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CONTROL AND STABILIZATION OF THE KAWAHARA
EQUATION ON A PERIODIC DOMAIN*

BING-YU ZHANG' AND XIANGQING ZHAOf

Abstract. In this paper, we study a class of distributed parameter control system described by
the Kawahara equation posed on a periodic domain T (a unit circle in the plane) with an internal
control acting on an arbitrary small nonempty subdomain of T. Aided by the Bourgain smoothing
property of the Kawahara equation on a periodic domain, we show that the system is locally exactly

controllable and exponentially stabilizable with an arbitrarily large decay rate.
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1. Introduction. Originally as a model for propagation of water waves with

small amplitude, the Korteweg-de Vries (KdV) equation
(1.1) U + Buszy +uuy =0

has been extremely intensively studied from various aspects since the discovery of
solitons and inverse scattering method in the 1960’s. The equation is now commonly
viewed not only as a good model for some water waves but also a very useful approxi-
mation model in nonlinear studies whenever one wishes to include and balance a weak
nonlinearity and weak dispersive effects [6, 9, 23].

The KdV equation (1.1) admits a compressive or rarefactive steady solitary solu-
tion depending on the sign of the coefficient of third-order dispersive term £ in (1.1).
However, under certain conditions, the coefficient 8 will become very small or even
vanish. Consequently, a higher dispersive term has to be introduced to the equation
to balance the dispersive effect and the nonlinear effect. For instance, Kakutani and
Ono [17] demonstrated that if the angle between the propagation direction and the
magnetic-acoustic wave in a cold collision-free plasma and the external magnetic field
become critical value, then the third-order dispersive term vanishes and is replaced by
the fifth-order dispersive term. Hasimoto[11] derived a fifth-order dispersive equation
to describe the shallow water near the critical value of surface tension when an effect

of the surface tension is taken into account. Kawahara [19] investigated the solitary
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waves of the general fifth-order dispersive equation:
(1.2) wy + aws, + Pws, + 3yww, =0,

where a, 8 € R and a # 0. He showed through numerical simulations that similar to
the KdV equation, the fifth-order dispersive equation (1.2) also admits compressive
or rarefactive steady solitary solution which is decided by the sign of the dispersive
term. In order to understand the effect of surface tension on solitary water waves
Hunter and Scheurle [14] studied the solitary behavior of (1.2). They found out that
when Bond numbers is less than %, there are branches of traveling wave solutions
to the water wave equations bifurcated from Froude number 1 and Bond number %,
which are perturbations of supercritical elevation solitary waves. The equation (1.2)
is now usually known as Kawahara equation, or the fifth-order KdV equation in the
literature [1, 14, 18, 19].

Since the late 1980s, control theory of nonlinear dispersive wave equations have
attracted a lot of attentions because of the rapid advances of the mathematical theory
of nonlinear dispersive wave equations. Many new tools have been developed which
enable us to attack the problems that seemed untouchable before. In particular,
following the advances of mathematical theory of the KdV equation, control theory of
the KdV equation has been intensively studied and significant progresses have been
made through many people’s work (see [4, 5, 7, 22, 26, 28, 29, 32] and the references
therein). In contrast, there are relative few works on the Kawahara equation for its
control theory (cf. [8, 27]).

In this paper we consider the Kawahara equation (1.2) posed on the periodic

1

domain T (a unit circle in the plane)'. Without loss of generality, we may assume

a=—-1,v= % and f = —1, 0 or 1. Furthermore, by the transformation u = w — a
with
1
a=lwy] = — [ wo(x)dzx, wo(zr) =w(z,0),
2 T

we find that if w solves (1.2), then [w(-,t)] = a, for any ¢ € R and wu satisfies the

following equation
(1.3) Ut — Usg + Puse +auy +uu, =0, z €T, teR

with [u(-,¢)] = 0 for any ¢ € R. The Cauchy problem of (1.3) has been intensively
studied for its well-posedness in the space H*(T) following the footsteps of the study

1This is equivalent to impose the periodic boundary conditions over the interval (0, 27):

wjz(0,t) = wjz(2m,t), j=0,1,2,34.
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of the KdV equation in the literature (see [12, 13, 20, 3, 10, 16] and the references
therein). The best known result [16] so far is that the Cauchy problem is locally well-
posed in the space H§(T) := {v € H*(T) : [v] = 0} for any s > —3 and is globally
well-posed in the space H§(T) for s > —1.

