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Abstract—In recent years, the study of chatter vibrations has been intensify-
ing in the machining of materials. In this paper an investigation of this phenom-
ena was conducted for gray cast iron (CGI). The chatter vibrations in machining 
process can considerably compromise the workpiece surface finish, tool wear 
and in some cases provide severe damage to the machine-tool. Thus there is an 
imminent need to expand the theory of chatter vibrations for the class of brittle 
materials. To analyze the vibrations of the process of machining and zones 
where the process is stable, and where it is unstable, the stability lobes diagram 
was used. This diagram is constructed at low speed cutting, where the phenom-
enon of damping arises. The damping is a crucial factor in the process, it in-
creases system stability. This effect was considered in the formulation of chatter 
vibrations using the indentation model of Wu. For experimental validations the 
signals of cutting force were acquired and analysis was conducted in frequency 
domain to identify where the vibrations emerged allied with a roughness analy-
sis of the workpiece. The results demonstrated perfectly the consequences of 
chatter vibrations in surface finish of grey cast iron and proved that the stability 
lobes diagram provides good results to detect these vibrations, determining the 
areas where the material removal should be avoid. 

Keywords—Chatter, Stability Lobes, Machining 

1 Introduction 

Chatter vibration is the one of the types of vibrations existing that has been gaining 
prominence on the part of the researchers in the area of the machining, due to the 
numerous problems that this provides, such as poor surface finish of the manufactured 
parts, excessive tool wear and damages for machine-tool. According to [1] vibrations 
with excessive amplitudes cause disturbances in the machining process that complete-
ly damage the system. [2] states that these vibrations in the machine tool set play an 
important role for poor productivity in the industry, accelerating the wear of mechani-
cal components, compromising chip formation, causing poor surface finish of the part, 
and damaging the bearings of the spindle. Conceptually this type of vibration arises 
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due to the low structural rigidity of the parts in the machining process associated to a 
self-excitation mechanism where the process frequencies are close to the natural fre-
quency of the system. With this, chatter lead to the variation in the time of relative 
positioning between tool and part, causing a phase difference between the cutting 
teeth, as shown in figure 1. 

. 

Fig. 1. Phase difference in a multicort process. Source: [5] 

In this way, it is necessary to determine the stability conditions of the machining 
process, verifying areas where there is a stable cut with the absence of these vibrations 
and where there is an unstable cut with the presence of them. 

The determination of the optimal cut condition is usually performed by a two-
dimensional chart called the stability lobe diagram. This graph is developed numeri-
cally by selecting system parameters such as axial depth of cut, machine rotation and 
modal parameters of the mechanical system. The figure 2 shows an construction of 
this chart providing different zones on machining where a critical width of cut (bcr) 
divides these zones, if above, the process is unstable otherwise stable. 

 
Fig. 2. Stability lobe diagram 
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According to [9], the stability lobe diagram is used to optimize the machining pro-
cess, improving the material removal rate and, consequently, increasing the productiv-
ity of a manufacturing process. From this, the conducted tests are used for analysis in 
processes with high cutting speed, because the lobes created in these conditions have 
a better spacing between each of them [6]. 

During machining of materials, the operator can select according to the manufac-
turer or design the appropriate cutting speed for each manufactured product. When 
there is a need to process materials at low cutting speeds, the damping phenomenon 
arises. The damping determines the amplitude of regenerative vibration at the reso-
nance and the time of persistence of the vibration after cessation of its excitation. This 
feature makes it crucial in material removal processes and process stability [3]. Ac-
cording to [4] apud [7] machining damping occurs at the contact between the tool gap 
surface with the workpiece when the cutting speed is significantly less than the tip 
vibration speed the tool. Thus, all these factors make these vibrations allied with the 
appearance of damping are crucial in the stability study of a process of machining 
fragile materials with low cutting speed 

2 Mathematical Model of Cutting Forces Considering the 
Damping Effect 

Based on Kienzle’s model for cutting forces, and the damping formulation provides 
by [8] this paper uses these formulations with the empirical model presented by Al-
tintas for the definition of specific pressure coefficients. In this way considering the 
mentioned models the equation of this force is expressed in vector form, coupling the 
part resulting from the damping that arises at low cutting speeds, as presented in (1). 

