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ABSTRACT

This article analyzes an infinite buffer discrete-time single server queueing system with variant
working vacations in which customers arrive according to a geometric process. As soon as the system
becomes empty, the server takes working vacations. The server will take a maximum number K of
working vacations until either he finds at least on customer in the queue or the server has exhaustively
taken all the vacations. The service times during regular busy period, working vacation period and
vacation times are assumed to be geometrically distributed. The probability generating function of
the steady-state probabilities and the closed form expressions of the system size when the server is in
different states have been derived. In addition, some other performance measures, their monotonicity
with respect to K and a cost model are presented to determine the optimal service rate during working
vacation.
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INTRODUCTION

Unlike the classical vacation queues where the server suspends the services temporarily, in working
vacation (WV) queues the server is active during the vacation period which is called working vacation
(WV), Servi and Finn (2002). Wu and Takagi (2006) generalized Servi and Finn’s (2002) M/M/1/
WYV queue to an M/G/1/WV queue. Banik et al. (2007) studied a general input GI/M/1/N/WV queue.
The stochastic decomposition results of an M/M/I queue with WV have been derived by Liu et al.
(2007) and the corresponding M/G/1 queue was studied by Li et al. (2009).

The analysis of discrete time queueing models has received considerable attention in view of
their application in practical problems that arise from communication and computer systems including
time-division multiple access (TDMA) schemes, asynchronous transfer mode (ATM), multiplexers
in the broadband integrated services digital network (B-ISDN), management in service system and
electronic commerce, etc. Past work on discrete-time queues is found in Meisling (1958), Hunter
(1983), Takagi (1993). Tian and Zhang (2002), Alfa (2003). Li and Tian (2007) considered a discrete-
time GI/Geo/1 queue with WV and vacation interruption. Li et al. (2007) considered a discrete-time
GI/Geo/1 queue with MWV under Early Arrival System (EAS) and Late Arrival System (LAS)
schemes. Li and Tian (2008) and Tian et al. (2008) have analyzed a Geo/Geo/1 queue with single
working vacation (SWV) and multiple working vacation (MWYV), respectively. A discrete-time renewal
input finite buffer batch service queue with MW Vs has been studied by Vijaya Laxmi and Jyothsna
(2014) using the supplementary variable techniqeue and the corresponding queue with balking and
SWYV has been presented by Vijaya Laxmi et al. (2015). Recently, a retrial queue with working vacation
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for the batch arrival Geo”™ / Geo /1 queue has been analyzed by Upadhyaya (2015) under EAS
scheme.

In variant working vacation (VWYV) policy, unlike the SWV or MWVs, a fixed number of
consecutive vacations, say K, are taken by the server if the system remains empty at the end of previous
vacation termination epoch. This kind of vacation schedule is investigated by Zhang and Tian (2001)
for the Geo/G/I queue with multiple adaptive vacations. Banik (2009) studied the infinite-buffer single
server queue with variant of multiple vacation policy and batch Markovian arrival process by using
matrix analytic method. For more literature on this work, see Ke and Chang (2009), Ke et al. (2010)
and Wang et al. (2011). Zhang and Hou (2011) analyzed a steady-state GI/M/I/N queue with a variant
multiple working vacation (VWYV) by using matrix analytic method. Yue et al. (2014) analyzed the
M/M/1 queueing system with impatient customers and VV and obtained the closed-form expressions
of the mean system sizes when the server is in different states using probability generating functions.
A finite buffer M/M/1 queue with VWYV, balking and reneging has been analyzed by Vijaya Laxmi
and Jyothsna (2014) obtaining the steady state probabilities using matrix form solutions.

The above literature indicates that discrete-time Geo/Geo/I queue with VWV has not been studied
so far to the best of our knowledge. In digital communication systems, this type of service /vacation
policy is important as it reduces the switching and operating cost in case of least loaded systems.
Further, the study of VWYV queue gives more room for flexible switching from vacation to regular
busy period by adjusting the value of K as desired by system design requirements.

The primary objectives of the present paper are:

1. to obtain the steady-state probabilities a discrete-time Geo/Geo/I queue with VWYV under late
arrival system with delayed access (LAS-DA) using probability generating functions; and

To study the VWV (K-Vacation) policy that covers both MWV (K — oo) and SWV (K = 1).

