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ABSTRACT

This article analyzes an infinite buffer discrete-time single server queueing system with variant
workingvacationsinwhichcustomersarriveaccordingtoageometricprocess.Assoonasthesystem
becomesempty,theservertakesworkingvacations.TheserverwilltakeamaximumnumberKof
workingvacationsuntileitherhefindsatleastoncustomerinthequeueortheserverhasexhaustively
takenallthevacations.Theservicetimesduringregularbusyperiod,workingvacationperiodand
vacationtimesareassumedtobegeometricallydistributed.Theprobabilitygeneratingfunctionof
thesteady-stateprobabilitiesandtheclosedformexpressionsofthesystemsizewhentheserverisin
differentstateshavebeenderived.Inaddition,someotherperformancemeasures,theirmonotonicity
withrespecttoKandacostmodelarepresentedtodeterminetheoptimalservicerateduringworking
vacation.
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INTRODUCTION

Unliketheclassicalvacationqueueswheretheserversuspendstheservicestemporarily,inworking
vacation(WV)queuestheserverisactiveduringthevacationperiodwhichiscalledworkingvacation
(WV),ServiandFinn(2002).WuandTakagi(2006)generalizedServiandFinn’s(2002)M/M/1/
WVqueuetoanM/G/1/WVqueue.Baniketal.(2007)studiedageneralinputGI/M/1/N/WVqueue.
ThestochasticdecompositionresultsofanM/M/1queuewithWVhavebeenderivedbyLiuetal.
(2007)andthecorrespondingM/G/1queuewasstudiedbyLietal.(2009).

Theanalysisofdiscretetimequeueingmodelshasreceivedconsiderableattentioninviewof
theirapplicationinpracticalproblemsthatarisefromcommunicationandcomputersystemsincluding
time-divisionmultipleaccess(TDMA)schemes,asynchronoustransfermode(ATM),multiplexers
inthebroadbandintegratedservicesdigitalnetwork(B-ISDN),managementinservicesystemand
electroniccommerce,etc.Pastworkondiscrete-timequeuesisfoundinMeisling(1958),Hunter
(1983),Takagi(1993).TianandZhang(2002),Alfa(2003).LiandTian(2007)consideredadiscrete-
timeGI/Geo/1queuewithWVandvacationinterruption.Lietal.(2007)consideredadiscrete-time
GI/Geo/1queuewithMWVunderEarlyArrivalSystem(EAS)andLateArrivalSystem(LAS)
schemes.LiandTian(2008)andTianetal.(2008)haveanalyzedaGeo/Geo/1queuewithsingle
workingvacation(SWV)andmultipleworkingvacation(MWV),respectively.Adiscrete-timerenewal
inputfinitebufferbatchservicequeuewithMWVshasbeenstudiedbyVijayaLaxmiandJyothsna
(2014)usingthesupplementaryvariabletechniqeueandthecorrespondingqueuewithbalkingand
SWVhasbeenpresentedbyVijayaLaxmietal.(2015).Recently,aretrialqueuewithworkingvacation
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forthebatcharrivalGeo GeoX
/ /1queuehasbeenanalyzedbyUpadhyaya(2015)underEAS

scheme.
In variant working vacation (VWV) policy, unlike the SWV or MWVs, a fixed number of

consecutivevacations,sayK,aretakenbytheserverifthesystemremainsemptyattheendofprevious
vacationterminationepoch.ThiskindofvacationscheduleisinvestigatedbyZhangandTian(2001)
fortheGeo/G/1queuewithmultipleadaptivevacations.Banik(2009)studiedtheinfinite-buffersingle
serverqueuewithvariantofmultiplevacationpolicyandbatchMarkovianarrivalprocessbyusing
matrixanalyticmethod.Formoreliteratureonthiswork,seeKeandChang(2009),Keetal.(2010)
andWangetal.(2011).ZhangandHou(2011)analyzedasteady-stateGI/M/1/Nqueuewithavariant
multipleworkingvacation(VWV)byusingmatrixanalyticmethod.Yueetal.(2014)analyzedthe
M/M/1queueingsystemwithimpatientcustomersandVVandobtainedtheclosed-formexpressions
ofthemeansystemsizeswhentheserverisindifferentstatesusingprobabilitygeneratingfunctions.
AfinitebufferM/M/1queuewithVWV,balkingandreneginghasbeenanalyzedbyVijayaLaxmi
andJyothsna(2014)obtainingthesteadystateprobabilitiesusingmatrixformsolutions.

