Journal of Global Information Management
Volume 27 « Issue 4 « October-December 2019

The Investigation of Dependence Between
the Internet Measurement and Globalization

Bruce Qiang Sun, SUNY Buffalo State, Buffalo, USA

Tina Ting Swan, SUNY Buffalo State, Buffalo, USA

Yan Lu, The University of New Mexico, Albuquerque, USA
Lorena Mathien, SUNY Buffalo State, Buffalo, USA

ABSTRACT

Under the new measurement for the internet supplied from the Cooperative Association for
Internet Data Analysis (CAIDA), the authors relax the orthogonal and normality condition with
the methodology based on empirical codependence structures and marginal distributions. The
nonparametric dependence between the diffusion of the internet and different globalization indices
is examined using a panel of 10 countries, as long as error terms do not follow multivariate Gaussian
distributions. The model selections are ranked and the authors find the best dependence model. The
empirical dependence of the Internet diffusion on the globalization is further demonstrated from the
dynamic copula analysis.
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1. INTRODUCTION

In recent years, there have been a large number of investigations on the relationship between
technological advances and globalization. One of the most interesting topics is that, as the driving
force, how do the emergence and rapid development of the Internet technology and its applications
impact on globalization, or do they impact on each other? Although there are still debates, some
facts and arguments have been generally accepted. The growth of the Internet has accelerated the
dissemination of global information all over the world, which enables more effective and convenient
communications among international decision-makers. Companies improve their productivity
and competitiveness with more efficient and smooth processing of transactions. Furthermore, the
E-commerce on the Internet has been more competitive, giving consumers more diverse choices.
Therefore, all of these have greatly boosted the globalization including the economic and political
interactions, technology and capital flows and international social welfare.

The Internet can be defined as an innovative communication that enables the dissemination,
exchange, storage and analysis of data and all kinds of global information. While the multi—national
flows of information, trade and capital are key elements to globalization, the Internet plays an
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innovative role on the global economy and politics. To measure the Internet development across
countries, many researchers use data from the Internet Software Consortium (ISC) to count how many
web hosts are attributed to each country by counting top-level host domain names. As they point out,
however, this may not be a very good measure, since there is no necessary correlation between a host’s
domain name and where the site is actually located. Generally, there are two concerns need to be
addressed: First, there are still confusions and debates on the exact measurements on the development
of the Internet on the globalization and vice versa. Second, there are also debates on whether the
statistical algorithms, tools and analytical models can give exact description and understanding of
their dependence relation.

As to the measurement of globalization, there are many indicators published periodically in
the past decade. The popular ones that researchers frequently applied are listed below. The World
Development Indicators (WDI) from the World Bank are published quarterly, including more than 900
indicators organized in different sections, such as, financial sector, trade, world view, environment,
economy, markets, and global links. The Organization of Economic Cooperation and Development
(OECD) puts together special groups of experts to evaluate the processes of globalization in almost
all dimensions. They publish the OECD Handbook on Economic Globalization Indicators in response
to increasing demands for better measures to the trends of globalization, with a conceptual and
methodological framework for gathering quantitative information and constructing indicators. The
International Monetary Fund (IMF) also supplies various indices to illustrate the international flows
of goods, capital, and people. Different from the above measurements, the KOF Swiss Economic
Institute has devised a composite index of globalization, the KOF Globalization Index. The index
measures the social, economic, and political dimensions of globalization. It observes the globalization
of a set of countries over a long-term period. The economic globalization index measures the extent
of cross-border trade, investment and revenue flows in relation to GDP; the index also measures
the social dimension of globalization in the cross-border personal flows as well as the size of the
resident foreign population, and cross-border information flows; and finally, it provides the cultural
and political proximity to the global mainstream.