  (1) 

Where:  vector of specific pressure coefficients., b is the depth of cut,  

instantaneous chip thickness,  vector of damping coefficients, vc cutting speed and 

 vector of chatter velocity .Decomposing the force and coefficients of specific pres-
sure and damping in the tangential, radial and axial directions has: 
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  (1.2) 

  (1.3) 

The instantaneous chip thickness can be represented by equation 2: 

 (2) 

Whereupon:  is an unit step function,  is the rake angle and Δx, Δy, Δz the 

variation on position, therefore replacing the equation 2 in 1 for tangencial, radial and 
axial directions has: 

 (3) 

The specific pressure coefficients can be found using the 4, 4.1 e 4.2 and are divi-
ded by specific pressure for shear and cutting edge . 

  
(4) 

  
(4.1) 

  
(4.2) 

Where: N is the number of teeths and Ap na axial depth of cut. The damping coef-
ficients can be estimated by equations 5, 5.1 e 5.2. 

  
(5) 
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(5.2) 

Which Ksp is the specific damping coefficient express by equation 6. 

  
(6) 

In this way the force being a part referring to the regenerative part plus the damp-
ing share and realizing a change of the system of local coordinates of the expressions 
to a system of global coordinates, we create the matrices [A] of displacement coeffi-
cients dynamics and [B] coefficients of dynamic damping resulting in equation 7. 

  (7) 

And representing the self-excited part of the force, in the time domain, results in: 

 (8) 

Thus, by using the mean expansion of the Fourier series for elimination in the de-
pendent term term and the Laplace transform one can obtain the eigenvalue problems 
and construct the stability lobe diagram. 

 (9) 

With the vibration vector expressed by the product of the transfer function for 
structure (G (s)) and force vector 

  (10) 

Replacing the equation 9 into equation 10, an eigenvalue problem denoted by: 
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 (11) 

The stability of the system is analyzed on frequency domain with s=iωc where ωc 
is the chatter frequency  

 (12) 

In an iterative way due to the damping term the characteristic equation becomes: 

  (13) 

Being C0 the term referring to the damping process in the frequency chatter vibra-
tion equal to: 

  (14) 

3 Materials and Methods 

In order to perform the experimental procedure of this paper, a device was de-
signed with the purpose of simplifying the model for one degree of freedom, consider-
ing the effect of vibration only in the Z axis as shown in figure 3. 

 
Fig. 3. Built device for experiments 
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The system has the similar behavior of a cantilever plate, in which along its length 
the structural rigidity changes, being maximum next to the crimping and decreasing 
toward to the free end. The objective to construct this device is reducing the degree of 
freedom for the system. In order to obtain the modal system parameters an accelerom-
eter is attached to the workpiece and its signal is measured and analyzed. 

The machined material was ASTM FC60 gray cast iron with a Coromill R345 tool 
made by with 45 ° tooth position angle (χr). The milling was conducted in a ROMI 
D600 machining center of university of the state of Santa Catarina. Four trials were 
performed to analyze the chatter vibration, varying the axial cutting depth (ap), ac-
cording to the critical width of cut (bcr) founded in stability lobes. Two rotational 
regions of the spindle were analyzed, one in the range of 1500 to 1700 rpm and anoth-
er in the range of 800 to 900 rpm booth with low cutting speed. Table 1 shows the 
cutoff parameters used in each experiment. 

Table 1.  Cutting parameters for tests 

Tests Axial depht of cut (ap) Critical width of cut 
(bcr) Cutting velocity (vc) Spindle speed 

(n) 
Assay 1 4,5mm 4,2 mm 397 m/min 1580 rpm 
Assay 2 2,5 mm 3,9 mm 411 m/min 1640 rpm 
Assay 3 1,5 mm 1,3 mm 203 m/min 809 rpm 
Assay 4 1,1 mm 1,3 mm 215 m/min 855 rpm 

 
The cutting parameters were kept constant during all experiments was showed in 

Table 2. 