Theaboveliteratureindicatesthatdiscrete-timeGeo/Geo/1queuewithVWVhasnotbeenstudied
sofartothebestofourknowledge.Indigitalcommunicationsystems,thistypeofservice/vacation
policyisimportantasitreducestheswitchingandoperatingcostincaseofleastloadedsystems.
Further,thestudyofVWVqueuegivesmoreroomforflexibleswitchingfromvacationtoregular
busyperiodbyadjustingthevalueofKasdesiredbysystemdesignrequirements.

Theprimaryobjectivesofthepresentpaperare:

1. toobtainthesteady-stateprobabilitiesadiscrete-timeGeo/Geo/1queuewithVWVunderlate
arrivalsystemwithdelayedaccess(LAS-DA)usingprobabilitygeneratingfunctions;and

2. TostudytheVWV(K-Vacation)policythatcoversbothMWV K→( )∞ andSWV K =( )1 .
3. tostudyperformancecharacteristicsand todevelopacostmodel todetermine theoptimum

serviceratesthatoptimizethetotalexpectedcostusingthequasi-Newtonoptimizationmethod.

Thepresentmodel findsapplications inmanyreal-lifeapplications like(i)packetswitching
communication protocols; (ii) the repair garage for automobiles wherein a mechanic repairs the
automobiles;(iii)manufacturingandtransportationprocesses,etc.

MODeL DeSCRIPTION

Letusconsideradiscrete-timeGeo Geo/ / 1 queueingsystemwithVWVsunderLAS-DApolicy.
Thetimeisdividedintoconstantlengthintervals(calledslots)andtheprobabilityofanarrivaland
adepartureoccurringsimultaneouslyisnotzero.Apotentialarrivaloccursintheinterval t t−( ), 
andpotentialdepartureoccursin t t, .+( ) Inordertoformulatethemodel,thefollowingassumptions
havebeenmade:

Thearrivalofacustomertothesystemoccursattheendofslot � ,t− wheret = …0 1 2, , , .Inter-
arrivaltimes(A)oftwosuccessivearrivalsareindependentandidenticallydistributed(i.i.d)random
variablesandfollowgeometricdistributionwithprobabilitymassfunction(p.m.f)(Figure1).

P A m mm={ } = ≥ < <−λλ λ1 1 0 1, , . 

whereforanyrealnumberx ∈ 

0 1, , wedenotex x� �= −1 .
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Invariantworkingvacationpolicy,theserverisallowedtotakeatmostKconsecutiveWVs,if
thesystemremainsemptyattheendofavacation.Supposethebeginningandendingofvacation
occurattheepochwhichissimilartot inshape.Theserviceisprovidedwithrateµ andattheend
ofaserviceifthereisnocustomerinthesystem,serverbeginsworkingvacation,i.e.,heremains
dormantbetweentheservicecompletionepochin t t, +( ) andthenextarrivalepochin t t+( )− +( )1 1, . 

Ifsomecustomersarrivein t t+( )− +( )1 1, , thedormantperiodwill lastuntil thebeginningof

epoch of service in t t+ +( )+( )1 1, ; otherwise, the server takes a vacation at time t +( )1 
immediately.Duringworkingvacation,ifcustomerarrives,theserverprovidesservicewithrate η .
Thedistributionofservicetimeduringregularbusyperiod(Sb),servicetimeduringworkingvacation
period(SWV)andvacationtimes V( ) aregiven,respectivelyby

P S m P S m
b

m
WV

m={ } = < < ={ } = < <− −µµ µ ηη η1 10 1 0 1, ; , ; 

P V m mm={ } = < < ≥−φφ φ1 0 1 1, , . 

Iftheserverinstantlyfindsacustomeratworkingvacationcompletion,itreturnstoregularbusy
period;otherwise,takesworkingvacationssequentiallyuntilamaximumofK vacationscompletion,
afterwhichtheservercomestoregularbusyperiodandstaysidletillacustomerarrives.Variant
workingvacationgeneratesmultipleworkingvacationwhenK →∞ andsingleworkingvacation
when  K isequalto1.Further,allthestochasticprocessesareassumedtobemutuallyindependent.
Inaddition,theservicedisciplineisfirstinfirstout(FIFO).

