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AN EXPANDED METHOD TO ROBUSTLY STABILIZE UNCERTAIN
NONLINEAR SYSTEMS*

JASON POLENDOT AND CHUNJIANG QIANT

Abstract. The current literature on the global state feedback stabilization of nonlinear systems
modeled by a perturbed chain of nonlinear integrators, particularly those whose linearization about
the origin may contain uncontrollable modes, essentially contains two methods: a smooth controller
scheme (only under strict assumptions) and a non-smooth one. The most general of these systems
could previously only be globally asymptotically stabilized by continuous time-invariant state feed-
back controller, where this paper shows that now at least C'! stabilization can be achieved, upon
existence, in this more general setting. This new method can be seen as not only a natural unification

of the smooth and nonsmooth methods, but also a generalization to construct smoother stabilizers.
1. Introduction and Background. In this treatment we will consider the
global stabilization of nonlinear power integrator systems in the form

i =ab + o1t z,u)

Ty = 2k + ¢o(t, z,u)

(1) T = u+ on(t, z,u),
where x = (21, ,7,)7 € R" and u € R are the system state and input, respectively.
Fori=1,---,n, ¢;(t,x,u) is an unknown C° nonlinear function of the states and the

control input and p; € R:dd :={g¢g€R:q>0and g is a ratio of odd integers}, with
pr, obviously equal to one (which is not a limitation since we can easily set v := uP» in
the case of non-unity p,,). The importance for studying such systems is exemplified in
the papers [16, 15], where non-smooth state feedback controllers were used to stabilize
the following underactuated, weakly coupled, unstable mechanical system introduced
in [16].

x'l = T2
To = xg + %sinxl
Lil'3 = T4

(2) Lil'4 = Uu.

In recent years, the power integrator systems of the form (1) have been studied

fairly extensively with various restrictions on the integrator powers and the additive
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@i (+)’s, which directly influence the previous availability of smooth or non-smooth
stabilizers by a constructive design scheme. And although smoothness is the more
desirable result, the solutions with less restrictive assumptions on the nonlinear sys-
tem are generally the ones which have achieved a non-smooth solution. In particular,
a smooth stabilizer was achieved in the work [14] by the development of an ‘adding a
power integrator technique’ under the conditions that the powers, p;, are of a decreas-
ing order, such that p; > pa > --- > p, > 1 and each ¢;(-) satisfies an appropriate
lower-triangular (i.e. strict-feedback) growth condition. The power order restriction
and growth condition were lifted (with p; > 1 odd integers) in [15], though the trade-
off for such flexibility was non-smooth feedback stabilization. The technique from [15]
was recently extended in [4] to allow for fractional odd powers less than one, with a
non-smooth controller still utilized. A subset of these systems was also stabilized by
a C° feedback control law in [18] for a linear ¢;(-), which applied the global extension
[17] of the sufficient condition for the existence of C? locally asymptotic stabilizer [5].
Using a homogeneous approximation of the system considered in [5], [3] constructed
such locally asymptotically feedback laws.

One interesting observation is that even for the same system
(3) j?l = CCg, C.CQ = u,

the current smooth [14] and nonsmooth [15] methods yield two different stabilizers,

namely

Usmooth = —21 — T2 and  Unonsmooth = — (2§ + 1)/,

This distinction can be attributed to the different design processes of those two meth-
ods. Herein we develop a technique, in the constructive vein of the previously men-
tioned approaches, to unify the existing smooth and nonsmooth methods under one
generalized framework. The stabilizer obtained using this new method can lead to
either Usmooth OF Unonsmootn fOr system (3) by simply adjusting its parameters. Nev-
ertheless, our methodology makes its largest contribution by allowing for at least C!

stabilization when such freedoms exist. For instance, consider the following system
(4) & = a5 + 27, T = u.

For (4), the methods of [15, 4] still only produce a C° controller (while the smooth
result of [14] is inapplicable since x? is not of the same order as z3). However, the
methodology described in this paper will enable us to offer C'! stabilization by static
state feedback for (4) and other similar systems previously stabilized only by non-
smooth or unbounded time-varying control laws.

