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1 Introduction

For a precise and hard description of Euclidean
Jordan algebras, one must cite the monographs books,
“Analysis on Symmetric Cones” , [2] and “Strongly
Regular Graphs and Euclidean Jordan Algebras Rev-
elations within an Unusual Relationship”, [3].

Several mathematicians and scientists developed
several applications of the theory of real Euclidean
Jordan algebras in many areas of research, see for in-
stance [4], [5], [6], [7], [8], [9], [10], [111, [12], [13]
and [14] but our main goal is, recurring to this theory,
to establish inequalities over the parameters of some
symmetric discrete structures like the strongly regular
graphs and the symmetric association schemes, see for
instance [15] and [16].

This paper is organized as follows. In the section
2 we present the main results about real finite dimen-
sional Euclidean Jordan algebras necessary for a good
understanding of the following sections, and present
in this section some examples. In the section 3 the
more relevant results about strongly regular graphs
are described. In section 4 some inequalities are es-
tablished over the eigenvalues of a primitive strongly
regular graph. Finally, in section 5 some conclusions
are presented.
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2 Some Concepts about Euclidean
Jordan Algebras

In this section, we present some concepts about real
finite-dimensional Euclidean Jordan algebras and fol-
low the notation and the text presented in [1].

For a very readable text about the principal results
and clear examples of Jordan algebras and properties
of Euclidean Jordan algebras one must indicate the
work “Strongly Regular Graphs and Euclidean Jor-
dan Algebras Revelations within an Unusual Relation-
ship”, [3].

But we couldn’t avoid citing the chapter “Sym-
metric Cones, Potential Reduction Methods and word
by word Extensions”, see [17], for a very good intro-
ductory text about Euclidean Jordan algebras.

A real finite-dimensional Euclidean Jordan alge-
bra is a real finite-dimensional algebra, with an op-
eration of vector multiplication % such that for any
of its elements, u, v and w we have ukv = vku
and u?* s (udkv) = udk(u?* %v), where u** =
uvku, equipped with a scalar product e|e such that
(udev)|w = v|(ukw).

In the following text, we will designate a
real finite-dimensional Euclidean Jordan algebra by
RFEJA and, we will designate an Euclidean Jordan al-
gebra only by EJA. And, the unit element of a RFEJA
or of a EJA will be denoted by e.

Example 1 Let’s consider a natural number m and
the real vector space B = R™ with the usual vector
operations of addiction of vectors and the usual mul-
tiplication of a vector by a real scalar. Then if in B we
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consider a multiplication % of two of it’s elements u
and v, such that:

ukv

(u1v1, U202, - -+, U U

with u = (ug,u2, -, Up) and v = (v, V2, , V),
and if we consider the inner product e|e such that
ulv = 371 ujvj. then B = R™ equipped with these
two operations is a RFEJA. So, we must show that for
any real numbers o and 5, and for any vectors u,v
and w of B we have

(au + Bv)kw a(ukw) + S(vkw),
ukv = vku,
u A (ukv) = uk(u*Hkv),
(ukv)w = ol(uwkw),

where u?* = uvku. Let u,v and w be elements of
B and let o and B be real numbers. Considering the
notation u = (ug,...,Up), v = (V1,...,Up), W =
(w1, ...,wy), we have the following calculations.

(cu + ) kw (auy + Puy, ..

w

*

auiwi + fuiw, .. .,

y QU Wy, + BUm Wiy

oy QU Wiy ) +
-y BUmWi)
a(uiwy, ..., UpWy) +
Blviwy, ..., VW)

a(ukw) + fvkw),

(qujwy, ..

(Bviwy, ..

+

+

ukv U ) K (V1 -

ey U U)

ey Uy

»Um)

2%

S
I

uQ**(u*v)

N N N N N N N /N

(udkev)|w
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((urvr)wy)

NE

£
Il
—

(vg (ugwy,))

gk

v|(udkw).

So, we have proved that B is an EJA. Herein, we note
that e = (1,---,1), the vector with all coordinates
equal to 1, is the unit vector of B. Indeed, for any u in
B we have

eku (L., D) (ug, vy u)
- (ulu 7um)
= (up,...,um)%k(1,...,1)
= wuke
u.

