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ABSTRACT

Location-detectionproblemsarepervasive.Examplesincludethedetectionoffaultsinmicroprocessors,
theidentificationofcontaminantsinventilationsystems,andthedetectionofillegallogginginrain
forests.Ineachoftheseapplicationsanetworkprovidesaconvenientmodellingparadigm.Sensorsare
placedatparticularnodelocationsthat,bydesign,uniquelydetectandlocateissuesinthenetwork.
Openlocating-dominating(OLD)setsconstrainasensor’seffectivenessbyassumingthatitisunable
todetectproblemsoriginatingfromthesensorlocation.Sensorfailuresmaybecausedbyextreme
environmentalconditionsorbytheactofanefariousindividual.DeterminingtheminimumsizeOLD
setinanetworkiscomputationallyintractable,butcanbemodelledasanintegerlinearprogram.The
focusofthisworkisthedevelopmentandevaluationofheuristicsfortheminimumOLDsetproblem
whensensorsofvaryingstrengthsareallowed.Computationalexperienceandsolutionqualityare
reportedforgeometricgraphsofupto150nodes.

KeywORdS
Diversification Strategy, Integer Linear Program, Mixed-Weight Open Locating-Dominating Sets, Open Locating-
Dominating Sets, Tabu Search

INTROdUCTION

Themergerofthelocatinganddominatingrequirementsforasetofnodesonanetworkhasledtoa
wealthofresearchactivityinthelast20years.Theintroductionoflocatingsetsisgenerallyattributedto
Hakimi(1964),althoughJordan(1869)andHua(1962)bothhadearliercontributions.Theorigination
ofdominatingsetsisusuallytracedtoOre(1962).Combiningtheideasoflocationanddomination
haveledtoanumberofdistinctproblemsincluding,locating-dominatingsets(Colbourn,Slater,&
Stewart,1987;Slater1987),identifyingcodes(Cohen,Honkala,Lobstein,&Zémor,2001),open
locating-dominatingsets(Seo&Slater,2010;Seo&Slater,2011)andmetriclocatingdominating
sets(Henning&Oellermann,2004).

Thedetectionandlocationofanomaliesinanetworkisofcentralconcerninawidevarietyof
applicationarenas.Insensorapplications,sensorsareplacedatparticularnodelocationsdesigned
todetectandlocateanomaliesthatariseinthenetwork.Onewaytolowerinitialcostsandlong-
termmaintenancecostsforacollectionofsensors, is tominimizethenumberofsensorsneeded
toappropriatelymonitor thenetwork.Unfortunately, these location–dominationproblemsare, in
general,computationallyintractable(Givens,Kincaid,Mao,&Yu,2017;Sweigart,2019).Afinite,
connected,simplegraphG(V,E)withnodesetVandedgesetEprovidesaconvenientmodelofa
networkorphysicalspace.Nodesrepresentlocationsorregionsandedgesrepresentconnectionsor
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communicationrangesbetweenthoselocations.Theedgesareassumedtobeofunitlengthunless
otherwisenoted.

Thefocusofthispaperisopenlocatingdominating(OLD)setsthatallownon-uniformweights
(sensorstrengths).However,itishelpfultoconsiderthreerelatedproblemstounderstandthedifference
betweenOLDsetsandotherlocationdominationproblems.Letanopenneighborhoodofanodev ,
N v( ) ,bethesetofnodesadjacenttonodev,excludingv.Aclosedneighborhoodofanodevis
denotedbyN v


 andistheunionofN v( ) withv.LetS V⊆ denoteasubsetofnodesinagraph

G V E,( ) .
In(Seo&Slater,2011)asetSisaLocating-Dominating(LD)setifeverynodenotinShasat

leastoneneighborinSandthereisnodistinctpairofnodesnotinSwiththesamesetofneighbors
inS.Hence,SisaLDsetifbothofthefollowingconditionsaremet.

LD 1Forallv V S∈ − ,N v S( ) ∩ ≠ ∅ .