The measurements of the Internet are much more relying on the development of information
technologies. So far researchers have very limited sets of measures, and sometimes they have been
even contradictive to each other. Abramson (2000) states that measurement of telecom traffic
flows helps pin down and address the uneven patterns of globalization. However, Internet traffic
statistics are still estimated based on extremely thin data sets. Huang and Sun (2016) present a
way to measure the diffusion of the Internet. It relied on the access of the Internet connections
and infrastructures in the countries. The gathered data gave an effective way with insight into the
complexity of a large, heterogeneous, and dynamic worldwide Internet topology. We found the
significant and positive relationship between the Internet distance and different globalization indices.
The dynamic panel causality analysis demonstrates further the impact of the Internet diffusion
on the different indices of globalization. Thus the first concern in the above has been generally
addressed in our previous paper (2016).

In this paper, we will endeavor to look into the second concern, which will answer one of the
most fundamental questions in the related global research. Many researchers believe that, whether
there does exist the dependence relationship between the Internet and globalization needs to be
checked with new hard evidence from the real data. We will check the nonparametric dependence
between the diffusion of the Internet and different globalization indices using the same panel of 10
countries'. We relax the orthogonal and normality condition in the panel time series analysis. The
empirical results of the panel time series analysis show that the error terms do not follow multi-
Gaussian distributions, so it is necessary to explore the relationship among the time-series variables
cross-sectionally. We can apply copula methods and make model selections to search the detailed
dependence structure which has better fit to the dataset, in order to supply the full description and
explanation of the dependence relation. We will also derive the optimal parameters for several standard
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parametric copulas, corresponding to empirical copulas of the panel time series. The model selections
will be ranked to find the best dependence model. Finally, the results show that the shock from the
annual cycles can be forecasted, and the prompt reflection can be traced by the traffic fluctuations.

2. LITERATURE REVIEW

Globalization can be understood as the global development of communication technologies and capital
movements. It has several fundamental elements, such as information flows, international trade, foreign
direct investment, short term capital flows, and movements of labor. Borcuch and Kaczor (2012)
conclude that the impact of the Internet on globalization has diversified aspects. The positive impact
of the Internet on globalization includes the modernization and improvement in online business.

Totonchi and Manshady (2012) make an investigation on the relationship between globalization
and the Internet at firm levels. They find that the relationship between globalization and the Internet
commerce is complex and varied. Aydina and Savrulb (2014) investigate the relationship between
globalization and E-commerce. Their results indicate that linear models may not be enough to show
the relation between globalization and Internet. Goldfarb and Blum (2006) use the gravity equations
to measure the international electronic commerce. They show the gravity equations hold in the case of
digital goods that are consumed over the Internet and have no trading costs, but the effects of distance
on electronic commerce mainly focus on the digital goods that depend on the taste. Lee-Chu-Tseng
(2012) claimed that the Internet infrastructure affects workplace reform significantly. N’ DAa, Robin,
and Tribunella (2009) used data of two time points, 1990 and 2000, and over 100 countries, to find
the codependence between technology and economic freedom.

On the other hand, Aas (2004) states that understanding and quantifying dependence is at the
core of all modeling efforts. The linear correlation coefficient, which is the most used measure to test
dependence, is only a measure of linear dependence. It has many drawbacks to exploit the complicated
relations among factors. It is a meaningful measure of dependence if random variables are well
represented by an elliptical distribution. Outside the world of elliptical distributions, however, using
the linear correlation coefficient as a measure of dependence may lead to misleading conclusions.
Hence, Adam, Ding and Li (2015) consider using alternative methods for capturing co-dependency.
One class of alternatives are copula-based dependence measures. Dowd (2008) discusses the uses of
copulas for modeling multivariate density functions and explains how copula methods can be applied
to the study of macroeconomic relationships. He suggests that copulas are well suited to the study
of the relationships among the macroeconomic factors. Shaw, Smith and Spivak (2012) measure
and model the dependency within capital models by the consideration of copulas. In this paper, we
will apply the copula theory and make the model selections to estimate what kind of nonparametric
dependence structures have better fits and prove the relationship between globalization indicators
and Internet measurements.