The equation (1.3) will be studied in this paper from control point of view with

a forcing term f = f(x,t) added to the equation as a control input:
(1.4) Uy — Usy + Puse + aug +uu, = f, x €T, t €R,

where f is assumed to be supported in a given open set w C T. The following exact

control problem and stabilization problem are fundamental in control theory.

Exact control problem: Given an initial state ug and a terminal state uy in a
certain space, can one find an appropriate control input f so that the equation (1.4)

admits a solution u which satisfies

ult=0 = uo, Ulp=r = u1?

Stabilization problem: Can one find a feedback control law: f = Ku so that the

resulting closed-loop system
Ut — Usy + Buse + auy +uuy = Ku, €T, teRT

is asymptotically stable as t — +o0?

Note that for solution u of the system (1.4) for the Kawahara equation, its mass

Jpu(z, t)dx is conserved:

%Au(z,t)dx:Af(x,t)d:r:O

for any ¢ € R when no control is in action (f = 0). In applications, one would also like
to keep the mass conserved while conducting control. For that purpose, it is sufficient

to put the following constrain on our control input f:
/Tf(x,t)dx:O, vteR.

Thus, as in [28], the control input f(z,t) is chosen to be of the form

(15) Fa.0) = GHe.0) = g(o) (160.) = [ atu)nto. iy )

where h is considered as a new control input, and g(z) is a given nonnegative smooth

function such that {g > 0} = w and

2[g] = /Tg(:zz)d:z =1.
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The resulting control system is of the form
(1.6) Up — Usg + Puse + auy +uu, = Gh, z €T, teR.

The following two theorems, which address the exact controllability problem and
stabilizability problem for the system (1.6), are main results of this paper.

THEOREM 1.1 (Exact controllability). Let T > 0 and s > —1 be given. There
exists a 6 > 0. For any ug, uqx € H*(T) with

luollg=(ry < 0, Nurlla(ny <6,
one can find a control function h € L*([0,T]; H*(T)) such that the system:
U — Usg + Buse + aug +uu, = Gh, x € T, t € (0,7)
admits a solution u € C([0,T]; H*(T)) satisfying
Ulg=0 = Ug, Ul=T = U1.

THEOREM 1.2 (Stabilizability). Let s > 0 and A > 0 be given. There exists
bounded linear operator My : H*(T) — H*(T) such that if one chooses the feedback

control
h = K)\’U,

in the system (1.6), then the resulting closed-loop system

(17) { Up — Use + PBUsy + auy + uu, = GK\u, zeT, teR,

u(z,0) = uo(z), zeT
is locally exponentially stable in the space H®(T):

There exists § > 0 such that for any uo € H*(T) with ||uo||gs(1y < 9, the corre-
sponding solution u of (1.7) satisfies

[u(-8) = [uolll s (ry < Ce™*|lug — [uo]ll s (),

for any t > 0.

The paper is organized as follows. In Section 2, we consider the associated linear
system (dropping the nonlinear term wu, ). The controllability of the linear open loop
system is established through solving a moment problem. Then the linear system is
shown to be exponentially stabilizable with arbitrarily large decay rate. In Section
3 we show the nonlinear system is locally exactly controllable in the space H*(T)
for any s > —1. The Bourgain smoothing properties of the Kawahara equation on a
periodic domain will play a key role in the proof. In Section 4, the nonlinear feedback
system is first shown to be globally well-posed in the space H*(T) for any s > 0 and
then it is shown to be locally exponentially stabilizable with arbitrarily large decay

rate.
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2. Linear systems. Consideration is first given to the associated linear open

loop control system

(2.1) vy — Usz + BUse + avy, = Gh, v(x,0) =vo(z), z€T, teR

where the operator G is as defined in Section 1 and h = h(z,t) is the applied control
input.