LD 2Forallv u V S, ∈ − suchthatv u≠ , N v S N u S( ) ∩( ) ≠ ( )∩( ) .

ThefirstrequirementisadominatingconstraintforV-S.whilethesecondrequirementisa
locatingconstraint.ThedefinitionofOpenLocatingDominating(OLD)Sets(Seo&Slater,2010)
isquitesimilar.AsetSisanOLDsetifeverynodeinthegraphhasatleastoneneighborinSand
notwonodesinthegraphhavethesamesetofneighborsinS.Thatis,

OLD 1Forallv V∈ , N v S( ) ∩ ≠ ∅ .

OLD 2Forallv u V, ∈ suchthatv u≠ , N v S N u S( ) ∩( ) ≠ ( )∩( ) .

InbothLDandOLDsetsthesetofneighborsisopenbutthedomainsaredifferent,V S−
versusV .TheopenneighborhooddistinguishesLDandOLDsetsfromnodeidentifyingcodes(IC)
inwhichaclosedneighborhoodisrequired.Theset S isanidentifyingcodeifeverynodeinthe
graphisdominatedandnotwonodeshavethesamesetofneighbors.Specifically,

ID 1Forallv V∈ , N v S


 ∩ ≠ ∅ .

ID 2Forallv u V, ∈ suchthatv u≠ , N v S N u S


 ∩( ) ≠ 



 ∩( ) .

ThelastrelatedproblemistheMetricLocatingDominating(MLD)set(Henning&Oellermann,
2004).ThesetSiscalledaresolvingsetifMLD2issatisfiedbutMLD1neednothold.Theminimum
cardinalityresolvingsetisdefinedtobethemetricdimensionofG.Sisametriclocatingdominating
(MLD)setifitisbotharesolvingsetandadominatingset.Thatis,SisanMLDsetif,

MLD 1Forallv V S∈ − , N v S( ) ∩ ≠ ∅ .
MLD 2Forallu v V≠ ∈ ,thereisaw S∈ suchthatd u w d v w, ,( ) ≠ ( ) .

TheconditionsOLD1andID1aresimilar(closedversusopenneighborhood)whileLD1and
MLD1areidentical.Themaindifferencebetweenthesetwosetsofdefinitionsisthedomainofthe
nodev,eitherV S− orV .NoticethattheLD1andMLD1requirementsdonotchangeifN v


 

replacesN v( ) sincethedomainisrestrictedtoV S− .Itisonlywhenthedomainincludesallof
V thatthedistinctionbetweenN v( ) andN v


 isimportant.ItiseasytoseethatanysetS V⊆ 
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that satisfies the OLD1 condition also satisfies the LD1 and MLD1 conditions. When does the
conversehold?Thatis,whendoestheconditionN v S( ) ∩ ≠ ∅ failforv S∈ .Thisfailurecanonly
occurifthereisanodeinS thatisnotadjacenttoanyothernodeinS .

ConsiderthegraphinFigure1.AnMLDsetisgivenbyS v v w w
MLD
= { }1 2 1 2

, , , Itiseasytosee
that S

MLD
 is a dominating set (MLD1) but tedious to check MLD2. An LD set is given by

S v v w w w w
LD
= { }1 2 12 22 11 21

, , , , , .Again,itiseasytoseethatS
LD

isadominatingset.Thelocating
constraint,LD2,onlyneedstobecheckedfornodesnotin S

LD
.Notethatforanynode u S

LD
∈ ,

N u S
LD( ) ∩ = ∅ duetotheopenneighborhood.CheckingthenodesinV S

LD
− findsallofthe

intersectionsuniqueandnon-empty.Forexample,N w S w w
LD1 11 12( ) ∩ = { }, .AnOLDsetisgiven

by  the  un ion  of  t he  prev ious  two set s  p lus  two addi t iona l  nodes .  Tha t  i s ,
S v v w w w w w w k k
LD
= { }1 2 12 22 11 21 1 2 1 4

, , , , , , , , , .Adding w w k k
1 2 1 4
, , ,{ } toS

LD
forcestheintersections

ofelementsin S
OLD

withitselftobenon-emptyandunique.Forexample,N v S k
OLD1 1( ) ∩ = { } .