Example 2 Consider the real vector space B of real
symmetric matrices of order m, provided with the vec-
tor product of two of its vectors, % such that ukv =
w for any elements u and v of B, and with the in-
ner product e|e such that ulv = trace(uskv) for any
u and v of B. Then B is a RFEJA and its unit is the
identity matrix of order n. We will denote the RFEJA
B only by Sym(m, R), from now on.

In the following text of this section let’s consider
a m—dimensional real EJA B provided with the vector
product % and with the inner product e|e, and being
e the unit vector of B. Since B is a power associa-
tive algebra, then the algebra spanned by u and e is
associative for any u € B.

Let w be an element of B. The rank of
w is the smallest natural number [ such that
{e,w™ ..., w'*} is a linearly dependent set of B
and we write rank(w) = [. Since dim(B) = m then
rank(w) < m. The rank of the RFEJA 1 is the natural
number r such that » = rank(B) = max{rank(w) :
w € B}. One says that an element w of B such that
rank(w) = rank(B) is a regular element of the RFEJA
B. Herein, we must say that the set of regular elements
of the RFEJA B it is a dense set in B.

Example 3 Let’s consider the EJA B = R™ of exam-
ple 1. Then an element d = (dy,da,...,dy,) is an
idempotent if and only if d; = 1 or d; = 0, for 1 =
1,---,m. If d = (dy,dsa, - ,dp,) is such that all of
it’s coordinates are not zero and d; # dj fori # j and
1 <4,j < m, then the set {e,d"*,d**, .. d" 1%}
= {67 (dlﬂ d2a cee )dm)a (d%’d%’ e ’dgn)v Ty (dgnfl,
dy=t, ... dm =Y} is a linearly independent set of the

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.55

vector space B, since we have:

1 1 |

dy d dm

. : . # 0

dpt dy! dm=!
But, since dim(B) = m then the set
{e,d" ¥, d?* ... dm=1k gmkYy s a linearly

dependent set of B. So, m is the smallest natural num-
ber such that the set {e,d'*,d?* ... d"—1% qmk}

is linearly dependent, then we conclude that
rank(d) = m and we conclude also that
rank(B) = m and we must also say that any el-

ement d = (di,dsy,...,dy) such that d; # d; for
i1 #£ jand 1 <i,5 < mis a regular element of B.

Let’s consider a regular element w of a RFEJA
B and the natural number ¢ = rank(w). Since w9 *
belongs to the real vector space spanned by the set
{e,w'*, ..., wi™1*} then there exists real scalars

Bi(w), Ba(w), ..., Bg—1(w) and S, (w) such that
wi* — By (w)ywd X 4 (<1)98,(w)e = 0, (1)

being 0 is the zero element of B. Taking into account
(1) we call to the polynomial p such that

pw, \) = X — B (w)ANH 4+ (—1)23,(w) (2)

the characteristic polynomial of w and by construc-
tion the polynomial p is the minimal polynomial of
w. The roots of the characteristic polynomial of w
are called the eigenvalues of w. If u is not a regular
vector of B then we conclude that its minimal poly-
nomial has a degree less than q. And we define the
characteristic polynomial of a non regular element
in the following way: we consider a succession u,, of
regular elements converging to u and next we define
p(u, A) = limy, 4o p(un, A), we note that the func-
tions «; are homogeneous functions of degree ¢ over
the coordinates of u on a fixed basis of 3. One calls to
B1(u) the trace of u and write trace(u) = (1(u) and
we call to f,(u) the determinant of u and we write
det(u) = aq(u).

Example 4 Let’s consider the RFEJA B of example
1 and let v = (v, q9,...,qn) supposing that all
the «js are distinct. Then u is a regular element
of B and we have rank(u) m. So, the set S =
{(1,1,---,1),u?*, ... ,.u™ 1 X} is a linearly inde-
pendent set of B and since dim(B) = m then we con-
clude that S is a basis of B. Now, let’s consider the
polynomial p defined through the equality (3).