Table 2.  Cutting parameters kept constants 

Feed rate Per Tooth (fz) `0,015 mm/rot 
Radial Depth of cut (Ae) 13 mm 
Numbers of teeth 6 
Tool diameter 80 mm 
Sense discordant 
Insert Type 345R-1305MKM 

Modal Parameters: Naturals frequencies Assay 1:606 Hz, assay 2: 607 Hz, Assay 3: 586 Hz, Assay 4: 594 
Hz 

 
All experiments were performed at low cutting speeds, which, the settlement state 

makes damping very significant for machining. To model the specific damping coef-
ficient the model of [8] was applied. Which the depth of plastic deformation was es-
timated at 0.70 mm the gray cast iron module (E) was 110GPa and the Poisson radius 
(υ) was 0.26. The wear width was constant throughout the insert with a value of 
0.08mm. These tool holders have a length of 2 mm and angle of tool-tooth positioning 
is 45 °. 

In the experiments, the critical width of cut (bcr) was estimated from the stability 
lobe diagram technique developed in the 1960s by Tobias and improved by several 
authors over the time.  
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The machining force produced by the material removal process was purchased by a 
Kistler model 9257B piezoelectric ring and processed by LABVIEW software. Matlab 
helps to obtain a FFT power spectrum of the force signal. The measuring range of the 
piezoelectric platform corresponded from -5 kN to 10 kN in the x, y and z axis of the 
dynamometer. The platform strength signals were processed using a National Instru-
ments NI-6001 USB module where the acquisition rate of the machining force signal 
was 10,000 points / second.  

Therefore the experimental tests depending of stability lobe diagram constructed in 
Matlab software to verify the effects of the vibrations in the machining process. After 
this procedure an roughness analysis was conducted using Mitutoyo SJ-210 digital 
rugosimeter capable of measuring geometrical imperfections up to 17.5 mm and z axis 
up to 360 μm. (figure 4) 

 
Fig. 4. Roughness method of analysis used after experiments 

This step of the adopted methodology was applied to verify the correlation of the 
system stability in the produced surface finish. 

4 Results and Discussion 

In order to validate the stability lobes diagram, the tests were conducted under dif-
ferent cutting conditions using the test force signals from kistler dynamometer to 
prove the occurrence of chatter vibrations To accomplish this the Fast Fourier Trans-
mission (FFT) was used to analyze the signal of force in frequency domain to detect 
whether there will be vibration peaks near to the peaks of the natural frequency of the 
system. 

Figure 5 and 9 show the stability lobes obtained for Experiments 1, 2 3 and 4, from 
them a previous behavior of the system can be found choosing the axial depth of cut 
above or below to the critical width of cut. By means of this technique and consider-
ing the damping effect, the experiment one was planned for a situation of instability 
on machining with the applied axial depth of cut (ap = 4,5 mm) was above the critical 
width of cut (bcr = 4,2 mm). For test two the experiment expected a stable cutting for 
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the reason that the axial depth of cut was lower than the critical depth of cut (ap =2,5 
mm < bcr =3,9 mm). (see figure 5) 

 
Fig. 5. Stability lobes diagram for experiments 1 and 2. 

Using the FFT power spectrum of force for tests 1 and 2, was verified a frequency 
of 612 Hz with an amplitude equal to 4,1x104 N is modulated nearest from the natural 
frequency of system corresponding to 606 Hz, this behavior implies that in this exper-
iment the chatter vibration act making the system unstable, which is will compromise 
the tool, the workpiece surface finish and the machine-tool. 

