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Abstract—This study reports on findings of two design cycles of augmented
reality environment intended to engage high school students in covariational
reasoning. The study used a designed-based research method to develop and
improve the learning environment. In this report, we present the initial design
and discuss how it promoted students’ engagement at elementary levels of
covariation. Following this first cycle, we introduced a redesigned learning envi-
ronment. We provide evidence of how the new design in the second cycle pro-
moted students’ engagement at advanced levels of covariational reasoning. Six
groups of three 15- to 17-year-old students participated in the research. Using AR
headsets, each group carried out two activities well-suited, in principle, to covari-
ational reasoning. The students’ interactions were video-recorded, and the theory
of semiotic representation was used to analyze the degree of their engagement in
covariational reasoning. The design emphasized multiple representations gener-
ally, and the compatibility between the explored phenomenon and its mathemat-
ical representations, specifically. Findings show that the design considerations
in the second design cycle significantly improved the students’ engagement at
different levels of covariation, including advanced levels.

Keywords—covariational reasoning, representations, design principles

1 Introduction

Covariational reasoning has been shown to be important, if not crucial, for under-
standing mathematical concepts, function graphs, and functional relationships at all
levels of schooling [1]. However, studies report difficulties in covariational reasoning
among students from different grades and levels (e.g., [2-3]. Several studies empha-
size the need for further research on developing students’ covariational reasoning (e.g.,
[1-4]).

With the development of digital technologies in mathematics education, efforts have
been made to design learning environments to advance students’ covariational rea-
soning ([5-6]), including the use of simulations and the creation of new digital tools.
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Studies in this direction indicate that utilizing dynamic tools fosters students’ covari-
ational reasoning (e.g., [7]). In addition, the results from these studies and others are
consistent with theoretical findings that multiple representations are essential in math-
ematical learning environments and the ability to transform one set of representations
into another is central for mathematical reasoning [8].

Among these dynamic tools, augmented reality (AR) technology has been investi-
gated as a tool specifically for engaging students in covariational reasoning [9]. This
technology provides a stage for modelling dynamic phenomena—phenomena in which
covariation is inherent [10]—by providing real-time data of the phenomena, and jux-
taposing the real phenomenon with a variety of mathematical representations (e.g.,
graphs, numbers). These affordances of AR, based on its distinctive ability to overlay
dynamic phenomena with multiple mathematical representations, have indeed been
shown to be beneficial for engaging students in covariational reasoning [11].

It is true that AR has been widely used in educational settings (e.g., [12—13]) during
the last decade; however, most of the relevant research has been focused on using AR to
visualize mathematical and scientific objects [14]. Other research centered on students’
motivation when using AR [15] and spatial reasoning [16—17]. Much less research,
though, has been dedicated to examining the use of AR for learning concepts connected
to the mathematics of change [11]. In this study, we used AR not to visualize mathe-
matical objects in 3D but to model dynamic real-world phenomena and juxtapose them
with their mathematical representations. The study specifically aims to identify the
design principles of the AR environment important for developing students’ advanced
covariational reasoning. It also aims to shed light on the role of juxtaposing real-world
phenomena with their mathematical representation, which, as we have said, is one of
the unique affordances of AR in learning mathematics of change.

Identifying the design principles of AR technology for learning mathematics of
change concepts has theoretical, methodological, and practical implications. Theoret-
ically, this study should shed light on the role of AR in learning mathematics through
modeling real-world phenomena while simultaneously developing students’ covaria-
tional reasoning. Methodologically, this study provides a useful example of employing
Design-Based Research to design and study new digital technology to learn mathemat-
ics. Practically, this study offers design principles for educational software designers to
develop and use AR in educational settings concerned with the mathematics of change.

2 Theoretical framework

Two theoretical perspectives form the backbone of this paper’s approach to design-
ing its AR learning environment. The first is the covariational reasoning framework
which describes the intended mathematical content domain and the modes of reasoning
connected to it. The second is the theory of semiotic representation which concerns
the ways students learn and understand mathematical concepts in general as well as
grounding the coordination and transformations of different representations. We used
this framework to design the learning environment and examine the students’ learning.
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2.1  Covariational reasoning

Covariational reasoning is defined as the ability to hold in one’s mind a sustained
image of two quantities’ values (magnitudes) changing simultaneously. Thompson
and Carlson [1] outlined six levels of thinking with respect to covariational reasoning.
(1) No-coordination; (2) Pre-coordination of values; (3) Gross coordination of values;
(4) Coordination of values; (5) Chunky continuous covariation; (6) Smooth continu-
ous covariation. Below we describe each level and exemplify it by referring to “filling
the bottle’ discussed in [2]. The problem considers the relationship between the water
amount that flows into the bottle and the height of the water.

At the first level, the person has no image of variables varying together; the person
focuses on one or another variable’s variation with no coordination of values, such as
“the height of the water is rising in the bottle,” or “more water is being added to the
bottle.” At the second level, the person can predict the change of each variable value
separately but does not create pairs of values, such as “after a certain amount of water
is poured into the bottle, the water level in the bottle rises.” At the third level, the person
perceives a loose link between the overall changes in the values of the two quantities,
such as “as the height increases, the volume increases as well.” At the fourth level, the
person can match the values of one variable (x) to the values of another variable (y),
thus creating a discrete set of pairs (X, y), such as “when the amount of water was
100ml, the water level was 12 cm.” At the fifth level, the person may perceive that those
changes in the two variables coincide and that they vary smoothly but only in separate
domains. Such as, “the water level is rising for each increment of water added, includ-
ing all values of volume and height between successive values, e.g., 100ml and 200ml.”
At the sixth level, the person can perceive an increase or decrease in the value of one
variable as co-occurring with changes in another variable value in its entire domain and
see both variables as a smooth and continuous change. Such as, “the volume and height
of the water vary smoothly through intervals; simultaneously, within each interval the
amount of water and height of water vary smoothly and continuously.”