PN = JIO =) 3)
=1
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Since  p(a;) = 0,Vi = 1,---,m,
then, we can write that a}” =
m k+1 k - _m—k
> ke (1) Z1gz’1<ig<---<z’k§m | Qg Q5 .
And, therefore we have that umk =
m _1\k+1 k . m—k¥%
> e (—1) Zl§i1<i2<--~<ik§m [Ty ciyu .
Hence, we conclude that, umk -

> orey (1R D o1<is<ip<<in<m Hf:1 ajum K =
0, where 0, is the zero vector of B and

u0* (1,1,---,1). So, we conclude that the

characteristic polynomial of w is the polynomial p

defined by the equality (4).

m

plu,A) = A"+ (=1)F B @)
k=1
with 1 = a1 + g + - + o, Br = a1, -+, .

o] + ag + -+ ayy, and
[T}, @j. And, we have also that B; =

So, we have trace(u)
det(u)
Zl§i1<z‘2<-~<z‘j§m H?:l «,. Next, let’s consider the
real finite Euclidean subalgebra of B, R[u] = {ae +
wu™® 4 -+ apum T K o € RV = 1,00, m}
and the linear application L(u) such that L(u)y =
uky,Vy € Rlu]. We have that:

m—1
Lue = u'™* =0e+u"*+ Z Ou’ ¥
j=2
m—1 A
Lw)u'* = 0e+ 0ul* 4 u** + Z Oul*
j=3
Llu™ % = (=)™ B(u)e + -+ +

+ (=1)?By (w)um X

So, the matrix of the linear application L(u) on
the basis S =< ,u'*, - u™ 1 * > s the matrix:

00 -~ 0 (=)™ B, (u)

10 - 0 (=1)"Bp-1(u)
My = |01 0 (=)™ 1B, _a(u)

(00 - 1 (1280 |

and

So have that Trace(My,))
Del‘(ML(u)) = ﬂm(u)

A vector w in B such that w?* = w is an idempotent
of B. Two idempotent v and v of B are orthogonal if
uyv = 0, herein, we must say that u|v = 0 and this
happen, since we have u|v = (uvke)|v = e|(ukv) =
el0 =0.Lett € N+ 1. The set S = {dy,da,...,d:}
is a complete system of orthogonal idempotent of 53 if

B1(u)
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d?* =d;fori =1,---,t, udkv = 0 for u # v and
wand v in S, and finally if }>°_, d; = e. An idem-
potent is primitive if is a nonzero idempotent of 153 and
cannot be written as a sum of two nonzero orthogonal
idempotent. Let [ € N + 1, the set {dy,ds,...,d;} is
a Jordan frame of B if {di,ds,...,d;} is a complete
system of orthogonal idempotent of B such that each
idempotent d; for i = 1,...,[ is primitive.

From now on we will designate a complete sys-
tem of orthogonal idempotent and Jordan a frame, re-
spectively by CSOI and by JF. An important prop-
erty of a JF of a real finite-dimensional EJA B is that
#B = rank(B).

Example 5 Consider the EJA of ex-
ample 1, B = R®. The set S =
{61762763764765} = {(170707070)’(071707070)7
(0,0,1,0,0),(0,0,0,1,0),(0,0,0,0,1)} is a CSOI
of B. And the set S is also a JF of B. But the set
Sy = {91,92,93, 94} = {e1,e2,e3 + eq,e5} is a
CSOI of B but is not a JF of B, since g3 is not a
primitive idempotent, indeed we have g3 = es + ey
and e3 and ey are idempotent and ek ey = 0, where
0 is the zero vector of B.

Example 6 Let’s consider the RFEJA B =
Sym(4,R). Then the set

S = {di,da,d3,ds}

1 1 1 1
o {% o
_ 2 2 2 2
0O 0 0 o0’ 0O 0 o0 0|’
0O 0 0 O OOOO_
[0 0 0 O 0Oo0 O o0
_0000 Oo0 o0 o0
EEERINEE
[0 0 5 3 00 -5 351)

is a JF of the RFEJA B. But, the set {dy +da, d3+ds}
is a CSOI of the RFEJA B, but not a JF of B.

Theorem 7 ( [2], p. 43). Let B be a RFEJA. Then for

x in B there exist unique real numbers 1,72, - - -, Vt,
all distinct, and a unique CSOI {dy,ds,...,d;} of B
such that

x = y1d1 + y2da + - - - + Yedy. )

The numbers ;s of (5) are the eigenvalues of x and
the decomposition (5) is the first spectral decomposi-
tion of x.

Example 8 Let d = (dy,ds,...,dy) be an element
of the RFEJA B = R™ of example 1 then we have that
there exists the JF {e1, ea, . .., en}, where the vectors
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e; fort = 1,---,m are the vectors of the canonical
basis of B such that
d = die;+doses+ -, dmem. (6)

and (6) is the second spectral decomposition of d.