Let A denote the operator

d® ~ "d
with the domain D(A) = H®(T). It generates a strongly continuous group W (t)

on the space L?(T) and its eigenfunctions are simply the orthonormal Fourier basis

functions in L*(T),

1 .
bp(x) = ﬁem, k=0, £1, 2, 3, --- .

The corresponding eigenvalue of ¢y, is
e = (—K° + BE —ak)i, k=0,41,42,---.
For any [ € Z, let
m(l) =#{k€Z; Ao =N}
Then m(l) <5 for any [ and m(l) =1 if [ is large enough. Moreover,

lim |)\k - /\k+1| = Q.
|k|—o00

The solution v of the system (2.1) can be expressed in the form

o0

(2.2) v(zt)= Y (eAktUO,H / eA’“(tT)Gk[h](r)dr> o ()

k=—oc0 0

where vg ,, and Gy[h] are the Fourier coeflicients of vy and GJh], respectively,

vk = (vo, ®k)r2(ry,  Gilh] = (Gh, ¢x)2(ry = (h, Gor)L2(r)

for kK = 0,4+1,42,---. Furthermore, for given s € R, if vy € H*(T) and h €

L?(0,T; H%(T)), the function given by (2.2) belongs to the space C([0,T]; H*(T)).
We have the following exact controllability result for the system (2.1).
THEOREM 2.1. Let T > 0 and s € R be given. There exists a bounded linear

operator

®: H*(T) x H*(T) — L*(0,T; H*(T))
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such that for any vo, vi € H*(T), if one chooses h = ®(vp,v1) in (2.1), then the
system (2.1) admits a solution v € C([0,T]; H*(T)) satisfying

V]t=0 = o, Vp=r = v1.

In the sequel we will denote by C' a constant which may be different from line to

line. Moreover,

[flls == [If [+ () for any f € H*(T)

and

1= 11£ lo-

Proof. For given vy, v; € H*(T), we need to find h € L?(0,T; H*(T)) such that

oo

T
vz = Y <€MTUO,k+/O e’\’“(T_T)Gk[h](T)dT> o ()

k=—o0

or

oo

Z (e vy g — vok) ok = Z / e MTGy[h](T)dr o (x)

k=—0o0 k=—o0

which is equivalent to

T
(2.3) Y / NGy ] (7)dr
0

for k= +1,+2,---

If we define pj, = e*?, then P = {py| — oo < k < oo} will form a Riesz basis for
its closed span Pr in L?(0,T). We let Q = {qx| — c0 < k < 0o} be the unique dual
Riesz basis for P in Pr such that

T
(2.4) / q;(t)pr(t)dt = 055, —00 < j, k < 0.
0

We take the control A in (2.3) to have the form

(2.5) Z hjq; (1) (Go;)(z),

j=—00
where the coefficients h; are to be determined so that, among other things, the se-
ries (2.5) is appropriately convergent. Substituting (2.5) into (2.3) yields, using the
biorthogonality (2.4), that

e My g —vok = Zhj/ ety /G (Go;)(x) o (x)dzdt
o 0

(2.6) = i / G(Gon) (@) n (@) dad.
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for —0o < k < 0o. As G is a self-adjoint operator in L*(T),

/G(ngk)(x)(bk(a:)dxdt = [|Gor||?, —00 < k < oo.
T

We have

IGonl = [ ]g@c) (66t~ [ aront50as )
: [s@uwa

2
dx

2
g*(x)dx — 2

)
47TT

= Bk

/ o) n(2)dz
T

+ /TgQ(:zr)da:

83

It is easy to see that Sy = 0 and S # 0 if k& # 0. Moreover, the familiar Lebesgue

lemma together with the second identity above shows that

1
lim By = —/gz(:zr)dzzr # 0.
k— o0 27 T

It follows that there is a & > 0 such that
Br > 0, for k # 0.

Setting hg = 0 and

AT
e kv — vk

(2.7) hi = =

, k#0.