The FFT signal for experiment 2 does not has frequencies nearest of the natural 
frequency, besides, the amplitude of 612 Hz frequency founded in experiment 1 de-
cays. This behavior is a prove that in this assay will be a stable cut. The frequencies 
founded of 158 Hz and 316 Hz are harmonics due to the initial contact of the teeth of 
the tool in the workpiece. Figure 6 shows the FFT for signal force.  
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Fig. 6. FFT power spectrum of experiments 1, 2 

Accordingly, with the results from FFT spectral signal the stability lobes diagram 
proves that this techinique is effective to detect the chatter vibration. Figure 7 shows 
the workpiece after the machining 

 
Fig. 7. Workpiece after milling of gray cast iron. 
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The presence of chatter vibrations also had an impact on the surface finish of the 
part, with figure 8 showing this parameter from the average roughness (Ra) and total 
roughness (Rz). Test 1 had a total roughness Rz of 46.5 μm and average roughness Ra 
in the value of 9.2 μm. This poor surface finish effect results from the appearance of 
chatter vibration in the process and greater removal of material. From the point of 
view of the vibration peaks it is proven when compared to test 2 where a total Rz 
roughness of 9.9 μm and average roughness Ra of 1.3 μm was obtained. 

 
Fig. 8. Roughness tests 1 and 2. 

Test 3 was conducted at 809 rpm and axial depth of cut above critical depth, 1.5 
mm. The natural frequency of the system was 586 Hz, the frequency of tooth passage 
was 80.9 Hz.  

Test 4 was conducted at 855 rpm, axial depth of cut below the stability limit of 1.1 
mm. The natural frequency of the system was identified at 594 Hz, frequency of tooth 
passage was 85.5 Hz. Figure 9 shows the stability lobe diagram for these tests. 
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Fig. 9. Stability lobes diagram for experiments 3 and 4. 

From the signal of the FFT of force also verified multiple frequencies very close to 
the natural frequency of the system in the values of 586 Hz and 605 Hz with ampli-
tude of 2.1 x 10 4 N and 1.6 x 10 4 N respectively. The input frequency of the teeth 
was 80 Hz for test 3 with its first harmonic scoring at 160 Hz. As a result, an unstable 
cut was validated. For the test 4 the frequency of the teeth input was 85 Hz and a 
considered stable cut is verified without the presence of frequency peaks near the 
natural frequency of 594 Hz. Figure 10 shows the strength signal spectrum of these 
assays showing such frequency peaks. 

 
Fig. 10. FFT power spectrum of experiments 1, 2. 
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Thus, the experiments correctly validated the simulated lobes, and as a conse-
quence of the emergence of chatter vibration, there was an apparent difference be-
tween the two tests observed on the surface of the specimens. (Figure 11) 

 
Fig. 11. Workpiece after milling of gray cast iron 

This effect could also be observed in the finishing of the parts by roughness param-
eters. For test 3 the total roughness Rz value found was 16.6 μm and 2.8 μm for the 
average roughness Ra against 13.9 μm Rz and 2.4 μm Ra in assay 4 as shown in fig-
ure 12. 

 
Fig. 12. Roughness in tests 3 and 4.  
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5 Conclusion 

The construction of the stability lobe diagram is a good palliative measure to con-
trol the appearance of chatter vibrations in gray cast iron milling. The damping effect 
tends to be more effective in regions of machining with low shear rates, which causes 
in the stability lobe diagram an effect that tends to reduce the spacing between the 
lobes. The machining test considering this effect must to be carefully planned to avoid 
these types of vibrations under conditions in these regions. From the obtained results a 
good efficacy of the diagram to predict the chatter vibrations was founded and ena-
bled the consequences in the surface finish of workpiece. The parameters chosen for 
the tests, stooded at the low cutting region of machining, in this region the instability 
and damping condition impacted on the surface finish, where through tests 1 and 3 the 
roughness was higher than tests 2 and 4 planned to be a stable experiment. In this 
way, it is necessary to plan carefully the tests on gray cast iron at low speeds with the 
highest accuracy since the influence of damping is crucial in these regions. 
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