3. to study performance characteristics and to develop a cost model to determine the optimum
service rates that optimize the total expected cost using the quasi-Newton optimization method.

The present model finds applications in many real-life applications like (i) packet switching
communication protocols; (ii) the repair garage for automobiles wherein a mechanic repairs the
automobiles; (iii) manufacturing and transportation processes, etc.

MODEL DESCRIPTION

Let us consider a discrete-time Geo / Geo /1 queueing system with VW Vs under LAS-DA policy.
The time is divided into constant length intervals (called slots) and the probability of an arrival and

a departure occurring simultaneously is not zero. A potential arrival occurs in the interval (t—,t)

and potential departure occurs in (t,t +) . In order to formulate the model, the following assumptions

have been made:

The arrival of a customer to the system occurs at the end of slot t—, where ¢t = 0,1,2,... . Inter-
arrival times (A) of two successive arrivals are independent and identically distributed (i.i.d) random
variables and follow geometric distribution with probability mass function (p.m.f) (Figure 1).

P{A:m}:)\xm’l, m>10< A<,

where for any real number x € [0, 1], we denote T=1—x .
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In variant working vacation policy, the server is allowed to take at most K consecutive WVs, if
the system remains empty at the end of a vacation. Suppose the beginning and ending of vacation
occur at the epoch which is similar to ¢ in shape. The service is provided with rate p and at the end
of a service if there is no customer in the system, server begins working vacation, i.e., he remains

dormant between the service completion epoch in (t,t +) and the next arrival epoch in ((t + 1) —t+ 1) .
If some customers arrive in ((t + 1) —t+ 1) , the dormant period will last until the beginning of

epoch of service in (t + 1,(15 + 1) +); otherwise, the server takes a vacation at time (t + 1)
immediately. During working vacation, if customer arrives, the server provides service with rate 7.
The distribution of service time during regular busy period (S,), service time during working vacation

period (S,,) and vacation times (V) are given, respectively by

WV)

P{Sh = m} =pp" 0 < p< 1;P{S = m} =" 0<n <L

wv

P{v=m}l=¢¢""0<op<Lm>1

If the server instantly finds a customer at working vacation completion, it returns to regular busy
period; otherwise, takes working vacations sequentially until a maximum of K vacations completion,
after which the server comes to regular busy period and stays idle till a customer arrives. Variant
working vacation generates multiple working vacation when K — oo and single working vacation
when K is equal to 1. Further, all the stochastic processes are assumed to be mutually independent.
In addition, the service discipline is first in first out (FIFO).

ANALYSIS OF THE MODEL

In this section, we develop the difference equations for the probability generating functions (PGF)
of the steady-state probabilities. Further, we procure the mean system size when the server is in
different states.

Figure 1. Various time epochs in LAS - DA

A A (Potentlal arrival)

—O0— ] * —C— l
t- t t+ (t#1)- (t+1) [t+1)+
D

D (Potential departure)

0 : Potentiel arrival epoch
- : Potential departure epoch

< : Qutside observer's epoch

(t+, (t+1]) : Outside observer's interval
t+ : Epoch after a potential departure
te : Epoch prior to a potential arrival
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Balance Equations

Let L, denote the number of customers in the system at time ¢ + and J, denote the status of the
server at time ¢ + , which is defined as follows:

_|J, theserveris on(j +1)thWVat timet 4 forj = 0,1,--- K — 1

g K, the server is idle or busy at timet +

The process ((L,, J ), n = 0) defines a discrete-time Markov process with state space

© = {(n])n >0,j = 0,1,---K}.

Let PW. = Prob {Lu =n,J = j} ;n > 0,7 =0,1--- K, denote the steady-state probabilities of

the process {(Lw J, ) ,n > O}. The set of balance equations can be written as:

B, = ﬁ( o+ nPLU) + AP, 1
P, = @AB,, + ¢ (Ng+ )P, + 6B, @)
P =¢NiP,_ +&(Xj+M) P + 6P, n>2 3)
P, =X(B, +nP,)+oX(F,, +nP, ), 1<i<K-1 )
B, = 0\F, +6(X]+ M) B +0MP, 1< j< K -1 )

