
A PORISM FOR CYCLIC QUADRILATERALS,

BUTTERFLY THEOREMS, AND HYPERBOLIC

GEOMETRY

IVAN IZMESTIEV

Abstract. If there exists a cyclic quadrilateral whose sides go through
the given four collinear points, then there are infinitely many such
quadrilaterals inscribed in the same circle. We give two proofs of this
porism; one based on cross-ratios, the other on compositions of hyper-
bolic isometries.

1. The porism

In [8], the following theorem was proved.

Theorem 1. Let C be a circle in the plane, and let p, q, r, s be four collinear
points not on C. Choose a point x ∈ C not collinear with p, q, r, s and draw
a chain of four chords starting at x which go consecutively through p, q, r, s.

If the chain closes for some choice of x, then it closes for any other choice.

x

rsp q

x

p q r s

Figure 1. A porism for cyclic quadrilaterals.

In Section 2, we give a short proof of Theorem 1 using cross-ratios and
establish a link with the butterfly theorem and its projective generalization.
Section 3 interprets Theorem 1 in terms of hyperbolic and Möbius geometry,
reproves and generalizes it.

Both approaches to Theorem 1 are quite common and belong to the folk-
lore in the mathematical olympiads community. We believe that they can
serve as nice exercises in projective, or respectively hyperbolic, geometry.

The author thanks Arseniy Akopyan for useful remarks.
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2. Cross-ratios

2.1. The projective butterfly theorem. Theorem 1 deals with inciden-
cies of points and lines, thus belongs to projective geometry. Our first proof
uses the basic invariant of projective transformations, the cross-ratio.

Definition 2. The cross-ratio of four distinct real numbers a, b, c, d is

cr(a, b; c, d) :=
a− c
b− c

:
a− d
b− d

The cross-ratio of four collinear points is defined as the cross-ratio of their
coordinates in some (and then any) affine coordinate system on the line.

Theorem 3 (The projective butterfly theorem). Let p, q, r, s be the inter-
section points of a line ` with the (extensions of the) consecutive sides of a
cyclic quadrilateral.

If ` intersects the circumcircle C in two different points a and b, then

(1) cr(a, b; p, q) = cr(a, b; s, r).

If ` is tangent to C at a point a, then

(2)
1

a− p
− 1

a− q
=

1

a− s
− 1

a− r
where a− p denotes the signed length of the segment ap.

If ` and C are disjoint, then

(3) ∠paq = ∠sar

where a is the point whose position is shown on Figure 2, right.
Conversely, if the circle C and the points p, q, r, s ∈ ` satisfy the conditions

(1), (2), or (3), then for every x ∈ C there is an inscribed quadrilateral xyzt
that intersects ` consecutively in the given points.
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q p a r s
q p r s

a

Figure 2. Three cases of the projective butterfly theorem.

Theorem 3 will be proved in the next section.

First proof of Theorem 1. If for some x ∈ C the chain of chords closes, then
by the first half of Theorem 3 we have (1), respectively (2), or (3). By the
second half of the same theorem, the chain then closes for any x ∈ C. �
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2.2. Proving the projective butterfly theorem. We need to extend the
notion of the cross-ratio to concurrent lines and to points on a circle. This
is classical and can be found for example in [2, Chapter 16], [1, Chapter VI],
or [10, Appendix 4].

Definition 4. The cross-ratio of four lines `1, `2, `3, `4 intersecting at a
point x is

cr(`1, `2; `3, `4) :=
sin(α− γ)

sin(β − γ)
:

sin(α− δ)
sin(β − δ)

where α, β, γ, δ are the angles from some line `0 to `1, `2, `3, `4.

Replacing α by π + α (taking the other oriented angle from `0 to `1)
doesn’t change the value of the cross-ratio.

Proposition 5. Let ` be a line that doesn’t go through x and intersects the
lines `1, `2, `3, `4 in the points a, b, c, d. Then we have

cr(`1, `2; `3, `4) = cr(a, b; c, d).

