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Abstract—With the aid of symbolic computation system
Maple, several new kinds of generalized exact solutions for
the variable coefficient combined KdV equation and
Chaffee-Infante equation with forced term are obtained by
using a new generalize Riccati equation rational expansion
method. This approach can also be applied to other variable
coefficient nonlinear evolution equations.
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l. INTRODUCTION

In the nonlinear science, many important phenomenain
various fields can be described by the nonlinear evolution
equations (NLEESs). Searching for exact solutions of
NLEEs plays an important and significant role in the study
on the dynamics of those phenomena[1-14]. Recently,
much attention has been paid to the variable-coefficient
nonlinear equations which can describe many nonlinear
phenomena more redisticaly than their constant-
coefficient ones. Many powerful methods are been
presented to obtain the exact solutions of nonlinear
evolution eguation, such as Variational method, truncation
expansion method, the homogeneous balance method,
Béacklund transformation method, F - expansion method,
the method of separation of variables, Jacobi elliptic
function method, deformation mapping method and so
on[8-14].

In this paper, by use of the generalized Riccati equation,
we propose a new agebraic method to construct some
new exact solutions of the KdV equation and Chaffee-
Infante equation with variable coefficients. Including
many kinds of solitary-wave-like solutions and like-
periodica solutions, many solutions are new.

The rest of paper is arranged as follows. In section 2,
we briefly describe our method--the new Riccati equation
rational expansion method. In section 3, we apply the new
method to the KdV equation and Chaffee-Infante equation
with variable coefficients. Finaly, in section 4, some
conclusions are given.

I[l.  SUMMARY OF THE GENERALIZED RICCATI
EQUATION RATIONAL EXPANSION METHOD

In the following we would like to outline the main
content of our method.

For the given nonlinear evolution system with some
physical fields U, (X,t) intwo variables X,t,
Vi(ui1uit’uix’uitt’ui>o<’uixtA ):O @
by using the wave transformation U, (X,t) =U, (f),

& =X+ At, where A is a constant to be determined

later. Then the nonlinear partial differential (2) is reduced
to anonlinear ordinary differential equation (ODE):

Ai(Ui'Ui”Ui’:A)zo! )

where '= —.
dg
We introduce a new anséta in terms of finite rational
formal expansion in the following forms:

m !
Ui =a,, +z—a”l// (5) -
= (L up(E))
where
Qi = aio(t)1aij =q; (t)(i =12,A;j=12A ,m)
are functions of tto be determined later. & = £(x,t) are
arbitrary functions with X and t, 4 are constants to be

©)

determined later. The parameter M, can be found by

balancing the highest order derivative term and the
nonlinear termsin (1) or (2):

(i) If m, isapositiveinteger thengoon ;

(i) If m isafraction or a negative integer, we make the

transformation U(&) = v™ (&) then determinem again.
Where the new variable y = (&) satisfies the

generalized Riccati equation as following:

w’—(n+h2w2)=‘3—'g—(n+hzwz)=o, @
w . d

where = —, h,h,are arbitrary real numbers,

dg’
behind the same.

Subgtitute (3) int_o (4) dong with (2), then set all
coefficients of y'(E)i=L2,A) of the resulting
system’s numerator to be zero to get an over-determined
system of nonlinear algebraic equations with respect to

k(t).I(t).a0(t).a;t) (=12 A;j=12A m)
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and . Solving the over-determined system of nonlinear
algebraic equations by use of Maple, we would end up
with the explicit expressions for K(t),1(t), a,, (t), a; (t)
(i=L2A;j=12, A m)and 4.

With the aid of Maple, we obtain the general solutions
of (4) which are now listed as following:

1 when hh, >0

w(£)= \/E_hz tn(yhh,¢+c)  ®
cot(m +e, ) (6)

hh,

w(&)=

2) when hh, <0

L tanh({=h,E+¢, ) ()

w(&)= hz
\/_hlhz

w(é)= . coth(wl— h1h2§+c4) (8)

2

3) when h;=0and h, #0
1

= — , 9
w(&) hEre ©)

where & =K(t)x+1(t). and c,c,CC;,C are
arbitrary constants.