ANALySIS OF THe MODeL

Inthissection,wedevelopthedifferenceequationsfortheprobabilitygeneratingfunctions(PGF)
of thesteady-stateprobabilities.Further,weprocure themeansystemsizewhen theserver is in
differentstates.

Figure 1. Various time epochs in LAS - DA
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Balance equations

LetL
t
denotethenumberofcustomersinthesystemattime t + andJ

t
denotethestatusofthe

serverattime t + ,whichisdefinedasfollows:

J
j j thWV t j K

n
=

+( ) + = −, , ,the server is on at time for1 0 1� 11

K t, the server is idle or busy at time +










Theprocess((Ln, Jn),n ≥0)definesadiscrete-timeMarkovprocesswithstatespace

© = ( ) ≥ ={ }n j n j K, ; , , , .0 0 1� 

LetP Prob L n J j n j K
n j n n,

, ; , , , ,= = ={ } ≥ =0 0 1� denotethesteady-stateprobabilitiesof

theprocess L J n
n n
, , .( ) ≥{ }0 Thesetofbalanceequationscanbewrittenas:

P P P P
K0 0 0 0 1 0 1, , , ,

= +( )+φλ η λµ  (1)

P P P P
1 0 0 0 1 0 2 0, , , ,
= + +( ) +φλ φ λη λη φλη  (2)

P P P P n
n n n n, , , ,

,
0 1 0 0 1 0

2= + +( ) + ≥− +φλη φ λη λη φλη  (3)

P P P P P j K
j j j j j0 0 1 0 1 1 1

1 1
, , , , ,

,= +( )+ +( ) ≤ ≤ −− −φλ η φλ η  (4)

P P P P j K
j j j j1 0 1 2

1 1
, , , ,

,= + +( ) ≤ ≤ −+φλ φ λη λη φλη  (5)

P P P P j K
n j n j n j n j, , , ,

,= + +( ) ≤ ≤ −+− +φλη φ λη λη φλη
1 1

1 1  (6)

P P P P
K K K K0 0 0 1 1 1, , , ,
= + +( )− −λ φλ η  (7)

P P P P P P
K K K K

j

K

j1 1 2 1
0

1

0 1, , , , ,
= + + +( ) + + +( )

=

−

∑λ λµ λµ λµ φ λ λη λη
,, ,j j

P+



λη

2
 (8)
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P P P P P
n K n K n K n K

j

K

n j, , , , ,
= + + +( ) + +− +

=

−

−∑λµ λµ λµ λµ φ λη λ
1 1

0

1

1
ηη λη λη+( ) +



 ≥+P P n

n j n j, ,
,

1
2 

(9)

andthenormalizationcondition

j

K

n
n j
P

= =

∞

∑∑ =
0 0

1
,

.  (10)

Thesteady-stateprobabilitiesareobtainedbysolvingtheabovesystemofEquations(1)to(9)
usingPGFs.LetusdefinePGFofPn,jas

G z P z z j K
j

n
n j

n( ) = ≤ = −
=

∞

∑
0

1 0 1 1
,
, , , , .� 

ByusingtheprobabilitygeneratingfunctiononthebalanceEquations(1)to(9),weobtainthe
followingresults:

Thedetailedcomputationofsteady-stateprobabilities,themeansystemsizesandotherinteresting
resultsarepresentedinAppendixA.

Performance Measures and Cost Model
Inthissection,someperformancemeasuresandtheirmonotonicitywithrespecttoKarepresented.
TheprobabilitythattheserverisinWVstateisdenotedbyP

WV
andtheprobabilitythattheserver

isinregularbusyperiodisdenotedbyP
Busy

suchthatP P
WV Busy
+ = 1. Again,theprobabilitythat

thesystemisemptyandtheserverisinWVisdenotedbyP
e

.Theprobabilitythatthesystemis
emptyduringregularbusyperiod(inwhichcasewesaytheserverisidle)isP

K0,
.Theprobability

that the server is busy serving a customer during regular busy period is denoted by P
b

 where
P P P
Busy b K
= +

0,
. The average number of customers in the system and that in the queue are,

respectivelydenotedbyE L

 andE L

q



 .Acostmodelisalsodevelopedtodeterminetheoptimal

servicerateduringWV.

