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SMALL GAIN THEOREM WITH RESTRICTIONS FOR UNCERTAIN
TIME-VARYING NONLINEAR SYSTEMS

MINGHUI ZHU* AND JIE HUANGT

Abstract. This paper gives three versions of the small gain theorem with restrictions for
uncertain time-varying nonlinear systems. The result can be viewed as an extension of the small
gain theorem with restrictions for time-invariant nonlinear systems or the small gain theorem without
restrictions for time-varying nonlinear systems. The result can be applied to study the stabilization

problem or the output regulation problem of uncertain nonlinear systems.

Index Terms — small gain theorem, nonlinear control, nonlinear systems.

The small gain theorem is an important tool to ascertain the stability of two inter-
connected systems assuming each of the individual systems is stable in some sense.
Small gain theorem has many different versions under various stability concepts [2] to
[14], [20]. In this paper, we will focus on the small gain theorem in the context of input-
to-state and/or input-to-output stability [15] to [19]. The first small gain theorem for
nonlinear time-varying systems in the input-to-state stability (ISS) framework was
established by Jiang et al [7]. The resulting small gain condition is given in terms
of two inequalities. Recently, Chen and Huang further considered the small gain
theorem for uncertain time-varying nonlinear system [2]. They presented a simplified
small gain condition which is in a familiar form of the contraction mapping known for

time-invariant nonlinear systems [7].

In [20], Teel introduced the concept of ISS with restrictions on the initial states
and inputs and established a small gain theorem with restrictions for time-invariant
systems. In Appendix B of [6], relying upon the separation property for ISS with
restrictions, Isidori et al established a more general small gain theorem with restric-
tions for time-invariant systems. Nevertheless, the proof of [6] cannot be carried over
to the case of time-varying systems, because the separation property for ISS does not
hold for time-varying systems [2].

This paper is to establish three versions of the small gain theorem with restrictions
for uncertain time-varying nonlinear systems, thus filling the gap between the small
gain theorem with restrictions for time-varying nonlinear systems and that for time

invariant nonlinear systems.

*Department of Mechanical and Automation Engineering, The Chinese University of Hong Kong,

Shatin, N.T., Hong Kong, E-mail: mhzhu@mae.cuhk.edu.hk
fCorresponding author: Jie Huang, Chinese University of Hong Kong. The work described in

this paper was partially supported by the Hong Kong Research Grant Council under CUHK 412006.
E-mail: jhuang@mae.cuhk.edu.hk

115



116 MINGHUI ZHU AND JIE HUANG

1. Preliminary. Throughout the paper, let LT} be the set of all piecewise contin-
uous bounded functions u : [tg,00) +— R™ with a finite supremum norm [|up, o)l =
sup;>, [lu(t)||. Denote the supremum norm of the truncation of w(t) in [ti,%s] by
lluge, o)l = sUPy, <i<y, lu(t)]]. And denote [ull, = limsup,_, . |luf. A continuous
function v : N> — R>¢ is of class K if it is strictly increasing and (0) = 0; and a
continuous function £(s,t) : >0 X N> — R>o is of class KL if, for each fixed ¢t > 0,
the function B(s,t) belongs to class K with respect to s and, for each fixed s, the
function ((s,t) is decreasing with respect to ¢, and 3(s,t) — 0 as t — oo.

Consider the following time-varying uncertain nonlinear system

&= f(I,U,d,t),

where x € R” is the plant state, u € R™ the input, y € RP the output, tg the initial
time, the functions f : ™ x R™ x N X [tg,00) — R™ and h : R™ x R™ x R x
[to, 00) — RP are piecewise continuous in ¢t and locally Lipschitz in col(z,u,d). And
d(t) : [to,00) — R™ is a family of piecewise continuous functions of ¢, representing

the external disturbance and/or the internal uncertainty.

DEFINITION 1.1.  System (1) is said to be (uniformly) robust input-to-state
stable (RISS) with restrictions X C ™ and A > 0 on the initial state x(tp) and
the input u respectively if there exist class KL function g and class K function -,
independent of d(t), such that, for any initial state z(¢yp) € X and any input function
u(t) € LT satisfying [Jup,,o0)[l < A, the solution of (1) exists and satisfies, for all
t > to,

()|l < max{B([|lz(to)[|,t — to), ¥(llugee,zlD)3}-

O
DEFINITION 1.2. System (1) is said to be robust input-to-output stable (RIOS)

with restrictions X and A on the initial state x(to) and the input u respectively if
there exist class K L function [ and class K function +, independent of d(t), such that,
for any initial state 2(tg) € X, any input function u(t) € L7} satisfying |luf, || < A,
the output of (1) exists and satisfies, for all ¢t > ¢,

ly@) < max{B([[z(to)ll,t = to), Y(lluge.1[)}-

O

DEFINITION 1.3. System (1) is said to be semi-uniformly RISS with restrictions

X and A on the initial state (ty) and the input u respectively if there exist class K
functions 7% and 4, independent of d(t), such that for any initial state z(tg) € X
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and input u € LT satisfying [ufs, || < A, the solution of (1) exists and satisfies,
for all £ > to,

lz (@)l < max{y°(la(to) 1), 7" (lugro,00) I}
(2) [zlla < ~*(lulla)-

O

REMARK 1.1. 1In [17], it was shown that, for the class of time-invariant sys-
tems, ISS is equivalent to semi-uniformly ISS. Such equivalence is called separation
property. This equivalent relation can also be extended to ISS with restrictions
and semi-uniformly ISS with restrictions (Appendix B of [6]). Unfortunately, the

separation property does not hold for the time-varying nonlinear systems [2]. n

DEFINITION 1.4. System (1) is said to satisfy robust asymptotic gain (RAG)
property with restrictions X and A on the initial state x(ty) and the input u respec-
tively if there exists a class K function v*, independent of d(t), such that for any
initial state z(tg) € X and input uw € L7 satisfying ||ull, < A, the solution of (1)

exists and satisfies, for all ¢ > ¢y,
3) [#lla < ~*(llulla)-

O

DEFINITION 1.5. The output function of (1) is said to satisfy robust asymptotic
Lo stability (RALS) with restrictions X and A on the initial state z(tg) and the
input u respectively if there exist class K functions 4" and v*, independent of d(t),
such that for any initial state z(to) € X and input u € L satisfying [|up,,o0)[| < A,
the output of (1) exists and satisfies, for all ¢ > ¢,