It remains to show that h defined by (2.5) and (2.7) is in L?([0,T]; H*(T)) pro-

vided that vg, v; € H?(T). To this end, let us write

oo

Goj(x) = Y auor(@),

k=—o0

where

aji = /TG%(SCW/C—(CU)W = (G¢;(x), di(2))r2(T), —00 < j, k <00,
Thus
(2.8) h(z,t) = i i hja;rq;(t)on (),

j=—00 k=—o00

and
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2
dt

T 0 %)
||h||%2([o,T];Hs(1r))=/O D <k> Y hjasg(t)

k=—o0 j=—00
[sS)

T 00
Z <k>28‘/0 Z hjajkqj(t)

k=—o0 j=—00

<C i </€>2S i |hj|2|ajk|2

k=—o0 j=—00

2
dt

oo

=C i |hj|2 Z <k >% |ajk|2,

Jj=—00 k=—o0

where the constant C' comes from the Riesz basis property of Q in Pr. However

lajk] = (G, dx) L2 (1)
= (995, o) r2(1) — (9, 95) L2(1) (9, Ok) L2 (T) |

= ’ Z Im(Pm®j, dk)L2(T) — ( Z gm(¢m,¢j)m(1r)>
X( Z gm(¢ma¢k)L2('ﬂ‘))’
1
= ‘%gkfj - gjgk’
1
< o-lgk-31 + 19;llgx|
where
g(:E): Z gm¢m( )
j=—o00
Hence
lar > < Clgr—;1* + lgrl*|g;1%)
and
Yo <k>apl <C Y <k g P+ C Y <k > gkl
k=—o00 k=—o0 k=—00

o0 o0
=C Y <k+j>>|gl>+Clgl> > <k>> gl

k=—o0 k=—o00
Thus, in the case of s > 0,

o0 o0 oo
Yo o<k lapl <C Y <k >P< S g+ Clg* Y < k> gl
k=—o00 k=—o0 k=—oc0

= C(< 5 > +lg;[M)lgllz.



CONTROL AND STABILIZATION OF THE KAWAHARA EQUATION 85

We have, according to (2.7), that

oo

ol 3 (<55 +HgPIh gl

j=—o00

IN

12012 10,7712 (1)

oo

| e 15 — vo?
o X (<> o) 4l

IN

j=—o00

<Omax|ﬂa| 21 +11gl13) Z <j > (lvig* + [vo )

‘]—700

< Cmas i - 5 L+ gl (o2 + o).
J

In the case of s < 0, as for any —oco < k, j < o0,

<GEITECk+ STk ST, <5 >7 gi)? < g2

o0 oo
S o<isTE<k > apP<C Y <j>TE<k 45> gy

k=—0o0 k=—o0

o0
+C < j>7% |g? Z <k > |gi|?

k=—o0

C(+lglDlgll? s

and therefore

IRlF2 0.7 0000ry S C D 1512 D < k> fagl?

j=—o00 k=—oc0

oo oo
<C Y <SP Y <<k > ag?

j=—00 k=—o00
[eS)
CU+glgl, D2 <> [P
j=—o00

<C’max 1+ 2 vi]|? + [Jv
W( g2 gl (llorl12 + woll?)

O
Now we turn to consider feedback stabilization problem of the linear system (2.1).

We show that it is possible to choose an appropriate linear feedback law such that
the decay rate of the resulting closed-loop system is as large as one desires.

For any A > 0, define

1
Lyé = /O ¢ (—r) GG W (— )
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for any ¢ € H*(T). Clearly, Ly is a bounded linear operator from H*(T) to H*(T).
Moreover, Ly is a self-adjoint positive operator on LE(T) := {¢ € L*(T) : [¢] = 0}
and so is its inverse L;l. Indeed, the following result holds for the operator L.
LEMMA 2.2. For any s > 0, the operator Ly is an isomorphism from H*(T) onto
H5(T) for all s > 0.
Proof. See Lemma 2.4 in [22]. 0
According to Lemma 2.2, Ly has bounded inverse in H*(T). Taking the control
function h(z,t) = —G* L 'v(z,t), employing the following feedback control law,

Kyv(z,t) = —GG* Ly 'v(z,t),
we obtain the following closed-loop system, which is exponentially stable,
(2.9) vy — Usy + Pusy + avy, = —Kyv, v(z,0) =vo(z), ze€T.