Proof. The sine law implies

a− c
b− c

:
a− d
b− d

=
sin∠axc
sin∠bxc

:
sin∠axd
sin∠bxd

with signed lengths and angle values. �

Along the way we have proved that central projections (and hence all
projective transformations) preserve the cross-ratio of collinear points, see
Figure 3. This implies in turn that projective transformations preserve the
cross-ratio of concurrent lines.

b

a′
c′

b′

x

a c d

d′

Figure 3. |ac||bc| : |ad||bd| = sin∠axc
sin∠bxc : sin∠axd

sin∠bxd = |a′c′|
|b′c′| : |a

′d′|
|b′d′| .

Definition 6. The cross-ratio of four points on a circle C is defined as

cr(a, b; c, d) := cr(xa, xb;xc, xd)

where x is an arbitrary point on C.

The right-hand side is independent of x because of Figure 4. Now every-
thing is ready to prove Theorem 3.



4 IVAN IZMESTIEV

ba

c

d

x

x′

Figure 4. Cross-ratio of points on a circle is well-defined.

Proof of Theorem 3. In the case of ` intersecting C, apply Proposition 5 and
the definition of the cross-ratio on the circle twice:

cr(a, b; p, q) = cr(ya, yb; yp, yq) = cr(a, b;x, z)

= cr(ta, tb; tx, tz) = cr(a, b; s, r).

For the inverse implication, use cr(a, b; s, r) = cr(a, b; s, r′)⇒ r = r′.
Incidencies of points, lines, and circles can be expressed by algebraic equa-

tions. Therefore, if (1) holds in the case when the intersection points a and
b are real, it holds in the case of complex intersection points, too. Equation
(3) is a reformulation of (1) in the case of complex a and b.

We invite the reader to prove (2) using similar triangles. Equation (2) is
not (at least not directly) a limit case of (1), as cr(a, a; p, q) = 1. �

Due to the projective invariance of the cross-ratio, (1) holds if C is an
arbitrary ellipse, parabola, or hyperbola.

2.3. More on butterflies. The projective butterfly theorem immediately
implies the classical butterfly theorem as well as its generalization due to
Klamkin [7], see Fig. 5. This is the proof number ten (out of twenty) on [3].
A similar proof is given in [9, Chapter 30].

a b
p q r

a bp rsq

Figure 5. Left: |aq| = |bq| ⇒ |pq| = |rq|. Right: |aq| =
|bs| ⇒ |pq| = |rs|.

The case (1) of the projective butterfly theorem appears in [4]. Coxeter
gives a special case as Exercise 2 in [5, Chapter 8.3].
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3. Hyperbolic isometries and Möbius transformations

3.1. The Cayley-Klein model of the hyperbolic plane. In the Cayley-
Klein model, the points of the hyperbolic plane are the points inside a circle
C, and the lines are the open chords of C. The distance between two points
p and q is defined by the formula

dist(p, q) :=
1

2
| log cr(a, b; p, q)|

where a and b are the endpoints of the chord through p and q.
Isometries of the hyperbolic plane in the Cayley-Klein model are those

projective transformations that map the interior of C to itself. There are
plenty of them; for example, two triangles with equal corresponding sides
are congruent, that is, they can be mapped one to the other by a hyperbolic
isometry.

Theorem 3 implies the following.

Corollary 7. The segments pq and rs on Figure 6, left, have equal length
in the Cayley-Klein model of the hyperbolic plane.

p q s r p q s r

Figure 6. Addition of segments in hyperbolic and euclidean geometry.

This gives a ruler construction for collinear segments of equal length with
arbitrary initial points. Compare this with the construction of equal seg-
ments in the euclidean plane, given two lines parallel to `, in Figure 6, right.

Every point p outside C corresponds by polarity to a hyperbolic line p◦.
If one or both of p and q lie outside C, then the cross-ratio cr(a, b; p, q) is
related to the distance between a point and a line, the angle between two
intersecting lines, or the distance between two disjoint lines, see Figure 7.