()] < max{~"(lz(to)]), 7" (lugtg,o0) D}
(4) lylla < ~*(llwlla)-

O

DEFINITION 1.6.  System(1) is said to satisfy output robust asymptotic gain
(0-RAG) property with restrictions X and A on the initial state z(to) and the input
u respectively if there exists class K function v*, independent of d(t), such that for
any initial state z(t9) € X and input u € L7 satisfying ||ulls < A, the output of (1)

exists and satisfies, for all £ > tg,

() lylla < 7" (lulla)-
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2. Small Gain Theorem with Restrictions for Uncertain Nonlinear

Time-varying Systems.

2.1. The Case of Time Invariant Nonlinear Systems. Consider the feed-

back interconnection as depicted in Figure 1,

(6) &1 = fi(z, v, u), Y1 = ha(z,v1,u1)

(7) Bo = fo(x2,v2,u2), Y2 = ha(z2,v2,u2)
subject to the following interconnection:

(8) vl = Y2, U2 =Y1

u )
! , i1 = fi(z1,v1,u1) N

U1 = hl(ﬂcl,vl,ul)

(%)

Ty = fo(xa, Vo, us)

Usg Yz = h2($2,02,u2) Y2

Fi1c. 1. Inter-connection of (6) and (7)

where, for i = 1,2, z; € R™, u; € R™, y; € ®P v; € R with p1 = ¢o, p2 = q1,
the function f;(x;,v;,u;) is locally Lipschitz in col(z;, v;,u;), and f;(0,0,0) = 0,
h;(0,0,0) = 0.

And suppose the following assumption holds.

Assumption 2.1. There exists a C' function h such that
col (y17 y2) = h(‘rl , L2, U1, u2)
is the unique solution of the equations

y1=hi(z1,y2,u1), Y2 = ha(z2,y1,u2).
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The following small gain theorem with restrictions for time invariant nonlinear

systems was established in Appendix B of [6].

THEOREM 2.1. Assume that subsystem (6) is ISS with restrictions X1, A; and
AY on x1(0), v1 and uy respectively and subsystem (7) is ISS with restrictions Xa,
Ay and AY on z2(0), vo and us respectively, i.e., there exist class KL functions (5
and (2, class K functions 71, 2, 74, & such that, for any z1(0) € X3, v1(t) € LI
satisfying [[vio,00)|| < A1, ui(t) € L satisfying |[uqo,o0)|| < AY, the solution of (6)
exists and satisfies, for all t > 0,

[l (D] < max{B1([|z1(0),£), v1.([[v170,00) 1), 71 (l41270,00) [ }

and for any x2(0) € Xo, v2(t) € L2 satisfying ||vo[o,00) || < Az, uz(t) € L2 satisfying
llu2j0,00) || < A%, the solution of (7) exists and satisfies, for all ¢ > 0,

22 ()] < max{Ba([|z2(0)l],1), v2(llv2(0,00) 1> 72 ([[2]0,00) 1)}

Suppose the following estimates hold for the outputs y; and s

170,00 | < max{37 (|21 (O)11), 71 (V170,009 1), 75 (l110,00) 1) }
1(([oalla), 77 (lualla) }
19210,00 1| < max {73 (|lz2(0) 1), T2 (llv210,00) 1), 75 ([[uz(0,00) 1)}
(v2lla),

[y2lla < max{7Fy(||valla), 75 ([[uzlla)}

[y1]la < max{y

for some class K functions 49, 48, 7,, 7,, 7% and 7.
Then if

Fi07qy(r) <7, ¥Yr>0

the system composed of (6) and (7) is ISS with restrictions X; x X5, A; and Ay on
2(0), u; and ug respectively, viewing x = col(x,z2) as state and u = col(u,us) as
input, i.e., there exist class KL function 8 and class K function +, such that, for
any initial state 2(0) € X; x X, and any input functions u(t) € L™ satisfying
l|lu1j0,00) || < A, and ug(t) € L™2 satisfying l|w210,00) | < As, the solution of (6) and

(7) under connection (8) exists and satisfies, for all ¢ > 0,

9) (@) < max{B([|lz(0)[], 1), y([[ufo.00) 1)}

where,
Xy = {21 € X1 : W (||a1]]) < Az, 7y 039 (||aa]]) < A}
and
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Xo = {2 € Xo : %([|z2]l) < A1, 7y 0 A9 (J|l22]|) < Az}
Ap < AY, Ay < AY
ERS [0751) - 72 07%(8) < Alaﬁllll(s) < A?

and

s €10,A2) = 7; 075 (s) < Az, 75 (s) < Au. O
REMARK 2.1. Theorem 2.1 is slightly different from Theorem B.3.1 [6] where

for i = 1,2, 7i(s) =7,(s) and 7} (s) =7 (s)- O

2.2. The Case of Uncertain Time-varying Nonlinear Systems. Let us

first introduce a technical lemma which was established in [2].

LeEmMmA 2.1. Let 8 be a class KL function, v a class K function such that
~v(r) < r, ¥r >0, and pu € (0,1] a real number. For any nonnegative real numbers s

and M, and any nonnegative real function z(t) € L. satisfying
Z(t) S ma’X{ﬁ(Sat)vﬂ)/(HZ[ut,t]H)aM}v Vt 2 07
there exists a class K, function B such that

2(t) < max{f3(s,t), M}, Vt>D0.