This paper is organized in the following manner: Section 2 details our design

scheme by stabilizing the system (1) in a general sense; then Section 3 describes the
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way this methodology encompasses the existing literature as special cases; and its
ability to offer smoother stabilizers than previous methods is illustrated by example

in Section 4.

2. A Generalized Method for Stabilizing System (1). In this section, we

propose a generalized method for feedback stabilization of (1) under the following

assumption:

ASSUMPTION 2.1. Fori =1,---,n, there exist constants 71 > 79 > -+ > T,
such that,
(5) 9i(t, 2, u)| < bi(z1,... @) (|w1 e |5Ci|”ji”) :

for a smooth function b;(-) > 0 and r; defined as

(6) ry =1, Tip1 = Titr > 0.
y2
For simplicity, we assume 7; = g—’;, with ¢; an even integer and d; an odd integer.
Under this assumption, and taking into account the odd, not necessarily equivalent,
powers of (1), we know the coordinate weights, r; € ]R:dd. Note that an equivalent
result will be achieved for the case when r; & ]R:dd.
REMARK 2.1. A distinctive feature of Assumption 2.1 is the flexibility in choosing
the parameters T;’s which now can be any constants satisfying T > 70 > -+ > T,.
With this newfound flexibility Assumption 2.1 becomes more general than, and actually
encompasses as its special cases, the distinct assumptions made in existing results
[15, 14, 10]. Specifically, when 7, = 0, 1 < ¢ < n, condition (5) reduces to the

following condition used in [15]

1 1 _1
9i(t, @, u)] < bi(w1, ..., @) (|951|””pH + || PPt 4 [P+ |$i|) .

In [14] the stabilization problem was considered for system (1) where the integrator
powers satisfy the structural requirements that p1 > py > -+- > p, > 1. A smooth

state feedback controller was then constructed under the condition
|¢i(t7 ,’E,U)| < bi(xlu .. '7xi) (|$1|pi + |x2|pi e |xi|pi) )

which is exactly a special case of (5) with 7; = p; — 1. Moreover, when we choose a
negative T such that ; = 7 < 0, 1 < i <n, Assumption 2.1 can be seen to reduce to
the condition used in [10] where system (1) was stabilized in a finite time. Section 3
discusses these generalities in more detail.

The following result constitutes the most general case under consideration in this
paper, with the subsequent situations acting as its special cases and thereby utilizing
corollaries based on our main theorem. The distinguishing factors for each scenario

are the restrictions on the power integrator values, p;, and the values 7; introduced
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in Assumption 2.1. Obviously, there are many different combinations of restrictions
that we could investigate, but only the most relevant ones will be discussed here, with
others left as simple exercises for the interested reader. An interesting relation among
the scenarios is that they yield quite different controllers in that one is non-smooth,
another is guaranteed smooth, while the last is a finite-time stabilizer, however, they
are still connected as being special cases of the following theorem.

THEOREM 2.1. By Assumption 2.1 there exists a state feedback controller such
that the nonlinear system (1) is guaranteed globally asymptotically stablet.

Proof. The inductive proof relies on the simultaneous construction of a C*! Lya-
punov function which is positive definite and proper, as well as a homogeneous-like
stabilizer at each iteration.

Initial Step. Let o, p € ]R:dd satisfy

o> 11;1?5(”{7“1»} and p> lrél%xn{n + 7,0},

where 7; and r; are defined as in Assumption 2.1. Choose

x1 . 2p—T1—7T1
Vi(zy) = / (s; - O) ° ds.
0
The time derivative of V; along the trajectory of (1) is
. 8‘/ 2p—T1—71
(7) Vi= iy =2, " [ab + éi(t,z,u)].
1

By Assumption 2.1,

2p—T1—71 9 / 2p—T1—71
’ T1 *P1 P/T1 ™1 D1 *P1
i<z zt + 2" b1 (1) + 2y [aht — 23]