Example 9 Let’s consider the RFEJA Sym(n,R).
Then if A is a matrix with k distinct eigenvalues
A1, Ag, -y Ap_1 and A\, then we have that decompo-
sition (7).

A = MPL+ 2P+ -+ MNPy, @)
is the first spectral decomposition of A where P; =

k

¢ (A=\1,)

_1,/;5( jin .

1 J)\i‘_)\j fori=1,--- k.

Theorem 10 ( /2], p. 44). Let B be a RFEJA such
that rank(B) = r and the vector x € B. Then, there
exist a JF {dy,da, -+ ,dr—1,d,} of B and real num-
bers v1,7v2, -+, Vr—1 and y, such that we have:

r = ’VIdl + "YQdQ + -+ ’Yrdr‘ (®)

The decomposition (8) is called the second spectral
decomposition of x.

Example 11 Let’s consider the RFEJA B =
Sym(4,R) and let’s consider the matrix A =
0100

o O O
O = O
= o O

1
0
0

Then the decomposition (9) is a second spectral
decomposition of the matrix A.

Phoo] [} oo

T 1 i i
A | P hoof -1 Too
0O 0 0 O 0O 0 0 O
(0000 0 000
[0 0 0 0] Oo0 o0 o0
0O 0 0 O O 0 0 o0
+ 11 | -1 1 1
00 L1 00 3 -
[ 00 5 5 00 —3 3
)

and —1 and 1 are the eigenvalues of A. And, the first
spectral decomposition of the matrix is the decompo-
sition presented on (10):

%%00
= = 0 0
A = 2 2
00%%
0055
1 1
L
+ (= 2 2 . [ |.0
SO
0 0 -5 3
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Remark 12 Let’s consider the RFEJA B
Sym(m,R). a matrix A with the distinct eigenvalues
A, A2, -+, Ak, and let’s consider a orthonormal ba-
sis of R™, S =< vy, v2, -, vy > where we suppose
each v; is a column vector of R™ foriv =1,---,m.
Then, considering C; = viviT fori=1,--- m. then
we obtain the first spectral decomposition of A is
presented on inequality (11).

A = > NG
j=1

an

Where the eigenvalues \i; € {\1, A2, -+, A}

Remark 13 Let’s consider the real finite Euclidean
Jordan algebras Bi and By with the operations of
multiplication Y1 and Yo respectively, and with the
inner products e|1e and e|se respectively. Then,
(B1;B2) equipped with the vector multiplication of
vectors (a;b) % (c;d) = (a¥kc; bdkad) and the inner
product (a;b)|(c;d) = al|ic + blad is a RFEJA. And,
if e1 and es are the units of By and of Bs respectively,
then (e1; e2) is the unit of RFEJA (By; B2).

A Euclidean Jordan algebra is simple if it does not
contain any non trivial ideal.

We are concerned on those RFEJA B such that
rank(B) = dim(B) m, since in those EJA any
Jordan frame S = {d;,ds,...,dy} is a basis of the
Euclidean Jordan algebra B and we can define ||z
for x = Aidi + Aado + ... + A\ndy, by the equal-

ity ||o]| = /irace(wox) = /S, A2. Herein we

must note that if v is a primitive idempotent then
trace(u) = 1.

3 Some concepts about strongly reg-
ular graphs

In this section, we present the more important con-
cepts about strongly regular graphs and we follow the
text presented in the paper [1]. The works, see [18],
“ A course in Combinatorics” and “Algebraic Graph
Theory” , see [19], are very good on the description
of the algebraic properties of a strongly regular graph.
A graph G is a pair of sets {V(G), E(G)} such
that V/(G) = {v1,va, -+, v} is the set of vertexes,
nodes or points of G and E(G) is the set of edges of
G. Is natural to represent an edge between the ver-
texes v and v; by viv;. A graph G is called simple
if it has non-parallel edges or loops. The number of
vertexes of a graph G is called the order of GG and the
dimension of G is the number of edges of G.

E-ISSN: 2224-2880
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A graph G of order m is called a null graph if
E(G) = (0 and V(G) # 0. And, a simple graph G of
order m is a complete graph if all pair of distinct ver-
texes of V(G) are adjacent vertexes. And one denotes
the complete graph of order m by K.

