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Abstract—In recent years, more and more researchers have been investigat-
ing mathematical knowledge, as well as the cognitive skills that seem to be re-
lated to the improvement of mathematical thinking, numerical skills, mathemat-
ical logic and problem solving techniques. In this paper, we present the cogni-
tive processes that are related to mathematical performance, such as working
memory, anxiety, attention, spatial cognition, executive function and phonolog-
ical awareness. In addition, we refer to metacognitive skills and their role in
controlling and regulating cognitive processes, in order to improve mathemati-
cal performance. Finally, we present a new taxonomy of mathematical skills,
the pyramid of mathematical cognition, as well as their gradual development
through the appropriate cognitive and metacognitive mechanisms.

Keywords—Cognition, Knowledge Management, Mathematical Knowledge,
Taxonomy, Metacognition, Behaviour Modelling.

1 Introduction

Solving strategies for most mathematical problems begin with setting a goal, or
sub-goals if necessary, and require transformation of a given state into an equation, in
order to calculate the unknown value. Individuals should activate their cognitive
mechanisms, as well as their previous experience, in order to recall learning strategies
from problems of the same category [1]. Problem solving requires in addition to the
understanding of mathematical operators, formulas and theorems, the utilization of
cognitive processes, such as working memory, attention, long-term memory retrieval
and spatial abilities [2]. Deficits of students with mathematical learning disabilities or
low achievement focus on retrieving mathematical facts they have learned, while
problem solving [3]. In an attempt to analyze the cognitive processes that evolve in
the mind of an individual during problem solving, we should take into account the
kind of each mathematical problem as well as the level of difficulty. They may be
routine problems which are aimed at understanding of the pupil on an axiom or a
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theorem, complex problems that require the recording of data and combination of
theorems and methodologies, or even problems with high difficulty, in which the
utilization of known theorems and formulas does not guarantee the solution, but is
required creativity and critical thinking. Strengthening of metacognitive skills such as
self-regulation and self-control could greatly contribute to improving problem solving
skills [4].

Knowledge of Mathematics is not something static, such as dealing with numbers,
arithmetic operations and abstract structures. Instead it is a dynamic process that in-
cludes the creation, the exploration, as well as the connection of mathematical models
[5]. For this reason, exploration of the way in which mathematical knowledge is ac-
quired step by step, as well as research for cognitive parameters of mathematical
knowledge are considered as remarkable topics. Cognitive Informatics is an emerging
discipline, which links information processing mechanisms and processes of human
knowledge and natural science with informatics and computing science [6]. The Cog-
nitive Psychology domain converge to the domain of Information and Communica-
tion Technologies (ICTs) [7]. Indicative of the influences of these two fields, is the
structure of various behavioural and psychological models such as Bloom’s taxonomy
of reasoning skills [8], SOLO Taxonomy of learning outcomes [9] and Wisdom Hier-
archy [10], compared to the conceptual model for Telecommunications and Computer
Networks OSI model [11] as well as the TCP Internet Protocol (IP) suite [12]. This
paper presents the construction of a cognitive-based new theory for Mathematical
Knowledge, a layered reference model [13] in an attempt to analyze the structure, the
functional mechanisms, the cognitive processes as well as the metacognitive skills of
mathematical knowledge. This theory can be used as a useful tool for educators, re-
garding the structure of mathematical knowledge and how it is acquired.

2 Aims and Methodology

This research does not seek to simply represent what has been written for mathe-
matical knowledge as a typical review [14]. Instead, our research is based on the ex-
ploratory literature of the most popular published articles and book chapters in the
field of Mathematical Knowledge, as we summarize what developmentalists, psy-
chologists and educators believe about Mathematical Knowledge and Cognition [15]
in order to investigate:

1. The progressive development of mathematical skills (numerosity, approximation of
quantity, arithmetic operations, algebraic structure, geometry, problem solving,
reasoning, etc)

2. The cognitive factors that could affect or predict mathematical performance.

3. What is the role of metacognition as well as of the executive function on the
development of mathematical skills.

Based on the findings arising from the investigation of the objectives above, we
propose a new taxonomy of mathematical skills, forming the Pyramid of Mathemati-
cal Cognition, a cumulative hierarchical framework [16] of eight layers, indicating at

70 http://www.i-jet.org



Paper—An Eight-Layer Model for Mathematical Cognition

the same time the cognitive procedures, as well as the metacognitive skills required
for the individual to ‘ascend’ to the next layer of the pyramid.