O
Consider the interconnection of the following two systems as depicted in Figure
2,
(10) &1 = fi(z1,01,u1,d,t),  y1 = ha(z1,v1,u,d,t)
(11) $2:f2(I2,U2,U2,d,t), y2:h2($27v27u27d7t)

subject to the following interconnection:
(12) U1 =Y2, U2=1Y1

where, for i = 1,2, z; € R™, u; € R™, y; € NP v; € RE with p1 = g2, p2 = @1,
the functions f;(z1,v1,u1,d,t) and fo(xa,va, us,d,t) are piecewise continuous in ¢
and locally Lipschitz in col(z1,v1,u1,d) and col(za,va, ug,d) respectively, and d :
[to, 00) — R™ is piecewise continuous.

The system composed of (10) and (11) is interpreted as feedback interconnection
of two subsystems, the upper one with state 1, input col(vy,u1) and output y; and
the lower one with state x5, input col(ve, us) and output y2. And suppose the following
assumption holds.

Assumption 2.2. The equations

Y1 = hl(xlahQ(:E?uylau?udu t)7u17d7t)
Yo = h2(x27h1($17y27u17d7 t),’U,Q,d, t)
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d
'

&1 = fi(z1,v1,u1,d,t) n

Ul

U1

y1 = hi(z1,v1,u1,d,t)

V2 .
To = f?(an V2, U2, d) t)

ug Y2 = ha(x2,va, uz, d, 1) Y2
Fi1G. 2. Inter-connection of (10) and (11)
have a unique solution of the form y = h(x,u,d,t) where = col(z1,22), y =

col(y1,y2), u = col(uy,us), and h is locally Lipschitz in col(x,u,d) and piecewise

continuous in t.

THEOREM 2.2. Assume that subsystem (10) is RISS with restrictions X7, Ay
and AY on z1(tg), v1 and u; respectively and subsystem (11) is RISS with restrictions
X2, Ay and AY on x2(tp), v2 and ug respectively, i.e., there exist class K L functions
B1 and o, class K functions 71, 7%, 72, 74, independent of d(t), such that, for
any z1(to) € X1, vi(t) € LI satisfying [|vif,00)|] < A1, ui(t) € LI satisfying
llu11te,00) | < AY, the solution of (10) exists and satisfies, for all ¢ > t,

(13) [z ()] < max{Br([|z1(to)ll ¢ = to), vallvrpe.all), 11 (luae,a 1)}

and for any x»(to) € Xo, v2(t) € L2 satisfying [|va,,00) || < A2, ua(t) € L? satisfying
l[uafte,00) || < Ak, the solution of (11) exists and satisfies, for all ¢ > t,

(14) [z2()] < max{Ba([|lz2(to)ll, = to), v2(llvapee.al]), ¥5 (lwareo, 1)}

Further assume that subsystem (10) is RIOS with restrictions X;, A; and A} on
x1(tg), v1 and u; respectively and subsystem (11) is RIOS with restrictions Xo, Ay

and Zg on 3 (tg), v2 and ug respectively, i.e., there exist class K L functions 3; and 35,
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class K functions 7, 7%, ¥,, 74, independent of d(t), such that, for any =1 (tg) € X1,
v1(t) € LI satisfying [[vis,,00) || < Ay, ui(t) € L™ satisfying llu1fte,00) | < Zlf, the
output of (10) exists and satisfies, for all ¢ > to,

(15) 1 ()1 < max{By ([lz1 (o)l = to), Fa (Ve . 1D, 73 (leageo,n 1D}

and for any w2 (to) € Xa, v2(t) € L% satisfying [|vafsy 00) || < A2, ua(t) € L12 satisfying
llu2gt,00) | < A, the output of (11) exists and satisfies, for all ¢ > to,

(16) ly2(8)|| < max{B,([lw2(to)ll ¢ = to), Fallvateo. 1), 75 (luzgee. 1D} -

Suppose that the small gain condition
(17) FioFa(r) <r, >0

holds. Then the system composed of (10) and (11) with connection (12) is RISS and
RIOS with restrictions Xl X Xg, Al and Az on z(tp), u1 and ug respectively, viewing
x = col(xq,x2) as state, y = col(y1,y2) as output and u = col(u1,us) as input, i.e.,
there exist class K L functions 3 and (3, class K functions v and 7, independent of d(t),
such that, for any initial state z(to) € X; x X2, and any input functions u; (t) € L7
satisfying [|u1[sy,00) [ < A, and uy(t) € L satisfying l[U2fto,00) | < As, the solution
and output of (10) and (11) with connection (12) exist and satisfy, for all ¢ > to,

@I < max{B(llz(to)ll; ¢ = to), Y(ufe.q )}
ly@)II < max{B([|x(to)l,t = to), F(||ujeo,n1)}

where,

v(s) = max{4y; 0, 075(s), 4v1 077 (), 471 0 V2 077 (5), 471 075 (8), 271'(s), 472 07y ©
3 (8), 472 0 71 (), 472 0 72 0 71 (8), 472 0 F5(s), 275 (s) },

7(s) = max{27, 0 74(5), 274 (5), 27, o T (s), 274(5))

and,
(i) If Ay, Ao, Ay, Ay are finite,

X, ={z; € XN X1 : By(|#1],0) < min{Ag, As}, 7, 0 B, (21 ]|, 0) < min{A;, A;}}
and

Xy = {zy € XoN Xy : By(||z2]],0) < min{A;, A1}, 7, 0 By(||z2],0) < min{Ag, Ay}}.
A; < min{AY?, A}, Ay < min{A%, AL}

s€[0,A1) = 7y 07¥(s) < min{Ay, A },74(s) < min{Ay, Ay}

and

5€[0,Ay) =7, oF¥(s) < min{Ag, As},74(s) < min{A;, A}

(ii) If A1, Ag, Ay, Ay are infinite,

Xi=X1NnX1, Xo=XonX,
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and
A1 < min{AY, A}, Ay < min{AY, A5},

Proof. First it is noted that the inequality 7, o ¥4(r) < 7, 7 > 0 and the following

one,

Fooyi(r)y<r, r>0

imply each other [5].