Then, the virtual controller z3* defined by
23" = =" T 4 b)) = =2 (04 b () = T B (),

where (;(z1) is a smooth, non-negative function, yields
. 2p 2p—T1—T1
(8) i < —nz{* +z; 7 [3:12)1 - x;pl] )
Inductive Step. Suppose at step k — 1, there is a C' Lyapunov function V_1 :
R*"! — IR, which is positive definite and proper, and a set of C° virtual controllers

*Dg—
xf, gl 2P defined by

o o
x] =0 G=a" —ai",
o o
7" == Bi() bo = a5* —a3”
9)
*p TRPR—1/0 " T
T = =M B (e, - ) &h=a," —ap ",

IWhen a C? stabilizer is attained, global strong stability may be the only achievable result. See
[15] and the references therein for details of these conditions and global strong stability in the sense
of Kurzweil [13].
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with smooth functions £1(-) > 0,---, Br—1(-) > 0 such that
’ 2 2 2Tk e Pk—1 *Pl—1
(10) Vk;_l S _(n+2_k) (510‘ ++§k071) +§k71 7 (Ik - —.’L‘k - ).

It is clear that (10) reduces to the inequality (8) when &k = 2 under the definitions of
(9). We claim (10) also holds at step k. To prove this, we set

2p—Th =T
o

:Ek el el
(11) Wi :/ (sﬁ —a:;ﬂ) ds
T
and consider the Lyapunov function V4 : RX — IR, as

(12) Vi(xy, - o) = Ve (@, -+ s op—1) + Wi(g, -+, 2p),

which works as a C! Lyapunov function based on the following proposition, whose

proof is omitted as it is very similar to the proof of Proposition B.1 in [15]. 0

PROPOSITION 2.2. The function Wi (z1,...,x1) defined by (11) is CL.
By Proposition 2.2, the derivative of the Lyapunov function Vj along (1) is

Wy . 2emmeen
T + gk 7 T
=1
2P Tp—1"Tk—1

< — 2—/€ %Tp %Tp — & (,Pk—1 _ _¥Pk—1
< —(n+ Y& +-+67) 6, (z), x, ")

W, . 2p—Tp—Tg . 2p— T =Tk .
(13) + 921 T +&, (Ikikl + ¢k()) +&, 7 (xiil - xkikl)

for a virtual controller :v;;ﬁ"l to be determined later. In order to proceed further, an
estimate (in this case, a bounding estimate) for each term in the right hand side of (13)
is needed. The following propositions supply these estimates, with their respective

proofs located in the Appendix.

PROPOSITION 2.3. There exists a C™ function éx(x1,...,25) > 0 such that
S R S Pr—1 *Dk—1 1.2 A =
51@_1 7 (33;9 — Iy ) < gé,;’_l +Ck(171,---,$k)fk° .
PROPOSITION 2.4. There exists a C™ function l;k(xl, .oy xk) > 0 such that
207 Tk 1 /.2 2p 20 1 2 = 2
& o) <5 (87 T& +otEDy) + 560, bulan, gy
. . k-1 OWg . .
The third term in (13), namely » ;") Dy, Li, can now be estimated by the fol-
z
lowing proposition.
PROPOSITION 2.5. There is a C*° function l;k(xl, .oy xk) > 0 such that
g 8Wk . 2p

1 2p 2p 2p 1 2¢ R
< 3 (éf’ +& + -~+§,;’_2) + 55,;’_1 +bp(xr, ... xR)E7

£y
am
=1
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Substituting the results of the previous propositions into (13), we arrive at

Vi< —(n—k+1) (6 +--+67,)

20—T Tk « R - N 2p
+&, ° xk’rl + (ck(xl, ey ) + b (21, k) + br(T, - ,xk)) &7
ETRETR *Ppe
+&5, (@1 — 2ys)-
Observe that a virtual controller of the form
*p Tk+1Pk
ot =7 Be(wr,. .. a)
Tk+1Pk . ~ ~
(14) =—¢ ° [n—k—i—1—l—ck(:tl,...,xk)—i—bk(;vl,...,xk)—i—bk(;vl,...,xk)},
yields
k
: o T o Dy,
VkS—(n—k‘Fl)Z@ +§1€ ($k+1_$k+1>'

i=1
This completes the inductive proof. The inductive argument shows that (10) holds
for k =n 4+ 1 with a set of virtual controllers (9). Hence, at the last step, choosing