Performance Measures

• The Probability that the Server is Idle:Theprobabilitythattheserverisidleduringregular
busyperiodisgivenfromEquation(48)as

Weobservethat 1−( )BK decreaseswithK. AssumingKasacontinuousvariablewehave
dP

dK
K0, < 0 

whichshowsthatP
K0,

isadecreasingfunctionofK.

• Probability when the Server is on Working Vacation:Theprobabilityoftheserverbeingin
WV P

WV( ) isgivenfromEquation(50)as
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P G
z B

z B
WV

j

K

j

K

� �

*

*
= ( ) =

+ −( )( ) −( ) −( )
−( ) −( ) −=

−

∑
0

1

1
1 1

1 1

φ λ φ µ λ

µ η λ φ KK KB z( )+ −( )φµ 1 *
 (11)

WeseethatP
WV

increaseswithK becauseofthedecreaseofP
K0,

withrespecttoK .

• Probability of Busy Server during Regular Busy Period:Theprobabilityofbusyserveris
denotedbyP

b
andgivenby

P P P
z B B z

b K WV

K K

� � � � �� �
�

,�

* *

= − − =
−( ) −( ) −( )+ −( )
−( )

1
1 1 1

0

λ η λ φ φλ

µ η λλ φ φµ1 1 1−( ) −( )+ −( )z B B zK K* *
 (12)

FromthefactthatP
K0,

decreases,P
WV

increasesand
dP

dK
b < 0 withK, soP

b
decreaseswith

K .

• Probability when the Server is in Regular Busy Period:Theprobabilitythattheserverisin
regularbusyperiodisgivenby

P P P P
Busy

n
n K K b

= = +
=

∞

∑
0

0, ,
,whereP P

Busy WV
+ = 1. 

• Proportion of Customers Served:Clearly,theexpectednumberofcustomersservedperunit
oftimeisµP

b
,implyingthattheproportionofcustomersservedisgivenby

P
P P

s
b b= =

µ

λ ρ
 (13)

whereρ λ µ� � /= andP
b
 isgivenbyEquation(12).

• The Probability when the System is Empty and the Server is on Working Vacation:The
probabilitywhenthesystemisemptyandtheserverisonworkingvacationisgivenby

P
B

z B B z
e

j

K K

K K
=

−( ) −( )
−( ) −( ) −( )+ −( )=

−

∑
0

1 1

1 1 1

φ µ λ

µ η λ φ φµ* *
 (14)

UsingEquation(11)in(14),weget
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P
B

z
P

e WV
=

+( )λ λ *
,  (15)

whereP
WV

isgiveninEquation(11).

• The Average Number of Customers in the System:Theaveragenumberofcustomersinthe
system E L


( ) isgivenby

E L E L E L
WV K




 =




 +




  (16)

whereE L
WV



 (themeansystemsizewhentheserverisinWV)andE L

K



 (themeansystem

sizewhentheserverisinregularbusyperiod)areobtainedfromEquations(51)and(54)inappendix
A.

• The Average Number of Customers in the Queue E Lq

( ) :

E L n P
q

j

K

n
n j




 = −( )

= =

∞

∑∑
0 1

1
,

 (17)

Cost Model

Inthissubsection,anexpectedcostfunctionisformulated,inwhichmeanservicerate ζ( ) during
workingvacationisthecontrolvariable.Assumethat

C1≡servicecostperunittimewhentheserverisbusy,
C2≡servicecostperunittimewhentheserverisonworkingvacation,
C3≡fixedcostperunittimewhentheserverisonworkingvacation,
C4≡costperunittimewhentheserverisidle,
C5≡costperunittimewhentheserverisidleduringworkingvacation,and
C6≡costperunittimeofeverycustomerinthequeueandwaitingforservice.