PROPOSITION 2.3. Let s > 0 and A > 0 be given. Then for any vg € H*(T),
the system (2.9) admits a unique solution v € C([0,T); H*(T)). Moreover there exist

positive constants Ms depending only on s such that
(2.10) (-, )lls < Mse™volls

for any t > 0.

Proof. The existence of the solution v follows from the standard semigroup theory
[24]. For the decay estimate (2.10), it suffices to provide the proof for the cases s =0
and s = 5. The case of 0 < s < 5 follows by interpolation. The other cases of s can
be proved similarly.

The case of s = 0 follows from [30]. For s =5, let w = v;. Then w solves
wy — Wy + Pwsy + aw, = —Kyw, w(x,0) =wo(x), z€T
where wo(z) = vé5) () — Bvég) (x) — avy(z) — Kyvo(x). Thus
lw(, Ol = o, D)l < Ce™ wol
for any ¢t > 0. It then follows from
Usg — Puse — avy — Kyv = w
that
I, t)lls < e Jlvolls

for any t > 0. O
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3. Exact controllability. In this section, we study the exact controllability for

the open loop nonlinear control system
(3.1) U — Usy + Buse + aug + uu, = Ghy,  u(x,0) =ug(xz), €T

and prove Theorem 1.1; the system (3.1) is locally exactly controllable in the space
H§(T) for any s > —1. Some technical preparations are needed before presenting our

proof for Theorem 1.1.
For given b,s € R, and a function u : T x R — R, define the quantities

lullx,, = ( > [ - p) |ﬂ(k,¢)|2d7> ,
k——oo VR

lully,., = ( S ([ <T—p<k>>b|a<k,T>|dT)2>

k=—o00

Nl=

where u(k,7) denotes the Fourier transform of u with respect to the space variable
z and the time variable ¢, (-) = \/1+[- |2 and p(k) = k° — Bk® + ak. The Bourgain
space X s (resp. Y, ) associated to the Kawahara equation on T is the completion
of the Schwartz space S(T x R) under the norm |lul|x,, (resp. [Ju|y,,). Note that
for any u € Xy g,

ullx,.. = IW(=t)ull o, s (1))
For given b, s € R, let

Zb,s = Xb75 n }/b 1

—3,8

be endowed with the norm

lullz,, . = llullx,. + [lully,

Wl
W

For a given interval I, let X (1) (resp. Zys(I)) be the restriction space of Xj s to

the interval I with the norm

lullx, .7y = inf {|[tllx, . | & =wuonTxTI}

(vesp. |lullz, .y =inf {[|ullz,.| @ =uon T x1}).

For simplicity, we denote Xy, s(I) (resp. Zp 5(I)) by les (resp. Zlfs) it I =(0,T).
In addition, let

Zg = Z%TVS N C([0,T]; H5(T)).

S

The following estimates related to the Bourgain space X;*C . and Zl: . will play
important roles in establishing the exact controllability and stabilizability of the non-

linear Kawahara equation.
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LEMMA 3.1. Let b,s € R and T > 0 be given. There exists a constant C' > 0
such that

(i) for any ¢ € H*(T),

W @)ollzr < Cllls;
(it) for any f € ZT,

O
LEMMA 3.2. Let s > —1 and T > 0 be given. There exist a constant C' such that
the following bilinear estimate

/ W(t—r1)f(r)dr
0

<Clfllzr, -
z 30

S

.S

Proof. See [12].

(o)l

=

< Cllullzr vl zr
s 1 L
holds.

Proof. Let X =1 in Theorem 1.3 of [12], we obtain the result on Z} _. Further-
5

more, taking 7,/1(%) as the cut-off function, we obtain Lemma 3.2 for bilinear estimate
on ZT .
o

O
Now we turn to prove Theorem 1.1.

Proof of Theorem 1.1. Rewrite the system (3.1) in its equivalent integral equation
form:
(3.2)

u(t) = W(t)uo + /0 Wt —7)(Gh)(T)dr — /0 W (t — 7)(uug)(7)dT.
Define

T
w(T,u) := /0 W(T — 7)(uug)(T)dT.

