12 k2 =k (k—1)*+ 2k(k — 1)?
(k—1) B (k—1) a (k—1)

which is certainly true. Hence

e(G[A]) = f(|Al = k) = (JA| = B)k > |A|(k = 1) + |A] = &* > |A|(k - 1) + 1,

Al 2 =k%+1,

which contradicts the assumption that % < Mad(A) < 2k — 2. Thus b; > ny is not
possible.

Altogether it follows that M(G,k — 1) < ny + ny + 2k — 2. To see that this bound is
sharp, take A = Vi U A" and B = Vo, U B, where A" and B’ are disjoint sets such that
|A'| = |B'| = k—1 and either A/UB’ C V3 in case that ng > 2k—2or A’ C Vzand B’ C V}
in case that 2k —2 > n3 > k — 1 and ny > k — 1. Observe that e(G[A]) = ni(k — 1) and
e(G[B]) = na(k—1) and thus Mad(A), Mad(B) < k—1 and, since | AUB| = n;+ny+2k—2,
it realizes the bound.

Hence we have proven that M(G,k — 1) = ny + ny + 2k — 2 and thus, with Theorem
5, we obtain f(G,k) =n—ny —ny—2k+2=>"_,n; — 2k +2. O

A perfect graph G is defined as a graph such that any of its induced subgraphs G*,
including G itself, has x(G*) = w(G*), where w(G*) stands for the clique number of G*.
Let us denote by h(G, K3) the cardinality of a minimum set of vertices 7" which hits all
triangles of G, i.e. such that every triangle contained in GG has at least one vertex in
T. More information about these “triangle-hitting sets” can be found under the concepts
of “clique covering” or “transversals in hypergraphs”, see [1, 4, 10, 23]. Similarly, let
h(G, odd) be the cardinality of a minimum set of vertices hitting all odd cycles of G. Now
we can state the following theorem.
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Theorem 17. If G is a graph, then f(G,1) = h(G,odd) > h(G, K3). Moreover, if G is
perfect, then f(G,1) = h(G, K3).

Proof. Let D be an orientation of G realizing f(G, 1) and let S be the set of vertices v
having deg™ (v) > 1 and deg™ (v) > 1 under orientation D. As evidently every odd cycle
of GG has to have at least one vertex in S and every vertex in .S has to be on an odd cycle,
f(G,1) =S| = h(G,odd) > h(G, K3).

Let now G be perfect and let T" be a minimum set hitting all triangles of G. Then
the graph G* = G — T is triangle-free and, as G is perfect, G* is perfect as well and
thus x(G*) = w(G*) < 2. Hence G* is bipartite and we obtain, by Theorem 5, that
n— f(G,1) = M(G,0) > |[V(G*)| = |[V\T| =n— h(G, K3). With the inequality proven
above for general graphs, it follows f(G, 1) = h(G, K3). O

A planar graph is called mazimal planar, for short MP, if the addition of any edge
would destroy that property. A mazximal outerplanar graph, abbreviated MOP, is a tri-
angulation of the polygon. By the Four Color Theorem, every MP graph is 4-colorable.
Also, it is well-known that every MOP graph is 3-colorable. Moreover, every MP graph
on n > 3 vertices has exactly 3n —6 edges, while every triangle-free planar graph on n > 3
vertices has at most 2n — 4 edges.

Theorem 18. Let G be a graph.
(1) If G is a MP on n > 4 vertices, then 2 < f(G,1) < § and both bounds are sharp.

(2) If G is a MOP onn > 3, then 1 < f(G,1) < § and both bounds are sharp.

Proof. (1) Since there are MP graphs G with x(G) = 3, using the chromatic lower bound,
we get only f(G,1) > 1, which is exact for n = 3. For n > 4, assume there is an
MP graph G with f(G,1) = 1. Then by Theorem 17 there is a vertex v hitting al
triangles of G and thus G* = G — v is a triangle-free planar graph on n — 1 > 3 vertices.
Therefore, e(G*) < 2(n — 1) —4 = 2n — 6. But now it follows that n — 1 > deg(v) =
e(G) — e(G*) = 3n — 6 — (2n — 6) = n, which is a contradiction. Therefore, f(G,1) > 2.
To see the sharpness, consider the graph consisting of two adjacent vertices v and v and
n — 2 vertices forming a path xyxs...x,_o such that both u and v are adjacent to every
vertex on the path. Now orient the edges from z; out, when ¢ = 0 (mod2), and in, when
i = 1(mod2), and lastly orient v to v. Then u and v are the only vertices with indegree
and outdegree at least 1.

