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Distributed estimation for parameter in
heterogeneous linear time-varying models
with observations at network sensors

JINLONG LEI AND HAN-FuU CHEN

In this paper, a distributed stochastic approximation based esti-
mation algorithm is proposed to estimate the parameter in hetero-
geneous linear time-varying models associated with sensors from a
network. At any time, each agent updates its estimate using the
local observations and the information derived from its neighbor-
ing agents. The estimates are shown to converge to the one that
minimizes the long run average of the square residuals. Switch of
the communication graphs is assumed to be deterministic, and the
regressors of the linear models are assumed to satisfy some ergodic
property, rather than the conditional independence or strict sta-
tionarity. Numerical simulations are given to illustrate the obtained
theoretic result.

1. Introduction

With wide applications of sensor networks [1, 2], estimating unknown pa-
rameters based on the data gathered by a group of spatially distributed
sensors has attracted much attention from researchers. In the centralized
approach, all data is transferred to a fusion center and the collected data
is processed there. However, this approach may not be preferable, because
1) it costs too much communication resource, 2) it is not robust since a
failure of the central node would lose all information achieved, and 3) some
agents might be reluctant to share its local data due to privacy concern [3].
Alternatively, for the distributed approach each sensor acts as an individual
adaptive filter, which estimates the parameter by using its local observations
and the information derived from its neighboring sensors. So, compared with
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the centralized approach, the distributed estimation schema has advantages
of enhancing the robustness of the sensor networks, preserving privacy, and
reducing the communication and computation costs.

Consensus problems have been widely investigated recently in different
aspects [4-6]. There exist many distributed problems that are solved by
consensus-based distributed algorithms, for example, sensor localization [7],
distributed optimization [8, 9], distributed stochastic approximation [10, 11],
and distributed control [12][13]. As for the parameter estimation problem
in sensor networks, consensus-based distributed estimation algorithms and
their convergence analysis have also been studied in many papers, such as the
diffusion least mean square (LMS) algorithm [14, 15|, the diffusion recursive
least squared (RLS)[16], the distributed LMS algorithm [17], the distributed
RLS [18], the distributed Kalman filtering [19][20], SA based distributed
estimation algorithm [21-23], and so on.

Most of the above-mentioned works require the (conditionally) indepen-
dent or strictly stationary ergodic conditions on the observation models. Al-
gorithms proposed in [14],[15] utilize constant step-sizes and give the mean-
square errors when the regressors are assumed to be independent Gaussian
sequences. In [17], the estimation error norms are shown to be bounded for
most of the time when the regressors are assumed to be strictly stationary
ergodic. In [21], the regressors are assumed to be independent, the covariance
matrix of the regressor is assumed to satisfy the strict diagonal dominance
condition, and the fourth order moments of the regressor are assumed to be
finite. In [22], the regressors of all sensors are assumed to be iid (independent
and identically distributed) sequences, while in [23], the regressors at time
k are assumed to be independent of the o-filed F;_1 generated by the past
information. In [22, 23], expectations of regressors are assumed to be known
and are used in the distributed estimation algorithm.

In this paper, we estimate the unknown M-dimensional vector 6* based
on the data gathered by N spatially distributed sensors in the network.
Every agent ¢ =1,..., N at time k£ has access to its local d;-dimensional
vector measurement given by the following linear time-varying model

(1) Yie = Hi 10" + vig,

where H; ;€ R%*M g the regressor accessible to agent i, and Uik € R <1
is the local observation noise of agent 7. Set

(2) Yy
(3) Hy,

COl{YLk, - ,YN,k} S RdXI,
COl{HLk, - 7HN,I€} S RdXM

L
L
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with d = Zf\il di, where col{z1,...,xn} = (zT,...,2%)T. The distributed
parameter estimation problem is to seek the M-dimensional vector that
minimizes the long run average of the square residuals

n
(4) limsup— 3 || Vi — Hyf |
n—oco T 1

As to be shown this is equivalent to a distributed root-seeking problem
with some proper assumptions imposed on the models. Then the distributed
estimation algorithm based on the distributed stochastic approximation al-
gorithm with expanding truncations (DSAAWET) given in [11] can be ap-
plied. The update rule of each sensor is a combination of the consensus
term being the weighted average of the estimates derived at its neighbor-
ing agents, and the innovation term processing its current observation. The
estimates are shown to converge to the minimum of (4). Compared with
the existing results, here we impose neither (conditional) independency nor
strict stationarity on regressors, but the switch of communication graphs is
assumed to be deterministic rather than random. Numerical simulations are
given to demonstrate the theoretic result for the case, where the regressors
of all linear time-varying models are generated by AR processes.

The remainder of the paper is organized as follows. The distributed esti-
mation algorithm is proposed and its convergence theorem is formulated in
Section 2. The global behavior of the estimate sequence is given in Section 3,
while the local properties of the estimates and the noises along bounded sub-
sequences of estimates are presented in Section 4. The proof of the theorem
is placed in Section 5. The numerical simulations are demonstrated in Sec-
tion 6, and some concluding remarks are given in Section 7.

The notations used in the paper are as follows: A given matrix A =
la;j] € R™*™ is called nonnegative if a;; > 0 Vi,j = 1,...,n. A nonnegative
square matrix A is called doubly stochastic if A1 =1 and 17 A = 17, where
1 denotes the vectors of compatible dimensions with all entries equal to
1, and X7 denotes the transpose of X. I,,, denotes the identity matrix of
dimension m. 0 denotes the matrices or vectors of compatible dimensions
with all entries equal to 0. By ® we denote the Kronecker product.