Note that S
LD

 satisfies ID1. The use of the closed neighborhood in ID1 makes each of the
N u S u

LD



 ∩ =  for all u S

LD
∈ . However, S

LD
 fails to meet the ID2 condition since

N v S N v S v
LD LD3 1 1




 ∩ = 



 ∩ = { } .AsetthatmeetsID1andID2is v v w w k k k k

1 2 1 2 1 2 3 4
, , , , , , ,{ } .

• S v v w w
MLD
= { }1 2 1 2

, , ,

• S v v w w w w
LD
= { }1 2 12 22 11 21

, , , , ,

• S v v w w k k k k
ID
= { }1 2 1 2 1 2 3 4

, , , , , , ,

• S v v w w w w w w k k
OLD
= { }1 2 1 2 12 22 11 21 1 4

, , , , , , , , ,

Amixed-weightopenlocating-dominatingset(mixed-weightOLDset),wasintroducedinGivens
(2018)andGivensetal.(2017)extendstheOLDsetproblemdefinitionbyallowingsensorsofvarying

Figure 1. Compare LD, OLD, ID, and MLD solutions
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strengths(seealso(Kincaid&Givens,2019)).Thevaryingsensorstrengthsaremodelledthrough
theplacementofweightsonthenodesofthegraph.Justasanincreasedsensorstrengthexpandsthe
reachofasensorthroughoutaregion,anincreaseinweightonanodeincreasesthereachofanode
byanequalnumberofedges.Multipletypesofsensorsareoftenusedinawirelesssensornetwork
(WSN), such as those thatmonitor natural habitats (Mainwaring, Culler, Polastre, Szewczyk. &
Anderson,2002).WSNshavebeenusedtostudyavarietyofenvironmentalareassuchasglaciers
(Martinez,Padhy,Riddoch,Ong,&Hart,2005),marinepollution(Akyildiz,Pompili,&Melodia,
2005),animalbehaviorandwelfare(Mainwaring,Culler,Polastre,Szewczyk.&Anderson,2002),
andtheeffectofclimatechangeonfarming(DiPalmaetal.,2010).

Thepaperisorganizedinthefollowingway.Section2providesanintegerlinearprogramming
formulationoftheunweightedOLDsetproblemandidentifiesaconnectiontotheuniformcostset
coveringproblem.Sections3and4arededicatedtomixedweightOLDsets.Section3providesan
exampleofagraphthatdoesnotadmitanOLDsetunlessmixedweightsareallowed,whileSection4
summarizesthecomputationalresultsforseveralheuristics.ConcludingremarksaremadeinSection5.

INTeGeR LINeAR PROGRAM FOR MINIMUM OLd SeTS

Anaturalgoal,foreachofthefourproblemsidentifiedintheprevioussection,istoseekaminimum
numberofnodelocations.Onewaytodothisistoformulatetheproblemasanoptimizationmodel.
TheminimumOLDsetproblemwasformulatedasanintegerlinearprogram(ILP)forthefirsttime
inSweigart,Presnell,&Kincaid(2014).TheILPassumesthattheadjacencymatrixA isavailable
(notethatA

i j,
= 1 ifnodesi and j areadjacenctandzerootherwise).Theadjacencymatrixserves

toidentifytheopenneighborhoodofanode.Fromtheadjacencymatrixtheshortestpathdistance
matrixD canbecomputed(inpolynomialtime).Letd i j,( ) denotetheshortestpathdistancebetween
nodes i and j .AbinarymatrixE isformedbylettingE

i j,
= 1 ifd i j,( ) ≤ 2 andzerootherwise.