As every planar graph is 4-colorable, by Corollary 13(3) we have f(G,1) < L@j <
%, where x(G) =t < 4. To see the sharpness, take n/4 vertex disjoint K4’s and join
them by edges to a MP graph G. For this graph, every K, contributes with two vertices
of indegree and outdegree at least 1 and hence f(G,1) > 2n/4 = n/2.

(2) Let G be a MOP graph. Since x(G) = 3, Theorem 12 implies f(G,1) > x(G)—2 =
1 and hence the lower bound follows. This can be realized by a graph G consisting of a
cycle C,, and such that one of its vertices, say z, is adjacent to all other vertices. Orient
the edges of the cycle in such a way that every vertex but possibly z (when n is odd) has
either indegree or outdegree 0. The remaining edges are oriented either to or from z in
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such a way that the indegree or the outdegree of the other vertices of the cycle remains
being 0. Thus z is the only vertex having deg®(z) > 0 and deg (z) > 0 and hence
f(G,1) =1.

For the upper bound, since x(G) = 3, we have f(G, 1) < § by Corollary 13(3). To see
the sharpness, take n/3 vertex disjoint K3 and complete it by adding edges to a maximal
outerplanar graph G. As G contains n/3 disjoint K3’s, we must have f(G,1) > n/3 and
thus f(G,1) = n/3 must hold. Thus the upper bound is also sharp. O

Theorem 19. The following assertions hold:
(1) There exist positive constants c1(k) and co(k) such that

2n — ¢ (k) log(n) < max{f(G, k) + f(G,k) : |V(G)] = n} < 2n — co(k)logn.

(2) f(G, 1)+ f(G,1) = n — 4 and this bound is sharp.
(3) n— 16k + 12 < min{f(G,k) + f(G,k) : [V(G)] =n} < n — 8k + 4.

Proof. (1) By Corollary 13 (1), for any graph G on n vertices, n — a(G) > f(G,1) >
n — 2a(G) for any n-vetex graph G. Since by the Ramsey-Theorem max{a(G),a(G)} >
clogn and thus a(G) +a(G) > clogn for a constant ¢ > 0, we obtain f(G,1)+ f(G, 1) <

n—a(G)+n—a(G) < 2n — clogn. Further, the Ramsey-Theorem guarantees also the
existence of a graph G and a constant ¢ for which a(G) ~ a(G) ~ clogn. Hence for such
graphs, f(G,1)+ f(G,1) > n — 2a(G) +n — 2a(G) > 2n — 4clogn. Hence we have that
2n — 4clogn < max{f(G,1) + f(G,1) : [V(G)| = n} < 2n — clogn, which proves the
theorem for k = 1.

Since f(G,k) < f(G,k — 1), we also obtain for the Ramsey-graphs given above that
f(G k) + f(G, k) < f(G,1) + f(G,1) < 2n — clogn and we can take cy(k) = c. By
Theorem 11, we have that f(G,k) > n — 20y4-1)(G), where fap—1)(G) is the cardinality
of a maximum set of vertices of G whose induced graph is 2(k — 1)-degenerate. Observe
that for the above Ramsey-graphs, if F is the largest induced 2(k — 1)-degenerate graph of

G, then clogn > a(G) = o(F) > 2!,5'1 = ﬂz(g,i)l(G) and hence Bo,—1)(G) < (2k —1)clogn.
The same holds for G, namely Bo—1)(G) < (2k — 1)clogn. Hence the above Ramsey-
graphs have f(G,k)+ f(G, k) > 2n—4(2k — 1)clog n and we may take ¢; (k) = 4c¢(2k —1).