According to Theorem 2.1, for given wug, u; € H§(T), if one chooses

h = ®(up, u1 +w(T,u))
in the equation (3.2), then

and

u(t) = W(t)ug —|—/O Wt —1)(GP(ug, ur + w(T,u)))(r)dr — /0 W (t — 7)(uug)(7)dr.

Ult=0 = UQ, Ult=T = U1.
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This leads us to consider the map
t t
Tu(t) = W (t)uo +/ W (t — 7)(G (o, us + (T, w)) (7)dr —/ W (¢ — 1) (wy) (7).
0 0

If we can prove that I is a contraction mapping in an appropriate space, then its fixed
point u is a solution of (3.2) with h = ®(ug,u1 + w(T,u)) and satisfies u|=r = us.

Applying Lemma 3.1-3.2 yields that

t
IPullzy < Cluglls +C /O Wt~ 7)(G®(uo, s + w(T,w))(r)dr|

T
Zl
3

s

+C|uug 27,
Ty

< Clluolls + CIGP(uo, ur + w(T', w))ll 20,1715y + Cllullzr
38

< Clluglls + C{llualls + luolls + (T, w)ls| + CluliZy -

s

Notice that

S

el =] [ W i

< Ctes(lfl)%) H /Ot W(t — 7)(uug)(7)dr

< Cluly
Consequently,
”F(U)HZQS < C(fluolls + [lualls) + CIIUIl%;S-
For R > 0, let Bg be a bounded subset of Z:;S:
Br={veZf |[v] =0, ||'U||Z;s < R}
Then, for any v € Br
”F(U)HZQS < Clluolls + lJuslls) + CR?.
We choose § > 0 and R > 0 such that
206+ CR?>< R, CR< %

Then, ||I(u)|[zz < R, that is I' map B into itself. In addition, for any u, v € B,

similarly, we hzive
1
IT(w) =T()llzr < Sllu—vlzr .
558 358

T" is thus a contracting map on Br. By the Banach fixed point theorem, there is a

unique solution to the integral equation (3.2) which is the desired solution of (3.1).00
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4. Stabilizability. In this section, we investigate stability properties of the

closed-loop system

(41) { U — Use + Pusy + aty +uu, = —Kyu, x € T, t > 0,

u(z,0) = up(z), z € T.

First we consider the associated linear system

(4.2) { Ut — Usg + Puse +auy, = —Kyu, €T, t >0,

u(z,0) = uo(z), z € T.
Its solution can be written as
u(t) = Wi(t)uo

where W), is the Cy-semigroup associated to the linear system (4.2).

LEMMA 4.1. Let s € R and T > 0 be given. There exists a constant C > 0 such
that

(i)
IWA®)llzz < Cllo]ls

for any ¢ € Hg(T);
(ii)

for any f € ZT7, 5
3
Proof. For given ¢ € H3(T) and f € Z7T, o let
5

/0 Wit —71)f(r)dr

<Ol fllzr,
i

s

Z

[N

u(t) = Wi(t)o + /0 Wi(t —7)f(7)dr.

Then it u solves

(4.3) { Uy — Usg + Puse +au, = —Kyu+ f, £ €T, t >0,

u(z,0) = ¢(z), x €T.
Consequently,
u(t) =W(t)p + /0 Wt —71)f(r)dr — /0 W(t — 7)[Ku](r)dr

and for any 0 <T' < T,

lull <€ (Ioll+ 117, )+ ClEvul,
38 — 58 -3
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where C' > 0 depends only on s and T'. As
|l v < Cyll Kl o
—58 —§+e,s
< Cu(T")" |Jull 27
308

for some v > 0 and Cy depending only on s and T'. Thus if 7" is chosen small enough,

we have

fullzrry.o <€ (ol + £z, ).

It then follows from the semigroup property of the system (4.3) that

lullp < (ol + 1717, ).
1 S
The proof is complete. 0

We first show the system (4.1) is well-posed in the space H*(T) for any s > —1.
PROPOSITION 4.2. Let T' > 0 and s > —1 be given. Then there exists a § > 0
such that for any ug € H*(T) with

[[uolls <6,

the system (4.1) admits a unique solution u € Z{ . Moreover, the corresponding
1,
solution map is Lipschitz continuous.