Ifd i j,( ) > 2 foranypairofnodesthenthenodes, i and j ,cannotshareanycommonneighbors.
TheresultingminimumOLDsetILPisgivenby

Minimize: 
j V

j
x

∈
∑

Subject To: 
j V

i j j
A x

∈
∑ ≥

,
1  ∀ ∈i V


k V

i k j k k i j
A A x E

∈
∑ −( ) ≥

, , ,

2
 ∀ ∈i j V,

x
j
∈ { }0 1,  ∀ ∈j V

ItisquitelikelythatnofeasiblesolutionmayexistfortheOLDsetILP.Forsimple,connected
graphsthisoccurswhenthereisatleastonepairofnodeswiththesamesetofneighbors.Graphs
withnosuchnodesarecalled twin-free, (Foucaud,Henning,Lowenstein,&Sasse,2016). If the
solutiontotheILPfortheOLDsetproblemhasnofeasiblesolutionthenithasatwin.Notethatthe
OLDsetILPformulationisequivalenttotheuniformcostsetcoveringproblem(SCP).TheSCP
isNP-completebuthasbeenextensivelystudied,(Yelbay,Birbil,&Bulbul,2015).Therearemany
heuristicsearchproceduresthatareknowntogeneratehighqualityfeasiblesolutionstotheSCP.

Inthesetcoveringproblem,aswellasintheOLDsetproblem,allcustomers,locatedatthe
nodes,mustbeserved.However,iftheobjectsthataretobelocatedhaveacostassociatedwiththem
thentheremaybeanadditionalbudgetconstraintlimitingthenumberofobjectstobelocated,i.e.

j V
j
x k

∈
∑ = where k isapositiveinteger.Whenthisconstraintisaddedtotheaboveformulation

therewillbevaluesofk forwhichnotallofthecustomerscanbedominatedandournewobjective
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istoseekasolutionthatminimizesthenumberofcustomersnotcovered(notdominated).Inthe
OLDsetcontextthisiseasiesttoseefortheOLD1dominatingconstraints.TheOLD2constraints
mightthenonlybeenforcedforthosenodesthataredominatedintheOLD1constraints.Inanycase,
whennodeweightsotherthan1areaddedtotheformulationthisversionoftheproblemhasadditional
interestsincesomenodesarenowmoreimportantthanothers.Maximumcoveringlocationmodels
forOLDsetshavebeenproposedandstudiedinSweigart(2019)andSweigartandKincaid(2017).

deFINING MIXed weIGHT OLd SeTS

AllowingOLDsetnodestohavenon-uniformweightsresultsinamixedweightOLDsetproblem.
Withoutlossofgenerality,assumethatOLDsetlocationsareforsensorsandthatthegraphrepresents
asensornetwork.InGivens(2018)andGivensetal.(2017)amixedweightOLDsetproblemis
definedinwhicheachsensorhasweight1or2.Moreover,thepotentialweightsforeachnodelocation
isknownapriori.Ifaweight2sensorislocatedatanodethenasignalmaybesensedupto2edges
away.Thatis,therangeoftheantennaassociatedwiththesensorisdoubled.Fortheunweighted
OLDsetproblemtheOLD1andOLD2requirementsrelysolelyontheneighborhoodofanodeand
its interactionwith theOLDsetS.Forweight2nodes theantennastrengthallowsnotonly the
neighborhoodtobeservedbutalsotheneighborsoftheneighbors.Tocapturethiseffectdefine,for
eachnodev,B vout ( ) ,thesetofnodesthatcanbereachedfromv,aswellBin υ( ) ,thesetofnodes

thatcanreachv.LettheoutgoingballB vout ( ) betheset u u V d v u w v∨ ∈ ∧ ( ) ≤ ( ){ }, theincoming

ballB v u u V d u v w uin ( ) = ∨ ∈ ∧ ( ) ≤ ( ){ }, .Whenalloftheweightsare1,N v B v B vout in( ) = ( ) = ( ) 
forallv V∈ .Forthesensorlocationproblem,S V⊆ isamixed-weightOLDsetif

MW-OLD 1Forallv V∈ ,B v Sin ( ) ∩ ≠ ∅ .

MW-OLD 2Forallv u V, ∈ suchthatv u≠ , B v S B u Sin in( ) ∩( ) ≠ ( )∩( ) .