(2) Recall that f(G,1) = M(G,0). Let A and B be two disjoint independent sets
realizing M (G,0). Then in G, A and B are two vertex disjoint cliques of cardinality, say,
a and b. Hence, f(G,1)+f(G,1) > n—(a+b)+(a—2)+(b—2) = n—4 (the inequality sign
is because of the possible case that a = 1 or b = 1). To see that the bound can be attained,
take G = K, U K, and G = K. Then f(G,1) = f(K,, 1)+ f(Ky) =a+b—4=n—4,
while f(G,1) = f(Kup,1) = 0. Hence f(G,1) + f(G,1) = n — 4 and the bound above is
attained.

(3) Let G be a graph and let A and B be two vertex disjoint sets realizing M(G,0).
Then Madg(A) < 2(k — 1) and Madg(B) < 2(k — 1). Let also X and Y be two vertex
disjoint sets realizing M(G,0). Then Madgz(X) < 2(k — 1) and Madg(Y) < 2(k — 1).

Now consider any set T C V such that Madg(7') < 2(k — 1). Then e(G[T]) < (k—1)|T
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and hence in G we have e(G[T]) > ('g') — (k. — 1)|T|. This implies that Madg(7) >
%[‘TD = (|| — 1) — 2(k — 1) which is greater than 2(k — 1) when |T'| > 4(k — 1) + 1.
Hence, as Madg(A N X) < Madg(X) < 2(k — 1), we obtain that |[ANX| <4(k—1)+ 1.
The same happens with BN X, ANY and BNY, and thus also [BNX| <4(k—1)+1,
IANY| <4(k—1)+1and |BNY| < 4(k—1)+ 1. Now we obtain, as A and B are vertex

disjoint and X and Y as well,

f(G k) + f(Gk)=n—|AUB|+n—|XUY]|
==2n— (JAUBUXUY|+|ANX|+|ANY|+|BNnX|+|BNY])
>2n—(n+4(4k—-1)+1)=n—16(k—1) — 4 =n — 16k + 12.

Let now G = K, U K, where a,b > 2 and G = K,;. Then by Theorem 6 f(G, k)

NI

F(EKa k) + f (K k) = a—4k+2+b—4k+2 = a+b—8k+4 = n—8k+4, while 0 < (G, k)
f(G,1) = f(Kap, 1) = 0. Hence for this graph we obtain f(G, k) + f(G, k) =n — 8k + 4.
Altogether we obtain that n — 16k + 12 < min{ f(G, k) + f(G,k)} < n — 8k + 4. O

4 Ramsey type theorem for f(H,p, k)

4.1 Bounds using the notion of b(H,p)

Recall that, given an r-uniform hypergraph H, B(H,p) is a largest family of p-sets of
V(H) that can be colored using at most (;) colors such that no edge of H with all its
p-sets in B(H, p) is p-monochromatic and |B(H, p)| = b(H, p). Now we will state a bound
for f(H,p,1) in terms of b(H, p).

Theorem 20. Let H be an r-uniform hypergraph and p an integer with 1 < p < r — 1.
Then f(H,p,1) > (Z) —b(H,p) and equality holds forp=1 and p =1 — 1.

Proof. Let D be an orientation of the edges of H that realizes f(H,p,1). Let A; be the
set of p-sets A C V in which the i-th coordinate of its degree vector is the first coordinate
equal to 0, 1 <7 < (;) Clearly, some or even all of the A; can be empty and they are
pairwise disjoint as no p-set can be in both A; and A; by definition. Since, for every
edge FE, there is a p-subset of E on each of the possible positions ¢ for 1 < i < (;), it

follows that no set A; can contain all p-sets from any edge. Thus, |JA;, 1 < i < (;),

is a family of p-sets colored by (;) colors such that no edge is p-monochromatic. Hence
b(H,p) > (;) = f(H,p,1).

We will prove now that equality holds when p=1orp=1r—1. Let B(H,p) = A4;,
1<1< (;), be a largest family of p-sets using at most (;) colors such that no edge F of H
with all its p-sets in B(H, p) is p-monochromatic, where A; are the color classes. Now we
have to show that every edge E € F(H) can be oriented in such a way that if £ contains a
p-set A € A;, then the vertices of A will not be placed on the set of positions corresponding
to the i-th coordinate of the degree vector. Thus we will obtain an orientation of the edges

of H with at least b(H,p) p-sets with at least one zero-coordinate in its degree vector,
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showing that f(H,p,1) < (;) — b(H,p). Such an order is possible in case that p =1 or
p=r1r—1.