3 Research Findings

3.1 Cognitive Factors of Mathematical Performance

Engaging in Mathematics and particularly in tasks such as performing arithmetic
operations, solving problems with appropriate strategies, interpreting graphs or charts,
etc., is a complex process that assumes the proper functioning as well as the coordina-
tion of the cognitive functions of the brain. Harvey (2010) proposed an organization
of numerical cognition. According to his approach, any mathematical task starts from
a stimulus (digit or spoken number) received by the sensory systems (visual or audito-
ry) then move to the object recognition systems (categorical, quantity, visual number
form, visual word form, linguistic word recognition), then to the semantic systems
(quantity or linguistic number) and finally to the mathematical systems (physical
mathematical rules, abstract mathematical operations) [17].

Working Memory, defined as the ability for temporary storage and handling data
during a task [18] is considered as an important factor of mathematical performance.
Visual Working Memory as well as symbolic number sense are indicative measures
of the subsequent mathematical evolution of 1st grade students. For this reason, sym-
bolic numerical skills should be considered as more crucial for students’ mathematical
performance, than non-symbolic skills [19]. Swanson and Fung (2016) accomplished
a study in order to evaluate the relationship between the Working Memory compo-
nents (central executive, phonological loop, visual-spatial sketchpad) and word prob-
lem solving accuracy in elementary school students. According to the results the ex-
ecutive component seems to be highly connected to various mediating variables such
as reading, calculation, representation, magnitude comparison, inhibition and naming
speed. Generally Working Memory seems to be significantly correlated with the
strength of problem solving skills [20].

Visual Sustained Attention, defined as the ability to maintain the focus of attention
to specific objects [21], seems to be highly correlated with mathematical achievement
and especially Arabic numeral recognition and comparison, number line sense, simple
calculations, counting and multiplication tables [22]. Arithmetic problem solving
tasks that require addition or subtraction, are correlated to the right and left attention
shifts respectively [23].

Test anxiety is considered as an inhibitory factor of mathematical performance,
with greater impact on students with lower Working Memory capacity. Test anxiety
reduces Working Memory resources as well as attention control, which are both sig-
nificantly important while problem solving [24]. Despite the fact that anxiety can
cause a decrease in performance on students with low working memory capacity,
there are indicators that students with high working memory capacity may benefit
from the anxiety and get higher scores on math tests [25].
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The meaning of numbers is spatially coded for most people, as number magnitude
is represented on a left-to-right oriented mental number line [26]. Spatial ability
seems to be correlated with the capacity of visualization of mathematical concepts, a
process that can contribute to the development of mathematical concepts [27]. Duffy
et al (2016) examined the role of spatial cognition in problem solving. In order to
measure spatial aptitude, researchers used Mental Cutting Test, a paper and pencil test
in which students are expected to mentally cut 3D geometric figures and state which
will be the cut face formed. The results of the study revealed that there is a significant
correlation (r=.79) between spatial test and math test (word problems) scores [28].
Furthermore, Cheng & Mix (2014) showed that there is positive effect of spatial train-
ing through mental rotation practice on 6- to 8-year olds’ mathematical ability. During
mental rotation practice, children were given two parts of a shape and thus they were
asked to indicate the original shape among different given shapes [29].

Phonological awareness is correlated with reading ability, but seems that it can’t be
considered as a predictor of mathematical ability [30]. A 3-year study examined the
impact of phonological awareness on quantity-number competencies and mathemati-
cal achievement of third grade students. According to the results, phonological
awareness facilitates the acquisition of quantity-number competencies skills, but it is
not sufficient prerequisite for the development of mathematical skills [31].

3.2  The Role of Executive Function & Metacognition

Executive function is a set of processes that are responsible for the control, man-
agement and coordination of cognitive skills [32]. The main executive function skills
that have been associated with developmental mathematical proficiency are inhibi-
tion, the ability not to be distracted from irrelevant information, shifting, the ability to
switch between different tasks and updating, defined as the ability to monitor and
handle stored information [33]. The ability of switching between tasks or strategies,
as well as the low amount of interference from irrelevant information could be con-
sidered as indicators of high mathematical skills [34]. Verdine et al (2014) investigat-
ed the contribution of executive function to preschool mathematics achievement [35].
Researchers used the Tap Test [36] and the Flexible Item Selection Task [37] in order
to assess participants’ inhibitory control and cognitive flexibility respectively. Based
on the results researchers claimed that both skills have direct correlation with stu-
dents’ mathematical skills and they can party predict math performance during early
school years.