Notethatanequivalentmixed-weightOLDsetproblemcanbedefinedbyreplacingtheroleof
B vin ( )withB vout ( ) .Inthisversionoftheproblemthelocationssendoutasignalratherthanreceive
asignal.

Notallconnected,simple,undirectedgraphsadmitanOLDset.Considerthefollowingexample.
InthegraphofFigure2allthenodeweightsare1.NoOLDsetsolutionexistssincebothx

1
andx

3

havethesameincomingballB x B x x xin in
1 3 2 4( ) = ( ) = { }, .Thatis,N x N x

1 3( ) = ( ) .Howeverin
Figure3,byallowingtheweightatnode x

3
tobe2,amixed-weightOLDsetsolutioncanbefound

sincealloftheincomingballs,B vin ( ) ,areuniqueforall v V∈ .Forconvenience,directededges
areaddedfromtheweight2nodetoallnodestwoedgesaway,asispicturedinFigure3.

HeURISTIC SeARCH FOR MIXed weIGHT OLd SeT

Thecomputationalexperiments in this sectionmakeuseofageometricgraph testbed found in
(Givens,2018).Severalheuristicswereproposedandtestedforconstructingsolutionstothemixed
weightOLDsetproblem(weight1and2nodelocationsgiven)onrandomlygeneratedgeometric
graphswith50,100and150nodesin(Givens,2018).Geometricgraphsareconstructedbyrandomly
generatinganorderedpairofcoordinates,(x,y),ontheunitsquare.Thatis,bothxandyareuniformly
generatedontheinterval(0,1).Then,anedgeisdrawnbetweenanypairofcoordinates x y

i i
,( ) and

x y
j j
,( ) ifthedistancebetweenthepointsislessthanorequaltoapredetermineddistancethreshold
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r .500graphsaregeneratedforeachsize,foratotalof4500graphs.Thenodeweights(1or2)are
alsorandomlyassignedwiththeprobabilityofaweight2node, ρ ,chosenfrom{0.25,0.50,0.75}.
Thedistancerwhichgovernstheassignmentofedgesisalsochosenfrom{0.25,0.50,0.75}.The
resultinggeometricgraphsmaybeasingleconnectedcomponentormultipleconnectedcomponents.

TheheuristicwhichperformedthebestinGivens(2018)isastingyheuristic,seeAlgorithm1.
IfagraphadmitsanOLDsetthenS V= isanOLDset.Thestingyheuristicdeletesanodefrom
thecurrentOLDset,checkstoseeifthereducedsetofnodessatisfiesMW-OLD1andMW-OLD2,

Figure 2. All node weights 1 ; x
1

 and x
3

 same incoming-ball x x
2 4
,{ }

Figure 3. If w x
3

2( ) =  then B xin
i( )  is unique ∀ ∈x V

i



International Journal of Operations Research and Information Systems
Volume 11 • Issue 2 • April-June 2020

59

andcontinuesuntilnofurtherreductioncanbemade(alocaloptima).Therearenumberofwaysto
determinetheorderinwhichtodeletenodesintheOLDset.InGivens(2018)anumberofpossible
ordersweretested.Asaresultofthesetests,thelargestdecreaseinOLDsetsizewasfoundbydeleting
OLDsetindecreasingorderoflargestoutgoingballsize,B vout ( ) .

ThestingyheuristicforthemixedweightOLDset(Givens,2018)isimproveduponintwoways–
addingadiversification-basedrestartandembeddingstingywithinatabusearch,seeAlgorithms
2and3,respectively.ThegoalofthediversificationstrategyistoprovideanewOLDsetinputfor
thestingyheuristicthatisasdifferent(diverse)aspossiblefromthecurrentOLDset.TheOLDset
constructedbythestingyheuristicisreceivedasinputforthediversificationscheme.Next,allpairwise
swapsbetweennodesinSandV−Sareexamined.Aftereachswap,theresultingsetischecked
toseeifMW-OLD1andMW-OLD2aresatisfied.Iftrue,thentheswapisaccepted.Otherwisethe
swapisrejected.Afterallpotentialswapshavebeenexamined,theresultingmixedweightOLDset
willbethesamesizeastheoneconstructedbythestingyheuristic(analternatelocaloptima).Next,
thestingyheuristicisinvokedwiththediversifiedsolutionastheinitialsolution.