(a) Let p = 1. Suppose that E = {v,vs,...,v,} and consider all the permutations of
the vertices of E. The probability that a vertex v is placed on a forbidden position is 1/r
if {v} € |JA; and 0 otherwise. Hence the expected number of vertices of E placed in a
forbidden position is

veEN(J A;)

and equality holds when E C |J A;. So if E is not contained in | A;, the expected number
of vertices placed in a forbidden position is less than 1 and thus the required order exists,
namely there is an order of F such that no vertex (p = 1) is placed in a forbidden position.
Otherwise, if £ C |JA;, as the A;’s are independent (and no edge contained in B(H, p)
is p-monochromatic), there has to be a placement of u € A; and v € A;, i # j with
u,v € F such that they are placed in the i-th and j-th positions and the rest of E is
placed arbitrarily among the color classes. This is an ordering of F in which at least two
vertices are placed in forbidden positions. But, as the expected number of vertices in
forbidden positions is equal to 1, this implies that there has to be also an ordering of
with no vertex placed into a forbidden position. Hence we have proved that there is an
orientation of the edges such that all vertices in A; have a zero on its i-th coordinate of
the degree vector. Thus there are at least b(H, 1) vertices whose degree vector contains
a zero-coordinate, implying that f(H,1,1) < n—b(H, 1), and with the inequality proved
above, we obtain f(H,1,1) =n —b(H,1).

(b) Let p = r—1. Suppose that E = {vy,vs,...,v,} and consider all the permutations
of the vertices of E. The probability that an (r — 1)-set A C E' is placed on a forbidden
position is (ril)_l = 1/r if A € |JA; and 0 otherwise. Hence the expected number of
(r — 1)-sets of E placed in a forbidden position is

>

ACEN(U As),|Al=r—1

<1

S |

Y

<1,

S |

and equality holds precisely when all (r — 1)-subsets of E are contained in (J A;. So if not
all (r —1)-subsets of F are contained in | J A;, then the expected number of (r — 1)-subsets
of E placed in a forbidden position is less than 1 and hence the required order exists.
Otherwise, i.e. if all (r — 1)-subsets of E are contained in B(H,r —1) = |J A;, as E is not
(r — 1)-monochromatic, there are at least two (r — 1)-subsets X,Y C E in distinct color
classes. Say that X € A; and Y € A;. We want to show the existence of an orientation
of E such that X and Y are placed into the sets of positions corresponding, respectively,
to the i-th and j-th coordinate of the degree vector. To do so for general p-sets, we need
that the p-sets of positions P; and P; corresponding, respectively, to the ¢-th and j-th
coordinates of the degree vector, are such that |P, N P;| = |[X NY|. This will allow us
to orient £ such that X has position set F; and Y has position set P;. For p = r — 1,
we have [P, N Pj| = r —2 and |[X NY| = r — 2 and such an orientation exists just by
putting the vertices of X N'Y into positions P, N P; and the vertex v € X \ Y into the
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position given by P, \ P;, while the vertex u € Y\ X into position P;\ P,. In this manner,
we have produced an ordering of E in which two (r — 1)-sets are placed on forbidden
positions. But, as the expected number of (r — 1)-sets of E in forbidden positions is equal
to 1, this implies that there has to be also an ordering of £ with no (r — 1)-set placed
in a forbidden position. Hence we have proved that there is an orientation of the edges
such that all (r — 1)-sets in A; have a zero on its i-th coordinate of the degree vector.
Thus f(H,r —1,1) < n—b(H,r — 1), and with the inequality proved above, we obtain
f(H,r—1,1)=n—Db(H,r—1). O

Corollary 21. The following assertions hold:
(1) f(r,r—1,1)= R(H(r,r —1),7), the Ramsey number of H(r,r — 1) using r colors.

(2) f(3,2,1) =17, f(4,3,1) < 15202.

Proof. (1) By Theorem 20, f(n,r,r—1,1) = (,"",) =b(H (n,r),r—1). Since b(H(n,r),r—
1) is the cardinality of a largest family of (r — 1)-sets that can be colored with at most r
colors such that no edge of H(n,r) is (r — 1)-monochromatic, it follows that f(r,r —1,1)
is the minimum n such that any r-coloring of the (r — 1)-sets of V(H(n,r)) has a (r —1)-
monochromatic edge. Hence f(r,r —1,1) = R(H(r,r — 1), 7).