There is a major distinction between mathematical computation and problem solv-
ing, as in contrast with computation problems which are set up for solution, word
problems provide linguistic information, linking word identification skills with prob-
lem solving skills [38]. Students can improve their problem solving strategies, their
self-regulation and generally their mathematical performance, through training their
metacognitive skills from early school age to early adolescence [39]. Furthermore,
metacognitive skills are required during problem solving, in order for individuals to
monitor their performance, estimate the solution and recall personal experiences from
similar situations. The concept of metacognition could be defined as the knowledge of
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the individual for his/her own cognitive abilities. Monitoring, or the ability of indi-
viduals to distinguish what they know and what they don’t, is considered as the fun-
damental component of metacognition. After conquering monitoring of knowledge,
individuals can move on to more advanced metacognitive procedures, such as select-
ing solving strategies, evaluating learning and planning [40]. Metacognition is direct-
ly related to self-regulation, i.e. control and coordination of cognitive functions [41], a
necessary process during problem solving. Highly important for self-regulation are
metacognitive and emotional experiences of the individual. The more word problems
a student is dealing with, the more experiences he gets. Ozsoy, G. (2011) investigated
the relationship between metacognition and mathematics achievement on fifth-grade
students. Metacognitive Skills and Knowledge Assessment test was used in order to
measure participants’ metacognitive parameters (declarative, procedural and condi-
tional knowledge, prediction, planning, monitoring and evaluation skills). The results
revealed a strong positive relationship between metacognition and mathematics
achievement [42].

Metacognitive skills of the individual could be improved through intervention and
appropriate guidance from the tutor, in terms of the cognitive processes and the de-
velopment of appropriate strategies. Metacognitive knowledge about problem solving
strategies could benefit even elementary (second grade) math students [43]. This pre-
supposes that the tutor has explained to the students when and why each solving strat-
egy is useful, giving them the opportunity to evaluate and choose the appropriate one
for a given problem. Pennequin et al (2010) examined how training of metacognition
could enhance cognitive and problem solving skills of third grade elementary school
students. The developing-metacognitive-skills sessions were targeted on word prob-
lem representation, developing strategies for problem-solving, problem interpretation
using key-words and identification of mathematical expressions. According to the
results of the study, metacognitive training (five 1-hour training sessions) could in-
crease metacognitive knowledge of low achieving students, but not on normal achiev-
ers [44]. Mevarech & Fidkin (2006) evaluated the effect of the ‘IMPROVE’ method
on the mathematical reasoning and metacognition of pre-college students who studied
the course ‘mathematical functions’. According to this method, students of the exper-
imental group should answer a metacognitive knowledge questionnaire (containing
comprehension, connection, strategic and reflection questions) during solving optimi-
zation problems. The method had a significantly positive impact on post-test scores
on mathematics achievement, as well as on general metacognition [45].

4 Development of Mathematical Cognition: The Eight-Layer
Model

Geary (2000) named the biologically primary mathematical abilities (infancy and
preschool) as numerosity, ordinality, counting and simple arithmetic. As secondary
mathematical abilities) primary and secondary schooling) he named master of count-
ing, number transcoding, computations and word problem solving [46]. The learning
process should target to the development of the cognitive functions which can
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strengthen associations between stimuli (given word problems) and students’ respons-
es [47]. Tasks that build on students’ prior knowledge assigned for an approximate
amount of time, as well as sustained pressure for explanation and meaning, are con-
sidered as factors, which could influence students to engage with high-level mathe-
matical processes [48]. In this chapter, we analyze the development of arithmetic
skills, mental arithmetic, goal oriented strategy choice skills and generally the devel-
opment of mathematical cognition, recording the different levels of acquisition.