A nonnegative matrix W (k) = [w;; (k)] %-:1 with positive diagonal entries
is used to describe the communication relationship among N agents in the
network at time k. The corresponding digraph is denoted by Gr = (V, &),
where V = {1,..., N} is the node set and & = {(j,7) : wi;(k) > 0} is the
edge set. Denote by Nj(k) = {j € V : wj;(k) > 0} the neighboring agents of
agent ¢ at time k.
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The digraph G = {V, €} is called strongly connected if for any given
pair i,j € V, there exists a sequence of distinct nodes i1, ...,%, such that
(i,il) €€, (il,ig) eé, ..., (ip,j) €.

2. Distributed estimation algorithm

We first show that the distributed parameter estimation (1)—(4) is equivalent
to the distributed root-seeking problem for linear local functions. Then a
distributed estimation algorithm based on DSAAWET [11] is proposed to
recursively estimate the unknown parameter.

2.1. Assumptions
We impose the following assumptions on the linear time-varying models.
C1 For any i € V, the regressor H; ; satisfies the ergodicity property:

(5) lim *Z sz— i,hy

n—oo N

and {v; i, F; 1} is a martingale difference sequence (mds) with

sup E|vi g1 |]*|Fi] < o0

where F; 1, = o{H;s,vig, 1 <t <k}

C2 R, = Efil R; 1, is positive definite.
Remark 1. Clearly, the independent or strictly stationary ergodic regres-
sors imply (5) with probability one. There are some other regressors also
satisfying C1. The collective identifiability assumption C2 extends identifia-
bility condition for a centralized estimator that is needed to get a consistent

estimate of the unknown parameter #*. This together with the ergodic as-
sumption plays a crucial rule in the convergence analysis.

We impose the following assumption on the communication network.

C3 (a) W(k) Vk > 0 are doubly stochastic matrices;

(b) There exists a constant 0 < n < 1 such that

wij(k) >n VjeNi(k) VieV Vk>0;
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(c) The digraph Goo = {V, €} is strongly connected, where
Ex =A{(4,1) : (j,1) € E(k) for infinitely many indices k};
(d) There exists a positive integer B such that
(i) eE(k)UEk+1U---UEk+B—1)
for all (j,i) € £~ and any k > 0.

Remark 2. If C3 holds, then by [8, Proposition 1 | there exist constants
¢ > 0,0 < p < 1such that

1
(6) H@(k, s) — NllT < cphTstt Wk > s,

where ®(k, s) is given by
O(k,k+1) =1y, ®(k,s) =W(k)---W(s) Vk > s.
2.2. Equivalent problem

Since H; j is adapted to F; j, by the property of the weighted mds [26]
Z Hgkviﬁk = O(s,(2)logzT(s2(2) +€)) a.s. ¥y >0,
where s,(2) = (>__,4 HH”CHQ)% Hence by (5) we obtain

Z kvz P = Jr’7) a.s. Vn > 0.

Thus, from (5) we obtain

1
(7) Jg&ﬁz Kk—gggon; FeHi 107 + lggon; Vi
=Rip0" = Ripy a.s.
From (2) (3) it follows that

,ZHkTHk_ ZZ e Hi g 7ZH,CTY;€— ZZ K Yiks

zlk;l zlk;l
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and hence by (5) (7) we derive

n—oo n

1 n N
lim —> HlH, =Y Rin% Ry,
k=1 i=1
1 n N
. T *
Jim_ ~ S H{Yi = Ripy = Rpb" £ Ry,
k=1 i=1
Then we obtain
. 1 ¢ 2_ 1 1L~ yr T T
lim sup — Z | Y — Hi0 ||*= limsup — ZYk Y), — 20" Ry, + 0" Rp,0.
n—oo N n—soo N
k=1 k=1
So, the minimum of (4) is the root of its gradient function:
Since Ry, is positive definite, the minimum of (4) is uniquely achieved at
0 =R, 'Ry, = 0*.

In summary, under C1, C2 the problem of finding the minimum of (4)
is converted to collectively seeking root of the function

with f;(6) = —R; n0 + R; py. The corresponding root set is J = {6*}.

2.3. Algorithm
Denote by 6; ;. the estimate for 6* given by agent ¢ at time k. Since R; ;, and
R; 1,y cannot be directly derived, by replacing R;j and R;p, with HZTksz
and Hszsz' the observation of the function f;(0) = —R; ,0 + R; p, at point
0; . is constructed as
8) Oier = HYy (Yo — Hi kb ).

Thus, the observation noise €; 41 is

(9)  €ipt1 = Oipsr — fil0i) = HYik — Ripy + (Rijy — Hl Hi )0 k-
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For any i € V, the estimate is generated by the following algorithm

10 .0 — 07 Fik = 1,k
(10) i ik = eN e T
1
(11) e = | 2 @is(W0irdio,i=s0) + 7Okt | g imsa1:
JEN:(K)
(12) Oiksr = Oi 1 lfjor, ,11<60 00
(13) Tik+1 = Gik +1jjo; . 1>60 45

where O; j4+1 is defined in (8), and 14 is the indicator of a random event A,
ie, Ia(w)=1if we A, and I4(w) = 0, otherwise.