Remark 1 As is well known, there exist the following
relationship:

cos(2&) = 2cos? (E)-1=1-2sin?(&),
sin(25) = 2in(¢)cosé)
cosh(2&) = 2cosh?(£)—1=2sin*(&)+1,
sinh(2£) = 2sinh(&) cosh(&).
So (5) and (6) can belisted as:

w(f):@(m(@fw)ﬁcot(%&cs))

(10)

w(&)= Jhihe (sec(,/4hlh2 E+cg )J_r tan(,/4h1h2 E+c, ))

h2
11
where (7) and (8) can also belisted as:

w(&)= —“_hhlhz (coth(,/— 4hh,&+c, )i csc(,/— 4hh,&+c, ))

(12)

82

J—-hh ,
w(é)= - 12 (tanh(,/— ahh, &+ cS)J_r i sech(,/— 4hh, &+ cs))
2
(13)
Remark 2 By use of the Euler formula, (5) and (6) can
also belisted as exp functions:

_Jhibh, (1— ice? )

w(&) . (14)
h, (1+ ceZéhh: )
while (7) and (8) belisted as:
J-hh, (14ce?
p(E)=1—-2 ( ) (15)

h, (1— ce?si )

IIl.  NEwW EXACT SOLUTIONS OF RATIONAL EXPANSION
FOR THE VARIABLE COEFFICIENT NON-LINEAR EQUA- TION
WITH FORCED TERM

A. Some new exact solutions of the Chaffee-Infante
equation with variable coefficients

Considering the Chaffee-Infante equation with variable
coefficients:

u, —u, =a(tul-u?) 16)

a(t) isarbitrary function of t to be determined |ater.

By balancing the highest order partia derivative term
and the nonlinear term in (16), we get the vaue of M,

m=1. According to the proposed method, we expand
the solution of (16) in theform

th($)
u(E)= o)+ L an
1+ uy(§)
With the aid of Maple, substituting (17) along with (4)
into (16), Then we get the following results:

k(t)=C, a (t)= O’I(t) =—2uC, ht +C,
at)=C,d ™ i =—%. (18)

where C,,C,,C, are arbitrary constants, cx(t) satisfy
constraint relation as follow:
2
—2h’C,’ +2h’C> + (x(t)sz(ej ”“") =0 (19

From (17) , (18) , (19) and (5)-(15), we obtain the
following solitonlike solutions for (16):

LG el ™ tanh( Ry, (kx+ 1)+ c,)
~ hyuhtanhly=hh, (kx+1)+c,)
L Co= e cothly =y, hoct )+,

h, wh, cothly/= hh, (kx+1)+c,)
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Co/- ejm(coth(J hz(kx+l)+c3)+csc(1/ 4hlhz(kx+|)+c4))
Y%= hzuhl(coth(\/—mlhz K+ 1)+ ¢, )+ escly=ahh, (lc+1) +¢c, )

CoJ— i, e “Ctanh({ = atyh, (ko +1)+ ¢, )+ sech{y= Ay, (ke+ 1)+ ¢, )

R, tanh(y/— ahh, (ke+ 1)+ ¢, )i sechly= ahh, (loc+1)+ ¢, )
we obtain the following index function form solutions for
(16):

. C Wejwt(l+c7 2(kx+1) —h1h2)

S ( c7e 2(koc+1)—hyh, )uhl(1+c7€ (loc+1) hlhz)
where k(t)=C, , I (t) = —21C,’ht + C,,¢,,C,,G5,C,,
Cs,Cs.C;,C,,C,,C, ae arbitrary constants, and o(t)
satisfy constraint relation Eq.(19).

B. Some new exact solutions of the KdV equation with
variable coefficients
Considering the combined KdV eguation with variable
coefficients:

u, +e(t)uu, +mt)u’u +AB(t)u

w = R(D)
(20)
a(t), mt), B(t), R(t) are arbitrary functions of t to be
determined later.
When R(t)=0,a(t), m(t), A(t) are constants, it
turns to combined KdV equation, This equation is
complex of the KdV and mKdV equations.

By balancing the highest order partial derivative term and
the nonlinear term in (20), we get the value of m,

m=1. According to the proposed method, we expand
the solution of (20) in the form

u(é:): ao(t)+M

1+ uy(§) )
where
Qi = aio(t)’aij =qy (t)(i =12,A;j=12,A ,m),
E=E(x,t)=k(t)x+I(t) , u is constant, w(¢)
satisfiesEq. (4) .