3.2. Types of hyperbolic isometries and Möbius transformations.

Definition 8. A Möbius transformation of a circle C is a restriction of a
projective transformation that leaves C invariant.

In other words, a Möbius transformation is an extension of a hyperbolic
isometry by continuity to the boundary of the Cayley-Klein model.

The action of the Möbius group on a circle is equivalent to the action of
the linear fractional group on a projective line, if the circle is identified with
the line by a stereographic projection. This implies the following.
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a q

p
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q

q◦p◦
q◦p◦

p◦

Figure 7. All distances and angles in the hyperbolic plane
are related to the cross-ratio.

Proposition 9. Möbius transformations of a circle act freely and transi-
tively on triples of points.

In particular, a non-identical Möbius transformation cannot have more
than two fixed points. An orientation-preserving Möbius transformation f ,
together with the corresponding orientation-preserving hyperbolic isometry
f̃ , belongs to one of the following three types:

• elliptic, if f has no fixed points;
• parabolic, if f has exactly one fixed point;
• hyperbolic, if f has exactly two fixed points.

Every hyperbolic isometry of elliptic type has one fixed point inside C,
and is therefore a rotation around this point. Rotation by 180◦ is the point
reflection.

p

x

Rp(x) `

`◦

S`(x) x

Figure 8. Point and line reflections in the Cayley-Klein model.

The most basic orientation-reversing hyperbolic isometry is the line re-
flection. The lines joining a point with its mirror image with respect to ` all
go through the pole of `.

3.3. The porism as composition of Möbius involutions. For a point
p not on a circle C, define a map

(4) Ip : C → C

so that Ip(x) is the other end of the chord from x through p. Then Theorem
1 can be reformulated as follows.

Theorem 10. For a circle C and a line `, let p, q, r, s ∈ `\C. If there exists
a point x ∈ C \ ` such that Is ◦ Ir ◦ Iq ◦ Ip(x) = x, then Is ◦ Ir ◦ Iq ◦ Ip = id.
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Interpretation of Ip as a Möbius transformation leads to an almost straight-
forward proof.

Proof. For p inside C, the map Ip extends by continuity the rotation by
π around p in the Cayley-Klein model; for p outside C, the map Ip is an
extension of a reflection in the polar line of p, see Figure 8. In any case, Ip
is a Möbius transformation of C.

An intersection point of ` with C is always a fixed point of the composition
Is ◦ Ir ◦ Iq ◦ Ip.

If |` ∩ C| = 2, then the existence of a third fixed point x implies that
Is ◦ Ir ◦ Iq ◦ Ip is the identity.

Assume that ` is tangent to C in a point a. Then a is a unique fixed point
of Iq ◦ Ip, as well as of Is ◦ Ir. It follows that both maps are of parabolic
type. The composition of two parabolic rotations with the same center is
again a parabolic rotation or identity. Thus if Is ◦ Ir ◦ Iq ◦ Ip has a fixed
point x different from a, then it must be the identity.

Finally, if ` is disjoint from a, then Iq ◦ Ip and Is ◦ Ir are elliptics with the
center p◦ ∩ q◦ = `◦ = r◦ ∩ s◦. Their composition is again an elliptic with the
same center, or identity. If it has a fixed point x ∈ C, then it must be the
identity, and the theorem is proved. �

This sheds new light on the projective butterfly theorem. Let us show
that each of the conditions (1), (2), (3) is equivalent to

(5) Iq ◦ Ip = Ir ◦ Is.

In the first of the cases on Figure 2, the map Iq ◦ Ip is of hyperbolic type
and corresponds to translation along the axis pq by the distance 2 dist(p, q).
In order for (5) to hold, we thus must have dist(p, q) = dist(r, s) (together
with a correct order of points), and condition (1) says exactly that.