2.4. Convergence theorem

Theorem 3. Let {6;}r>1 be generated by (10)—(13) with O; k41 defined
y (8) for any initial value 6, 4. Assume C1, C2, and C3 hold. Then

lim 0, =0* a.s., VieV.
k—oo

The proof consists in verifying conditions guaranteeing convergence of
DSAAWET stated in Appendix. It is noticed that the algorithm (10)—(13)
coincides with the algorithm (68)-(71) by identifying x; j, *, v and M, in
(68)—(71) with 6; 4, 0, , and k in (10)-(13), respectively. The detailed proof
of Theorem 3 is given in Section 5. The theorem points out that the estimates
given by all agents converge to the true parameter 6* with probability one.

Remark 4. Assume there exists a positive constant @ > 0 such that

(14) Z DeHi g — zh):0<n1a>.

Then Theorem 3 remains true if the step-size % in (11) is replaced by kiﬁ
withl>g>05anda+p>1.

Remark 5. Compared with the iid Gaussian assumption [14],[15] and the
strictly stationary condition [17], we impose weaker conditions on the regres-
sors. It will be shown in Section 6 that the regressors being AR processes
satisfy (5). Besides, the switch of the communication graphs is assumed to
be deterministic in the paper, while the random switches are considered in
[22, 23], and the fixed undirected graph is considered in [14, 15, 17].
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3. Global behavior of estimate sequence

Denote by 7;m £ inf{k : 0, = m} the smallest time when the truncation
number of agent i has reached m, by 7, = mi\gl Ti,m the smallest time when
1€

at least one of agents has its truncation number reached m, and by o} £

m%x 0; ) the largest truncation number among all agents at time k. Set
1€

Fjm = Max{7jm, Tm+1}. We first recall some results from [11] that will be
used in the sequel.

Lemma 6. i) [11, Remark 3.1] For {0; 1} generated by (10)—(13) with
any initial values the following assertion takes place:

(15) 0; k+1 = 0 when o j41 > o -
ii) [11, Lemma 4.3] Assume C3 holds. Then
Tim <Tm +B(N —1) VjeV form>0.

iii) /11, Lemma 5.5] Assume C3 holds. If klirn o =0 < 00, then there
—00

exists an integer ko > 0 such that
Oik =0 Vk>ky YieV.
Next we give some lemmas that will be used for the proof of Theorem 3.

Lemma 7. For a sequence of matrices { A}, if

Y L Am
(16) Jim = =4

then for any constant T’ > 0

m(k)Tk) A
An— A
1 li = T T
" A R L
m(k,T)

1 A =
1 lim — = A
(18) Jmop 2, =4
where m(k, T) = max{m : Z;ﬁ‘:k% <T}.
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Proof. By denoting Q :an:1(Am—A)7 from (16) it follows that % —

k—o0
0. Therefore,

m(k,Ty) = m(kTy)

A, —A 1
Z T: Z E(Qm—mel)
m=k m=k
m(k,Tx)—1
Qmk1) Qi1 1
STy kT mZ:k et e d R VR

and hence (17) holds.
By replacing T}, in (17) with 7', it is seen that (18) holds. O

Set ©), = COl{@l’k, . 70N,k}7 0, = % Zi\il 0i,k7 @J_,k =0, — (1 ®1n)0k,
and e = col{e1k,...,.enk}-

Lemma 8. If C1 and C3 hold, then the sequence of estimates {Oy} gen-
erated by (10)—(13) contains at least one bounded subsequence {O,, } with
Oin, = Op, Vi€ V.

Proof. In what follows all discussion is carried out for a fixed sample path.
Case 1: If hm o = 0 < 00, then there exists a positive integer kg such

that there is no truncatlon after kg. Consequently, the estimate sequence
{©;} is bounded and by Lemma 6 iii) 0, =0 Yk > ko Vie V.
Case 2: For the case klim o) = oo it suffices to show that for sufficiently
—00

large m > mo £ 2P — 1
(19) it =m Vi€V, [ O 4p[<a,

where D = (N — 1)B, and ¢, = VN(2P — 1).

Set k = 7,,,. For sufficiently large m > mg and any ¢ = 1,..., D we first
show the following facts:

i) For any agent ¢ with o;; = m it holds that

(20) Tik+q =M, and [ O k+q [<29—1< My;
ii) For any agent j with o;; < m it holds that

Ojk+q =M,

(21)

further, || 0 k44 ||< 27 — 1, if, in addition, 0} kg = m.

We prove i) and ii) by induction.
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Step 1: We first show that i) and ii) hold for ¢ = 1.

Since k = 7,,, by the definition of 7, we derive 0, < m and ;1 <
m Vj € V. Then from (10) it follows that &;j, = m for any agent i with
oik = m. Since 0; 1 < 0ik, 6ix = 0 by (15). Then from (11) we derive

1
(22) 1 = EH’T’“YZ’“
By (7) we have
N

Thus, there exists a sufficiently large k& > mg such that

(24) |H Y, [IS1 Viev.

=]

k
Since k = 7, > m, from (22) (24), M,, = m, and mg = 2 — 1 it follows
that for sufficiently large m > mg

1
(25) 1167 o1 1< 7 | Hszsz <1< My,

for any agent i with o; , = m. Therefore, 0; 11 = 927,&1 by (12), and 0; y4+1 =
Gir =m by (13). Hence by (25) we derive || 0; ;41 |[< 1. Consequently, i)
holds for ¢ = 1.

By definition (10) for 6,5 we know that 6;, < m for any agent j with
ok < msince k = 7,. If 65, = m, then 9;,k+1 =0 by (11) since 0j; < Gk,
and hence 01 =0, =m by (13); If 0, <m, then 041 <1 +1<
m by (13). Thus in the case 0, < m by considering the alternative cases
Gk <mand 6; =m we conclude 0,11 < m. From (15) we see 041 = 0
when 0 ;41 = m. Therefore, ii) holds for ¢ = 1.