4.1  Sensory Arithmetic

Students are able to do non-symbolic number comparison (dot comparison) as well
as symbolic number comparison, connecting the Arabic numerals to the correspond-
ing numerical quantity. Students are familiar to numeracy related activities like count-
ing, recognizing digits or home activities such as playing with dice, which will im-
prove their performance in mathematical tasks [49]. Most children learn how to enu-
merate small sets during preschool and kindergarten [50] while approximate number
sense could be developed even on newborn infants [51]. Approximate numerical
abilities, such as mental arithmetic (comparison or addition) on non-symbolic arrays
of objects are correlated to symbolic mathematical abilities, as cognitive processes
like visual attention and working memory are considered to be involved in both sym-
bolic and non-symbolic tasks [52]. They can read, write and order natural numbers
(creating a mental number line). Gifted children tend to use the linear representation
for number line placements, while their classmates usually use the logarithmic repre-
sentation [53]. They are also able to recognize basic geometric figures in 2 or 3 di-
mensions. Finally, they can recognize and describe numerical and geometric patterns,
they can identify and describe numerical or geometric patterns and they have devel-
oped spatial orientation skills (up-down-right-left).

4.2 Basic Arithmetic

During the very first grades of school, children come into contact with arithmetic
and mathematics generally. They learn to read and write initially 2-digit and then 3-
digit numbers, recognizing the numerical quantity that each one represents. They
know how to do basic arithmetic operations like addition, subtraction, multiplication
and division, as well as the basic arithmetic properties (commutative property, associ-
ative property, etc.). At the beginning, students are based on counting strategies in
order to do simple arithmetic operations, the results of which are stored in memory,
enhancing thus direct retrieval [54]. Finally, students are able to recognize and draw
geometric figures like lines and line segments, as well as to understand the concept of
symmetry about an axis.

4.3  Elementary Mathematical Thinking

Students have the ability to understand fundamental mathematical concepts such as
integers, decimals, fractions, positive-negative, lines, etc. They are able to recall
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number properties, rules and theorems in order to solve basic mathematical tasks,
provided that appropriate examples have been taught. They can also make logical
conclusions as they understand compound statements of the form ‘if p then q’. How-
ever, sometimes students may give a false impression that they have understood,
while they simply memorize the solving methodology of a specific task, and thus fail
to solve similar exercises with different structure or with data given in a different way
than usually. They are used to solve practice problems of a specific type each type
that they have just learned, but they face difficulties when they are asked to solve
problems of various types, especially when they require retrieval of prior knowledge
[55].

4.4 Intermediate Mathematical Thinking

Students understand important mathematical concepts, retrieve mathematical tech-
niques and methodologies in order to solve simple math problems. They are able to
translate a given math problem, seeking what is wanted, naming variables, utilizing
given data and forming equations. Although they are not aware of the different prob-
lem solving approaches they could follow to reach an efficient solution for a given
problem, and thus they always prefer an algebraic approach [56]. They have the abil-
ity to read and interpret propositions, graphs, diagrams or other mathematical descrip-
tions as well as the ability to do the reverse process, i.e. to represent a mathematical
idea or a verbally formulated math problem using mathematical symbols, graphical
depictions or geometric forms.

4.5 Coherent Mathematical Thinking

Students have now deeply understood important math concepts and are not content
with memorizing rules and theorems. They are able to develop their own strategy in
order to solve complex math problems, analyzing the problem into sub-problems and
combining techniques and theories that have been taught in the past. They have high
levels of self-efficacy and thus they attempt more challenging problems [57]. They
start to show particular interest in mathematics, not only as regards their obligations
in school, but also outside of it in order to investigate more and answer some of their
own questions. They are looking to find how different mathematical topics are con-
nected to each other, as well as how mathematics can be applied to physics, econom-
ics or other sciences.

4.6 Advanced Mathematical Thinking

Students with advanced mathematical thinking have developed multiple mathemat-
ical skills and are now able to solve complex math problems, applying high tech-
niques and seeking the optimal solution. When problem solving, their solutions not
only look correct, but also are accompanied by appropriate justifications, showing
proof-like procedures and logical evidence [58]. They are able to understand abstract
mathematical concepts and desire deeper knowledge and understanding, seeking ori-
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gins of mathematical concepts, proofs of theorems, as well as applications of math
concepts in real life. They can also take advantage of inductive logic in order to gen-
eralize math concepts and generate math concepts.