In the second case, Iq ◦ Ip is of parabolic type, and the corresponding
hyperbolic isometry maps a horocycle with center at a to itself. The number
1

a−p −
1

a−q is proportional to the translation length along the horocycle (the

horocyclic coordinate can be measured by the stereographic projection from
the point a), so that (2) is again equivalent to (5).

Finally, in the third case the map Iq ◦Ip is of elliptic type and corresponds
to a rotation with center `◦. The angle paq is half the rotation angle (to see
this, use the Poincaré model); hence ∠paq = ∠sar is equivalent to (5).

3.4. Castillon’s problem. Castillon’s problem is as follows.

Given a circle C and n points p1, . . . , pn not on C, inscribe
in C an n-gon whose sides (or their extensions) pass consec-
utively through p1, . . . , pn.

In other words, the problem consists of finding a fixed point of the map
Ipn ◦· · ·◦Ip1 : C → C. Berger [2, Section 16.3.10.3] describes how projective-
geometric considerations lead to an actual construction procedure. The
original 18th century problem was posed for three points, that is for an
inscribed triangle, [6, Problem 29].

The fact that a Möbius transformation with three fixed points is the
identity implies the following.
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Theorem 11. If the Castillon’s problem has at least three solutions, then
every starting point on the circle gives a solution.

If p1, . . . , pn are collinear, then for n odd there is no solution, and for
n even the existence of one non-trivial solution implies that every starting
point gives a solution.

For n = 3 the problem has at most two solutions. For n = 4 infinitely
many solutions are possible only if p1, p2, p3, p4 are collinear, since the axes,
respectively centers of the maps in (5), must coincide. The case of six
points coinciding in the pairs p1 = p4, p2 = p5, p3 = p6 is related to Pascal’s
theorem.

Hyperbolic geometry allows us to produce configurations of points, for
which the chain of chords closes independently of the starting point.

Theorem 12. Let p1, . . . , pn be points inside a circle such that p1p2 . . . pn
is a right-angled polygon when the interior of the circle is viewed as the
Cayley-Klein model of the hyperbolic plane. Then Ipn ◦ · · · ◦ Ip1 = id.

Proof. In a manner similar to euclidean geometry, the reflection in a point
p can be represented as composition of reflections in two orthogonal lines
through p. Replace each Ipk by the composition of reflections in the adjacent
sides of the n-gon. Then we have

Ipn ◦ · · · ◦ Ip1 = (S1 ◦ Sn) ◦ (Sn ◦ Sn−1) ◦ · · · ◦ (S2 ◦ S1) = S1 ◦ S1 = id. �

See Fig. 9 for the construction of a right-angled pentagon and two exam-
ples of closed trajectories.

Figure 9. Castillon’s problem for vertices of a right-angled
hyperbolic pentagon has infinitely many solutions.

Castillon’s problem can be posed for the sphere. The map Ip : S2 → S2
is a Möbius transformation. Since an orientation-preserving Möbius trans-
formation of S2 is determined by the images of three points, we have the
following.

Theorem 13. If the Castillon’s problem for the sphere and an even number
of points has at least three solutions, then every starting point on the sphere
gives a solution.
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Figure 10 shows three configuration of points, for which the chain of
chords always closes. The points are the vertices of a right-angled hyperbolic
dodecahedron in the Cayley-Klein model.
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Figure 10. Configurations of points inside S2, for which the
Castillon’s problem has infinitely many solutions.

To see why these configurations work, represent the reflection in a vertex
as a composition of reflections in three adjacent sides of the dodecahedron.
By cancelling the common reflection, we get for example I2 ◦ I1 = Sb ◦Sa in
the leftmost figure, so that

I8 ◦ · · · ◦ I1 = (Sa ◦ Sd) ◦ (Sd ◦ Sc) ◦ (Sc ◦ Sb) ◦ (Sb ◦ Sa) = Sa ◦ Sa = id

where Sx denotes the reflection in the face x.
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