Step 2: Assume i) and ii) hold for ¢ =1,...,p with p < D. We show
that they hold for ¢ = p + 1.

From the inductive assumption by (20) (21) we have o1, < m and
i k+p = m. Hence, &; j+p = m. Then by (11)

(26) e = Y Wi keaplios s, —m)
JEN;(k)
1

+7
k+p

T
H; o Yiktp — Higrpbiktp)-
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By (20) (21) we know
|| 0i,k+p HS 2P — 1 if O ketp = M.

Then from (26) it follows that

1 T
(27) 10 kiprr | <22 =14 o | Hi gy Vit |
1

+ m@p — 1) || H e pHigerp || -

Since H! H; satisfies (5), similar to (24) it can be shown that for
sufficiently large k > mg = 2P — 1

1

2|l Hl Hip |[<1 Viey,
which incorporating with (24)(27) implies that for sufficiently large m > my
(28) | O pyppr IS2P— 1414 (2P —1) =277 —1<2P — 1 < M,

S0, Oiktp+1 = 0] pyp1 by (12), and 0; kypi1 = Gigtp = m by (13). Then
by (28) we derive || 0; gipi1 |[|< 2PTE — 1.
Thus, we conclude that

(29) Oirpr1 = m, and || O pypir < 207 =1 < My,

This proves i) for ¢ = p+ 1.

We now show ii) for ¢ = p+ 1. By the inductive assumption we have
0jk+p < m. For the case 0} 4, = m, as shown in (26)—(29), we have (29)
with 4 replaced by j. So, ii) is valid for ¢ = p + 1 for the case 0} j4, = m. For
the case 0 1, < m we separately consider the cases 6 1, = mand 6, 1, <
m. For the case 6;4+p =m, by (11) we have 0/, ., =0 since 0jj, <
G} k+p, and hence 0 jpi1 = 0 k+p = m by (13). For the case 6; 44, < m, we
have 0 kipt1 < Gjptp + 1 < m by (13). Therefore, for the case 0 4p <m
we have 0 ypr1 < m. If, in addition, 0 x4pt1 = m, then ojxipr1 > 0 ksp
and by (15) we conclude 6; ;1,11 = 0. Thus, we have proved ii) for ¢ = p + 1.

Consequently, (20) (21) hold for ¢ =1,..., D by induction. Hence, we
conclude that 7;,,41 > k+ D Vi€V for sufficiently large m > mg. Since
k = 7, we have 7,41 — 7, > D. Then by Lemma 6 ii) we obtain 7;,, <
Tm + D Vi €V, and hence 0, +p > m by noticing o;, , = m by defini-
tion. On the other hand, from 7,11 > 7, + D it follows that o;, 4+p <
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m Vi € V. This yields 05 ,,,+p =m Vi € V. From (20) (21) it is seen that
| 0irep [|< 2P — 1 Vi €V for large enough m > mg. Thereby

H @Tm+D HS \/ﬁmzax H (91‘77—m+D HS \/]V(QD o 1).

Thus, we have shown (19).
Combining Case 1 and Case 2 proves the lemma. O

4. Local properties along bounded subsequences

The following lemma measures the closeness of the sequence {O;} along the
bounded subsequence {©,, } with ¢;,, = o, Vie V.

Lemma 9. Let {©,,} be a bounded subsequence with o;,, = op, Vi€ V.
Assume C1 and C3 hold. Then there exist constants c¢; > 0, cg > 0, M) > 0,
T > 0 such that for sufficiently large k

(30) | s — O, || < T + M,
(31) | Oms1 — On,, || < 2T Vmo:mg <m < m(ng,T).

Proof. Since {©,, } is a bounded subsequence with o; ,, = oy, Vi €V, by
(10) we see g p, = Gjn, Vi,j € V. Then by (11) we derive

;,nk-i-l = Z ww(”lﬂ)e],nk + P)/nkoi,nk"rl'

If there is no truncation at time ny + 1 for any agent i« € V, then

Oimetr =01 = Y, wig()0jn, +WOin, 11,
JEN;(ny)

and the recursion (10)—(13) can be rewritten in the compact form:
(32) @le+3+1 = (W(nk + S) ® IM)anJrs + ’Vnk+s(F(@nk+s) + 5nk+1+s)

for s = 0.
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Since the sequence {0, } is bounded, there exists a constant C' > 0 and
an integer kg > 0 such that

(33) |6, 1< C V> ko.

Set F'(©) £ col{f1(01),..., fn(Oxn)} with © = col{f1,...,0x}. Define

(34) Mj =1+ Clep+2),

(35) Hy = max{|| F(©) [} © |< M} +1+ O},
c(p+1) Hy + co

36 a=H+c@B+—>=), ca=—r—x—,

( ) 1 1 0( 1—p ) 2 \/N

where ¢ and p are given in (6), and ¢j is given by

(37) o = V/Nes ma(| Bu + tr(Rip)) + 1.

where ¢3 = C' + M + 1 and tr(R; ;) denotes the trace of R; . Select T'> 0
such that

(38) al <1
For any k > kg define
(39)  sp2sup{s>np:| ©j —On, < T+ M) Vj:ng<j<s}
From (33) and (38) it follows that for any k > kg
(40) || Os || < 1T+ || O, || + M < My +1+C =c3 Vs:ng, <5< sp.

We now show si > m(ng, T').
Assume the converse that for sufficiently large k > k;

(41) sk < m(ny, T).