The first framework sets the theoretical principles for the mathematical concept
intended to be learned. When digital technologies are used for designing learning envi-
ronments, semiotic representations such as graphs, symbols, and numbers, which are
essential affordances of digital technologies, should be considered.

2.2 Theory of semiotic representations

The theory of registers of semiotic representations, suggests a way to understand how
mathematical knowledge is acquired through varying representations of mathematical
objects and situations [18]. Representations and their interrelations or transformations
play a central role in learning mathematics and understanding mathematical concepts.
This importance stems first of all from the mere fact that mathematical objects are not
directly accessible by immediate perception or instruments. The only way to access
and address them is to use signs and semiotic representations [8—18]. Accordingly, this
theory emphasizes that mathematical thinking is achieved through representations, as
one has access to mathematical objects.
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Semiotic representations consider systems of signs such as language, writing, num-
bers, graphs, and drawing. Such representations allow students to express their ideas
and they are utilized as instruments to express ideas and communicate thoughts [18].

This theory considers representations subject to characteristics of semiotic repre-
sentation systems, called registers. Registers must allow transformation operations:
(1) treatment and (2) conversion. Treatment occurs in transformations between similar
semiotic systems. For example: solving an equation. Conversion occurs in transforma-
tions between different semiotic systems. For instance, transforming from algebraic
to graphic representation. Duval emphasizes that different mathematical representa-
tions belonging to different semiotic registers are crucial, and mathematical activity and
understanding depend on the ability to move between such semiotic registers.

Duval points out four types of semiotic registers: discursive, non-discursive,
mono-functional, and multi-functional. The discursive registers refer to languages (oral
and written) that express meaning units of thoughts and thought operations. Hence,
these are process-oriented. The non-discursive registers display visual objects. Most
processes take the form of algorithms within a monofunctional semiotic system, while
within a multifunctional semiotic system, the processes can never be converted into
algorithms [8].

Figure 1 illustrates the four registers of semiotic representations.

REPRESENTATIONS resulting from one the three | NON-DISCURSIVE

kinds of DISCURSIVE OPERATIONS: REPRESENTATION
1 Denotation of objects (names, marks...) (Sh:l][);zclo;nfzig;;e;t)lons
2 Statement of relations or properties SD}ZD) i
3.Inference (deduction, computation...)
MULTI-FUNC IN NATURAL LANGUAGE: two non ICONIC: drawing,
TIONAL equivalent modalities for expressing sketch, pattern A
REGISTERS: kesxennnens axenn
— ORALLY explanations,
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Computation, proof Diagrams, graphs

Fig. 1. Duval’s four registers of semiotic representations—adopted from [8]
Covariational reasoning considers the ability to envision changes in variables (dis-

crete or continuous) that vary simultaneously. But these variables and their covari-
ational relations are not immediately evident in the real-world dynamic situations
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to which they apply. They must be made to appear to us by way of representations,
particularly visual representations. AR technology comprises several types of repre-
sentations, such as graphs and numerical measurements, that may include modelling
dynamic situations. Such representations allow students to utilize them as instruments
to communicate thoughts and engagement in covariational reasoning.

In addition, Duval’s framework allows us to examine the evolution of students’
covariational reasoning through the lens of registers by addressing the way students
coordinate between registers (treatment, conversion). AR is an ideal context for observ-
ing these things because it naturally combines different registers. In our study, we con-
sider three types of representations: (1) graphical representation, which refers to three
kinds of graphs; points, segments, and continuous, (2) numerical representation, which
includes a table of values, and (3) realistic phenomena, that refer to experiments with
real-world phenomena in which a covariation concept is inherent. It may be objected
that the latter is not a true representation in the way that a graph or table of values is.
But one must realize that the real-world phenomena is still being seen within the frame
of the AR glasses and its objects are marked and situated: it is presenting a circum-
scribed view of physical reality. For this reason, we include it as a representation, even
though it is not of the type typically referred to in Duval’s work.

3 Research questions

1. What are the design principles that engage students at advanced levels of covaria-
tional reasoning?

2. How do students interact with semiotic registers to achieve advanced levels of
covariational reasoning?

4 Methodology

4.1 Research context

This study is a part of large project, focusing on technological design that considers
real-life phenomena and their mathematical representations. The paper at hand empha-
sizes design principles to promote students’ engagement in covariational reasoning.
The design addresses three layers: technology, tasks, and AR tools and objects within
the learning environment.