With the aid of Maple, substituting (21) along with (4)
into (20), Then we get the following results:

Kt)=C, . a,(t)=0 , u? =11

Bt)=B(t). alt) = alt),
|(t):J'_2C03ﬂa1h2n2_6co3ﬁaﬂﬂzhl3+Rdt+C1
(-1
4Ru(u*h, —h
a,(t)= h dt+C,,

(22)

m(t)=

1 - 4Ru’h’ - 8h,Ru’h, +3C,0m,”u*hy’ + 2C,0m)” i *h, — hy’oaih Cy — 4h,"Ru

2 ﬂcoalahls(S/lzhl - hz)
where C,,C,,C, are arbitrary constants, al(t), R(t),

Yo (t) satisfy constraint relation as follow:

Bt Ay~ 2Ru~12uah’C, (47 + )= 0

(23)
From (21), (22), (23)and (5)-(15), we obtan the
following solutions for (20):
1) From(21)-(23), when h,h, >0,
(@ From(5), (6) and (10), (11), we obtain the following

triangle kind of periodic solutions of the variable
coefficient Kdv equations

(j4R“(“ h—h )dt+C )\/itan(\/ﬁ(kxﬂhc)

u, =

1J_r£tan(\/W(kX+|)+Cl)
(I 4R§l(ﬂnh hzhz d+C )F‘Zcot(F (o))
u,

1+—cot(\/7(kx+l)+c )

mq‘m;jff;“ih}) sy o 1)+ ) col Ay G 1)+,

@' hy [oscl AR, (oc+1) + ;) cotly Ay o+ 1) + )

\/T(IAR:(’UHH hzhz +C,)[sed /AN, (kc+1)+ ¢, )+ tan /R, (1) +, )|

33 b ol A o+ 1), -t R ) .,

(b) From Eq.(14), we obtain the following index function
form solutions of the variable coefficient Kdv equations.

\/_(J' 4R§l(/tmh1 h hZ)dt +C )(1 ic ez'("”')m)

u,=

u5
h2(1+C5elkX+| ) \/_ (1 |05e kx+|F)
where,
3 2 3 21 3
I(t):J_ZCO fashh —6C, fauh +Ry o

ah

kit)=C, . ¢,c,,¢C,,C,, G, C,,C,,C, are arbitrary
constants, and @, (t),R(t), B(t) satisfy constraint
relation EQ.(23).

2) From Eq.(21)-(22), when h,h, <0,

(@ From (7),(8)and(12),(13), we obtain the following

solitonlike solutions of the variable coefficient Kdv
equations

(J'4R3/1(/‘nhl hzhz dt+C)\/7tanh(\/7(kX+|)+Ce)

1u%tanh(1/ hlhz(kx+l)+c6)

(J4zﬂ(ﬂnh h:& dt+C)\/7t6nh(\/7(kX+|)+Ce)

1u—tanh(\/7(kx+l)+c6)
mqwmc oot =R 1)+, csobly=aR (ce 1) 6,
e 2 o o+ 1)+, ol (1) )
F(J‘wdl+Cz)[tanh(m(kx+l)+cg)+|sech(m(kx+l) c)
hzugh[tanh(m(kxﬂ)wg)ﬂsech(w e+ 1) cy)

U =

Uy =
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(b) From Eq.(15), we obtain the following index function
form solutions of the variable coefficient Kdv equations.

,/ (J4Rﬂ(’uhl h)dt+C)(1+clek“'W)

U 3u’h, —h,
(l+C_Le W+|W)H?h2(:l_cloez(|«+|)m)
where
k(t)=C,,
3 2 3 213
t)=.|'_2C° Pahhy ;ﬁlco Payuhy +Rdt+C1,

C.C,,C;, G, G, Gy, C, C, are arbitrary constants, and
a,(t), R(t), A(t) satisfy constraint relation Eq.(23).

Remark 3 Generdization: i) If we set the parameters
h,and h, in (4) to different values, the ansatz in the

tanh-function method [7], extended tanh-function method
[8], modified extended tanh-function method [9],
generalized hyperbolic-function method[10], the Riccati
equation rational expansion method [11] and the
generalized Riccati equation rational expansion [12] can
all be recovered. That is to say, the anséta proposed here,
is more generalized. ii) In comparison to the constant-
coefficient KdV equations in the document [3-10] , we

remove some limitations for example a (i =

A m) are congtants and £ is linear function etc in the

variable coefficient KdV equations ,That is to say, it is
more general in this paper.

Remark 4 Feasibility: In this paper, we reduce the
restricion of unknowns, nature will increase the
calculation complexity. We can detect complex tedious
calculation by computer symbol system, but sometimes it
is difficult, or even impossible. Therefore, for the
unknown function we have to try to some specia function
to get the solution of differential equation.

IV. CONCLUSIONS

In summary, based on the new Riccati equation rational
expansion method, many generalized exact solutions of
the variable coefficient combined KdV equation and
Chaffee-Infante equation with forced term have been
derived. More importantly, our method is powerful to
find new solutions to various kinds of nonlinear evolution
equations. We believe that this method should play an
important role for finding exact solutions in the
mathematical physics.
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