We first show that there exists integer k1 > kg such that for all £ > k;
(42) Sk < Ton, +1-

We prove (42) for the two alternative cases: i) kl;n;o or = oo and ii)
lim o = 0 < 0. 1) Since {M}} is a sequence of positive numbers increas-

k—oo
ingly diverging to infinity, there exists a positive integer k1 > kg such that
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Mo, > Mg+ 1+ C for all k > ki. Hence, from (40) we know si < 75, +1.
ii) For this case there exists a positive integer k1 > kg such that o, = o for
all k > ky, and hence 75, +1 = 7,41 = oo. This implies (42).

From (42) it follows that (32) holds for s : 0 < s < s, — ng — 1.

Next we investigate the property of the noise sequence {ex11}r>0. Let

us decompose the noise €; 41 given in (9) into two parts as

1 2
(43) Eik+1 = € pr1 T Ej ksl

1 _ gT 2 _ T
where &;, .y = H;, Yip — Ripy, and &7, = (Rip — Hi,kHi,k)ei,k- By set-

(2 3

ting Ay = HTksz, from (7) we see that (16) holds with A = R; py. Hence

7

by (17) we derive

(44) lim - > E(HZmY;,m —Rip)||=0 VT €[0,T).

m=ng

Then by (41) we conclude that

S

Ly
E E%,mﬂ

m=ng

(45) lim — =0 Vs:ng <s<s.

Denote by A\pqez(A) the largest eigenvalue of a square matrix A. We have
(46) tr(HgmHi,m) > )‘max(HgmHi,m) = HHZ,mHQ

Therefore, from (40) and (41) it follows that

S

> el
e
m i,m-+1

S

1
<) E[HRi,hH + || Hi 1?10

m=ng m=ng
(47) m(ng,T) 1
Ses Y Rl +tr(HD Him)] Vs :ng < s < sy
m=ng

for sufficiently large k& > k1 . B
By setting Ay = HZTksz, from (5) it follows that (16) holds with A =
R; . Therefore, by (18) we derive

. 1
S 3t i) = ().



Distributed parameter estimation 437

Hence

1 m(ny,T) 1
48 lim — —IIIR; HI H;.)] = i ihll-
8) i 3 R e )] = r(Rin) + |

Combining (47) with (48), we obtain

Z TYmé€ zm—l—l

m=ng

lim sup —
k—o0

< (|Ripll +tr(Rin)) Vs:ng <s < s,

which incorporating with (45) yields

Z YmEim+1

m=ni

lim sup — < cs(|Rinll +tr(Rip)) Vs:ng <s < sp.

k—o0

Thus, for sufficiently large k > &y

s
E YmEim+1

m=ny

1

< c3(|Rinll + tr(Rip)) + Vs :ing <5< sp.

2l

Consequently, from H Z 'ymsm+1H < VN maxH Z YmEi m+1” we con-
m=ny 1€V M = N

clude that for sufficiently large k& > k;

S
(49) Z YmEm+1|| < coT Vs :ng < s < si.
m=nr
Define
(50) Z5k+1 = (W(Sk) @ IM)@Sk + Vs, (F(GSk) + 65k+1)'

Set zg,+1 = 1T%IM Zs,+1- By 17 ®IM (W(s)@Iy) = % Vs > 0 we derive

1T ®I
Zatt = b + = (F(Os,) + 25, 41)
(51) 1T Sk
® I
= enk - =M E 'Ym + Em-i-l)

m=ng
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and hence by (35) (40) (41) and (49) it follows that

17 ® Ips
(52)  lorss — bl < H H S A (F(Om) + £ms)
m=ny
Z Tm H F H +7 Z YmEm+1
m Nk Mm=ng
H
< 2t + O — T for sufficiently large k > k.

- VN

Define Z| 5,41 = Zs,+1 — (1 ® L) 25, 41. Since W (k) Vk > 0 are doubly
stochastic, it is seen that

1
ZJ_7Sk+1 = [(@(sk,nk) — N11T> X IM:| @nk

4 i Yom K@(sk —1,m)— JbuT) ®IM:| F(©n)

m=ng

Sk
1
+ z Tm [(q)(sk - l,m) - N11T> ®IM:| Em+1-

m=ng

Noting that [|[F(6,)| < Hi VYm:ng < m < s; by (35) (40), from (6) (33)
we see that for sufficiently large k& > k;

Sk
(53) || ZL,sk—i-l H < Ccp8k+1—nk + Z ’Ymﬂlcpsk_m

m=ng
Sk 1
+[ D m K@(sk —1,m) - N11T> ®IM] Emt1
m=n
By (49) we derive
(54) | Ts —Th—1 IS coT Vs :ng <s< s,

where I'y £ 3" | ynem+1. Note that
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S

S @ = L,m) @ Demer = > (@(s — 1,m) & [) (T — L)

= Z (®(s—1,m) @ L) (T — Tpy—1)
- Z 5_1 m ®Il)(r Fnkfl)'

Summing by parts, by (6) (54) we derive

Z 7m(¢(3 - 17m) X Il)5m+1

m=ny

s—1
Ty =Tt [+ Y 1 @(s = 1,m) =®(s = L,m + 1) ||| Ty = T 1 |

m=ng
s—1

< coT + Z (cp* ™+ cp* ™) T

< coT +

col Vs:ng < s < spg.