P =0NIP,_, +&(N]+M)P, +éMP,,, ,1<j<K-1 (©)
By = AP, +0X(By o, + 0P, ) @)
p— p— K_l p— p—
P, =P + P, +(Ni+ M) P, + qbZ[)\PM + (N7 + ) B, + P, (8)
=0
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K-1

RL‘K = )\ﬁRL—LK + X'LLPWH»LK + (Xﬂ + AM) Pn,K + ¢Z {)\ﬁRn—l,] + (X”_] + AT}) Rl.] + anrr,+l.j I 2 2
=0
)
and the normalization condition
K oo
ZZP" L= 1. (10)
J=0n=0

The steady-state probabilities are obtained by solving the above system of Equations (1) to (9)
using PGFs. Let us define PGF of P, as

G (2)= isz", f<1i=01-K-1.

n=0

By using the probability generating function on the balance Equations (1) to (9), we obtain the
following results:

The detailed computation of steady-state probabilities, the mean system sizes and other interesting
results are presented in Appendix A.

Performance Measures and Cost Model

In this section, some performance measures and their monotonicity with respect to K are presented.

The probability that the server is in WV state is denoted by I, and the probability that the server

Vv

is in regular busy period is denoted by PEW such that P+ P

- sy = 1. Again, the probability that
the system is empty and the server is in WV is denoted by P . The probability that the system is
empty during regular busy period (in which case we say the server is idle) is F, . The probability
that the server is busy serving a customer during regular busy period is denoted by F, where

PBW = F + I, . The average number of customers in the system and that in the queue are,

respectively denoted by E [L] and £ [Lq} . A cost model is also developed to determine the optimal

service rate during WV.

Performance Measures

e The Probability that the Server is Idle: The probability that the server is idle during regular
busy period is given from Equation (48) as

0,K

We observe that (1 - B" ) decreases with K. Assuming K as a continuous variable we have <0

which shows that F,  is a decreasing function of K.
e Probability when the Server is on Working Vacation: The probability of the server being in
wv (P ) is given from Equation (50) as

wv
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P =36, 1) = sl el (an

=0 (,u—n) (1—z)¢_>(1—BK)+¢u(1—BKz*)

We see that I, increases with K because of the decrease of F, . with respectto K.

e Probability of Busy Server during Regular Busy Period: The probability of busy server is
denoted by P and given by

b

B=1-F , b, =

wv

(A=n)A(1—2 )%(1—Bk)+¢)\(1—BKz*) )
¢

(ufn))\(l—z*) (1—BK)+¢u(1fBKz*)

dP
From the fact that PO . decreases, Pwv increases and d_[; < 0 with K, so Pb decreases with

K.

e Probability when the Server is in Regular Busy Period: The probability that the server is in
regular busy period is given by

Busy z nK P + P Where P —+ P =1.

Busy wv
n=0

e Proportion of Customers Served: Clearly, the expected number of customers served per unit
of time is pF, , implying that the proportion of customers served is given by

13)
where p=X\ /p and P, is given by Equation (12).

e The Probability when the System is Empty and the Server is on Working Vacation: The
probability when the system is empty and the server is on working vacation is given by

o(p—)(1-B")
~ (u—n)A(1—z*)5(1—B"’)+¢u(1—BKz*)

(14)

Using Equation (11) in (14), we get
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p—_5 p (15)

e (X+)\z*) wv?

where F,,, is given in Equation (11).
e The Average Number of Customers in the System: The average number of customers in the
system (E [L]) is given by

B[L|= E|L,, |+ E[L,] (16)

where F [L

wv ]
size when the server is in regular busy period) are obtained from Equations (51) and (54) in appendix
A.

(the mean system size when the server is in WV) and F [LK] (the mean system

e The Average Number of Customers in the Queue (E {Lq D :

B[] =S5 (n 1), (17)

j=0 n=1

Cost Model

In this subsection, an expected cost function is formulated, in which mean service rate (C ) during

working vacation is the control variable. Assume that

C, = service cost per unit time when the server is busy,

C, = service cost per unit time when the server is on working vacation,

C, = fixed cost per unit time when the server is on working vacation,
C, = cost per unit time when the server is idle,
C, = cost per unit time when the server is idle during working vacation, and

C, = cost per unit time of every customer in the queue and waiting for service.