Step1: In this step, we will show that if 21 (tg) € X1NX1, 22(tg) € XoNXo, uy(t) €
L7 satisfying [lugjyy,00) || < min{AY, Z?}, and up(t) € L7? satisfying |[ugpry,o0 || <
min{A%, Ay}, the solution of the inter-connected system exists and is bounded for all

t > to. For this purpose, we will consider the following two cases.

(i) A1, A, Ay and Ay are infinite.

Toward this end, we will first prove that the outputs y; and y, exist for all t > g
and are bounded in a standard way such as the proof of Theorem 10.6.1 [5]. Suppose
this is not the case, for every number R > 0, there exists a time 17" > ¢y such that the
solutions are defined on [0, T] and either ||y (T)|| > R or ||y2(T)| > R.

Without loss of generality, we only consider the case where ||y1(T)|| > R. Choose
R such that
R > max{B,(r1,0),7; © Ba(r2,0), 71 (A}), F1(A)), 71 0 75 (A%), 7, 075 (B3)},
where, 11 = {z1 € X1 N Xy :sup(||lz1|)}, r2 = {72 € X2 N Xy : sup(||x2]])}-

It follows from (15) and (16) that

(18) yageo Il < max{By ([lz1 (o)l 00,71 (1y2geo, 11D 7 (o, 1y 1D}
(19) [y2geo, 11l < max{By([lz2(to) I 0), 72 (1Yo, 711 7 (luzgeo. 11 1) }-

Substituting (19) into (18) gives that

[y11to, 71| < max{B; ([|z1(t0)]],0),7; o Ba([|z2(t0)]],0),
(20) 1 © Vo (lYa1t0, 711D 71 © 75 (luagse,m11)s 71 Ul feo,m1) }-
Since
71 © Vo (lyageo, 1) < Nlyaeo, 11l
it holds that

y11to, 77| < max{B, ([|z1(t0)]],0),7, o Ba([|z2(t0)]],0),
(21) 71 © s (lvaqee,m 1), 71 (lvage,ml) } < R
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which contradicts ||y1(T")|| > R. Therefore the outputs are bounded for all ¢ > .
Since the subsystems (10) and (11) are RISS with restrictions, the solution of the

inter-connected system is bounded for all ¢ > t,.

(ii) At least one of Ay, Ay, A; and A, is finite.

Toward this end, we will first prove that the outputs y; and y, exist for all t > g
and are bounded in a way motivated from the proof of Theorem 1 [20].

For any given z(ty) € X1 x Xy, let p(z(ty), A) be a continuous path in X; x X from
the origin to z(t9) with the property that p(x(to),0) is the origin and p(z(to),1) =
z(to), and let y3 and y3 be the outputs starting at z*(tg) = p(z(to), A) with inputs
Aup and Aug. When A = 0, the solutions and outputs are defined on [tg,c0) and
identically zero. Note that the solutions are continuous functions of A\. Hence, for
any given T > ¢ (arbitrarily large), e; > 0 and ez > 0, there exists A* such that the

solution exists on [tg, T'] and

(22) 19350l < €15 Nyape myll < €2

for all A € [0, A¥].
Denote that
81 = s {200,017 o B, (0] 0,

F1 0 75 ([ ageg,00) s 74 Ut feg,00) 1) }

B = max { By, 3(00)1,0) 7, 0 B G 001 0),

V2 0 71 (lurgto 001D 75 (21t 000D } -

Since p(x(to), ) belongs to X; x X, and l[u1tte,00) || < Aq, lU2fto,00) [ < As, it
holds that A; < min{As, Ay} and Ay < min{A;,A1}. Let T > to be arbitrarily
large and €1, ez satisfy A; < €5 < min{Ay, As}, Ay < €2 < min{A;, A1}, and let
A* € (0,1] be the largest value such that (22) holds for all A € [0, A\*]. Suppose
A* < 1. Since ||yi\[t07T]|| < min{As, Ay} and ||y§‘[t01T]H < min{Ay, A}, following the

same lines as (i) when Ay, Ag, A and A, are infinite, we have that
1935077l < D1 <€, [35011 < B2 < €.

By continuity of solutions, there exists A’ > A* such that (22) holds, contradicting that
A* < 1. Hence A* = 1. Since T can be arbitrarily large, |[y1[t,0)ll < min{Az, Ay}
and [|Ya[zy,00) | < min{Aq, A}

In both cases, the solution of the inter-connected system exist and is bounded for

all t > tg. Moreover, |[y1[1,,00) || < min{Az, Ao} and [|yaje,,c0) || < min{Aq, Ay}
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Step2: We will show the system composed of (10) and (11) is RIOS with restric-
tions X1 x X, Ay and Ay on x(to), u1 and ug respectively, viewing z = col(x1, x2)
as state, y = col(y1,y2) as output and u = col(uy, uz) as input.

By symmetry of y; and ys9, it follows from (21) that

[917t0,00) | < max {3, (lz1(to)]l,0),7, © By (llz2(t0)]],0),
1 075 ([ageg,00) s 71 (129,00 11) }
(23) < max{d:(||lz(to)l), M1}

[92(t0,00 || < max {By([[z2(to)ll, 0), 75 © By (||z1 (o), 0),
2 071 (I to,00) 1D 75 (ltzto,00 1) }

(24) < max{da(||z(to)]), M2}
where,

51 (S) = maX{Bl(Sa 0)771 © 32(57 0)}5 52(5) = maX{BQ(Sv 0)572 o Bl (Sa O)}v

My = max{7F; o 75 (|[ua(te,00) [1)s 71 ([@1]t0,00) 1) }5

Ma = max{7, o 77 (|[w1[t5,00) [1)s T5 ([ 12]t0,00) 1) }-
Hence,

ly(OI < NY1gte,00) | + 1¥21t0,00) I
< max{2d1([|x(to)l), 202([|lz(to)]), 2M1, 2M2}

(25) < max{03(||z(to) ), Mz} < yoo

where, d3 = max{201(s),202(s)} and M3z = F(||up,,o0)l|) for any Ko, function 7
satisfying