The rest of the paper is organized as follows. Section 3 is devoted to a summary of the Internet
measurements and the KOF Globalization indicators. We present an empirical examination that
describes the behavior of cross—country Internet, using the empirical copulas to see the joint
distribution of the relationship and demonstrate how the empirical data can be regressed by
nonparametric models. Section 4 concludes the paper.

3. COPULA ANALYSIS AND ESTIMATION

3.1. The Data and Empirical Problem

We continue using the datasets downloaded and processed from the CAIDA, one of the channels of
the National Supercomputing Center (NSC), to measure the connectivity and the performance of the
Internet by collecting raw files from activated monitors across ten countries for ten years. There are
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four variables discussed in the empirical results. The first is data length, which represents the length
of the signal sent from the source IP address to a specific destination IP address. This variable gives
us an opportunity to check the efficiency of the information transformation when we change the size
of the length or the ratio of the signal length to the number of the hops across countries. The second is
RTT. We will count how many round trip times (RTTs) can be attributed to each starting hop in each
country by counting million-seconds for each destination. This is the most stable variable supplied
by CAIDA. The third is HopDistance. This counts how many hops before the signal successfully
goes through from the source to many destinations. This is an alternative way to test the stability and
the efficiency of information traveling. It’s expected that the HopDistance will be large when the
number of hops increases and the recursive hops appear, which signals that the information traveling
is unstable and inefficient. The last one is Reply TTL, which measures the forward IP paths to record
each hop from a source to many destinations by incrementing the so-called “time to live” (TTL) of
each IP path and recording replies from each router (or hop) leading to the destination hosts. This
is also an alternative way to compare the connectivity of the Internet, instead of only counting how
many web hosts are attributed to each country by counting top-level host domain names.

There are ten countries we used in this paper. They are the United States, the United Kingdom,
China, Japan, Canada, Korea, France, Sweden, Netherland, and New Zealand. All the files are
daily—accumulated records of each monitor from the round-trip tracing within a month. We inherited
the data of the ten countries from our published works. CAIDA only collected the data from these
ten countries at that time. By examining the variables of data length of sending message, RTT,
Hopdistance, and TTL, we can see that, for data length, the message sending out to multiple destination
has been increased; RTT, Hopdistance, and TTL have deceasing trends, indicating that the rounding
time for the message echoing back to resource gets decreased. This confirms there exists significant
improvement in the stability and efficiency of the information traveling, and the connectivity of the
Internet across time in different countries is enhanced during the time period. These improvement
resulted from greater increments in hosts located in developing countries than in developed countries
due to substantial upgrades in hardware and franchises.

The KOF Index of globalization, economic globalization, social globalization, and political
globalization are downloaded from the KOF website, which was introduced by Dreher (2003), and
is updated and described in details then, Gaston and Martens (2008). The overall index covers the
economic, social and political dimensions of globalization. Economic globalization is characterized
as long distance flows of goods, capital and services as well as information and perceptions that
accompany market exchanges; while political globalization is characterized by a diffusion of
government policies, and social globalization is expressed as the spread of ideas, information, images
and people. To proxy the degree of political globalization, the methodology follows A.T. Kearney
(2001), employing the number of embassies and high commissions in a country, the number of
international organizations to which the country is a member and the number of UN peace missions a
country participated in. The KOF Index of Globalization measures globalization on a scale of 1-100,
where the underlying variables enter in percentiles.

In Huang and Sun (2016), the fundamental empirical problem from the derived logarithmic
gravity equation is:

Inx; = constant +1Iny,y, +(1—6)ph’ldij +(1—6)lnll.]j —(l—a)lnpipj

where x, is a measurement of globalization index between region i and j. The dij is the geographic
distance, and /, I is the Internet measurement between region i and j. In this paper, we only concentrated
on the influence of the Internet on the globalization, especially globalization of the integration from
the international service aspects. Originally The y. is the nominal income of consumers in region i,

179



Journal of Global Information Management
Volume 27 « Issue 4 « October-December 2019

and p, is the price of goods consumed by j consumers and are from in region i. The coefficient p is
a correlation coefficient, and o is the elasticity of substitution between all goods.