(2) By (1), we obtain f(3,2,1) = R(H(3,2),3) = R(Ks, K3, K3) = 17 and f(4,3,1)
R(H(4,3),3) < 15202 (see [20]).

o

4.2 Bounds using Ramsey numbers

Theorem 22. There exists a constant 0 < ¢(r,p, k) < 1 and a positive integer N(r,p, k)
such that if H is an r-uniform hypergraph on n > N(r,p, k) vertices and with e(H) >
c(r,p, /{;)(:‘) edges, then f(H,p, k) > 0.

We will prove the following theorem from which Theorem 22 is a corollary from Turan’s
theorem for hyergraphs.

Theorem 23. Let H = H(n,r) be the complete r-uniform hypergraph on n vertices and
let v >p>1,t > pk > 1. Then there is an integer N(r,p,t, k) > 0 such that if
n = N(r,p,t, k) then every orientation D(H) has a t-set B C V(H) all of its p-subsets
S C B having deg;(S) = k for all 1 <i < (;)

Proof. Define a coloring of the p-sets of {1,2,...,r} with colors 1,2, ..., (;) + 1 the
following way. If S C {1,2,...,r} is a p-set such that the i-th coordinate of the degree
vector is the first to be at most k£ — 1, then we assign S the color i. If all of its coordinates
are at least k, then S gets color (;) + 1 assigned. Let g be the smallest integer such that
(k—1) (Z) < (9). By the Ramsey Theorem for hypergraphs, if n is sufficiently large, i.e.
n > N(r,p,q,t,k) > R(q,q,...,q,t), ¢ appearing (;) times, then there is a ¢-set (Q with
all its p-sets of the same color, for some color from {1,2,..., (;)}, or there is a t-set B
all whose p-sets are colored with color (;) + 1. If the latter case occurs, we are done. So
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suppose this is not the case and there is a ¢-set () with all its p-sets of the same color, say
¢, which means that, for every p-set S of @), deg,(.5) is the first coordinate of the degree
vector being less than k. By double-counting the edges of the subhypergraph induced by

@, we obtain
(1) =@ s 3 deis)<t-y(?),

SCQ,|S|=p

which is a contradiction to the choice of g. Hence there has to exist a t-set B all whose
p-sets are colored with color (;) + 1, i.e. such that all their coordinates on the degree
vectors are at least k. ]
Now we can give the proof of Theorem 22.
Proof of Theorem 22. Let ¢ be the smallest integer such that (k — 1) (Z) < (9) and let H
be an r-uniform hypergraph on n > N(r,p, k) vertices, where N(r,p,k) > R(q,q,--.,q),
g appearing (;) times. Let ' = R(q,q,...,q), ¢ appearing (;) times. By the Turan-
Theorem for hypergraphs, if e( H) is suficently large, say e(H) > c(r, p, k) (:f) for a constant
0 < ¢(r,p, k) < 1, then it contains a H(n’,r) as a subhypergraph. Let D be an orientation
of H realizing f(H,p, k). Suppose that in the induced orientation on H(n’,r), all p-sets
of {1,2,...,7} have at least one coordinate of the degree vector less than k. Then, as in
the proof of Theorem 23, we can color the p-sets of H(n/,r) with (;) colors according to
the first coordinate which is less than k. But now the Ramsey-Theorem for hypergraphs
implies that there is a g-set () with all of its p-sets colored with the same color, which by
the choice of ¢ is not possible. Hence there has to be a p-set in the subhypergraph H(n',r)
with all its coordinates at least k. This implies that f(H,p,k) > f(H(n',r),p, k) > 0. O

In the next theorem we will show that, in every orientation of H(n,r), a positive
fraction of all the p-sets must have all degree-vector coordinates at least k, as n increases.
For this purpose, we need to define the concept of packing. An (n,m,p)-packing F is a
family of m-sets of {1,2,...,n} having the property that every of its p-sets is contained
in at most one F' € F. In [21], Rodl proved that there exists a family F with

71 (1) @_1(1 ~ (1)),

where p and m are fixed and n tends to infinity.
Theorem 24. For positive integers n, v, p < r and k,

Fn,r,p ) > (”) (f (.. ’“))_lu ~o(1)),

p p

where r, p and k are fized and the o(1)-term tends to zero as n tends to infinity.