Y(s) = max{2y, 0 Y5(s), 271 (5), 27, 0 71 (s), 273 (s) }-

Relying upon (23) and (24), the restrictions X; x X, on the initial state z(to)

and Ay, Ay on the inputs uy, us respectively can be computed as follows:

(i) If A1, Ag, Ay, Ay are finite,
X, ={z1 € XN Xy : By(|#1]],0) < min{Ag, Ag}, 7, 0 B; (21 ]],0) < min{A;, A;}}
and
Xy = {zy € Xo N Xy : By(||x2]],0) < min{A;, A1}, 7, 0 By(||z2]],0) < min{Ay, Ay}}.
Ay < min{A¥, A}}, Ay < min{AY, Ay}
s€[0,A1) = 7, o7%(s) < min{A;, A1 },74(s) < min{Ay, Ay}
and

se [O,Ag) = 7, o F4(s) < min{Aq, Az}, 74(s) < min{A, A}
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(i) If Ay, Ag, Ay, Ay are infinite,
Xi=XiNnX1, Xo=XonX,
and
Ay < min{AY, AT}, Ay < min{AY, Ay}
From (13) and (14), we could obtain that

@) < ller (@) + lz2()]]

< max{az([|l2(to) 1), cu(llug.al); (150,010}

iy

M- g o0 1) 2y (o0)} < o

where ay(s) = max{20:1(s,0),202(s,0)}, ay(s) = max{27¥(s),274(s)}, ay(s) =
max{271(s), 2v2(s)}.

For any time ¢; > 0, it holds that

< max{ag(||z(to

= ty,, t1, _
(o + )l < max {Ballato + I 5T Uiy D

G )}

— t1. _ —u
(26) S max{ﬁl (xoo, 5)7 ’71(||y2[t0+%1)t0+t1] ||)7 71 (”ul[to,oo)H)}

and for 7 € [4, 1], it follows that
2 121 thy _
||y2(t0 + T)H < max 62(”$2(t0 + Z)”?T - Z)v72(”3/1[1504.%1)1504_7—]”)7
75 ey 4 g1 }

(27) < max{Bs(Too, b

Z)v 72(”3/1[1504.%1,1504.151] ||)7 7%(””2[150700) H)}

Substituting (27) into (26) gives that

— t1, _ = ty, . _
[y1(to + t1)[| < max{B; (2o, 5)771 0 B2(Too, Z)a% ° 72(||91[t0+%,t0+t1] 1)

V1 © 73 (luz(t,00) 1) 71 (1w t,00) 1)}
< maX{Bl (I007 tl)ail © 72(”y1[t0+%,t0+t1] ||)a Ml}

for any class K L function e satisfying

~ — t — t
(28) Bals. ) 2 max{By (s, 1), 71 o Bals, 0}
Denoting z1(t1) = ||y (to + ¢1)]| gives that
(29) z1(t1) < maX{Bl(%o,tl)v% O%(HZH%M]H),MJ-

Since 7, 0 J5(r) < r (r > 0), we invoke Lemma 2.1 to conclude that there exists
a class KL function Bl such that z;(t1) < max{ﬁl(:too, t1), My}. Tt follows that

(30) ly1(t)]] < max{Bi(zeo, t —to), M1}.
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By symmetry of y; and y2, there exists some class KL function (33 such that
(31) ly2(t)]| < max{ (oo, t — to), Ma}.

Toward this end, consider the following two cases of Yo in (25).
(i) ds(llx(to)l}) = Ms : We have yoo = d3(]|2(to)l]), and [[ufz,c0)ll =7 (Ms) <
71 o d3(||(to)])- Hence,

oo = max{az([|z(to)l), awullluge,o0ll), y(Yoo) }
< max{ag([[2(to)]); aw 07 0 3([lx(to)), ay © 3 ([lx(to) )} < dalllz(to)]])

for any class K function 4 satisfying
54(s) > max{a(s), ay 0¥ 083(s), ay 0 83(s)}.
As a result, (30) gives

lyr ()| < max{B1(da([|z(to)|), t — to), Mi}.
(i1) d3(||z(to)|]) < M3 : We have yoo = M3, then ||y1[,00)l| < Yoo = M3.

In both cases, we have obtained the following inequality:
(32) 2 (D] < max{ 1 (8a([l(to)): ¢ — to), M}
By symmetry of y; and y2, we could obtain the following inequality:
(33) ly2(t)] < max{Bz(8a([l(to)): ¢ — to), Ms}.

Next, we will show that the system composed of (10) and (11) is RIOS with suitable
defined restrictions and gain function 3. Combing (30) and (31) gives that

Iyl < lyr (O + [ly2@)l
< max{26 (Too, t — t0), 202(Too, t — to), 2M1, 2Ms}
(34) S max{ﬁg(;voo, t— to), Mg}

for B5(s,t) = max{20,(s,t),202(s,1)}.
Toward this end, consider the following two cases of Yo in (25).

(1) d5(]|z(to)|]) = M3 : We have 2o, < d4(||z(t0)|]). As a result, (34) gives that

(35) ly ()| < max{Bs(0a([|z(to)ll),t —to), Ms}.
(i) d5(]|z(t0)]]) < M35 : We have yo, = M3, then ||y(t)|| < Ms.
In both cases, we have obtained the following inequality:
ly(@)] < max{Bs(da(l|lx(to)l]), ¢ —to), Ms}
(36) = max{B(||z(to)ll,t = to), T(|[u[z,00) )}
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where,

B(s,t) = max{261(34(s), 1), 202(0a(s), 1) }-
Since the solution y(t) depends only u(7) on to < 7 < ¢, the supremum on the right
hand side of (36) can be taken over [tg,t], which yields
ly @) < max{B([l= (o).t = t0), F(|[uie.])}-

Hence, the system composed of (10) and (11) is RIOS with restrictions X; x X,
A; and A, on x(to), u1 and ug respectively, viewing x = col(z1,x2) as state, y =

col(y1,y2) as output and u = col(uy, uz) as input.