This incorporating with (49) yields

Sk
1
(55) Z Ym |:<(p(8k - 1,m) — N11T> ®IM:| Em+1
m=ng
1
<(2+ c(lp i ))coT for sufficiently large k > k1.
—p

From (53) (55) and 74 = 0 it follows that
—00

c(p+1
(56) | Z1sp41 |SCep+1+ (2 + (1/)_ p)) T

for sufficiently large k > k.
Since Zg, 41 = Z | 5,41 + (1 ® Inr)2zs,4+1 we derive

|| Z5k+1 - @nk H :H (1 ® IM)ZSk+1 + ZJ_,skJrl - @J_,nk - (1 ® IM)enk H
< Ze st |+ 1©Lm, | +VN || 25041 = O, | -
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Noting that [|© || < 2C VEk > kg by (33), from (52) and (56) it is seen
that for sufficiently large k > Ky

c(p+1
(57) I Zsit1 — On, |§Ocp+1+(2+ (f_p)>coT+2C
H
+VN i/%COT:MéJqu,

where M) and ¢; are defined by (34) and (36), respectively. Therefore,
| Zsot1 IS Oy | +M) + 1T < Mi+1+C.

This means that (32) holds for s = s, —ng and Oy, 41 = Z5,+1 for suffi-
ciently large k > k;. Hence, from (57) we obtain

H ®5k+1 - @le HS M(/) +al,

which contradicts with the definition (39) for sg. Thereby, s > m(ng,T)
holds for sufficiently large k& > k;. Consequently, from (39) we know that
(30) holds for sufficiently large k.

Since s > m(ng, T), similar to (52) it can be proven that (31) holds for
sufficiently large k.

The proof is completed. U

The following lemma gives the property of the noise sequence along the
bounded subsequence {©,, } with ¢;,, = o,, Yie V.
Lemma 10. If C1, C3 hold, then for any {n;} with o;n, =on, Vi€V
and with {©y, } bounded it holds that

m(ng,Tx)
o 1 1
(58) lim lim sup g ek = 0 VI €[0,T).

T—0 f—o0o =

Proof. Noticing that €; ;41 is divided into two parts by (43), from (44) we
know that to prove (58) it suffices to verify

m(nk,Tk) 1
(59)  Jim limsup > —(Rip— HY Hym)0im|| =0 VT, € (0,7

T—0 koo —m

Inequality (30) in Lemma 9 assures that there exists a T' € (0, 1) such
that m(ng, T') < 75, +1 and {O : g < s <m(ng, T) + 1} are bounded for
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sufficiently large k. Therefore, there exists a positive constant ¢4 such that
(60) | Oim |<ca Vm:ng <m < m(ngT)
for sufficiently large k.

Combining (53) and (55) we see that there exist positive constants

s, ¢y, ¢k such that for sufficiently large k

(61) 1 ©1 sr1 IS e3p™ 1™ 4 ey sup v + 5T Vs :ng < s <m(ng,T).

m2>ny

Since 0 < p < 1, there exists a positive integer m’ such that p™ < T. Then
ZZ’“J;::‘ S — 0 by hm 0y = 0. Thus, ng+m’ < m(ny, T) for sufficiently
large k. Therefore, from (61) we know that for sufficiently large k

| ©Lst1 IS 0(1) + (cs+c5)T Vs:ng+m' <s<m(ng,T),
where o(1) — 0 as k — oo. From (31) it follows that for sufficiently large k

| 0i 51— On, [[<0(1)+ (c2+¢5)T Vs :ng+ m <s< m(ng, T).

Therefore, from here by (46) (48) (60) we conclude that

m(nk 7’Tk)

1
—_ Rz *HT Hzm eszenk

mznk m( h i,mALi, )( , )

nk—i—m
< 2¢4 Z — (Il R | +tr(H] L Him))
m(n,T) 1
1 T —(|| R; tr(HL H;n,
+ [o(1) + (c2 + ¢5)T] m;% Il R || At (H g Him)

for sufficiently large k and any T} € [0,7]. Then by (48) we derive

m(nk,Tk)
. 1
(62) limsup || E(Ri,h — H}\ Hi ) (0im — On,)

k—r00 m—ny,

< (ca+es)([|| Rip || +tr(Rip)|T? VT € [0,T].
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By (60) we know

m(nk,Tk) 1 m(nk,Tk) 1
—(Rijy — HipHign)0n, || < —(Rip — HipHim
m;n m(R h i,m*Li, ) k|| > €4 mgn m(R h i,m*Li, ) )

which incorporating with (5) (17) yields

m(nk,Tk)
1
(63) limsup | Y —(Rip — HyHim)0n, | =0 YTy € [0,T].
k—oo m=n m ’

Therefore, combining (62) (63) we derive (59). The proof is completed. [J

5. Proof of Theorem 3

We first show that the truncation number of each agent converges to the
same positive integer. Based on this fact, we then prove the strong consis-
tency of the estimates.

5.1. Finiteness of number of truncations

The following lemma says that the truncation number is finite for all agents.
Lemma 11. If C1, C2, and C8 hold, then

(64) lim o = 0 < 0.
k—ro00

Proof. From Lemma 8 we know that {©y} contains a bounded subse-
quence {©,,} with o;,, =0, Vi€ V. For this bounded subsequence
{On, }i>1, there exists a positive constant ¢ such that ||©,, | < ¢y VE > 1.
Thus, {f,,} is in the bounded set {# € RM : ||0|| < co}. Note that v(6) =
|Rp0 — Rpyl|* and Ry, is positive definite. Then there exists a constant
c1 > ¢ such that max;g <, v(¢) < inf|g=, v(#). Since J = {6"}, there ex-
ists a nonempty interval [d1,d2] € (maxjg<c, v(0), inf |jg=c,v(¢#)) such that
d([él,ég],v(J)) > 0.