Considering the gravity equation again, with distance variables dropped, the geographic distance
remains the same across countries, which can be treated as fixed constants in the estimation equation.
The price-adjusted income level disappears as in the previous literature?. We set up:

AX, =8, +8,AX,

it—1

+06,Al, +6,Al,, | +u, 3.1)

where the subscript i and ¢ denote the ith country, i = 1, ..., 10, and the tth year, = 1, ..., 10. The
X, is the first-differenced KOF index of globalization, financial and economic globalization, social
globalization, or political globalization for country i, in year ¢, measured as the variables and weights
defined in Dreher (2003). In this paper, they were the measurements for the bandwidth estimations
of the cross-traffic travelling distance, RTT or other closed-form measurements, for instance, Data
Length, HopDistance and TTL, and the lagged terms of X,, I, u,. The error terms are assumed as
multi-Gaussian and orthogonal to the group of variables for identification. so the identification issue
have been posted. On the other hand, as long as the error terms do not follow the multi-Gaussian
distribution, copula theory is an alternative for estimating the relationship between the globalization
and the diffusion of the Internet.

3.2. The Model and Identification

In this section, we will use copula theory to check the dependence relation of the Internet measurement
and the Globalization indexes, and in the meantime, to fix the problem that the linear or log-linear
estimation might not be the correct way if the error terms in (3.1) are not multivariate Gaussian®.

The identification is one of the basic steps for estimation if we want to use the data to capture
the correlations between the variables interested. In our empirical model above, we assume that the
unobservable error terms follow multi-Gaussian distribution conditional on the Internet variables.
However, the dependence relations in the regressions rely heavily on the multivariate distribution of
errors conditional on the explanatory variables. The (weak) orthogonal conditions between the error
terms and the explanatory groups are the fundamental for consistency and efficiency issues, which can
lead to the potential bias in the maximum likelihood estimation. Furthermore, the marginal distributions
do not follow Gaussian either, which can be seen from figures in the appendix, so the dependence
correlation between globalization and the diffusion of the Internet should not be measured by the
traditional linear correlation statistics. According to Aas (2004), the linear correlation coefficient is
only a measure of linear dependence. It is a meaningful measure of dependence if random variables
are well represented by elliptical distributions, whereas our statistical analysis and figures show they
are clearly not elliptically distributed. Outside the world of elliptical distributions, however, using
the linear correlation coefficient as a measure connectedness across countries of dependence will
lead to misleading conclusions.

We use p~ to denote the sample correlation coefficient. By our derivation for examining
empirical Equation (3.1), we see that p™(X,, I) = —0.07. If (X, 1) are Gaussian distributed, X, and
I, would be dependent in multiple Gaussian distribution. Our empirical data shows that (X, 1)) are
not multivariate Gaussian, and the hypothesis that their marginal distributions are normal can be
simply rejected. so p™(X,, 1) = —0.07 alone is far from sufficient to say that X, and /, are independent
or not. Therefore, we would use a different setting of correlations to check the dependence of them.

NT NT
For empirical observation {X . }H and {YI }H of cross-sectional time series {x,} and {y,}, the

Kendall’s 7 is defined as:
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2

T o), o, X =)

It is an indicator to measure the difference between the probabilities of cordance and concordance.
When X and Y are independent, the theoretical expectation of 7 is zero. In the sequel, we turn our

attention to the copula approach for the dependence analysis of the variables {X t’ } and {] tj } . The

earliest paper explicitly relating copulas to the study of dependence among random variables appeared
in Schweizer and Wolff (1981). Copulas allow us to separate the effect of the dependence from the
effects of the marginal distributions.