Tabusearchand,moregenerally,adaptivememoryprogrammingcontinuetohavesuccessin
efficiently generating high-quality solutions to difficult practical optimization problems. Glover
(1996)providesforty-twovignetteseachofwhichdescribesadifferentapplicationoftabusearchby
researchersandpractitioners.Constructingasimpletabusearchheuristicrequiresdefiningamove
setorneighborhood,thetabutenureofanacceptedmove,anaspirationcriterionandthemaximum
numberofneighborhoods,max_ittobeexamined.Oneiterationofasimpletabusearchexamines
theneighborhoodofthecurrentsolutionandeitherselectsthefirst-improvingneighborortheleast
nonimproving(non-tabu)neighbor.FortheOLDsetproblemamoveistheexchangeofanynode
currentlyintheOLDsetwithanodethatisnotintheOLDset.Eachmovegeneratesaneighborof
thecurrentOLDsetsolution.Amoveistabuiftheexchangehaspreviouslybeenacceptedandfewer

Algorithm 1. Stingy Mixed Weight OLD set Heuristic

Algorithm 2. Recency-Based Diversification Strategy
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thantabutenureiterationshavetranspired.Thesearchproceedsbyfirstcheckingiftheneighboris
anOLDset.Ifso,thenthestingyheuristicisappliedtotheneighbortoseeiftheOLDsetsizecan
bedecreased.IfthemoveisnottabuandtheOLDsetsizeisdecreasedthenthemoveisaccepted
andtheOLDsetisupdated.

AtabumovemaybeacceptediftheOLDsetsizeissmallerthananypreviouslydiscoveredOLD
set(e.g.meetstheaspirationcriterion).Ifanon-tabumovedoesnotresultinanOLDsetthenthenode
thatwasremovedfromtheOLDsetisappended.Iftheresulting(larger)setofnodesisanOLDset
thenthesolutionisconsideredasacandidatefortheleastnon-improvingOLDset.Atanyiteration
thefirst-improvingmove(decreaseinOLDsetsize)isacceptedandtheiterationterminates.Ifno
improvingmoveisfoundamongtheneighbors,thentheleastuphillnon-tabusolutionisaccepted.

Tables1-4catalogtheperformanceofthestandalonestingyheuristic,adiversificationscheme
followedby the stingyheuristic anda tabu searchon4,500geometricgraph instances.Optimal
solutionswerefoundbysolvingtheintegerlinearprogramming(ILP)formulationviabranchand
bound.TheILPlinearprogrammingrelaxationsolutionisalsorecordedforcomparisonpurposes.
Fortabusearch,thetabutenurewassettoonehalfthenumberofnodesandthemaximumnumber

Algorithm 3. Tabu Search for Mixed Weight OLD sets
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ofiterations,max_it,(neighborhoodsexamined)was50forboththe50,100and150nodecasesin1
and2.The150nodecaserequiredabout50minutespergeometricgraphfortabusearchonaniMac
witha3.2GHzIntelCorei5processorand16GBof1867MHzDDR3memory.(Incomparison,
thecomputationtimeforthe100nodecaseswasabout6.3minutesforeachgeometricgraphand15
secondsforeach50nodegeometricgraph.)Asaresult,tabusearchwasnottestedonall4,500of
the150nodegeometricgraphs.Instead,oneofthemoredifficult500geometricgraphinstances(r
=0.25andρ=0.75)wasusedasthetestbed.Tabusearchresultsfortheseexperimentsalsosetthe
tabutenuretoonehalfthenumberofnodes,butsetthemaximumnumberofiterations,max_itto
thenumberofnodes(seeTable5).