Research-based resources for designing AR learning environment aimed specific
mathematical modes of thinking such as covariational reasoning are fairly sparse. In
order to supply some basic design principles, we adopted an approach along the lines
of design-based research (DBR) [19]. Although DBR as it is usually executed takes
into account at least three cycles of design, in this study, we present only two cycles.
We show that even in the second cycle of the design, a significant improvement of the
students mathematical reasoning can already be discerned. Further, the design consid-
erations planned for the third cycle, which grew out of the second cycle, mainly related
to non-technological aspects (as we will elaborate in the last section). In general, the
method we adopt here entails performing design cycles of technology, tasks, laboratory
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experiments, analysis, and reflection: analysis and reflection on the process provide
feedback for each cycle. Analyzing each cycle allows us to shape pedagogical and tech-
nological design principles that promote learning and engagement in covariational rea-
soning. Such actions are usually addressed through three phases: (1) preparation and
design, (2) teaching experiments, and (3) retrospective analysis [19]. These phases are
explained in sections (4.2, 4.3, 4.4). The method we adopted in this paper is appropriate
for AR technology not developed specifically for the learning of covariational reasoning:
our design task involves the transformation of AR technology into a tool for this purpose,
adapting and readapting it in light of the particular demands of covariational reasoning.

As the semiotic representations approach guides the design of AR environment, we
assume that AR allows for the design of several representations. We also realize that
the design alternations characterizing design-based research are addressed through
changing representations according to indications of engagement in covariational rea-
soning. In addition, the task and activity design with AR, namely the educational goal,
addresses the covariation concept.

4.2  Preparation and design

The initial design of the AR learning environment. This is a first step phase that
is geared towards developing a theory for learning the covariation concept in an AR
environment. Hence, engaging students in covariational reasoning was determined as a
learning goal. Representations, provided by AR, as well as real world phenomena, have
been addressed as means to support such engagement. In addition, inquiry tasks have
also been developed as a pedagogy to support the learning process. Hence, the learning
environment design considers the AR technology, the tasks, and real-world phenomena.

(i) AR technology: the AR design includes representations of graphs (points, seg-
ments) and tables of values with numerical measurements. AR models the real-
world phenomenon and represents it as mathematical representations juxtaposing
the dynamic objects of the phenomenon (e.g., see Figures: 2b, 3b, 4), which sug-
gests opportunities for engagement in covariational reasoning.

(i1) Tasks: the task design considers a set of two-phase inquiry tasks; conjecturing and
experimenting. The tasks are motivated by the AR technology design and guided by
two experiments inspired by the real-world phenomena: (1) a Hooke’s law activity
(Figure 2a) examines the relationship between mass and the elongation of a spring,
(2) a Galileo experiment (Figure 3a) examines the time-distance relationship as a
cube slides down an inclined plane.

(ii1) Real-world phenomena: This considers continuous (Galileo) and discrete (Hooke’s-
law) phenomena in which the covariation concept is inherent.

The environment also includes physical tools and objects essential for experiment-
ing (e.g., weights, springs, inclined plane).
Example of Hooke’s law activity (first cycle):

Small cubes

Hypothesis: What do you think will happen if you add 1, 2, 3, ... small cubes? Dis-
cuss your conjecture/hypothesis and write it down.

Experiment. Conduct an experiment with your AR-device to check your conjecture.
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Changing the cubes

You see different cubes now.

What do you think will happen if you change the cubes?

(What changes? What remains the same? No combination of different cubes.)

Big cubes

Hypothesis: What do you think will happen if you add 1, 2, 3, ... big cubes? Discuss
your conjecture/hypothesis and write it down.

Experiment. Conduct an experiment with your AR-device to check your conjecture.

Fig. 2. (a) Hooke’s law activity. (b) phe- Fig. 3. (a) Galileo experiment.
nomenon as seen from AR headset (b) phenomenon as seen from AR headset

Design principles of the first cycle. We addressed general theoretical design
principles for the first cycle as a first step. Then, we developed more specific design
principles for the next cycle drawing on that process. In this paper we focused on the
technological design.

Technology design principle: the technology design includes several representa-
tions. It comprises two graphical representations (points, segments), and numerical
representations (measurements) juxtaposing the physical phenomena, and represented
in a table of values (see Figure 4).

H

SES8EE
BNEepSE

£
-
X
.
-

Fig. 4. Numerical representations and graphs (points, segments) juxtaposing the physical
phenomenon as seen through AR headset in Hooke’s-law activity
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4.3  Teaching experiments

This phase considers an intervention process by experimenting with the developed
theory in a learning environment. This phase suggests opportunities to examine to what
extent the previous design promotes students’ engagement in covariational reasoning.

Participants and process: Six groups of three 15- to 17-year-old students partici-
pated in the research. They had studied linear functions in the 8th grade and quadratic
functions in the 9th grade. The meetings were held at the Ben-Gurion University of the
Negev. Each session lasted about 180 minutes.

Each group conducted a set of experiments addressing two main tasks on dynamic
situations that consider the covariation concept (Galileo, Hooke’s law). They followed
inquiry task-sheets in which they first raised conjectures on relationships between two
variables of a real-world phenomenon (e.g., time-distance in Galileo experiment), then
they checked their conjectures by experimenting, using the AR headsets. The math-
ematical representations juxtaposing the dynamic phenomena and provided by AR
create opportunities for engagement in covariational reasoning. The students received
explanations about the tasks and the use of AR technology.

Data collection: Data was collected through video recordings documenting all
actions and interactions in the learning environment. All of the students’ written notes
(drawings, insights, etc.) were collected. The researcher’s role was limited to monitor-
ing and controlling the activity process, and illustrating unclear points. The AR virtual
data of each student were reflected on a large screen. This allowed the researchers to
follow what each student observed and better understand their explanations and argu-
ments concerning what they observe.