U= Tp41 = 'r:,+1 = _gSITn+Tn)/Uﬂn(I1, ) .’,En)
rotTa
(15) =P <x_ + Bn <x +oo ot Ba(ag® + fray’) ))
yields
. 2p 20 2p
(16) Vo< = (&7 + 60, +67 )
where V;, < 0, Vz # 0 under (9), and V,, (21, ,2,) is a positive definite and proper

Lyapunov function of the form (12). Thus, (1)-(15) is globally asymptotically stable.

O
REMARK 2.2. In the case when T; is any real number, we are still able to design

a feedback controller globally stabilizing the system (1) with necessary modification to
preserve the sign of function [-]"P:~1/7  where o is defined as before, though may not

be in ]R:dd. Specifically, for any real number rip,_1/0 > 0, we define
an) [ = sign(o)] - rve-s
Note that this function is differentiable, and for a constant v > 1,

0

ag Slonl9)lal” =gl

Using this function, we are able to design the controller without requiring rip;—1/c to

be odd. In this case, the controller can be constructed as

u = —sign(€,)|En| T OB (21, L )
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with
*Pk—1 . TkPk—1
zy, = —sign(§e—1)|&—117 7 Br—1(x1,. .., Tk-1), and
&k = sign(zy)|zg | — sign(zg)|zg[* ™, kE=2,---,n,

where & = sign(zy)|z1 |7 .

REMARK 2.3. Though a homogeneous control law is not the ultimate goal of our
approach, the idea of homogeneity is an enabling factor in our ability to guarantee a
C* stabilizer in most instances. During the past two decades, the analysis of nonlinear
dynamic systems has been studied from the viewpoint of homogeneity and homogeneous
systems [8, 1]. Utilizing these notions has allowed the undertaking of the concepts of
controllability and controller design for monlinear systems to be realizable, with the
interested reader referred to the works [7, 12, 8, 6, 1] for more detail.

3. Unification of Results in Existence. This section points out the versatility
of the previous section’s methodology by comprehensively encompassing some notable
feedback stabilization schemes whose controllers, using only static feedback, yield
starkly different results, namely, smooth [14], non-smooth [15], and finite-time [10]
stabilization. Quite noteworthy is the fact that even though these results are special
cases of the more generalized version, Theorem 2.1 does not have each one’s limitations
(most notable is the ability to offer at least C! stabilization where only non-smooth

approaches to static state feedback previously existed, as detailed in Section 4).

3.1. Scenario 1: Non-Smooth Stabilization. In this subsection we stabilize
system (1) with the restrictions that p; are odd integers and p; > 1 but now each 7; is
restricted to be equal to zero. In this way, Assumption 2.1 can be seen to transform
to the following one.

ASSUMPTION 3.1.  For i =1,---,n, there exists a smooth function S;(-) > 0
such that

|¢Z(t7x7u)|
1 1 _1
(18) < Si(xlu . 7551') (|£L‘1|p1"'pi*1 + |x2|r’2..-p¢71 4+ .. 4 |$i—1|pi71 + |xz|) .

Note that for any odd positive integer p and z € IR,
2] < (1+2°)|2|'/?,
S0 it can be seen that if the the following is true:
(19) |6i(t 2, u)| < Si@r, .y mi) (Jo] + |w2] + - + [2])
then

|¢l(t,x,u)|
1 1
(20) < Si(«%'la . 7;51.) (|x1|p1mm71 + |x2|p2~~m71 + .4 |=Tz'—1

_1
g |$i|)
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also holds, which is an important relation due to the fact that the inequality (19)
is utilized in [15] as a consequence of the Taylor expansion of each C! nonlinear
perturbation.