Table1recordstheaverageoptimalOLDsetsizes(column2)aswellastheaverageOLDset
sizesforeachoftheheuristics(columns4-6)forthe4,500geometricgraphs.Column3liststhe
averageILPrelaxationobjectivevalueswhichprovidesanupperboundontheoptimalvalue,but
doesnotprovideanOLDset(feasiblesolution).Table2recordstheaveragerelativeerror,(heuristic
value-optimalvalue)/(optimalvalue),forthesamesetofgraphs.AllthreeheuristicsgenerateOLD
setswithsignificantlybettervaluesthantheILPrelaxationbound.Moreover,tabusearch,which
requiresthemostcomputationaleffort,providesthehighestqualitysolutions.

Resultsforthe4,500geometricgraphsareshownforeachgroupingof500inTable3andTable
4.Whenr = 0.75theresultinggeometricgraphshavethemostedgesofanyofthegraphsgenerated.
Theresultsshowthatthesecasesaretheeasiestonestofindahigh-qualityOLDset.Infact,when
r = 0.75andρ = 0.75theoptimalsolutionisuncoveredbythestingyheuristicforall500graphs.
Themostchallengingcasesarewhenr = 0.25.Thesegraphshavethefewestedges.Forthe3,000
geometric graphs with r =  0.25 or r =  0.50 the trend is the same, tabu search outperforms
diversificationfollowedbystingywhichoutperformsstingy.Forexample,therelativeerrorsforthe
500geometricgraphsgeneratedwith r = 0.25and ρ = 0.75were31.8%forthestingyheuristic,
21.2%fordiversificationfollowedbystingy,and13.6%fortabusearch.

Table5catalogstheperformanceoftabusearchfortheOLDsetproblemon500geometric
graphs.InTable1ninefamiliesof500geometricgraphsweretested.Thefamilyof500geometric
graphstestedhadanedgebetweentwopointsontheunitsquareifthedistancebetweenthepoints
waslessthan0.25andtheprobabilityofaweight2vertexwas0.75.Tabutenurewassettoonehalf
thenumberofnodesandthemaximumnumberofiterations(neighborhoodsexamined)wassetto
thenumberofnodes.Noticethatthesolutionqualityimprovedasthenumberofnodesincreased

Table 1. Average OLD set sizes for 4500 geometric graphs

n Optimal ILP-Relax Stingy Diverse + 
Stingy Tabu

50 21.4 27.3 24.1 23.1 22.2

100 34.6 46.5 39.5 37.1 35.5

150 45.7 63.0 53.7 49.7 ----

Table 2. Average relative error, (Heuristic-Opt)/optimal; 4500 geometric graphs

n Optimal ILP-Relax Stingy Diverse + 
Stingy Tabu

50 21.4 27.6% 12.6% 8.1% 3.7%

100 34.6 34.3% 14.2% 7.2% 2.5%

150 45.7 37.9% 17.4% 8.9% ----
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Table 3. Average OLD set sizes; 9 sets of 500 graphs with 50 nodes

r,ρ Stingy Diverse + Stingy Tabu Optimal

0.25,0.25 24.78 22.62 21.15 18.45

0.25,0.50 24.47 22.29 20.77 17.74

0.25,0.75 24.28 22.29 20.90 18.40

0.50,0.25 19.23 17.58 15.62 15.50

0.50,0.50 19.01 18.29 17.29 17.24

0.50,0.75 22.70 22.52 22.26 22.25

0.75,0.25 23.82 23.61 23.12 23.10

0.75,0.50 26.00 25.89 25.73 25.72

0.75,0.75 33.13 33.13 33.13 33.13

Table 4. Average OLD set sizes; 9 sets of 500 graphs with 50 nodes

r,ρ Stingy Diverse + Stingy Tabu Optimal

0.25,0.25 36.43 32.04 28.45 27.69

0.25,0.50 35.99 31.40 28.09 27.11

0.25,0.75 36.48 31.24 28.34 27.61

0.50,0.25 33.62 29.65 25.34 24.73

0.50,0.50 32.45 30.65 28.18 27.81

0.50,0.75 37.66 37.23 36.55 36.48

0.75,0.25 40.77 40.21 38.71 38.48

0.75,0.50 44.32 44.07 43.56 43.51

0.75,0.75 57.78 57.76 57.74 57.74

Table 5. Tabu Search (500 geometric graphs with r = 0.25 and ρ = 0.75)