The complement graph of a simple graph G that
is denoted by G is a simple graph with the same set of
vertexes of G and such that two any of its vertexes are
adjacent if and only if they are not adjacent vertexes
of G.

From now on, we only consider non-empty, sim-
ple and non-complete graphs. One says that an edge of
E(G)isincidenton a vertex v € V(@) if and only if v
is an extreme vertex of this edge. The extreme points
of an edge of the graph G are called adjacent vertexes
or neighbors. The set of vertexes that are neighboring
vertexes of a vertex v is called the neighborhood of
the vertex v, one denotes this set by Ng(v).

One defines the degree of a vertex v of a graph
GG the number of incident vertexes on v. A graph GG
is called [—regular if all of its vertexes have the same
degree [.

A graph G, is called a (m, [; ¢, d)-strongly regu-
lar graph if GG is as graph of order m, is a [—regular
graph such that any pair of adjacent vertexes have c
common neighbor vertexes and any pair of non adja-
cent vertexes have d common neighbor vertexes. In
the following text of this section, we will designate a
strongly regular graph by srg.

If G is a (m,l;c,d)—srg then the complement
graphof G, Gisa (m,m—1—1;m—2l+d—2,m—
20 + ¢)— srg.

A (m,l;c,d)—srg G is primitive if and only if G
and G are connected. A (m, [; ¢, d)—srg is a non prim-
itive srgif and only if d =l or d = 0.

Consider a (m,l;c,d)—srg G and By its adja-
cency matrix. Then Bg = [b;;], where B is a matrix
of order m such that b;; = 1, if the vertex i is adja-
cent to j and 0 otherwise. The adjacency matrix of G
satisfies the equation (12).

B%: = I, +cBg+d(Jym — Bg — In).(12)
One defines the eigenvalues of G as being the eigen-

values of Bg. The eigenvalues of G, are [, 6 and T,
see [19], where

(c—d++/(c—d)?+4(—d))/2, (13)
(c—d—/(c—d)2+4( —d))/2. (14)

Next, we refer to some feasibility conditions over
the natural numbers ¢, d, [ and m for the existence of
a (m,l; ¢, d) primitive srg G.
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The multiplicities fy and f, are defined by the
inequalities (15) and (16).

TIn+2—k
fo = 7‘ |9 , (15)
-7
on+k—20
fro= TR (16)
-7

The conditions fy € N and f, € N are called the
integrability conditions of a srg. Next we describe the
called Krein conditions (17) and (18)

(r+1)(I+74+207) < (+7)(0+1)>217)
@+1D)(1+60+207) < (I4+0)(r+1)%(18)

that have being deduced in the article [20].

Example 14 Let’s consider the parameter set
(m,l;c,d) = (56,22;3,12). If this sequence would
correspond to a strongly regular graph then we would

have 0 = 1 and 7 = —10. But, then we would have:
(T+ 1)1 +7+207) = 261, (19)
(I+7)(0+1) = —36. (20)

Hence, these values of 0 and T violate the Krein con-
dition (17) and therefore doesn’t exist any srg with the
parameters (56, 22; 3,12). We must say that the Krein
condition (18) is not violated by the values of 6 = 1
and T = —10.

Next, we present the equality (21) that the parameters
m,l,cand d of a (m,[; c,d)— primitive srg satisfies .

(l—1—-¢) = dm—-1-1). (1)

And, finally, we must say that if we consider the
(m, l; ¢, d)—primitive srg then the multiplicities of the
eigenvalues 7 and # must verify the inequalities (22)
and (23).

n < f‘f(f;—i_?’) (23)

The admissibility conditions (22) and (23) are known
as the absolute bound feasibility conditions for the ex-
istence of a strongly regular graph.

Example 15 Let’s consider the parameter set
(m,l;e,d) = (64,30;18,10). Then, recurring to
(13) and (14) we get 0 = 10 and T = —2. Using the
equalities (15) and (16) we have:

fo = 8
£ = 55

E-ISSN: 2224-2880
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Since

n = 64
fe(f02+3) _ u

then the absolute bound condition (22) is not satis-
fied therefore don’t exist any strongly regular corre-
sponding the parameter set (64,30;18,10). We must
say that the absolute bound condition (23) is not vio-
lated.

4 Some inequalities over the eigen-
values of a strongly regular graph

In this section we will establish some inequalities over
the parameters and the spectrum of a primitive srg.
But firstly, we present some notation for the Schur
product of matrices.