The teaching experiments were integrated within two of the three cycles that guided
this paper. With several experiments supported by multi-phase inquiry tasks for six
groups of students, both cycles provided solid data for reaching insights on design prin-
ciples that promote students’ engagement in covariational reasoning.

4.4  Retrospective analyses

This phase considers the data analysis process and refinement of the hypothesized
learning-environment design. The results of such a retrospective analysis mostly feed a
new design phase (Bakker & van Erde, 2015), that eventually helps us shape technolog-
ical design principles that promote engagement in covariational reasoning.

First, we describe general analysis steps, then we exemplify the analysis process
using the theoretical frameworks.

The following steps illustrate the data analysis process:

1. Transcripts of the video recording of the observations were prepared.

2. Thompson and Carlson’s [1] framework and the inductive-deductive approach [20]
were used to identify covariational reasoning statements and determine categories
and their levels.

3. Data on students’ covariational reasoning statements were collected. Afterwards, we
used Table 1, below, to sort the statements according to the components: statement
level, the activity type, and the task number during which the statements were made.
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This allowed us to follow the frequency, level and origin of each covariational rea-
soning statement.

Table 1. Statement’ categorization table

Covariation Levels
Tasks
L1 L2 L3 L4 L5 L6
Hooke’s law Tl
experiment o)
T3
Galileo experiment Tl
T2
T3

4. We followed the distribution and level of covariational reasoning statements. Then
we analyzed the situations or possible factors that may have promoted\hindered stu-
dents’ engagement in covariational reasoning, such as the technology, the task, the
experiment, the type of phenomenon (continuous, discrete). Then, we examined how
these factors related to the semiotic representation system. Similarly, we monitored
the design principles and examined whether they supported or hindered engagement
in covariational reasoning. For Instance, in the technology design, we followed the
virtual representations, such as graphs of points and segments, and a table of values,
and examined how they contributed to the students’ engagement in covariational
reasoning. For example, whether the students turn to this form of representation
when they engaged in covariational reasoning, or whether students’ covariational
reasoning evolve through transformations between representations?

5. We examined factors and representations that promoted (or hindered) students’
engagement in covariational reasoning, and considered them to determine design
principles for the next cycle. For example, factors and representations that promoted
engagement in covariational reasoning were considered as design principles. In con-
trast, factors, or representations, that hindered engagement in covariational reason-
ing were examined, then modified or eliminated.

6. We determined the design principles for the next cycle.

7. To provide more insight into the students’ engagement in covariational reasoning
and their interactions with semiotic registers, we also used statistical description for
comparing findings in both cycles.

The following example illustrates how we used the Thompson and Carlson frame-
work [1] to categorize a statement on covariation levels. In addition, we illustrate how
we used Duval’s framework considering registers and transformation between them.

The excerpt refers to a Hooke’s law activity, in which the students used the AR head-
set to explore the mass-length relationship.
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Excerpt 1:

549 Sagi You see in the graph more as if ... such tangible ... you see more how the slope
increases. you see that from one point to another as time increases from point
to point, the distance increases... and we also observe that in the table

550 Noam I also think so.... in the table we really see in points...the time and distance...
and in the graph, we really see the change in distance at any point of time... as
if you really see the whole relationship ... and the whole gradation.

551 Sagi Yes, what we said is that from point to point the slope just gets steeper...
because the acceleration increases.

Table 2 illustrates how we used the theoretical frameworks of both Thompson [1]
and Duval [8] to analyze covariational reasoning statements and transitions between
semiotic registers for the previous excerpt.

Table 2. Analysis model applying Thompson and Duval’s frameworks

Covariation Representations
Line\ . L. N .
. Level\Description Transition Description Transformation
Variables
[549] L3: describing general Interacting with the graph, Conversion:
time-distance | relations and loose connections | then with the measurements in | graphic-symbolic
as overall changes between the table of values
time and distance.
[550] L6: describing continuous Interacting with the graph, Conversion:
time-distance | distance changes in each point | then with the measurements in | Symbolic-graphic
of time domain the table of values
[551] L3: describing general Interacting with the graph’s Conversion:
slope- relations and loose connections | slope, then with the real-world | Graphic-real-world
acceleration between the graph’s slope and
acceleration.

5 Findings

This section addresses both research questions on the students’ engagement in
covariational reasoning and their interactions with semiotic registers. First, we present
insights and findings that arose following reflecting on the first cycle. Subsequently
we address the redesigning of the learning environment and the findings of the second
cycle.

51 Cyclel

Reflection on the cycle. In the first cycle, we identified opportunities and difficulties
to be taken into consideration during the second design cycle.

Opportunities
Following cycle 1, the students were engaged in elementary levels of covaria-

tional reasoning. From the technological aspect, the students turned to the available
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representations (graphs, table of values, numbers) during their engagement in covari-
ational reasoning. They addressed the numerical data in the table of values and the
graphs to explore the relationship with the observed phenomenon. Moreover, the juxta-
position of the real-time data and virtual representations with the real dynamic objects
allowed the students to engage in covariational reasoning by covarying physical and
virtual objects. Both activities, Hooke’s law and Galileo, inspired students’ engagement
in covariational reasoning.

Following these insights, we preserved the following aspects within the design prin-
ciples that mainly consider the aspect of different representations:

(1) Preserve both activities (Hooke’s law & Galileo), (2) Preserve the virtual represen-
tations: graphs (points, segments), table of values, numerical measurements.