4.7 Mathematical Wisdom

Individuals who have reached mathematical wisdom have mastered most of the
mathematical knowledge and could be considered as experts in the field of Mathemat-
ics. Experts have the ability to understand unfamiliar mathematical concepts or phe-
nomena, combining and synthesizing their prior knowledge [59]. Cognitive flexibility
is considered as a key factor that could contribute so that an individual can become
expert in mathematics [60]. The term cognitive flexibility is used to describe the men-
tal ability of an individual to switch between different thoughts, or to think about
different concepts simultaneously [61].

4.8 Mathematical Transcendence

We could define mathematical transcendence as the ability to explore hidden pat-
terns, which will help us understand the world better [62]. Individuals who achieve
transcendence are able to go beyond the existing knowledge, perceiving the connect-
edness of different representations as well as generalizing patterns [63]. Their need to
search the unknown stems from intuitions, which can interfere with mathematical
reasoning over logic [64].

As follows, we present the 8-layer model (pyramid) of Mathematical Cognition
(figure 1) with respect to the mathematical skills and the cognitive development of the
individual. For each layer of the pyramid, we define the cognitive skills that the indi-
vidual should train, in order to conquer the mathematical skills of the corresponding
layer and move to the next one, as well as the additional metacognitive skills required
(table 1). As it is easily understood, as we move towards the top of the pyramid, we
find increasingly smaller portion of the population with the corresponding skills.
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Basic Arithmetic

Fig. 1. The 8-layer model of Mathematical Cognition.

Table 1. Cognitive and Metacognitive procedures for each layer of the pyramid.

Cognitive Layer

Mathematical Skills

Cognitive Procedures

Metacognitive Skills

Quantity comparison, small
number comparison, enu-

Sensory encoding, Spatial
cognition

matical Thinking

strategies, data interpreta-
tion

Sensory Arithmetic meration of small sets,
approximate number sense Awareness
Recognition of 2-digit and |Synthesis & structure of data,
Basic Arithmetic 3-digit numbers, arithmetic |Spatial cognition develop-
operations ment, sustained attention
Basic mathematical con-  |Recall of math concepts from |Conditional
Elementary Mathemat-
; e cepts, rules & theorems, long-term memory knowledge
ical Thinking . .
logical reasoning
Intermediate Mathe- Solving algorithms and Information processing Monitoring of skills,

abilities & knowledge

Combination of solving

Inter-connection of math

Self-organization,

reasoning

cCZh;;j:];Jrlllathematz— techniques, applications of |concepts, development of procedural knowledge,
g mathematics in STEM new strategies Self-regulation
Optimization of solution, |Abstracting, Visualization of |Shifting & Updating
(Advanced Mathemati- |real life applications, math concepts
cal Thinking inductive logic, high level

Mathematical Wisdom

Becoming expert of the
domain

Cognitive flexibility

Perfecting, Abstract-
ing,Detaching

Mathematical Tran-
scendence

Transcendental thinking,
pattern finding

Extension of boundaries,
Creativity

Intuition, Planning
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5 Discussion & Conclusions

This paper shows that engaging in mathematics and problem solving is a sophisti-
cated process that requires the proper development and collaboration of various cog-
nitive functions [65]. Working Memory components and especially central executive,
as the supervisory system, seem to be highly correlated with the development of nu-
merical abilities, quantity comparison, naming speed and problem solving skills. Pho-
nological awareness, known for its importance in reading, is also associated with the
ability of the student to link a quantity with the corresponding Arabic digit. On the
other hand, text anxiety could reduce attention control and thus negatively affect the
effectiveness and the accuracy. Finally, spatial training on young elementary students
seems to have positive effect on mathematical skills, as spatial cognition is correlated
with mental number line sense, as well as with the general ability to visualize. Execu-
tive function, a set of mental skills for cognitive control (shifting, updating and inhibi-
tion), is responsible for the coordination of cognitive abilities and is considered as
indicator of students’ mathematical performance. In this paper we presented the pyr-
amid of Mathematical Cognition, as an attempt to construct a new layer model, based
on mechanisms and processes from Cognitive Psychology and Informatics. In order to
move to a higher level of the pyramid of Mathematical Cognition, individuals should
be properly guided through core-knowledge oriented education, so that they improve
their metacognitive skills such as self-regulation, self-organization, awareness and
consciousness. This new cognitive-based taxonomy of mathematical knowledge could
be applied to the field of Education, e.g. for the formation of the curriculum in order
to optimize learning outcomes, as well as for the assessment of students’ mathemati-
cal skills.
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