COROLLARY 3.1. When p; > 1 are odd integers and 7; = 0, i = 1,...,n, under
Assumption 3.1, there exists a feedback controller such that the nonlinear system (1)
is guaranteed globally strong stable.

The controller in this case is of the form (15), with p = ¢ = 1 and smooth

functions g8; = Bi(z1,...,z;),
1
(21) w= =By (B Pt By (a7 A Bo(ah A+ Bra) ) T

The is obviously a special case of the previous scenario, while also being the
problem statement of the work [15] (with d;(t) = 1). As stated in the introduction,
this work yields a non-smooth control law, which is what is seen in (21). Interestingly,
the approach taken in Theorem 2.1 not only covers this case, but is also not limited
to non-smooth stabilization, which will be discussed in more detail in Section 4.

REMARK 3.1. If we use Scenario 1 with each p; € ]R;rdd, then the problem
statement of [4], which also yields a non-smooth solution, is additionally covered as
another special case of our more general Theorem 2.1, thereby yielding a smoother

stabilizer solution for the applicable systems.

3.2. Scenario 2: Smooth Stabilization. In this subsection we stabilize sys-
tem (1) with the structural requirements that p; > ps > -+ > p, > 1 and 7; are
restricted to be equivalent to p; — 1, which is always either an even value or zero. In
this very specialized case, r; = 1 and Assumption 2.1 can be seen to reduce to the
following one.

ASSUMPTION 3.2. Fori=1,---.,n,
(22) lpi(t, 2, u)| < Ai(z, ..y 2i) (|2 [P7+ w2 Pr 4o+ [ P7)

for a smooth function A;(-) > 0.

COROLLARY 3.2. Ifp1 >p2> - >pp>landt,=p;—1,i—1,...,n, then
Assumption 3.2 guarantees a state feedback controller such that the nonlinear system
(1) is globally asymptotically stable.

A smooth stabilizer will always be seen of the form (15), with p = p1, 0 = 1, and

smooth functions g;(x1,...,x;) > 0,

u=—Pn(1,...,Tn) (Tn + Bp-1(z1,. .., Tn-1)

(23) (Tt + o+ Bo(@r, m2) (22 + Br(21)21) ).

Not so coincidentally, the restriction on the power integrators and Assumption 3.2

are precisely the conditions of the work [14] for C'*° stabilization.
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3.3. Scenario 3: Finite-Time Stabilization. In this subsection we stabilize
system (1) with the condition that this stabilization to the origin is accomplished in

finite-time. For simplicity we assume that p; are all equal to one, while 7, = 7 :=

—Qfﬁ. Therefore, Assumption 2.1 can be seen to transform to the following one.
ASSUMPTION 3.3.  Fori =1,---,n, there exists a smooth function T;(-) > 0
such that

Ti+T

+ ritr ritr
R P N P T )7

24) itz u)| < Ty(an, ... ;) (|x1|

where the r; are defined in (6).

Note it can be seen that if

(25) |¢i(t,x,u)| < Ti(xl, . ,CL‘i) (|.’L‘1| + |£62| + -+ |$1|)
then

ritT ritT ritT
(26) |¢i(t,x,u)| < Ti(l'l, R ,LL‘i) (|$1 o+ |£L'2| [ERE SRR o |5L‘l| i )

is as well true, which is another important fact since the inequality (25) is used
in [10] (replacing their ¢; with our r;), though (25) is again a consequence of the

Taylor expansion of each C!' nonlinear perturbation. (25)-(26) can be easily seen
rit+T

since < 1,7 =1,...,i. Note that [9] stabilized similar systems also in finite-
time.

COROLLARY 3.3. By Assumption 3.3, with p; =1 and 7; = —ﬁ, i=1,...,n,
there exists a feedback controller such that the nonlinear system (1) is guaranteed
stable in finite-time.

The controller in this case is of the form (15), with p = 2n/(2n + 1), 0 = 1 and

smooth functions 8; = B;(z1, ..., x;),

1 _1 1 T1+1
(27) U——ﬁn<xr’2“+6n1(%"11+~-~+62(:r£2+61x1)-~>) .