Difficulties

Despite the general contribution of the AR environment in engaging students in
covariational reasoning, they engaged only at elementary levels of covariational rea-
soning. The students encountered difficulties that in fact relate to the same technolog-
ical domain.

The technological problems included, first of all, object identification problems.
These arose from the system whereby the AR technology looks for codes marked on an
object to determine its position, extension, distance from a reference point: the ability
of the AR device to identify the code is sensitive to environmental factors such as the
distance or angle between the device and the object, lighting, and so on. Another prob-
lem is data mirroring, where the data provided by AR and observed by the students
through their AR headset was not available to the researchers. Hence, understanding
the entire scene was limited. Data display, a third problem, concerns improper data dis-
play (small size, data location, graph disturbance). The students were not familiar with
using AR. Hence, more practice with AR is required. Bug problems and continuous
graph design challenges have not yet been solved. This type of graph representation is
essential and compatible for modeling continuous phenomena.

The following Table 3 summarizes the main technological design difficulties that
arose in cycle 1.

Table 3. Technological design difficulties in cycle 1

Technological Design Problems
Problem Identification | Data Data display | Use of AR | Continuous Bugs
mirroring graph
Frequency Frequent Not available | Non-frequent | Frequent Not available | Frequent

The difficulties that arose in cycle one mostly relate to representational aspects that
entail either new designs (continuous graph, reflection phase) or modifications that are
essential to enhance the representation system to provide a better experience of the
learning process.

Students’ covariational reasoning: findings from cycle 1. Results show that the
first design cycle engaged the students at elementary levels of covariational reasoning.
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Table 4 presents the frequency of covariation statements, categorized into levels, as
they emerged in the course of the two activities.

Table 4. Frequency of covariational reasoning levels in Hooke’s law
and Galileo experiments in cyclel

Low Levels Medium Levels Advanced Levels
Covariation L1 L2 L3 L4 L5 L6
Level

Hooke’s law 3 4 20 3 1 0
activity
Galileo 0 8 13 0 0 0
experiment
Total 3 12 33 3 1 0

According to Table 4, about 98% of covariational reasoning levels range between
low levels (28.9%) and medium levels (69.2%). Advanced-level covariation was rare
(1.9%). Students engaged more in covariational reasoning with the Hooke’s law activ-
ity (59.6%) compared to the Galileo experiment (40.4%).

The results in Table 4 show that the students’ engagement at medium levels of
covariation was prominent in level 3. In contrast, engagement at level 4 was limited in
the Hooke’s law activity and nonexistent in the Galileo experiment. In the Hooke’s law
activity, students coordinated mass with the spring’s length and created a few pairs of
mass-length values. However, in the Galileo experiment, students were not engaged in
coordinating the values of variables.

52 Cycle2

Redesign of the AR learning environment. Following the reflection on the first
cycle, we first addressed the technological problems. The technology with the repre-
sentations was significantly improved. That was a crucial step, in line with the role
of representations in shaping thinking. Therefore, to promote engagement in covaria-
tional reasoning, including at advanced levels, we emphasized the multiple representa-
tions and the compatibility between the explored phenomenon and its representations,
which supports conceptual understanding [21]. For example, discrete phenomena, such
as Hooke’s law, should be explored with different representations, particularly with
a compatible graph representation, such as points. This provides better opportunities
for students to explore the phenomena with appropriate representations and compare
between representations. Hence, in the Galileo experiment, we designed a continuous
graph that may be utilized for continuous phenomena. The simultaneous change in con-
tinuous phenomenon variables and the smooth continuous graph formation may foster
the emergence of advanced covariational reasoning levels. The learner may envision
the changes in both variables as occurring smoothly and continuously according to
Thompson and Carlson [1]. The continuous graph and other representations may draw
students’ attention to the synchronous changes in representations, compare between
them, and eventually be better engaged in covariational reasoning.
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The appropriate tasks were also considered to motivate the learner to explore and
connect the different representations. For example, they direct students to explore the
same phenomenon with different graph representations and draw students’ attention to
exploring and predicting the graph’s changes and continuation.

Engagement in covariational reasoning: findings from cycle 2. Results show that
the second design cycle engaged the students at different covariation levels, including
advanced levels. Most levels of covariational reasoning focus on the gross coordination
of values level, where students perceive a loose link between the overall changes in the
values of two quantities.

Compared with the first cycle, findings in the second cycle show a more noticeable
engagement of students at the coordination of values level. Indeed, they indicate a
significant growth in the students’ engagement at the chunky and smooth continuous
covariation levels, as advanced levels of covariation.

Table 5 below shows the frequency of covariation statements, categorized into lev-
els, as they emerged during the learning process in the Hooke’s law activity and the
Galileo experiment.

Table 5. Frequency of covariational reasoning levels in Hooke’s-law
and Galileo experiments in cycle 2

Low Levels Medium Levels Advanced Levels
Covariation L1 L2 L3 L4 Ls L6
Level

Hooke’s law 2 16 80 31 7 7
activity
Galileo 1 36 35 2 12 11
experiment
Total 3 52 115 33 19 18

According to Table 5, about 84.6% of the covariational reasoning levels range
between low levels (22.95%) and medium levels (61.65%), while (15.4%) were
advanced levels. In addition, students engaged more in covariational reasoning during
the Hooke’s law activity (59.6%) than the during the Galileo experiment (40.4%).