Given two real square matrices A and B of order
n one considers the Schur product o of these two ma-
trices as being the matrix C' = Ao B such that consid-
ering the notation C' = [¢;;], A = [ai;| and B = [b;;]
then ¢;; = a;;b;;. And, one defines the Schur powers
of a square matrix A for a natural number j as being
the matrix A7° such that A°° = J,,, A° = A and
AJ° = AATt° for j > 2.

Let’s consider the (m, [; ¢, d)—primitive strongly
regular graph G with the adjacency matrix A, such
that 0 < d < [—1. Firstly, we will suppose that [ < 3
and that ¢ > d. Next, let’s A be the Euclidean Jordan
subalgebra A of the RFEJA Sym(m,R) spanned by
the identity matrix of order m and the powers A%, €
N. We have that rank(A) = dim(A) = 3. The eigen-

values of the matrix A are , \; = crdty (c;d)u‘l(l*d)
—de STz -

and Ay = < d—/(c 2d)2+4(l 9 and B = {Fy, Fy, F3}

is a JF of A where:

o= i las g, aigy =
P = ’A;i{fﬁ A;Q)— A n”;(jfj ;21),4 T

+ M(Jm—fx—fm),
B o i A

+ m(l)\;i\l)\z)(Jm—A—ImL

where J,, is the real symmetric matrix of order m
where all entries are the real number 1 and I, is the
identity matrix of order m.
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Let € be a real positive number. Since the Schur

ko
. 2 .
power series Y7 >0 5 <ln(1 + e)l‘i—&> is convergent

then let S be its sum. Using he fact that A% = [1,,, +
cA+ d(J,, — A — I,,) then we conclude that:

I
+6) mt
“+o0o

1 ¢ \'
+ E:ﬂ(mu+f%+{)i4+

i=0

—+00

Z% (ln(l +e)l

=0

S =

—+00

+ Zil'(1n(1+e)li€)i(Jm—A—fm)-

i=0

Hence, we obtain the equality (24).

l

S = L+l +(1+e) A+

b (A4 OF (T — A Ly).
Let’s consider the spectral decomposition of the par-
tial sum of order n, S, = >0 ;& (ln(l + e)ﬁ)m 7

24)

l+e€
Sn = qn1F1 + qnaFo + qnsF3. Since the spectral de-
composition S = ¢ F + g2 F> + q3F3 is such that
@ = limy_ 400 qns fori = 1,---,3 and ¢,; > 0 for
1 = 1,---,3 then the ¢;s are all non negative. Next,
let’s consider the element F3 o S of A. So, we can
write the equality (25).

)\1m+l—)\1 L
F = (1t em],
308 m()\l—)\Q)( +6)+ +
—m+l—)\1 <
+ A (L) A+
m()\l—)\g)( )
+ N ot — A1)
2NN € € m —4Im)-
m(/\l—)\g)

(25

Recurring, to the spectral decomposition of F53 0 S =
q31 1 + q32F> + q33F3 we conclude that

)\1m+l—)\1 l
= B — 1 I+e
31 MmO — ) (14 €)t+e +
—m—|—l—>\1 <
+ ——— 1+l +
m()\l—)\g)( )
l—)\l _d_
+ —————Q+e)iF(m—1—-1)(26
m(Al_AQ)( ) ( )(26)
since we have the equality (27),
AmAi—XN —mAl=hy
m()\1 — )\2) m()\l — )\2)
I—X\
+ ———m—=1-1)=0
m(/\l—)\z)( )

27
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then, after some algebraic manipulation of the expres-
sion of ¢3; recurring to (27) we obtain the equality
(28).

Am+1l—X\ l d
— B — ]_ l+e — ]_ l+e
31 mOn — ) (( + )+ — (1+4¢) +)
m—1+ X\

((1+e)z+% - (1+e)z%) l
(28)

m()\1 — )\2)

So, since g31 > 0 then we obtain the inequality
(29).