Step3: We will show that the system composed of (10) and (11) is RISS with
restrictions X'l X Xg, Al and Az on z(tg), u1 and uy respectively, viewing z =
col(x1,x2) as state, y = col(y1,y2) as output and u = col(uy, uz) as input.

Substituting (21) into (14) gives that

o2 ()] < max{Bz(l|z2(to) ]|, t = to), 72 © By (|z1(to)l, 0), 72 07y 0 By([lz2(to)]l, 0),
(37) Y2 071 073 (luageo. ) v2 © 71 (luagee. o )s 72 (g 1)}

By symmetry of z; and x5, it holds that

a1 ()] < max{B1 (|21 (to)ll. t = to), 71 © Ba(llz2(to)ll, 0), 71 072 © By (|21 (t0) ], 0),
(38) 71 © 52 071 ([uageeall), v1 075 (luzgee, D 11 (lusgeo, )}
Combing (37) and (38) gives that

(39) =@l < o (®)] + [w2(8)]| < max{8s((to) 1), F([ugso o0 N} = L

where,

55(57 t) = Inax{251(s, 0)7 2'71 © 52(57 O)a 271 0%y 0 Bl(sa 0)7
262(‘9’ 0)7 2'72 © Bl(sv O)a 272 070 32(‘9’ O)}
Y(s) = max{2y1 0¥, 0 7 (s), 271 0 73 (5), 271'(5), 272 0 71 0 73 (8), 272 0 7Y (s), 273 (s) }-

From (13), for any time ¢; > 0, we could obtain

t1,, t1

2t + £2)1) < max B s (o -+ )1 ). 31 e D98 ity 5 gy D)
tq

(40) < HlaX{ﬂl (I:)ov 5)7 et (”yQ[toJr%,tthtl] ||)a 7%(””1[&)700) ||)}

From (33), for 7 € [4, 1], it holds that

latto + 7)) < max{ Ba(Balla(to + D), = ), 7w 1y gD}
- t
(41) < max{Ba(8a(ze), ) ([l ugeo.00) )}
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Substituting (41) into (40) gives

t X t _ "
llz1(to + 1)l < max{B1 (2%, 51),71 o fa(d4(als), Zl)m 0 Y ([[tftg,00)11); 11 (et fto,00) 1)}

(42) < max{f] (2l t1), 11 ([ufeo,00) 1)}

where, 57 (s, t) = max{f1(s, §),71 0 B2(61(s), 5}, 7i(s) = max{y1 0 7(s),71(s)}-
By symmetry of x; and z2, it holds that there exist class KL function 85 and

class K function 4 such that
(43) 22 ()] < max{B3 (2o, t = t0), 75 ([[4tg,00) )}

where, 53 (s,t) = max{Ba(s, §),72 © 1(8a(s), 5)}, 75 (s) = max{yz 0 7(s), 78 (s)}.
Combing (42) and (43) gives

@) < llzr (@] + lz2()]]
(44) < max{ " (2, t = t0), 7" (ufto,00) )}

where, 3% (s,t) = max{20](s,t),205(s, )},
v*(s5) = max{2v;(s), 275 (s)} = max{4dy; 0, oF4(s),4v1 0 ¥(s), 471 0¥ 07 (8), 471 0
75 (), 271 (8), 472 0 71 0 V5 (8), 472 0 F1(8), 472 0 F5 0 71 (8), 472 0 75 (5), 295 (s) }.

Toward this end, consider the following two cases of z/_ in (39).

(1) b5 ([ (o)) = F(llufry,00)[l) : We have ziy = d5([|z(to)])-
As aresult, [|o(t)|| < max{5* (65 (|lz(to)l]),t — t0), 7" ([[fto,00) ) }-

(i)d5 ([l (to)I) < F(l[ugte,00)ll) : We have 2l = F([[ufz,00)])-
As aresult, [[z(t)]| < 20 = F(llujeg,00)[])-
Since A(s) < v*(s) for all s > 0, in both cases, we have obtained the following
inequality
(45) [=(8)] < max{B([lz(to)ll, £ — to), ¥(lufeo,00) 1)}

where, 3(s,t) = 0*(05(s),t), ~v(s) =~*(s).
Since the solution z(t) depends only on u(7) on ty < 7 < ¢, the supremum on the

right hand side of (45) can be taken over [to,t], which yields

()]l < max{B([|lz(to)[|,t — to), ¥(llugee,zlD) 3}

Hence, the system composed of (10) and (11) is RISS with restrictions X; x X,
A; and A, on x(to), u1 and ug respectively, viewing x = col(z1,x2) as state, y =

col(y1,y2) as output and u = col(uy, us) as input. This completes the proof. n
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REMARK 2.2. Theorem 2.2 can be viewed as an extension of Theorem B.3.2
[6] which handles the time-invariant nonlinear systems to time-varying nonlinear sys-
tems. Nevertheless, the proof of these two theorems are quite different. The proof
of Theorem B.3.2 [6] is based on the separation property for time-invariant systems.
However, as mentioned in Remark 1.1, the separation property does not hold for the
time-varying systems. As a result, we have adopted the technique of [2] and [3] to

prove steps 2 and 3 of Theorem 2.2. n

3. Semi-Uniform ISS Small Gain Theorem with Restrictions for Uncer-
tain Nonlinear Time-varying Systems. In many cases, it is easier and sufficient
to ascertain the semi-uniform ISS property than the ISS property for a time-varying
nonlinear system. Therefore, it is interesting to infer the semi-uniform ISS property
of a feedback connected system assuming each subsystem has the semi-uniform ISS
property.