Assume the converse that kh_)n;() o) = 00. Similar to [11, Lemma 5.4] it

can be proven that 6,,, starting from a point in the set {§ € RM : ||| < co}
crosses the boundary {# € RM : || 0 ||= ¢1} infinitely many times. There-
fore, for the nonempty interval [d1, d2], there are infinitely many crossings
{v(0n,),- .., v(0m,)}, where by “crossing [d1,d2] by {v(0n,), ..., v(0m,)}" we
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mean that v(0,,) < 01,0(0m,) > 02, and &1 < v(0s) < o2 Vs:ng < s < my.
We now show that this is impossible.

In Section 2.2 it is noted that the distributed parameter estimation is
equivalent to the distributed root-seeking problem. We want to show that
A1-A3 required by Theorem 12 in Appendix are satisfied. Since v, = % we
know that Al holds. By noticing that f;(0) = —R; 40 + Riny Vi € V, we see
that f;(¢) is continuous, and hence A3 holds. Since f(0) = —Rj0 + Ry,
Ry, is positive definite and J = {6*}, by setting v(0) = ||[Rp0 — Rpy||* A2 is
verified. Thus, A1-A3 hold. Further, the noise sequence satisfies (58) along
indices {ny} with 0;,, = oy,, Vi € V and with {©,, } bounded. Then sim-
ilar to [11, Lemma 5.3] we can show that any nonempty interval [0y, d2]
with d([01,d2],v(J)) > 0 cannot be crossed by infinitely many sequences
{v(0n,),...,v(0mn,)}, which yields a contradiction.

Thus, the converse assumption klim o) = 00 is not true, and hence (64)
—00

holds. O

5.2. Strong consistency

Proof of Theorem 3. Since the algorithm (10)—(13) is in the same form as
DSAAWET, we use Theorem 12 in Appendix to prove Theorem 3. For this
it suffices to prove assumptions A1-A4, and C3 required by Theorem 12. It
has already been shown in the proof of Lemma 11 that A1-A3 hold. Since
C3 is assumed in the theorem, we only need to prove that noise condition
A4 is satisfied.

Since lim o, =0 < oo by Lemma 11, there exists ¢; > 0 such that

— 00
0 k]l < c1 Vk > 1. Note that Jim #tr(H H; ) = 0 by (5). Then by (46)

1 c
o @Bin = HIH )6l < 2 (1Rinll + | Hik])
C
< (IRl + tr(HEHi ) ——— 0.
k—o00

Therefore,
1 .
%(Rah — HZkHl’k)ez’k E} 0 VZ S V,
which incorporating with (23) implies A4 a).
By Lemma 11 and Lemma 6 iii) we know that there exists some positive
integer kg such that

ok =0 Vk2>ko.
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Hence the sequence {6; ;;} is bounded for any i € V. Then by Lemma 10

m(k’,Tk)
. 1 1
lim lim sup T E ekt = 0 VT €[0,7].

T—0 koo ot

So, by the definition of ;41 we conclude that for any i € V

.. 1
lim lim sup T Z %51-7;“_1 =0 VI e][0,T],

T=0 ksoo

m=k

which implies A4 b).
By Theorem 12 we conclude that the estimates given by each agent
converge to 6*. O

6. Numerical simulations

In this section, numerical simulations demonstrate the convergence of the
proposed algorithm. It is also shown how do both the size of the network
and the dimension of the unknown parameter affect the convergence rate.

The i-th component of the parameter 8* € RM is set to be (1 + 0.1i)V/i.
For any ¢ € V, the regressor H; j, = (i, ..., hik—n+1) is a row vector with
its entry h; ;. generated by

(65) hig = (1 — ki) owhi -1 + Vi k-

For each agent i € V, k; and «; are generated according to the uniform
distributions over the intervals [0.2,0.4] and [0.8, 1.2], respectively. {&; x} is
a sequence of iid random variables € N(0,0.36), and the initial values h;
for all agents are mutually independent and uniformly distributed over the
interval [—2, 2]. The sequence {h;  } produced by (65) is neither independent
nor strictly stationary, while by [24, Theorem 1.5.3] we have

RS
(66) nh_}H;O . ; hi jrmhik = Ri(m)  a.s.
for all m > 0 with R;(m) = 0.36x; > oo o[(1 — k;)a;]?™. Since (1 — k;)a; €
(0,1), by (66) we see that (5) holds. Moreover, it can also be verified that
(14) holds for any 0 < a < 0.5.

The observation noise v;j in (1) for agent ¢ is a sequence of iid ran-
dom variables € A/(0,0.09). All components of the initial values z; o for all
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agents are set to be mutually independent and uniformly distributed over
the interval [—2,2].

Let {0;x}r>1 be generated by (10)—(13) with the step-size 1 in (11)
replaced by ﬁ Let 9%, j=1,..., M denote the j-th component of 8 =
%Zf\il 0; . Let the average of the square errors be e(k) = SN [|6;4 —
0*||?/N. Three simulations are carried out.

Simulation One: Let N = 100, and M = 8. We divide agents into two
groups: the first group is composed of agents indexed from i =1 to ¢ = 50,
while the second group from i = 51 to ¢ = 100. For any k£ > 1,

e at time 3k — 2, the communication graph for agents in the first group
is strongly connected, while agents in the second group do not com-
municate with any agent;

e at time 3k — 1, the communication graph for agents in the second
group is strongly connected, while agents in the first group do not
communicate with any agent;

e at time 3k, agent ¢ : 1 <14 < 50 in the first group communicates with
agent 7 + 50 in the second group through a bidirectional edge, and all
nonzero weights are set to be %

Explicitly, the matrix W (k) is as follows:

Wi 0 I 0
W(3k —2) = ( 0 1N/2> , WBk-1)= <1{]/2 W2> :

17 1y
W (3k) = (% N2 3 N”) :
3In2  3lng2

where Wy € RY/2XN/2 and W, € RY/2XN/2 are doubly stochastic matrices
with positive diagonal entries. Further, the digraphs of W; and W, are
strongly connected.