Stability is easy to see under this formulation as it is comparable to Scenario 2.

However, stability in finite-time can only be seen by noting the following relations (as
in [10])

~ . n 4n
(28) Val@n, ) 2 &2, Valwn,..wn) <= &7,
=1 i=1
_2n n in
(29) Vit (m,y .oy xn) <2 Z giz‘nﬂ"
i=1

Putting (28)-(29) together yields

. 1 2n 1 n 4an
Vn _Vn2n+1 < -z E .2n+1 < 0,
+ 4 -2 = & -

thus giving the desired result.
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4. Beyond Non-smooth Stabilization and Structural Constraints for
Smoothness. In this section we show that the methodology of Theorem 2.1 does
not follow the restrictions of the subsequent cases, where smoothness of any form is
only seen under strict structural constraints.

REMARK 4.1. Note that by the definition of o we know % > 1. Hence, it can be

concluded that the controller u, as defined in (15), can be guaranteed to be at least C'*

o

— ; TntTn _
Tk,k =1,---,n, are integers and =™ =1,

when % > 1. Furthermore, when
a smooth (i.e. C) controller is constructed by this design method. Essentially,

to achieve at least continuously differentiable stabilization, the existence of such o

satisfying T";”" > 1, is guaranteed by the condition

(30) Tn+Th>re, k=1 ,n

EXAMPLE 4.1. To see how this condition can be verified, we consider the following

planar system

(31) iy = a5 +al, o =u.

In order to have a C*! controller, condition (30) reduces to

(32) ro+ 712 =(147)/34+ 7 >max{l,(14+7)/3}, ¢>1+m.

A sufficient condition for (32) can be identified as ¢ > 3/2 where we can choose
T = T2 = 1/2
When ¢ = 1, system (31) reduces to

(33) i?l = Ig + 1, x.g =u,

which cannot be stabilized by any smooth control law (due to the linearized uncon-
trollable mode with a right-half plane eigenvalue, as detailed in [11, 12, 15]), and so by
our methodology we set 71 = 7o = 0 to satisfy Assumption 2.1, thereby necessitating

1/3

a continuous control law of the form u = —fa(x3 + B121)1/3, with positive constants

(1 and [5. However, in stabilizing the similar system mentioned in the introduction,
(34) i1 = a3 + ], do=u,

since g = 2, there is an at least C! state feedback controller. Specifically, noting that
27 < (14 23)|21°/3 =: by(x1)|x1|%/3, a state feedback controller can be designed of
the form (by choosing 71 =2/3, 2 =4/9, 11 =1, r9 =5/9, and 0 = 1)

(35) u = —(20 + 4z7) (xg/S + BB+ x%)xl) ,

which globally stabilizes (34) and is a continuously differentiable, or C!, stabilizer.

Figure 1 illustrates the computer simulation of this stabilization. This ability to create
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- — =X

0 5 10 15

Fi1c. 1. State trajectories of the closed-loop system (34)-(35) in Example 4.1 with (z1,22)(0) =
(47 _3)

a C' controller is in sharp contrast to the prior state feedback stabilization results of
[4, 15], which could only guarantee a non-smooth controller in all cases (33), (34).

Note that since Scenario 1 is a special case of Theorem 2.1, we can use the
methodology of Theorem 2.1 as to not limit ourselves to a non-smooth solution when
we are not restricted to one by the previously mentioned structural constraints. This
point is emphasized by the following example:

ExaMPLE 4.2. Consider the uncertain nonlinear power integrator system

T1 = 22+ dy (t)ewl,fi

To = ,Tg + dz(t),fl,fg/g
(36) 3 = u, |[di(t)] <1, |dao(t)] < 4.5,

which is globally strong stabilizable by C° state feedback in [15] and would be reaf-
firmed by the same type of controller if Scenario 1 (and hence Assumption 3.1 and
Corollary 3.2) is used for stabilization. However, there are no structural constraints
limiting the stabilizer to be only non-smooth (since the linearization has no uncon-
trollable modes with positive eigenvalues [2]), thus smooth stabilization may be pos-
sible. In investigating this avenue by utilizing the more flexible Theorem 2.1, it
can be seen that a controller of the form (by choosing 1 = 7 = 73 = 2, with
r1=1, ro =3, r3=5/3, and 0 = 11/3)

w=—By(ar,v2,33) (5" + Balar,w2) (2377 + B ()} ?) )
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stabilizes (36) and is C* (with appropriately chosen smooth, strictly positive 51, 3z,
B3).