THEOREM 3.1.  Under Assumption 2.2, assume that subsystem (10) is semi-
uniformly RISS and RALS with restrictions X7, Ay and A} on z1(f), v1 and uy
respectively, i.e., there exist class K functions 79, v1, 7%, 7}, 7; and 7%, independent
of d(t), such that, for any zi(to) € X1, vi(t) € L satisfying [[vijy,00)l| < A,
up(t) € LT satisfying [Jui,,00)|| < AY, the solution and output of (10) exist and
satisty, for all ¢ > tg,

46
47

48
49

1 ()] < max{y? (|1 (o) 1) 71 (10120000 )5 7 (11 110.,.00) 1D}
[#1]le < max{y1(llv1lla), v (lurlla)}

ly1 (D] < max {77 (|21 (o)1) T1 ([01120,00) 1) 71 (121 1t0,00) )}
[y1lla < max{F;(lv1]la), 71 ([[u1lla)}-

(46)
(47)
(48)
(49)

Also assume that subsystem (11) is semi-uniformly RISS and RALS with restric-
tions X, Ag and AY on z3(to), v2 and ug respectively, i.e., there exist class K func-
tions 79, y2, 7%, 79, ¥, and 74, independent of d(t), such that, for any xa(ty) € Xo,
va(t) € L% satisfying |[vary o0 || < A2, ua(t) € L2 satisfying [[ugp, o0)ll < Af, the
solution and output of (11) exist and satisfy, for all ¢ > to,

50
o1
52
53

lz2(8)]] < max {73 (llz2(to) ;v (lv21t0,00) ) 73 (ltizies,00) D}

[z2]lo < max{y2(|lvalla); 73 (luzlla)}

(
(
(
(

O — —=

(

(

ly2()]| < max{F5([lz2(t) 1), Tallvaieo o001 75 (ltezfee,00) D}
1y2la < max{7F,([vzlla), 75 ([[u2lla)}-

Suppose that the small gain condition

(54) Fioa(r) <r, >0
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holds. Then the system composed of (10) and (11) is semi-uniformly RISS and RALS
with restrictions X7 x X», A; and Ay on z(to), u1 and ws respectively, viewing x
= col(x1,xz2) as state, y = col(y1,y2) as output and u = col(uy,us) as input, i.e.,
there exist class K functions 7°, v, 7° and 7“, independent of d(t), such that, for
any initial state z(tg) € X1 x Xo, and any input functions u;(t) € L™ satisfying
llu1ft,00) | < A and uy(t) € L2 satisfying llu2gt,00) Il < Ay, the solution and output
of (10) and (11) exist and satisfy, for all ¢ > o,

(55) ()] < max{~°([lz(to)]), v* (1uty.00) D} Nzlla < 7" (llulla)
(56) ly(I < max{7°(|lz(to) ), 7 (Itfro,00)D}s Nylla <7 (fJulla)-
where,

7°(s) = max{27)(s), 271 0 ¥5(5), 271 0 ¥5 0 71 (5), 273 (5), 272 0 77 (5), 272 0 7, 0 79 (s)}
7" (s) = max{2y1 0¥, 0 ¥ (), 271 ° ¥5(s), 271'(s),

272 071 075(8), 272 0 71 (5), 275 () },
7 (s) = max{27](s), 27, o 75(s), 275(s), 275 0 71 (s)}

=u

Y (8) = max{271 © 73(8)7 271{(8)7 27, 071{(8)7 273(8)}

and

(i) If Ay, Ay are finite,

X1 ={z1 € X1 : R (|lz1])) < Ao, 7 0 W (|2]]) < Ar},
and

Xy = {z2 € Xo : 95(||z2l)) < A1, 7y 0 W5 ([|22]) < Az}
Ay <A}, Ay < AY

se[0,A)) = 7, 07%(s) < A, 7%(s) < Ay

and

s€[0,Ay) =7, o F4(s) < Ag,Fl(s) < Ay.

(7i) If A1, Ag are infinite,

Xi=X1, Xo=X>

and

Ay <AL Ay < AY

Proof. The proof can be obtained by using the same technique used in the proof
of Theorem 1 of [20] and is thus omitted.

O
COROLLARY 3.1. Consider the interconnection of the following two systems
(57) i1 = fi(z1,u1,d,t), y1=m

(58) &y = fo(r2,v2,uz,d,t), Yo =2
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subject to the interconnection constraint:
V2 = W1

where, the notations are the same as those in Theorem 3.1.

Assume that subsystem (57) is semi-uniformly RISS with restrictions X; and
AY on z1(tg) and up respectively, i.e., there exist class K functions 79, 41 = 0 and
~i, independent of d(t), such that, for any xi(to) € X1, ui(t) € L2 satisfying
llu1fte,00) | < AY, the solution and output of (57) exist and, for all ¢ > o, (46) and
(47) holds.

Also assume that subsystem (58) is semi-uniformly RISS with restrictions Xa, Ag
and AY on xa(tg), vo and ug respectively, i.e., there exist class K functions 73, vo
and ~4, independent of d(t), such that, for any z2(to) € Xa, v2(t) € L% satisfying
lVafte,00) | < Ao, ua(t) € L2 satisfying |[uap,,o0)|| < AY, the solution and output of
(58) exist and, for all ¢ > ¢, (50) and (51) hold.

Then the system composed of (57) and (58) is semi-uniformly RISS with restric-
tions Xl X Xg, Al and Ag on x(tp), u; and ug respectively, viewing x = col(x1, z3)
as state, y = col(y1,y2) as output and u = col(uy, us) as input, i.e., there exist class
K functions 7°, 4%, 7° and 7“, independent of d(t), such that, for any initial state
z(tg) € X1 x X, and any input functions u;(t) € L7 satisfying 1%1(t0,00) | < A, and
ug(t) € L7 satisfying |[uap, o0) || < Ay, the solution and output of (57) and (58) exist
and satisfy, for all ¢t > ¢,

lz (@)l < max{y°([z(to) ), 7" (lu(za.000 )} Mzlla < 7 ([lulla)

where,

7°(s) = max{277(s), 273 (s), 272 0 77 (s)}
7"(s) = max{27'(s), 275 (s), 272 0 71 () }

and,

X, ={z € X1 : 7 (|lz1])) < Az}, Xo = Xo.