Using the definition of each cost element and its corresponding system performance measures,
the total expected cost function per unit time is given by

£(0) = Cuab, +(Cn+ Cd) By + OBy + o+ CEL | as)

wv 47 0.K

Our objective is to determine the optimal mean service rate 7 during working vacation that
minimizes the cost function f [77] . Quasi-Newton method is employed to solve the above optimization

problem, as the analytical computation of derivatives of the above expected cost function is a difficult
task.
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Quasi-Newton Method

If the function being minimized f (n) is not available in closed form or is difficult to differentiate,

the derivatives f’ (n) and f” (77) of the Equation (18) can be approximated by the finite difference
formula

, fn,+7n)=f{n,="n) ,
f'(n)= ( )2”77( );f (n,) =

f(n, +7n)=2f(n)+ f(n, =)

(a)

where " ( is a small step size. The iterative process of quasi-Newton method is given by

The iterative process stops when either |77]: 0 ni| < e or after performing a pre-specified number
of iteration. Here € is the error tolerance, see details on Quasi-Newton method in Rao (2009)

NUMERICAL RESULTS

In this section, our aim is to study the parameter impact on the system performance through numerical
simulations. Numerical illustrations are provided by considering following parameters:

C,=6.5C,=25C,=3.5C,=15C =10 and C;=3.0 and the other parameters as
A=0.2, u=0.55, K=6,0 = 0.3 and n=0.2. These numerical values for the system parameters
and the cost coefficients are all taken randomly for demonstration purpose without violating the

assumptions considered and the stability condition p = A <1.
I

The effect of service rate during working vacation 7 on the total expected cost function ( f (n))
is shown in Figure 2. The convexity of the curve shows that there exists a value of 7 that minimizes

the total expected cost function for the chosen set of model parameters. Quasi-Newton method is
adopted to find the optimal value by choosing the initial point 1 = 0.22, step size ” 7 = 0.0001 and

the stopping tolerance ¢ = 10°.. After three iterations, the minimum expected operating cost per
unit time converges to the solution f (7]) =3.28189 for " = 0.230138 as shown in Figure 2.
Figure 3 illustrates the effect of service rate during working vacation 7 on the mean system size
(E[L)]) for various vacation parameters ¢ . (i) Obviously, the declining trend indicates that system
size reduces with faster services. (ii) With regard to ¢ , we see that F [L] decreases as ¢ increases
aslong as p > n. This trend is completely reversed when < 7. The increase in vacation rate makes
frequent switch over of the server to regular busy period. Thus, if x4 < 7, the system tends to be

slower and so F [L] increases; whereas, if p > 7, the system becomes faster more often. Thus,

E [L] decreases. Also the intersection point at n = p = 0.55 is an equilibrium point where the mean
system size remains unchanged regardless of the vacation rates.

Figure 4 depicts the impact of P, and F,,, with respectto A for different ¢ . We observe that

P increases with A, whereas P, =~ decreases. Obviously, a larger arrival rate implies the system in
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Figure 2. Effectof 77 on F[7) ]
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the busy state until the server finds empty system, which is reflected in the increase in F, and a

decrease in P, .

For a fixed A, P increases and F,,, decreases with the increase of ¢ . On the other hand, for

agiven ¢ , the curves corresponding to P, and F,,, intersect at some value of A in such a way that

this value of A decreases as ¢ increases. This is justifiable since increasing ¢ increases F, whereas

decreasing A increases P, . Thus, a point of equilibrium is reached at the point of intersection.

The effect of A\ and i on E[L] is depicted in Figure 5. One may observe that E[L] increases
as A increases whereas it decreases with u . Further, the intersection point (A,u) = (0.37,0.57)
gives the optimum value of E [L] . The impact of service rate ;1 on E [Lq] is shown in Figure 6 for
K =1 (single WV) and K =7 (VWV). We observe that as p increases, E{Lq] decreases for a

fixed K and for a particular y, E [Lq} increases as K increases. This is because, the server returns

to regular busy period only if it finds at least one customer at the completion of a working vacation.
Otherwise, he takes next WV until the maximum number of vacations K is reached. Therefore,
server stays longer in WV for larger values of K . As a result, the expected queue size increases with
the increase in K, as shown in Figure 6.
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Figure 3. Effect of on F [L[
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CONCLUSION