3.3. The Empirical Copula

To demonstrate that the variables we examined in (3.1) are closely dependent, we measure the error
between the empirical copula derived from the variables {X } and {/ } and the standard copulas. We
shall show that empirical copula is close to the Frank copula, i.e. {X } and {/} can be statistically
regarded as dependent relationship as Frank model.
T N7
Given observations {X k}Kil and {Yl }1711 of random variables, a commonly used empirical

distribution of X and Y are defined by:
1 NT 1 NT

Fle)=gpXtr =X Gb)=g7 1y 2]

where 1 is the indicator function that takes value 1 when its logical argument is true and zero when
its logical argument is false.
Now let U = F (X) and V = G(Y). The empirical copula for U and V is first defined on the lattice:

s=12 Ll gi=o1.nr
NT NT

by:
1 Mo _
(OF— (u,v) = ﬁ21(F (Xk) < u)l(G (Y;) < ’U) Vu,v
k=1

and then extended over [0, 1] by a linear interpolation.

Based on the integral difference measures in Appendix B, we calculate the errors between the
empirical copula and several standard copulas which can be referred from Appendix A. In the appendix,
we list the empirical Copula for joint distribution, the marginal cumulative probability distribution,

and the marginal distribution. It shows that the empirical copula for our interests, {X :} and {I j} .

And a quasi-standard parametric form. The contours of copula show some pictures for approximation
from the parametric view. The marginal cumulative probability distribution, and the marginal

distribution confirm that the {X ;} and {I 1;’}. are not Gaussian distribution, so we need some

functional form, other than Gaussian, in the estimation process for our empirical model above.
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3.4. Results

In this section, we discuss the copula model of dependency, preliminarily, in nonparametric format,
i.e., distributional inference, to explain the global interaction. Firstly, X, and 1., i =1, ..., N, for all
t =1, 2,..T will be put into the variable sets without considering the orders, and the estimates of
parameters can be obtained according to the dependence parameter inside the functional forms. We
thus obtain a nonparametric inference for estimating the relationship between the globalization and
the diffusion of the Internet.

We have nonparametric evidence supporting the relationship between the globalization and the
diffusion of Internet. In the appendix, the figures showed the difference between the empirical copula
and several parametric copulas. From these figures, we see that the minimum errors between empirical
error and the parametric copulas are attained near those values 0.01 ~ 0.02, so that the parametri
copula becomes the Frank copula. We also plot the relative differences between empirical copula
and the product copula which are attained near those values 0.7 ~ 0.8, so that the parametric copula
becomes the Frank copula*. From the smallness of the error between empirical copula and the Frank
copula, we can reasonably conclude that the relationship in (3.1) are in some functional form, which

is not Gaussian. It shows that the empirical copula for our interest {X ; } and {[ t] } has the minimum

error to the Frank copulain L,, L, and L_. We can find the dependence within the values of related
variables, which are significantly shown up in the estimation equation. Here, the coefficient estimates
of @ are positive in all of the alternative specifications for Data length, and negative in most of the
alternatives for RTT, and HopDistance. In the appendix it shows that the minimum error to the
empirical copulain L , L, and L_, and the associated coefficients for including independent variable,
Data length, RTT, HopDistance, TTL, respectively. The consistent dependence coefficients of X, and
I confirm that the measurable values for globalization index is adaptive to the Internet diffusion’s
values. So in this setup framework, the relationship we examined for series (X, I.) are statistically
dependent. The Internet measurement, I, has the minimum error for parametric copulas which are
attained near those values 0.01 ~ 0.10 so that the parametric copula becomes the Frank copula. In
addition, the relative differences between empirical copula and the Frank copula are attained near
those values 0.09 ~ 1.0, in each different estimation process, Data length, RTT, HopDistance, and
TTL. The dependence coefficients vary in different criterions for minimum error, and we can explain
the economic meanings based on the values from different cri-terions. We can find that the movements
in the diffusion of the Internet have statistically significant relationship to the globalization index. In
general, we can summarize the correlation coefficients, 8, 0.21, —1.89, —0.63, 0.21 for Data length,
RTT, HopDistance, and TTL, respectively, to approximate the empirical correlations between the
diffusion of the Internet and the degrees of globalization across countries.