A <AV Ay < AY

se0,A)) = 7F}(s) < Aa. 0

4. Asymptotic Small Gain Theorem with Restrictions for Uncertain
Nonlinear Time-varying Systems. In this section, we will present the asymptotic
small gain theorem with restrictions for uncertain nonlinear time-varying systems.

The proof is quite similar to that of Theorem 2 of [20] and is thus skipped.

THEOREM 4.1. Under Assumption 2.2, assume that both subsystems (10) and
(11) are RAG and o-RAG with restrictions X;, A; and A¥ on z;(to), v; and u;,
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1 = 1,2, respectively, i.e., for ¢ = 1, 2, there exist class K functions v;, v}, 7; and 7},
independent of d(t), such that, for any x;(tg) € X;, vi(t) € LL satisfying ||vi]la < A,

u;(t) € L7 satisfying |luil|la < A¥, the solutions of (10) and (11) exist and satisfy,
for all £ > to,

(59) [zilla < max{vi[lvilla), vi*(lwilla)}
(60) 1Yilla < max{7;(l|villa), 7 (luilla)}-
Suppose

Assumption 4.1. For all initial state in X7 x X5 and all piecewise continuous
u1, ugz, d which are bounded on [tg, o), the solution of (10) and (11) with connection
(12) is defined for all ¢ > to;

Assumption 4.2. A = oo

Assumption 4.3. 7;(c0) < 0o and 7, (00) < Ag;

Assumption 4.4. The small gain condition
(61) Y107a(r) <7, >0

holds.

Then, under connection (12), the system composed of (10) and (11) is RAG and
0-RAG with restrictions X1 x X5, A; and A, on z(to), w1 and us respectively, viewing
x = col(xq,x2) as state, y = col(y1,y2) as output and u = col(u1, us2) as input, i.e.,
there exist class K functions v* and 7*, independent of d(t), such that, for any initial
state z(tg) € X1 x X», and any input functions ui(t) € L™ satisfying ||u1]la < Ay
and ug(t) € L2 satisfying |luz|l < Ag, the solution of (10) and (11) with connection
(12) exists and satisfies, for all ¢ > ¢,

(62) [#]la < v*(lulla),
(63) [ylla <7 ([lulla)-
where,

7*(s) = max{2y1 07, 0 71 (s), 271 0 V5 (5), 271'(5), 272 © 71 073 (), 272 071 (8), 205 ()},
74 (s) = max{27, 0 75 (s), 277 (), 27 0 771 (s), 275 (s)}
and A, is such that Ay < AY,
and A; is such that A; < A%, and 74(A;) < Ay.
o

COROLLARY 4.1. Consider the interconnection vo = y; of the following two

systems

(64) &1 = fi(ri,ui,d,t), y1 =21

(65) &y = fo(r2,v2,uz,d,t), Yo =2
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where, the notations are the same as those in Theorem 4.1. Suppose:

Assumption 4.5. For all initial state in X; x X, and all piecewise continuous
u1, uz, d which are bounded on [ty, ), the solution of (64) and (65) with connection
vo =y is defined for all t > tg;

Assumption 4.6. Subsystem (64) is RAG with restrictions X; and AY on x4 (o)
and uy respectively;

Assumption 4.7. Subsystem (65) is RAG with restrictions X5 and AY on a2 (o)
and ug respectively.

Then system (64) and (65) with connection vy = y; is RAG with restrictions
X1 x Xo, AY, AY on (x1(to), z2(to)) and u¥, uy respectively, i.e., there exist class K
function v, independent of d(t), such that, for any initial state z(tg) € X7 x Xo, and
any input functions uq(t) € L7 satisfying ||u1]l, < A} and ug(t) € L2 satisfying
luzlle < AY, the solution of (64) and (65) with connection v = y; exists and satisfies,
for all t > to,

[zlla < ~*(llulla)

where v"(s) = max{2y2 0v}*(s), 271 (s), 2v4(s)} and all the gain functions are defined
the same way as those in Theorem 4.1. 0

The following corollary is similar to Proposition 1 in [1].

COROLLARY 4.2. Consider the interconnections

(66) V21 = Y11, V22 = Y12, V1 = Y2
of the following two systems
Y12 = fi(wr,v1,d,t)
yi1 = hi(z1,v1,d,t),  y12 = hia(x1,v1,d,t)
Yo by = fo(wa, vo1, V22, Uz, d, t),
y2 = ha(x2,v21, V22, U2, d, t).

Suppose:

Assumption 4.8. For all initial state in X; x Xo and all piecewise continuous
ug, d which are bounded on [tg, o), the solution of ¥; and ¥s with connection (66)
is defined for all ¢ > #g;

Assumption 4.9. Subsystem X5 is RAG and 0-RAG with restriction Agy on the
input vag, i.e., there exist class K functions ya1, 22, 75, Va1, Voo and 75, independent
of d(t), such that for any initial state x2(tg) € R and any input vaa(t) satisfying
||lvaz]la < Asgg, the solution of 3o exists and satisfies, for all ¢ > o,

(67) [#2]la < max{y21([[va1la); y22(l|v22]la), 75 (lu2lla) }
(68) ly2lla < max{¥y; ([[va1lla) Yoz (vzlla), 75 ([luzlla)}-
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Assumption 4.10. Subsystem ¥ is RAG and o-RAG without restriction, i.e.,
there exist class K functions 71, 7;; and 7,4, independent of d(t), such that for any
initial state z1(to) € R™ and any input v (¢), the solution of ¥; exists and satisfies,
for all £ > to,

(69) z1lla < m(llvrla),
(70) ly11lla <711 (l[v1]la),
(71) [912[la < F12(l[v1]la)-

Assumption 4.11. 7,;;(00) < 00, F15(00) < 00 and F14(00) < Ao
Assumption 4.12. The small gain conditions hold

Y11 © Va1 (1) <7y, Fra0Faa(r) <7, 7 >0.

Then under the interconnection (66), the system composed of ¥; and X5 is RAG.
O
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