The simulation results are shown in Figure 1, where it is seen that the
estimates converge to the true parameter.

Simulation Two: Set M = 8. Let G(NN, py) denote the Poisson random
graph model on N nodes defined in [25], by which it is meant that each edge
is included in the graph with probability py independently of the rest. Take
samples from such a graph G(N,py) with py = 6/N but only consider the
connected ones. Denote by d; the number of neighboring agents of agent .
Set W(k) =W = ["Jij]gjﬁ VEk > 1 with w;; = d% when j is the neighboring
agent of 7.
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1 3 5 7
0 —Gk—ﬂk—ﬁk—ﬂk

0 100 200 300 400 500 600

2 4 6 8
— O, 0 0, —0

0 100 200 300 400 500 600
Figure 1: The average estimate 6y,.

The simulation is carried out separately for N = 20, 100, and 1000. The
results are shown in Figure 2. It is seen that the network size affects the
convergent rate: the larger N yields the slower convergent rate.

Simulation Three: Set N = 100. Take a sample graph that is con-
nected from the Poisson random graph G(N, p) with p = 6/N. Denote by d;
the number of neighboring agents of agent i. Set W (k) =W = [wij]%-:l Yk >
1 with w;; = d% when j is the neighboring agent of i.

The simulation is carried out separately for M = 2,4, and 10. The re-
sults are shown in Figure 3, from which it is seen that the dimension of the
unknown parameter affects the convergent rate: the larger M leads to the
lower convergent rate.

7. Concluding remarks

In the paper, a distributed estimation algorithm is calculated at each sensor
in the network to estimate the unknown parameter. The estimates are shown
to converge to the true parameter when the regressors satisfy some ergodic
property. The numerical simulations are given to demonstrate the theoretic
result.
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12 ‘ 15 - ‘
—N=20 i
10 —N=100 | M
——N=1000 Mo
8 b 10}
5]
4 5
2
0 - ‘ ‘ 0 g
0 100 200 300 400 0 100 200 300 400

Figure 2: The average square error Figure 3: The average square error
e(k) for different N. e(k) for different M.

Some directions for further research include investigating the conver-
gence rate and the asymptotic properties of the distributed algorithm, es-
timating the unknown time-varying parameter in the sensor networks, and
considering the distributed estimation problem with the sign errors [27] or
with the regressors corrupted by noises.

8. Appendix: Convergence for DSAAWET

DSAAWET proposed in [11] is used to collectively find the root of the fol-
lowing function

where f;(-) : RM — RM is the local function assigned to agent i that can
only be observed by i itself. The root set of f(-) is denoted by J = {z €
RM : f(z) = 0}.

Denote by z; 1, € RM the estimate for the root of f(-) given by agent i at
time k. While obtaining the information shared from its neighboring agents,
agent ¢ has its local observation

(67) Oi k1 = fi(%ig) + €i kg1
where €; ;.41 is the observation noise.

With {M}} being a sequence of positive numbers increasingly diverg-
ing to infinity and x* € RM being a given point known to all agents, the
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estimation sequence {x;}r>1 of agent 7 is generated as follows:

(68) oi0 =0, @,k:JHJ{%{)%k,
(69) T g1 = < > wii(k) @ikl =5, + T, 1 <50])
JEN()

+ 7k017k+1> I[O’{,JC:OA'L)J + x*I[Uiyk<OA'iyk]7

— * /
(70) Tikt1 = T Loy 15Ms, ) T Tiprrler o I<Ms,,)

(71) i1 = ik + jat =M, 1>

where O; 41 is defined by (67), 75 > 0 is the step size.
Let us introduce the following conditions.

o0
Al v, > 0,7 —— 0,and ) v =00
A2 There exists a continuously differentiable function v(-) : R — R such
that

a) sup  fl(x)vg(z) < 0forany A > § > 0, where v, (-) denotes
6<d(z,J)<A
the gradient of v(-) and d(z,J) =inf, {|| z —y ||: y € J},
b) v(J) £ {v(x) : x € J} is nowhere dense,
c) [|[2*|| < co and v(2*) < inf |, —.,v(z) for some positive constant
¢, where x* is used in (69) (70).

A3 The local functions f;(-) Vi € V are continuous.

A4 For any i € V, the noise sequence {¢; j41}r>0 satisfies
a) Vk€iky1 —— 0,
k—o0

m(nk ,tk)

b) hrrbhmsupT I Z YmEism+1 1|z, . |<k] 1= 0 Vit € [0,T] for

k—o0
any sufficiently 1arge K along indices {ny } whenever {z; ,,, } converges,

where m(k,T) = max{m : Y%, v; < T}.

Theorem 12. [11, Theorem 3.3] Let {z;} be generated by (68)—(71) for
any initial value ;0. Assume A1-A3, and C3 hold. Then

_XVL,]C — 0 and d(xk, J) —0
k—o0 k—o0
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N
for the sample path w for which A holds for all agents, where xj = % > Tk,
i=1

Xk = col{xl,k, - 7$N,k}; and XJ_,k = Xk — (1 ® IM>37k~
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