On the other hand, in the examination of economic, social, and political globalization, we have
similar results supporting the relationship between the globalization and the diffusion of the Internet.
Here, the Internet measurement, [, has the minimum error for parametric copulas are attained near
those values 0.01 ~ 0.08 that the parametric copula becomes the Frank copula. Furthermore, the
relative differences between empirical copula and the Frank copula are attained near those values
0.03 ~ 1.0, in each different estimation process (i.e., Data length, RTT, HopDistance, and TTL). The
dependence coefficients also vary in different criterion for minimum error, and we can similarly explain
the economic meanings based on the values from different criterions. Here, we can summarize the
correlation coefficients, 6, 0.21, —1.05, —0.21, 1.05 for Data length, RITT, HopDistance, and TTL,
respectively, to approximate the empirical correlations between the diffusion of Internet and the degrees
of economic globalization across countries. For social cross—country interactions, the correlation
coefficients, 8, 0.63, —1.89, —0.63, —0.21 for Data length, RTT, HopDistance, and TTL, respectively,
to approximate the empirical correlations between the diffusion of Internet and the degrees of social
globalization across countries. The correlation coefficients, 4, 1.05, —1.89, —1.05, —1.05 for Data
length, RTT, HopDistance, and TTL, respectively, to approximate the empirical correlations between
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the diffusion of Internet and the degrees of political globalization across countries. The interesting
point is that the coefficient estimates of @ are negative in most of the alternative specifications for
interaction between TTL and social globalization, or political globalization, which is different from
other globalization index measurements, so this supports this unique data sets are good alternatives to
approximate the measurements of Internet diffusion, especially from the nonparametric point of view
using Frank copula’s functionals. Our data provides valuable input for empirically-based modeling
of the Internet behavior and properties.

Based on our results, aggregate cross-sectional time series data shows consistent nonparametric
evidence to provide support for the dependence between the globalization and Internet diffusion.
The impact of Internet diffusion on globalization is supported not only in linear functional ways, but
in the nonparametric distributional examinations. It should be noticed that the Im, the current and
lagged-one-period Internet diffusion both put consistent impact on the current trend of globalization,
where the coefficient, 8 is the dependence parameters in the theoretical model above, which support
the same movement of technology growth from the Internet diffusion on the growth of the global
integration. We further confirm that it will be reasonable if we use the Internet diffusion rate to
calculate the network incentive, not the proxy variable which results from the global geography, local
distance and neighboring price for services.

4. CONCLUSION

In this paper, we looked into the second concern in the introduction, whether there does exist the
dependence relationship between the Internet and globalization. To address the concern is a part of
the fundamental works in global information management. Under the examination of quasi-parametric
dependence between Internet measurements and different globalization indices, the empirical
derivations and results are provided with more solid background for the evaluation of financial
transactions, international trades, institutional transitions and government policy.

The derived empirical results further support there exists significant and positive relationship
between Internet information transferring sizes and the globalization, the fixed-time-to-length
messages and instantaneous changes on globalization. We also prove the strong relationship between
the information cycle rates of Internet speeds and the globalization, and the mistakes on transferring
message bytes and the globalization. With comparing cross-country institutions transformation based
on the influence from Internet service, we find the strong persistence in the political globalization
when there is so much free flowing information.