Usingthedefinitionofeachcostelementanditscorrespondingsystemperformancemeasures,
thetotalexpectedcostfunctionperunittimeisgivenby

f C P C C P C P C P C E L
b WV K e q

η µ η φ( ) = + +( ) + + + 


1 2 3 4 0 5 6,
.  (18)

Ourobjectiveistodeterminetheoptimalmeanservicerate η* duringworkingvacationthat
minimizesthecostfunction f η


 . Quasi-Newtonmethodisemployedtosolvetheaboveoptimization

problem,astheanalyticalcomputationofderivativesoftheaboveexpectedcostfunctionisadifficult
task.
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Quasi-Newton Method

Ifthefunctionbeingminimized f η( ) isnotavailableinclosedformorisdifficulttodifferentiate,
thederivatives ′ ( )f η and ′′ ( )f η oftheEquation(18)canbeapproximatedbythefinitedifference
formula

′ ′′( ) =
+( )− −( ) ( ) =

+( )− ( )+ −
f

f f
f

f f f
i

i i

i

i i iη
η η η η

η
η

η η η η” ”

”

” ”

2

2
;

ηη

η

( )
( )”

2
�

where ” ζ isasmallstepsize.Theiterativeprocessofquasi-Newtonmethodisgivenby

η η
η

ηi i

i

i

f

f
i+ = −

( )
( )

=
′

′′1
1 2, , ,� 

Theiterativeprocessstopswheneither η η
i i+ − <

1
 orafterperformingapre-specifiednumber

ofiteration.Here istheerrortolerance,seedetailsonQuasi-NewtonmethodinRao(2009)

NUMeRICAL ReSULTS

Inthissection,ouraimistostudytheparameterimpactonthesystemperformancethroughnumerical
simulations. Numerical illustrations are provided by considering following parameters:
C C C C C
1 2 3 4 5
6 5 2 5 3 5 1 5 1 0� � . ,� � � . ,� � � . ,� � � . ,� � � .= = = = =  and C

6
3 0� � .=  and the  other  parameters  as

λ µ φ� � . ,�� � � . ,�� � � ,� .= = = =0 2 0 55 6 0 3K and η� � .=0 2 .Thesenumericalvaluesforthesystemparameters
and thecostcoefficientsareall takenrandomlyfordemonstrationpurposewithoutviolating the

assumptionsconsideredandthestabilityconditionρ λ
µ

= < 1.

Theeffectofservicerateduringworkingvacationη onthetotalexpectedcostfunction f η( )( )  
isshowninFigure2.Theconvexityofthecurveshowsthatthereexistsavalueof η thatminimizes
thetotalexpectedcostfunctionforthechosensetofmodelparameters.Quasi-Newtonmethodis
adoptedtofindtheoptimalvaluebychoosingtheinitialpoint η =0.22,stepsize ” η =0.0001and
thestoppingtolerance  = −10 5. .Afterthreeiterations,theminimumexpectedoperatingcostper
unittimeconvergestothesolution f η( ) =3.28189for η* =0.230138asshowninFigure2.

Figure3illustratestheeffectofservicerateduringworkingvacationη onthemeansystemsize
(E[L])forvariousvacationparameters  φ .(i)Obviously,thedecliningtrendindicatesthatsystem
sizereduceswithfasterservices.(ii)Withregardtoφ ,weseethatE L


 decreasesasφ increases

aslongasµ η≥ .Thistrendiscompletelyreversedwhenµ η < .Theincreaseinvacationratemakes
frequentswitchoveroftheservertoregularbusyperiod.Thus,if µ η< ,thesystemtendstobe
slowerandso E L


  increases;whereas, if µ η> , thesystembecomesfastermoreoften.Thus,

E L

 decreases.Alsotheintersectionpointatη µ= = 0 55. isanequilibriumpointwherethemean

systemsizeremainsunchangedregardlessofthevacationrates.
Figure4depictstheimpactofP

b
andP

WV
 withrespecttoλ fordifferentφ .Weobservethat

 P
b

increaseswithλ ,whereasP
WV

 decreases.Obviously,alargerarrivalrateimpliesthesystemin
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thebusystateuntiltheserverfindsemptysystem,whichisreflectedintheincreasein P
b

anda
decreaseinP

WV
.

Forafixedλ, P
b

increasesandP
WV

decreaseswiththeincreaseofφ .Ontheotherhand,for
agivenφ ,thecurvescorrespondingtoP

b
andP

WV
 intersectatsomevalueofλ insuchawaythat

thisvalueofλ decreasesasφ increases.Thisisjustifiablesinceincreasingφ increasesP
b

whereas
decreasingλ increasesP

WV
.Thus,apointofequilibriumisreachedatthepointofintersection.