In this paper, a Geo/Geo/1 queueing system with variant working vacations is studied. PGF's of the
number of customers in the system and the corresponding mean system sizes when the server is in
different states have been derived. The closed-form expressions for some other performance measures
are derived and the cost optimization has been done using the simple but effective quasi-Newton
method, and the optimum values of the service rates during working vacation have been obtained.
The technique adopted in this paper can be applied to analyze models like Geo*/G/1 queue with
variant working vacations, impatient customer GI*/Geo/1 queue with variant working vacations. Also,
the present model can be generalized to a renewal input impatient customer queue with Bernoulli —
schedule vacation interruption.
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Figure 4. Effect of Aon P, and F,,,
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Figure 5. Effect of Aand pron £/ [L]
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Figure 6. Effect of (.on F [Lq ]
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APPENDIX A. DETAILS OF THE PROBABILITY
GENERATING FUCTION METHOD

In the appendix below, we present the details of the probability generating function method to obtain
the steady-state results and the aggregate probabilities during regular busy and WVs.

Multiplying Equations (1), (2) and (3) of the balance equations by 2", and summing over all possible
values of n and re-arranging the terms, we get

(5F, ()~ 2|G, (2) = 3(E, () - (X + 22)2) By, — Az, (19)

Similarly, from the balance Equations (4), (5) and (6) and (7), (8) and (9), respectively, we get

98, (2) = 2|6, (2) = 0 (F, () (N 4 X2)2) B = oXe(R R ) 1< G < K-

(20)
()=, ()00, (55, ()= (5 ()~ (T4 ) o () 32) 2,
+o(F, (2) = (F, (2) = (X + X2)2) B, ., + [P, + ¢Xn§PLj]z,
o Q1)

where F() /\ﬁz2+<Xﬁ+)\n)z+X77, F;<z>:)\ﬁz2+(xlj+)\u)z+x# and
) = 1. By taking z = 1 into Equations (19) and (20), we obtain

6G, (1) = AP, (22)

Gj(l):X(P‘. 0P, 1) j=12-K—1. 23)

By using Equations (22) and (23), we obtain

P oSSR, iR, ) =955, 1) 2

J=0

Substituting above Equation in (21), we get

F Z—X—l—)\zzPOK—(bFnz I+ N
oy 4 LT 0 .
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where N, = ¢ (Fn (z) — (X + )\z) z)iﬂj Setting z = 1 and applying L’Hospital rule, we get
i=0

03,8 () ol )50 6, (1) + >0 R+ R

G, (1) = 7=y (26)

The average number of customers in the system during the jth WV denoted by F [Lj] is given by
E[L]] = G; (1),]' = 0,1,---K — 1. From Equation (19) and (22) we have for z=1

G, (1) =

- |€»|

[()\ 77) ( )+ CE, o] 27
Similarly, from Equations (20) and (23), we get
G (1):%[(A—v)q (1)+nf3j},j=172,---K—1. (28)

Equations (27) and (28) imply

b5)=6,)-

< |@|

[(/\ n)G, (1 )+77Pw],j:1,2,~~-K—1. 29)

Therefore, the mean system size when the server is on working vacation, denoted by E[L, 1, is
obtained as

E[va ] = Z_OE[L]] = Z_DGJ ( ) % ()‘ - 77) Z_OGJ (1) + WZ_OPM (30)

By using Equation (30), Equation (26) can be written as

()‘_”)Zj:G]()JrnZ P, +uP,

G _(1)= — (31
K( ) e A

K-1 K-1
Now, we derive ZGj (1) and PU_].. Adding Equations (19) and (20), we have

=0 =0

(5, (=)~ (3 22)< SR, =R + X (B +m, )|

= (¢Fn () - z)

(32)

Mz
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Lemma 3.1 The equation QZFU (z) — 2 =0 has only one real root z =z in the interval (0,1).
Proof.: Consider f(z) = ggF” (z) —z= qg()\ﬁ/ + (XT) + )\n) z+ Xn) —z

For any 0<z<l , f/(Z):(E(QAﬁZ«"FXT_]*F)\??)*]., f”(z)z?gg)\ﬁ>0, and
f (0) = $X77 >0, f (1) = —¢ < 0, indicating that the equation f (z):O has only one real root z = 2
in the interval (0,1).