n Optimal Tabu Search Rel Error Itrs Asp

50 18.4 20.9 13.6% 6.0 0.05

100 27.6 28.2 2.2% 23.7 0.34

150 35.8 36.4 1.7% 50.5 0.62
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andthenumberofinstancesinwhichtheaspirationcriterionwasinvokedalsoincreasedwiththe
numberofnodesaswell.Forthe150nodegraphstabusearchuncoveredasolutionthatsatisfiedthe
aspirationcriterionin310outofthe500instances.

Forthe4,500geometricgraphstested,theweightassociatedwitheachnodeisfixed,apriori.
Decidingwhichweight,1or2,toassigntoeachnodedoublesthenumberofdecisionvariablesin
theILP.InSweigart(2019)andSweigart&Kincaid(2017)amixedweightOLDsetILPisformulated
thatallowssensorsofanyintegerstrengthfrom1 2, ,…R tobeconsidered.

CONCLUSION

Themaincontributioninthispaperisthedevelopmentandtestingoftwoheuristicsforthemixed-
weightOLDsetproblem.Thefirstimposesadiversificationschemeuponthesolutiongeneratedby
astingyheuristicandthenre-appliesthestingyheuristictothediversifiedsolution.Thesecondisa
tabusearchheuristicwhichmakesuseofashort-termmemoryfunction(tabutenure)inanattemptto
drivethesolutionawayfromlocallyoptimalsolutions.Inaddition,anaspirationcriterionisincluded
toallowtabumovestobeacceptediftheyleadtosolutionsthathavenotyetbeenuncovered.Both
heuristicsledtobetterOLDsetsthanthosefoundbythestandalonestingyheuristicforthe4,500
geometricgraphstested.Itisexpectedthatthesameperformancewouldbeobservedifalltheweights
onthenodesareuniform.

Aswasnoted, thecomputational timefor thetabusearchwhen150nodesareconsideredis
roughly50minutesper50iterationsanddoesnotscalewellforlargergraphs.Pursuitofstrategiesto
addresstheexcessivecomputingtimeareofinterest.Forexample,acandidateliststrategy,inwhicha
smallsampleoftheneighborhoodisexaminedateachiterationmaybeimplemented.Suchcandidate
liststrategieshaveprovensuccessfulinotherapplicationvenues.Identifyinggoodcandidatelistsfor
OLDsetproblemsisatopicforfutureresearch.

Aswasnoted inFigure1,MLDsetscontainmanyfewernodes thanOLDsets. Inaddition,
MLDsetsariseinavarietyofapplications.ThreeapplicationsofMLDsetsandresolvingsetsare
summarizedinMladenovic,Kratica,andCangalovic(2012)—networkdiscovery(Beerliovaetal.,
2006),comparingchemicalcompounds(Chartrand,Eroha,&Oellermann,2000)androbotnavigation
(Khuller&Rosenfield,1996).Considerarobotnavigatingaspacedescribedbyanetwork.Therobot
seeksinformationonitscurrentpositioninthenetworkbysendingoutasignaltoasetoflandmarks
anddeterminesitsdistancefromthem.Theproblemistocomputetheminimumnumberoflandmarks
aswellastheirlocationssothattherobotisalwaysabletouniquelydetermineitscurrentposition.
AswasthecasefortheOLDsetproblem,itisstraightforwardtoextendanoptimizationmodel(see
Mladenovicetal.,2012)fortheMLDsetproblemtoamaximumcoveringlocationproblemwhena
budgetconstraintforcesMLD1orMLD2tobeviolated.Tothebestofourknowledgethisproblem
hasnotbeenstudied.
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