We compute the indicators to measure the difference between the probabilities of discordance
and concordance. Copulas allow us to separate the effect of the dependence from the effects of the
marginal distributions. Sklar’s Theorem tells us that for any two random variables with joint and
marginal distribution known, the copula functions are determined if the marginal distributions are
continuous. On the other hand, if we know the marginal distributions, different copulas can applied to
approximate the joint distributions. This gives us an elastic framework to do the analysis of dependence
relation between two random variables.

In fact, copulas can do more than merely shed light on correlations. Since copulas enable us to
model the multivariate density function of the Internet measurement and globalization indicators,
they shed light on their complete relationship, whereas any other correlation indicators only give us
a partial picture. The best fit, Frank copula, shows how the Internet measurement and globalization
index are related in their tails, as well as in their central masses. Therefore, we master the complete
picture of empirical dependence relation between the Internet and globalization from this dynamic
panel copula analysis.

The outcomes of our analysis also demonstrate empirically that the error terms and the explainable
variables are not independent, so the identification issue can be solved by this alternative method.
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On the other hand, as long as the error terms do not follow the multi-Gaussian distributions, copula
theory is an efficient alternative for estimating the relationship between the globalization and the
diffusion of the Internet, which confirms the significant strong relationship between the globalization
and the diffusion of Internet.
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ENDNOTES
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Since 2008, CAIDA starts to change the algorithms to supply a different dataset for Internet measurements.
Considering the consistence of the project, and also avoiding the huge volatility of economic indicators
in the financial crisis around 2008, we continue to use the same dataset to carry out the investigations.
To compare with the previous literature, we firstly run the level-valued estimations, and test the
Auto—Regressive error terms for AR(1), AR(2). Our results show that there exist large significant error
correlations for the dynamic panel data described in section 3.1.

The empirical model is derived in Huang and Sun (2016). Freund and Weinhold (2004) include year-fixed
effects to control for changes in competitiveness. They use fixed-effect or fixed-difference approaches
for linear models, which sacrifices the dynamic attributes of panel data. This is one of the reasons why
their results from panel data regression are not goodpoor, although still better than the estimations from
cross-sectional least—square regressions. They also explain that the intuition for their results follows from
the fact that Internet hosts are not perfect proxies for the Internet connectedness across countries.

We did not include the figures for economic globalization, social globalization, and political globalization
in this paper. The formats look similar to the figures here, and readers can refer the details by request.
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APPENDIX A: COMMONLY USED STANDARD COPULAS

We list a few commonly used copulas here for reference. The produce copula models independent
random variables and is given by C,(4, v) = u v; The Frechet-Hoeffding upper bound copula is C,
(u, v) = min(u, v); The Frechet-Hoeffding lower bound copula is C, (4, v) = max(u+v —1, 0), for any
copula C, there holds C, (1, v) < O(u, v) <C, (u, v).

The Gaussian copula C, . (4, v; §) = @_ (<I)"(ul), <I>"(u2); 0), where 0 € [—1, 1], ®(-) is the
distribution function of N(0,1) variable and @, is the distribution function of Normal variable function
with zero mean and covariance matrix [1, 8; 6, 1]. The Clayton copula is:

1

C (u, v 0) = (u’o +of — 1)5

Clayton
where 6 > 0, The Frank copula is:

@*ﬂ—ﬁ@ﬂa—g
e’ —1

C pran (u, U,9> = —%log 1+

the Gumbel copula is:

C U, V; 9) = exp

Gumbel <

l f l dE
—ogul— ogu2 7

and the FGM copula is C

FGM

(u, v; 0) = u, u,(1 +6(1 —u)(1 - u)).
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APPENDIX B: DIFFERENCE MEASURES WITH MODELS

We will use the following integral difference to measure the error between the empirical copula and
the target copulas: The L' error ""L is:

f— gLIZJj‘f(U, v) — g(u, v)‘ dudv

00

and the L? and L*™ errors are:

11 , 2 sup
F 8- ‘[ﬂf(u’v)_g(u’v)‘ R U0 < 1‘f(“’”>_9(“’“)‘
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