As the denominator of (32) vanishes at z = 2" and G;‘ (z) are assumed to be analytic functions, the
numerator should also be zero. Therefore,

K- K-1
W+ XY (B, 0, )= (- (343 ) BT, (33)
j=0 j=0

Using Equation (33), Equation (32) can be written as
K-1 [QZ(F;](2)7<X+)\z)z)fz(1f(x+>\z )95)]21;0,
ZGJ (z> = - —
oF, (2)
K- 6+A(1-2")p 12
Z (1)= ” oy (34)

=0 J=0
Using Equations (34), (31) and the normalization condition %Gj (1) +G, (1) =1, we have

j=0

K ¢(u A—ub, K)

P = (35)
; (=) A (1=2T)6 + o
Substituting Equation (35) in (34) and (30) yields
K1G1(1)¢+/\(1—z)¢>(u A— uPOK) 36)
(m=n)A(1=2")6 + po
and

- Ml=—2")o + N (u—\—pP
oL, |- 9(( )ALz )¢+¢* )E# KP, ) -
¢ (n=n)A(1=2") +uo

From Lemma 1, z = 2" is the root of q_SF:] (z) — 2z =0, which gives
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(=)~ J(1=3 (3 + ) - a(3:A37) » .
2007

Taking z = Z in Equations (19) and (20), we get

MiP
P = (39)
¢+A@—z)¢
O nP
[)7_ ( — 1]_1)aj:1527"'K_1' (40)
; ¢+A@—z)¢
From Equations (1) and (39), we get
Az
Pl,(] = X_ Po,o (41)
n
Equation (40) and (4) becomes
P —BJPO,]—12 K —1 42)
P _pp - K
Li X_ﬂ 0‘07] - ]->23'” _]-, (43)
10) (X + )\z*)
Where B = ——————.
¢+A@—z)¢
Simplifying Equation (42),
K- K
1 - B
Z .y —FFh, (44)

=0

The probability F, . that the server is idle is calculated by using Equations (7), (42), (43) and (39)
as follows

0,K

P = ATMBKPLK (45)
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From Equations (35), (44) and (45), we obtain

.o qﬁ(u—A))\(l—z*) o)
T P RS I R ]

Substitute above Equation in (39) and (45),

p - qb(u_— )‘)<1_B> ) (47)

" (A1) g (1 BY) 4 ou(1- YL

P = o(u—A)1-=)B" @9
M (A (1=#)8 (1= B )+ ou(1- B4 )

Using Equation (47) in (44),

SR).J = ¢Eu-_ ) <1_ BK) . (49)

~ (m=m)A(1=2")6 (1= B )+ op(1- B*%)

Using Equation (49) in (34), we get

S (1) = L 0 L L I o

2 G- 5 ol 5]

Therefore, Equation (30) or (37 can be framed as

E[ wv] é (¢>>+(» T])»(l z )Qﬁ)(%f »)(IBKE sh
6 (v n)»(1-2 )¢(1—BK)+¢%(1—BKZ )

Now, we derive the mean system size when the server is in the regular busy period, denoted by
E [L " ] From Equation (25), using L’Hospital rule, we obtain
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= +¢(u+n(k—u)—¥)’“ " +¢/\X(u—n)’“
/ ( ) (u—A)z .f:OG]( ) (,uf)\>2 =0

(52)

where G] (1) is obtained by differentiating twice G]. (z) at z=1 for j = 0,1,--- K — 1. Differentiating
twice (19) and (20) and substituting z=1 gives

G (1)= %@(ﬁq (1)+np, )+ (@ (A +7)-1)G, (1)] =01 K —1. (53)

Substituting Equation (53) in (52), we obtain

BlL,] = (¢/\ﬁ+(/\—77)<u—>\))E[LM}+ o+ X~ ) 5

2 2 -PDJ
=y S
+¢AE(AC)+>\;7(M>\) ng R A b 1)
PRV A PRV

where F [L

wv

] is calculated by Equation (51) and the probability when the server is idle (F, ),
K-1 K-1
ZPO_], and ZGJ (1) are calculated by using Equations (48), (49) and (50). Since L be the number
j=0 j=0

of customers in the system. The mean system size F [L]:E [L

Wy }JrE'[ LK] can be calculated from
Equations (51) and (54).
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