Proof. Setting m = f(r,p, k), in every orientation of H(m,r) there is a p-set with all its
degree-vector coordinates at least k. Let F = {F}, F5,..., F;} be a maximum (n,m, p)-
packing. Consider every set F; with all its p-sets as a copy of H(m,p) into H(n,p),
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1 <4 < t. Thus, any two copies of H(m, p) have at most p — 1 vertices in common. Now
consider an orientation of H(n,r) and the induced orientation on the copies of H(m,r)
defined on the vertex sets Fi, Fy, ..., F;. Clearly, no p-set belongs to two copies of H(m, p)
defined on the same ground set of vertices. Also, as p < r, no r-edge belongs to two copies
of H(m,r). Hence, in this orientation, each copy of H(m,p) contributes with at least one
p-set with all its degree-vector coordinates at least k. Since all these sets are distinct, it
follows that f(n,r,p, k) > t. Then, by Rodl’s Theorem, we obtain

k) >t > (”) (m)_lu —o(1)),

b/ \p

where m and p are fixed and n grows. O]

5 Open problems

When G is a maximal planar graph on n > 4 vertices, we have shown that 2 < f(G,1) <
n/2, and both bounds are sharp. Since planar graphs are 5-degenerate then, by Lemma
10 (2), V(G) can be partitioned into two vertex disjoint sets V; and V5 such that their
induced subgraphs are 2-degenerate. By Lemma 10 (1), Mad(V;) < 4 and Mad(13) < 4
and hence M(G,2) = n and f(G,3) = n — M(G,2) = 0. So every planar graph has an
orientation for which every vertex v has either deg® (v) < 2 or deg™ (v) < 2. We are left
with the problem of f(G,2) for MP graphs, which is equivalent to the following problem:

Problem 25. Does there exist an MP graph G such that V(G) can be partitioned into
two vertex disjoint sets A and B such that Mad(A) < 2 and Mad(B) < 27

There are examples of planar graphs which do not have such a partition with Mad(A) <
2 and Mad(B) < 2. For this, see the literature on the vertex arboricity of maximal planar
graphs, for instance [8, 19, 24].

An easy upper bound for f(G,2) comes from the fact that an MP graph G can be
vertex-partitioned into three subsets, each of one induces a forest (i.e. a 1-degenerate
subgraph). Let V(G) = AU B U C be the such a partition, where |A| > |B| > |C].
Then M(G,1) > 2n/3 and hence f(G,2) =n— M(G,1) < n/3. Another observation is
that if there is a planar graph G on m vertices with f(G,2) = ¢ > 0, then we can take
r copies of G and complete them to a MP graph H on rm vertices. Then each copy of
G gives ¢ vertices with deg®(v) > 2 and deg™(v) > 2. Hence f(H,2) > rq = 2. This
gives that max{f(G,2) : G n-vertex MP graph} > Zn. Hence either max{f(G,2) :
G n-vertex MP graph} = 0 or there exists a constant ¢ > 0 such that max{f(G,2) :
G n-vertex MP graph} > cn.

Problem 26. Prove or disprove that max{f(G,2) : G n-vertex MP graph} = 0. Does
every planar graph be in the class D(1,1)7

Problem 27. Find lower and upper bounds on f(G, k) where G belongs to the following
families of graphs: claw-free graphs, K ,-free graphs, Line graphs, Ks-free graphs, series-
parallel graphs, k-trees, etc.
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Problem 28. Improve the bound f(H,1,k) > x(H) —r(r(k — 1) + 1) or show sharpness
for r > 2.

Problem 29. Improve the bounds on f(n,r, p, k) given in Section 4.

Problem 30. Is it true that f(H,p,1) = (Z) —b(H,p) for 2< p < r?

Problem 31. Can we prove at least f(n,7,p,1) = () — b(H(n,r),p) for 2 < p < r?

p

Problem 32. Is it possible to further generalize Hakimi’s theorem from the case r > 2,
p=1ltor>p=>27
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