REMARK 4.2. Since a smooth (i.e. C*) stabilizer can be guaranteed whenever
the condition r; < 1y + Ty, ¢ = 1,...,n, is met (with all integer values), Scenario
2 implicitly meets this criteria and is thusly a smooth stabilization scenario. See the
following example when such a condition is met that cannot be handled by Scenario 2
(and hence [14]), but is still stabilizable by a smooth controller under Theorem 2.1.

EXAMPLE 4.3. Given the nonlinear system

il = LL‘g
To = :Eé/s + d(t)Il.TEQ
(37) T3 = u, |d(t)] <2,

which was previously only stabilizable by a non-smooth controller [4]. But by Theorem
2.1 and Assumption 2.1, system (37) can be globally stabilized by selecting 7 =
2, 79 =2/3, 3 =0and 1y =7y =1, r3 = 5, with 0 = 5. Assumption 2.1 still holds

since
Lo 1, 5/3 5/3
|z12e| < —f + 5202 < ba(x1,22) (|$1| + |z ) ;

for a smooth, non-negative function bs(x1,z2). Under this formulation our feedback
control law is of the form (15) (with smooth 51 > 0, B2 >0, O3 > 0)

u = —P3(w1,x2,23) (3 + Pa(z1, m2) (25 + Bi(x1)2})) ,
which is apparently a C'°° function of the feedback states.

5. Conclusion. To summarize, this paper has accomplished the following:

e The unification of the existing global feedback stabilization literature for non-
linear power integrator systems constituting smooth [14], non-smooth [15],
and finite-time [10] solutions;

e The design methodology proposed in Theorem 2.1 of Section 2 was shown to
not have the limitations of the previous schemes, with the ability to offer at
least C! stabilization (when applicable) where non-smooth stabilization was
the previous restriction;

The above properties indeed give credence to the idea of the methodology of Theorem
2.1 as being a universal technique for the robust feedback stabilization of uncertain

nonlinear systems.

Appendix. A. Useful Inequalities The next two lemmas, given without proof,

were also used in [15] for the implicit tool of adding a power integrator.
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LEMMA A.1. Forx € R,y € R, p > 1 is a constant, the following inequalities
hold:

(A1) |z 4+ y|P < 2P HaP 4P|,
(A-2) (| + g7 < |a]® + Jy|p < 2°F (2] + [y])>.

Ifp>1andpe ]R;rdd, then
(A.3) o —yP <27 YaP —yP| and |ar —yp| <277 |z )b

LEMMA A.2. Let ¢, d be positive constants. Then, for any real-valued function
v(x,y) > 0, the following inequality holds:

—<(c+d) (

(A.4) Iy * < |+,

(z,y)|z|t + z,y)|y

c
c+d c+d
B. Proof of Propositions This part of the appendix contains the technical details
of the proofs. Herein we use a generic constant ¢ which exemplifies any finite positive
constant value and cl(g’cl) = ci(xl, - ,xi) represents a smooth, non-negative function,
either of which may be implicitly changed in various places. An important notion
that is utilized in the following proofs, and should be pointed out, is that there exists

a d > 0 such that

for a smooth, strictly positive function «f(-).
Proof of Proposition 2.3: First, whenever T”i% < 1, it follows from Lemma A.1
that

QL N
Pi—1 *pr—1 ril I 7L 7
(‘Tl - )S (xl ) - (:L‘l )
1P = ;’—l Tlpiil‘
<2 T o)t —ay
1 lPi—1 TiPI—1 _ TP 1
(B.1) < el =a@)lalT T