Results show that the students’ engagement at level 1, as a low level of covaria-
tion, was rare, while engagement at level 2 was noticeable. In addition, engagement
at medium levels of covariation was prominent in level 3. In contrast, engagement
at level 4 was limited in the Galileo experiment but significant in the Hooke’s law
activity, where students coordinated mass with the spring’s length and created pairs of
mass-length values. However, in the Galileo experiment, the students’ engagement in
coordinating variables’ values was rare.

Identification of conversion transformations. The analysis of the students’
engagement in covariational reasoning indicated the emergence of several transfor-
mations of conversions, made in registers of different semiotic representations. Such
transformations have been identified at different levels of covariational reasoning. The
following excerpts illustrate how conversions related to the evolution of advanced lev-
els of covariational reasoning.
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The following excerpt refers to the Galileo experiment as students discuss their
insights on the relationship between the plane’s inclination and the time-distance graph.
It illustrates how they shift between covariational reasoning levels and the mathemati-
cal representations.

Excerpt 2
1635 Noam When we changed the inclination, there was an acceleration
1636 Sagi Acceleration is there all time; the question is, is it constant or varied?
1637 Noam It is constant everywhere. It is a constant acceleration motion since we add

20cm for each second. I think it (acceleration) was still stable. Simply, when
the inclination was down, instead of rising 20cm per half a second, it rose
10cm in each second, so that if here (drawing=graph) it was 30cm, 40cm.
then at 4(seconds) it will reach here, and at five it will reach here, then they
(points) will connect like this... (stressing line). It is still not a straight line.

In [1635], Noam covaries the inclination of plane and acceleration. She envisions
both variables’ values varying asynchronously—one variable changes, then the sec-
ond variable changes. Hence, she demonstrates a pre-coordination of values level of
covariational reasoning. In [1635-1636], Noam and Sagi interact and move between
real-world representations, since the plane’s inclination and acceleration are variables
embedded in the Galileo experiment. We assume that as a treatment transformation.

In [1637], Noam converts to numerical representation to justify the constant acceler-
ation “we add 20 cm for each second.” She addresses proportional (or linear) relations
between time and distance. For linear relationships between two variables, differences
in the values of one variable are always in the same proportion as the difference in the
values of the other. Noam’s proportional relation indicates coincide changes among
separate time-distance domain values, namely engagement in the chunky continuous
covariational reasoning. Then, Noam continues her argument that acceleration is still
constant even when the inclination is low, she sticks to numerical representation as she
suggests another proportion “it rose 10cm in each second.” Subsequently, Noam applies
such proportional relations and turns to graphic representation, where she creates sev-
eral time-distance points and connects them with a continuous line (see Figure 5). This
indicates that Noam seems to be able to covary between any point of time, showing
engagement at the sixth level of covariational reasoning. Ultimately, Noam relies on
the graph, obtained by proportions, to justify that it is non-linear.

We notice that the treatment transformation within the real-world register has
emerged as Noam was engaged at the second level of covariational reasoning, when
she discussed her insights with Sagi [1635-1636]. In addition, engagement at advanced
covariation levels was accompanied by conversion transformation among real-world
[1635], numeric and graphic registers [1637].
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Fig. 5. Time-distance graph with: (a) high inclination (b) low inclination, using proportion

Excerpt 3

The following excerpt refers to the Hooke’s the law activity, as students used the AR
headset. It illustrates how students shift between semiotic registers as they are engaged
in different levels of covariation, including advanced level.

320 Dennis The spring has elongated

321 Shaked Isee 5.4...mm...it is writing 5.4

322 Dennis Each time we add mass it elongates ...How much you have at 100 (mass)?
323 Nir I have 5.5...you Dennis 5.6 and you Shaked 5.4?

324 Shaked At 100gr I got 5.4cm... Nir, has the red point on the graph changed? I mean,

did it remain on the same line?

325 Nir Yes, it remains on the same line, but it gets longer.... for each 100 the length
of the spring increases by 0.3

In [320-321], Dennis and Shaked describe variations on the spring (level 1). As
Dennis interacts with the spring “the spring has elongated”, it seems that he interacts
with the real-world phenomenon, while Shaked interacts with the numeric representa-
tion in the table of values “I see 5.4.” Then Dennis, in [322] describes a general relation
between mass and the spring’s length (level 3) “each time we add mass it elongates.”
Nir, in [323] also interacts with the table of values and tells his mates the spring’s length
at 100 gr mass “I have 5.5.” He also refers to the points that his classmates got earlier.
Here, the students are engaged at the level of coordination of values, as they create
pairs of mass length points. In [324] Shaked turns to the graph representation and asks
Nir about the (mass, length) point that emerged on the same line (graph) “did it remain
on the same line?” Nir who interacts with the graph and table of values in [325] refers
to proportion relation as he is engaged at the fifth level of covariation and suggests a
law of correspondence between mass and length “for each 100 the length of the spring
increases by 0.3.”

The excerpt shows that as the students were engaged at low and medium levels
(L1, L3, L4) they mainly interacted with the real world and numeric registers. Lines
[321-323] suggest treatment transformation as students mainly move between numeric
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registers. However, lines [324-325] suggest a shift to graphic register, which indicates
a conversion transformation between a numeric and graphic registers.