Theeffectofλ andµ onE L

 isdepictedinFigure5.OnemayobservethatE L


 increases

as λ  increaseswhereasitdecreaseswith µ .Further,theintersectionpoint λ µ, . , .( ) = ( )0 37 0 57 

givestheoptimumvalueofE L

 .Theimpactofservicerateµ onE L

q



 isshowninFigure6for

K = 1�(singleWV)andK VWV= ( )7� .Weobservethatas µ increases,E L
q



 decreasesfora

fixedK andforaparticularµ ,E L
q



 increasesasK increases.Thisisbecause,theserverreturns

toregularbusyperiodonlyifitfindsatleastonecustomeratthecompletionofaworkingvacation.
Otherwise,hetakesnextWVuntil themaximumnumberofvacationsK  isreached.Therefore,
serverstayslongerinWVforlargervaluesofK .Asaresult,theexpectedqueuesizeincreaseswith
theincreaseinK, asshowninFigure6.

Figure 2. Effect of η  on F[ η ] 
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CONCLUSION

Inthispaper,aGeo/Geo/1queueingsystemwithvariantworkingvacationsisstudied.PGFsofthe
numberofcustomersinthesystemandthecorrespondingmeansystemsizeswhentheserverisin
differentstateshavebeenderived.Theclosed-formexpressionsforsomeotherperformancemeasures
arederivedandthecostoptimizationhasbeendoneusingthesimplebuteffectivequasi-Newton
method,andtheoptimumvaluesoftheserviceratesduringworkingvacationhavebeenobtained.
Thetechniqueadoptedin thispapercanbeappliedtoanalyzemodels likeGeoX/G/1queuewith
variantworkingvacations,impatientcustomerGIX/Geo/1queuewithvariantworkingvacations.Also,
thepresentmodelcanbegeneralizedtoarenewalinputimpatientcustomerqueuewithBernoulli–
schedulevacationinterruption.
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Figure 4. Effect of λ  onP
b

 and P
WV
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Figure 5. Effect of λ µ    and onE L
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Figure 6. Effect of µ  onE L
q
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APPeNDIx A. DeTAILS OF THe PROBABILITy 
GeNeRATING FUCTION MeTHOD

Intheappendixbelow,wepresentthedetailsoftheprobabilitygeneratingfunctionmethodtoobtain
thesteady-stateresultsandtheaggregateprobabilitiesduringregularbusyandWVs.
MultiplyingEquations(1),(2)and(3)ofthebalanceequationsby  zn ,andsummingoverallpossible
valuesofn andre-arrangingtheterms,weget

φ φ λ λ λµη ηF z z G z F z z z P zP
K( )−



 ( ) = ( )− +( )( ) −
0 0 0 1, ,

.  (19)

Similarly,fromthebalanceEquations(4),(5)and(6)and(7),(8)and(9),respectively,weget

φ φ λ λ φλ ηη ηF z z G z F z z z P z P P
j j j( )−



 ( ) = ( )− +( )( ) − +−0 0 1 1, , ,

, ,
j

j K−( ) ≤ ≤ −
1
1 1 

(20)

F z z G z F z G z F z z z P
K

j

K

j Kµ η µφ λ λ( )−



 ( )+ ( ) ( ) = ( )− +( )( )

=

−

∑
0

1

0,
++ ( )−( )

+ ( )− ( )− +( )( ) +

=
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φ λ λ
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η µ

F z z P
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0 1
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( [[ ] ,

, ,
λµ φληP P z

K
j

K
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2

1
+

=

−

∑


(21)

w h e r e  F z z zζ λη λη λη λη( ) = + +( ) +2 ,  F z z zµ λµ λµ λµ λµ( ) = + +( ) +2  a n d
F Fη µ1 1 1( ) = ( ) = . Bytakingz=1intoEquations(19)and(20),weobtain

φ λµG P
K0 1

1( ) = ,
 (22)

G P P j K
j j j
1 1 2 1

0 1 1 1( ) = +( ) = −− −λ η
, ,

, , , .�  (23)

ByusingEquations(22)and(23),weobtain

λµ φλ η φP P P G
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j

K

j j
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0 1 1 1
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SubstitutingaboveEquationin(21),weget
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whereN F z z z P
j