Am 41—\ L d
e — 1 l+e — 1 l+e
m = A2 (1 em = 1+ )
m—l+)\1 _c_ d
> —((1 I+e — (1 +e ) [.
— m(A — A2) (( T (+6)+)

(29)

Next, applying the Lagrange Theorem to the function
f such that f(z) = (1 + ¢)*,Vz € R on the inter-
vals [l%, Hie] and [H%, 7r<l, and majoring and mi-
noring the function f on those intervals we obtain the

inequality (30),
Am+1— X\ 1 l—d
—1 l+e
m(/\1—/\2)( tr [+ €
m—1+ M\ cc—d
— (1 e ——| 30
v w G DL (30)

+e€
this is we obtain the inequality (31).
Am+1l—X\
m(A1 — A2)
m—1+A
> _+A21) (c — d)l.
and, finally we get (32).
Aam 41—\
m(A — A\2)

Next, supposing that [ < 7, rewriting (32) and after
some algebraic manipulation of (32) we deduce (33)

c—d
l—d

And, finally, since A; > 1 we conclude that the in-
equality (34) is verified.

(I —d)

3D

m—Il+XAc—d
m(A — X))l —d

l. (32)

3M+1 > 2 l. (33)

4 M > 2 34
1 = 4 (34)
and, so we have
(c—d)l
AL > .
T

Then, we have established the Theorem 16.
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Theorem 16 Let’s consider the (m, l; ¢, d ) — prim-
itive srg U of order m such that0 < d <l—1,¢>d
and | < °3. Then we the equality (35) is verified.

(c—d)l
= 3i—ad)

(35)

where \1 is the positive eigenvalue of U distinct from
the regularity of U.

Next, we will construct new inequalities over the
parameters of a strongly regular graph G recurring to
its Generalized Krein parameters. As, is known the
Generalized Krein parameters of a strongly regular
graph G, g;ji.mn are defined, see [15], as being the
real numbers such that:

3

o o 2 :
E’m S F]n = Qijl;mnﬂ

=1

where 7, 7,1 € {1,2,3} and m and n are natural num-
bers such that at least one of them is greater than
1. And, the Generalized Krein parameters g;;.,,, with
1,1, m natural numbers such that 1 < 4,/ < 3 and
m > 3, are the unique real numbers such that:

3

Fimo = Z%l;mﬂ-
=1

Next, let’s suppose that [ < *3. And, let’s analyze
the Generalized Krein parameter g31.3. Firstly, since
this parameters is non negative we have the following
inequality (36).

<Am+l—A> N <M>3l+
m(/\1 — )\2) m()\l — )\2)

I—x) \°
CMM—AQ>(m_l_U>Q (36)

Since the equality (37) is verified

Am+1—X\ —m+l—)\1l+
m()\l — )\2) m(/\1 — )\2)
I—X\
+ ——— (m—-1-1)=0, 37
m()\l—)\g)( ) ( )

after some algebraic manipulation of (36)
and using the equality (37) we conclude that:

MmAl=A1 ((Aim+i=XA1)2  (1=X1)? > m—lth
m()\l—)\z) mQ()qf)\Q)Q mg(/\lf)\Q)Z — m()q—)\g)
(m—l4X1)?  (I=X1)? o .
<m2()\17)\2)2 200 =) [ this is we deduce that:
Aim+l—)\1 A1m+201—2)\1 A1 > m—I+A{
m(A1—A2) m(A1—A2) A1—A2 - m(A1—A2)
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m—2042)\ 1 : m
<m(/\1_)\2)> 37—, - Next, supposing that [ < 3 we

conclude that (38) is verified.
BM+1)BM+2)A > 2. (38)

If ¢ > d then we conclude that A\ > 1 and therefore
noting the following writing of (38),

3\ +1,,3 0 +2

M)

o> 2 (39)

we conclude from (39) that (40) is verified.
2073 > 2, (40)

and therefore in this case we have established the in-
equality (41).

o> (41)
Hence, we have established the Theorem 17.

Theorem 17 Let’s consider the (m,l;c,d)— primi-
tive srg U of order m such that 0 < d <l — 1 and
¢ > d,l < '3 then the equality (42) is verified.

l
o> — (42)

where \1 is the positive eigenvalue of U distinct from
the regularity of U.

5 Conclusion

The results obtained in this paper are distinct from
those obtained in the publication [1] and these in-
equalities over the eigenvalues of a primitive strongly
regular graph are obtained recurring to methods dis-
tinct of those used on the paper [1]. On the future di-
rection of research we will use other methods of spec-
tral analysis to establish more general feasibility con-
ditions for the existence of a strongly regular graph.
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