Following the students’ engagement in covariational reasoning and their interaction
with semiotic registers, it seems that engagement in advanced covariational reason-
ing implies several conversion transformations, where graphic, symbolic (algebraic,
numeric), linguistic and real-phenomenon registers are noticeable, see Excerpts 1, 2
and 3.

6 Discussion

The aim of this study was to identify the design principles of the AR environment
towards fostering students’ covariational reasoning and simultaneously, gaining some
insight into how students engage with semiotic registers in connection with covari-
ational reasoning. The initial design of the learning environment was motivated by
connecting real-world phenomena that lend themselves to covariational reasoning with
their mathematical representation. The hope was, moreover, that the design process
together with the theory of semiotic representation which concerns the ways in which
students learn and understand mathematical concepts in general would suggest how a
well-designed AR learning environment might enrich students’ levels of covariational
reasoning in line with the scheme proposed by Thompson and Carlson [1]. The research
focused on two design cycles.

Findings showed that the first design cycle engaged students at elementary levels of
covariational reasoning, while the second design cycle showed an overall significant
development of students’ engagement at all covariational reasoning levels, including
advanced levels, that were almost nonexistent in cycle 1. In this discussion we will
address the role of AR features and the multiple representations in said improvement in
light of the design cycles described in the paper.

6.1 AR features and representations

Analyses gave some indication that AR technology seemed to afforded the students’
engagement at different levels of covariational reasoning, basically at the medium and
advanced levels. On one hand, all low-level covariations emerged in the conjecturing
phase in the task, before using AR in their learning. On the other hand, medium and
advanced-level covariations were significantly identified during, or after, using the AR
headsets. This shows the potential, at least, of AR technology to promote medium and
advanced levels of covariation.

Monitoring the students’ engagement in covariational reasoning showed that they
interacted with the virtual and physical presentations demonstrated through AR. They
referred to the table of values and graphs describing relations between variables, and
they were able to connect the real-world phenomena they could see and the mathemat-
ical representations of the phenomena. AR affordances described here and reported
elsewhere appear to support such actions: there are studies, for example, that point to
the role of virtual objects in attracting learners’ attention and motivating their interac-
tions [22-23]. Bujak et al. [24] have also indicated that aligning information in time

1JET — Vol. 18, No. 11, 2023 67



and space can help learners connect otherwise disconnected pieces of information; this
too may account for the way students were observed to connect the dynamic phenome-
non seen through the headset and the aligned mathematical representations, ultimately
engaging them in covariational reasoning.

6.2  Design affordances

In addition to AR features, the design of representations also contributed to stu-
dents’ engagement in covariational reasoning. The findings show that engagement
at different levels was noticeable in both activities, the Hooke’s law and the Galileo
experiment. That may be attributed, basically, to the design of different and appropriate
representations.

Multiple representations: The multiple representations (table, numbers, graphs) con-
tributed to the students’ engagement in all covariational reasoning levels. The students
frequently turned to the table of values as they engaged at low and medium levels.
The two-column table seemed to be helpful for following and describing variable’s
variations, inferring general relations, or creating pairs of variable’s values, which may
be characterized as medium or low reasoning of covariation. At advanced levels, the
students mainly focused on the graphs. For example, with the chunky graphs, the stu-
dents described the variations between the boundaries of the chunks and the appropriate
domains inspired by the table of values, which eventually engaged them in chunky
continuous covariation. Similarly, with the continuous graph, students described the
simultaneous variables’ variations in each point over the whole variables’ domain (see
Excerpt 1,[550]).

The contribution of representations in engaging students in covariational reasoning,
is supported by their essential role for meaning making and deep reasoning as reported
in literature (e.g., [8-25]), which underpins their role within the design principles.

Compatibility_between phenomenon_and representation: Following the students’
engagement in covariational reasoning, it seems that the compatibility between partic-
ular characteristics of the real-world phenomenon and its mathematical representation
may also affect covariational reasoning levels. We found that engagement in the coor-
dination of values level was noticeable with discrete phenomena (Hooke’s law) when
represented with the graph of points. However, with a continuous phenomenon, such as
the Galileo experiment, the students were not engaged at the same level, although the
phenomenon was modeled with different types of graphs. It seems that the short time
experiment and the rapid appearance of the dynamic graph attracted their attention
rather than the fixed table for creating pairs of values, and eventually engaging at the
coordination of values level. We also found that continuous phenomena represented
with a continuous graph contributed to the students’ engagement at advanced levels
of covariational reasoning. About 35% of advanced-level covariation statements (39)
referred to continuous phenomena that were represented with a continuous graph, while
65% belonged to other representations and phenomena. This result supports the design
of a continuous graph that is integrated with continuous phenomena to promote covari-
ational reasoning. This finding is in tune with Cai [26], who argues that using appro-
priate pedagogical representations is important for explaining concepts, relationships
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and connections. Lee and Lee [21] also emphasize the critical role of appropriate repre-
sentations for successful mathematical learning. They argue that representations should
also be connected and consistent for supporting conceptual understanding.

6.3  Interaction with semiotic registers

This section refers to the second research question: How do students interact with
semiotic registers to achieve advanced levels of covariational reasoning?

Analysis of the semiotic registers that emerged during the students’ engagement at
advanced levels of covariational reasoning indicates that students referred to different
registers inspired by the designed representations, such as graphs, table of numerical
values. Conversion transformations were identified among graphic, symbolic (alge-
braic, numeric), linguistic and real-phenomenon registers. Such conversions emerged
as the students were engaged in advanced covariational reasoning.