K

j1
0

1

0
= ( )− +( )( )

=

−

∑φ λ λη ,
. Settingz=1andapplyingL’Hospitalrule,weget
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TheaveragenumberofcustomersinthesystemduringthejthWVdenotedbyE L
j



 isgivenby

E L G j K
j j



 = ( ) = −' , , , .1 0 1 1� FromEquation(19)and(22)wehavefor z � �=1

G G P
0 0 0 0
1 1'
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.( ) = −( ) ( )+





φ
φ
λ η ζ  (27)

Similarly,fromEquations(20)and(23),weget

G v G P j K
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 = −

φ
φ
λ η �  (28)

Equations(27)and(28)imply
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Therefore, themean system sizewhen the server is onworking vacation, denotedbyE[LWV], is
obtainedas
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ByusingEquation(30),Equation(26)canbewrittenas
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Now,wederive
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Lemma 3.1The equation φ ηF z z( )− = 0 has only one real root z z= * in the interval (0,1) .

Proof.:Consider f z F z z z z z( ) = ( )− = + +( ) +( )−φ φ λη λη λη ληη
2

F o r  a n y  0 1� � � �< <z ,  ′ ′′( ) = + +( )− ( ) = >f z z f zφ λη λη λη φλη2 1 2 0, ,  a n d
f f0 0 1 0( ) = > ( ) = − <φλη φ, , indicatingthattheequation f z( )=� �0 hasonlyonerealrootz z= * 
intheinterval 0 1, .( )
Asthedenominatorof(32)vanishesatz z= * andG z

j ( ) areassumedtobeanalyticfunctions,the
numeratorshouldalsobezero.Therefore,
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UsingEquation(33),Equation(32)canbewrittenas
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UsingEquations(34),(31)andthenormalizationcondition
j

K

j K
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SubstitutingEquation(35)in(34)and(30)yields
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and
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λ η λ φ φλ µ λ µ
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 (37)

FromLemma1, z z= * istherootof �φ ηF z z( )− = 0 ,whichgives
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z * =
− +( )( )− − +( )( ) − ( )
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 (38)

Taking z z= * inEquations(19)and(20),weget
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FromEquations(1)and(39),weget

P
z
P

1 0 0 0,

*

,
=
λ
λη

 (41)

Equation(40)and(4)becomes
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WhereB
z

z
=

+( )
+ −( )
φ λ λ

φ λ φ
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.

SimplifyingEquation(42),
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 (44)

TheprobabilityP
K0,

thattheserverisidleiscalculatedbyusingEquations(7),(42),(43)and(39)
asfollows

P B P
K

K
K0 1, ,

=
λµ
λ

 (45)
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FromEquations(35),(44)and(45),weobtain
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SubstituteaboveEquationin(39)and(45),
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UsingEquation(47)in(44),
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UsingEquation(49)in(34),weget

j

K

j

K

K
G

z B

z B=

−

∑ ( ) =
+ −( )( ) −( ) −( )

−( ) −( ) −( )+0

1

1
1 1

1 1

φ λ φ µ λ

µ η λ φ φµ

*

* 11−( )B zK *
 (50)

Therefore,Equation(30)or(37canbeframedas

E L
z B

z B
WV

* K

*




 =

+ −( ) −( )( ) −( ) −( )
−( ) −( ) −

φ
φ

φ η φ

η φ

» » » ¼ »

¼ »

1 1

1 1 KK K *B z( )+ −( )φ¼ 1
 (51)

Now,wederive themeansystemsizewhen theserver is in theregularbusyperiod,denotedby
E L

K



 . FromEquation(25),usingL’Hospitalrule,weobtain
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(52)

whereG
j
'' 1( ) isobtainedbydifferentiatingtwiceG z

j ( ) atz � �=1 for j K= −0 1 1, , .� Differentiating
twice(19)and(20)andsubstituting z � �=1 gives
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SubstitutingEquation(53)in(52),weobtain
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whereE L
WV



 iscalculatedbyEquation(51)andtheprobabilitywhentheserverisidle(P

K0,
),
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1 arecalculatedbyusingEquations(48),(49)and(50).SinceLbethenumber

ofcustomersinthesystem.ThemeansystemsizeE L E L E L
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  canbecalculatedfrom

Equations(51)and(54).