By the utilization of Lemma A.2 and noting r;p;_1 = 7;_1 + 7r;_1, it can be seen that

2p—=Tj—1—"1—1 Pi1 “pr_1 2p—Tp—1-"1—1 B TP_1
§1 7 A D - S a(@) &l
1 2 20
(B2) < gglil +él(xl7"'7$l)§la ;

for a smooth function ¢/(x1,...,x;) > 0. However, if “2=L > 1 by the Mean Value
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Theorem,

P TiPL—1
*Pr—1 % U *Til 7
pPr—1 - T
(2 =2 (xz ) -\

. - o\ TIP=1_y 2\ el
<cla —aj’ ((f”l”) d +<I7”) )
_ _1 LPZ 1
(B.3) <a@lal (1™ + lgma )

Finally, by Lemma A.2 and again noting that r;p;_1 = 7,1 +r;_1, it is apparent that

20—T;_1-T1—1 20—Tp_1—7T]—

*Pp_ s S _ _ zPL TIPI—1
o1 ° (‘T? f- zzpl PRSI a(z1)[&] (|§l| Y& 1)
1 2 N 20
(B4) S gflil +Cl($17"'7xl)§la )
for a smooth function é(x1,...,2;) > 0. n

Proof of Proposition 2.4: Using Lemma A.1, Assumption 2.1 can be rewritten as
(forl=2,...,k)

z+1 ! z+1PL
oult, )] < bier, ) (|75 + e —ﬁlsu Tl - Ral )
— Ti41P1 Ti41P l+1?’l
B5) <o) (617 el el ™)
for smooth, positive nonzero functions f3;(z1,...,z;) = ﬁf/”pi’l (X1, 24), © =

i
1,...,1, and by(z1,...,2;). By Lemma A.2 and (B.5), (with 22=0="0 4 I+1PL — 20)

l
2p—T -7 2p—Tp -1 "‘l l+1pl
é.l 7 ¢l()§|€l| i xlv"'v Z| Z|
1/ 2 20 \ 20
(B.6) <s (& e +ral 2) 265 R )
for a smooth function b;(-) > 0. 0
Proof of Proposition 2.5: First, it can be seen that for [ =1,--- [k —1
oW, rra
8Tl'l < C|.’I,']C — $k||§]€| 1 a’;l x]
2o—1p—o | OxF" K .
(B.7) <SGl T |

ox;

g

where the last inequality is from (A.3) with p = = =1 By definition of z} and
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(A.2),
ox} ™ _ O Br—1(z1,- -, Th—1)&k—1)
(9331 83:1
0 x% 7 _ NI
= cp—1(Zh—1) Eal =cr1 (@7, = (@) G+ ) T
Xy
!
(B.8) = cp1(@h-1)(E& + Birbi-1) 7 < cpo1(Tro1) Z &
=11
This, together with (B.5) gives
0w Lo L onam
| < k1 (1) Yolal = el + ) 1g1 e
t =11 =1
! AL 1
_ o—r ra g T141P1
Soa(@en) Y el | |G+ +y lgl
Pt =
! 1+1P1 14+1P1 ! 1+1P1
_ ﬂ ” T ”
< cp—1(Tr—1) Z &l | &1l e &l +Z|§j| v
=11 =1

By Lemma A.2 and the fact that r;1p; = 71 + 17, we have

axzﬁ . I =,
(B.9) pr < ck-1(Tg-1) ; il v = cp—1(Tr-1) ; &l 7o
Under the realization that 7, > 7, VI=1,...,k — 1, the following can be seen:
8Wk, 2p—T—0O 8x,’gﬁ .
< cr1(Fr_ —
' o, | S 1(Zx-1) €] R
_ T
< cp-1(Tr—1) 66”7 Z &l
i=1
1/ 2 2p 2p 1 20 N 2p
(B.10) < B (51" +&7 +-- +§1§-2) + 551{7—1 +bk(21, - w86
by Lemma A.2 and for a smooth, strictly positive function IA);C(;El, Cey TR)- 0
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