Focusing on the students’ interactions with the semiotic registers indicated two inter-
action situations: (1) during experimenting while using AR and (2) after experimenting
without using AR.

Interaction while using AR: The interaction was characterized as visual. Engagement
at advanced levels of covariational reasoning was mainly identified through conversion
transformations, as students shifted between either numeric and graphic registers, or
real-world and graphic registers.

Most of the advanced-level statements referred to the following situations: (a) apply-
ing rate of change (or ratio-proportion) relations, where the students transform between
real world phenomenon and graphic, or numeric registers (e.g., Excerpt 2 [1637],
(b) describing changes on a graph within chunks of numeric domains, where students
transform between graphic and numeric registers, (c) describing a continuous change
of graph on each point, or along the entire domain, where the students shift between
numeric and graphic registers, providing further instances of conversion transforma-
tions, (e.g., Excerpt 1[550]).

Interaction after using AR: Here, the interaction was characterized as interpersonal
and thus demonstrated a social aspect of AR and semiotic registers in the development
of covariational reasoning. The emerging registers in this situation were inspired by
the representations addressed fogether during experimenting and while using the AR
headset. The students created drawings, shared and discussed data that were observed
through the AR. They worked with graphic, symbolic, and real-world registers that
mainly emerged during their attempts to illustrate or justify their reasoning and argu-
ments on the explored phenomenon. It seems that AR was utilized as an instrument
to transfer signs, including after the students removed the AR headset. The students
continued to share their insights regarding what they visualized. This suggests that
AR affordances, which allow juxtaposing mathematical representations with real-world
phenomena, enable transferring signs, such as a mass-length graph, or a table of values,
to become instruments for the students [27]. Such a transfer of signs opens oppor-
tunities to shift among representations. Therefore AR, which allows interaction with
representations, such as virtual objects [28-29], seems to possess the potential to shift
between representations, which is crucial for mathematical reasoning and covariational
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reasoning in our context. This is in line with literature on digital technologies that allow
moving between different representations, thus supporting students’ linking and under-
standing of the relations between representations (e.g., [30-31]).

We can summarize the set of the design principles derived from these two cycles of
our AR learning environment for covariational reasoning as follows:

T1: Multiple representations promote engagement in covariational reasoning.

T2: Compatibility between the explored phenomenon and the representation is
essential to engage students in covariational reasoning.

T3: The technology design should consider the following aspects: appropriate rep-
resentations, data display, and mirroring.

T4: Juxtaposing virtual objects with real-world dynamic phenomena promotes
understanding of the phenomenon.

T5: Real-time data provided on dynamic situations supports engagement in covari-
ational reasoning.

T6: Effective use of AR technology entails pre-practice.

6.4  Future design considerations for the third cycle

Following the second cycle, no new significant technological problems were iden-
tified during the learning process. The AR technology functioned properly and the
technological design considerations, as previously detailed, supported the students’
engagement in covariational reasoning. However, for the third cycle, we will consider
examining some minor technological aspects that allow for further elaborations of the
presentation of the actual phenomena, for example, technological additions allowing
motion representations at varying speeds may give added value to the design. In addi-
tion, we will stress a significant non-technological design aspect concerning the role of
the teacher in the learning process.

During the second cycle, we noticed that after experimenting, students sometimes
exchanged their AR headsets to share and explain their insights to each other. The
students’ discussion basically referred to the graphical and numerical representations,
which turned to static mode, after experimenting. To create better opportunities for
sharing the phenomenon and mathematical representations in a dynamic mode of such
situations, we suggest including a slow-motion option of the graphical and numerical
representations and perhaps a fast-motion. For it is often the case that a pattern can be
seen more clearly if it is slowed down, or sometimes speeded up, depending on the
pace of the actual phenomenon. Giving students the opportunity to replay and observe
again the real dynamic phenomenon and representations at different rates may sharpen
their reflections and support their discussion. After all, Galileo, for example, originally
employed the inclined plane in “the Galileo experiment” precisely to slow down the
motion of a falling body!

Although the role of the teacher was limited along the first and second cycles, we
noticed that some of students’ covariation statements, including the advanced levels,
emerged following the researcher’s questions which aimed to clarify students’ thoughts.
For the third cycle, we need to examine the use of such technology in a classroom set-
ting, where the teacher may play a significant role in the learning process with a large
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group of students. Adapting the AR learning environment to an ordinary classroom
may itself require some technological innovations; for example, we need to consider
how the social interactions, mentioned above, can be extended by means of simulta-
neous projectors to an entire class discussion instead of a very small group of students
working with one or two headsets. More importantly, though, teachers will have to
learn to coordinate such AR sessions in order best to support the students’ covariational
reasoning.

As mentioned above, the way an AR learning environment leads students to connect
mathematical representations with observed phenomena, and thus ultimately engage
them in different levels of covariational reasoning, is dependent not just on the technol-
ogy but on the compatibility of the phenomena and the various representations afforded
by AR. Only two kinds of phenomena were studied here, one linear in character and
one quadratic. This suggests the need to explore other instances of dynamic phenomena
that may connect more naturally and compellingly to other instances of covariation
and their mathematical representations. This involves the mutual development of task
designs and further affordances of AR to serve their realization.
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