Proof. Rewrite the system (4.1) in its equivalent integral equation form:
(4.4) u(t) = Wx(t)ug — /Ot Wi (t — 7)(uug)(7)dr.
Then define the map
Tu(t) = Wi (t)ug — /Ot Wi (t — 7)(uug ) (7)dT.

Applying Lemma 4.1 yields

IFulis < Clhal + | [ - 1))

T
z%
277

s

< Clluols + Clluly -
L
For R > 0, let Br be a bounded subset of Z;S:
Br={veZf |[v] =0, ||'U||Z;S < R}.
Then, for any u € Bg

||F(u)||z€ < Ol|ugl|s + OR?.
2,5
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We choose § > 0 and R > 0 such that

06+CR2§R,CR<%.

Then, |[T'(u)[[zz < R, which suggests I' maps Bp into itself. In addition, for any u,

v € Bp, similarly, we have

IP() = Tz <

lu —ollzz
38

N =

the map I' is thus a contracting mapping on Br whose fixed point is the desired
solution of the system (4.1). 0

REMARK 4.3. The local well-posedness result presented in Proposition 4.2 can be
restated as follows.

Let s > —1 andr > 0 be given. There exists a T > 0 such that for any ug € H*(T)
with [Juol|s <7, the system (4.1) admits a unique solution u € Z7 .

Next we show that the system (4.1) is globally well-posed in 2t7he space H*(T) for
any s > 0.

THEOREM 4.4. Let s > 0 and T > 0 be given. For any ug € H*(T), the system

(4.1) admits a unique solution u € Z* ,- Furthermore, the following estimate holds
3

lullzr < ars([lullo)lluolls,
1

where ar s : RY — RT is a nondecreasing continuous function depending only on T
and s.

Proof. The proof is very much similar to that of Theorem 4.7 in [22] and is
therefore omitted. 0

Now we present the proof of Theorem 1.2 showing that the closed-loop system

(4.1) is locally exponentially stable in the space H*(T).

Proof of Theorem 1.2. For given s > 0 and A > 0, by Proposition 2.3, there exists

positive constant C' such that
IWA()uolls < Ce™* luls, ¥ ¢ > 0.
For any given 0 < M < A, pick T' > 0 such that
20e M < e T,

We seek a solution u to the integral equation (4.4) as a fixed point of the map
t
Tu(t) = Wx(t)up — / Wi(t — 7)(uuy ) (7)dr
0

in some closed ball Bg(0) in the function space Z% .- This will be done provided that
3

luolls < & where § is a small number to be determined. Furthermore, to ensure the
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exponential stability with the claimed decay rate, the numbers § and R will be chosen

in such a way that
Ju(T)]ls < e Juolls-

By Lemma 4.1, there exist some positive constant Cy, Cy (independent of § and R)
such that

IT(w)]lzr < Chlluolls + C’2||u||%T
1 1
28 5

s

and

IT(ur) =T(uz)llzr < Collluallzr  + fuallzr )llur — uallzz
30 3° 38 3

s

On the other hand, we have for some constant C’ > 0 and all v € Br(0)

S

T
T < WDl + G| [ (T = 7)) r)ar
<e M5+ 'R

Pick 6 = C4R?, where Cy; and R are chosen so that
/

& S Ce ' (C1C4 + C2)R? < R, 2C3R <
4

N =

Then we have
||F(U)||Z§ = R, Yu € Br(0)
L
and

||U1 — ’U,Q”Z? R Vul, Ug € BR(O)
58

N | =

IT(ur) = Dluz)llzr <

Therefore, T is a contraction in Br(0). Furthermore, its unique fixed point u € Br(0)
fulfills

(D)5 < IT@UT)]s < e 7.

Assume now that 0 < |lugllo < §. Changing ¢ into ¢ = |Juglls and R into R’ =
(8'/8)% R, we infer that

lu(T)lls < e luolls,
and an obvious induction yields
Ju(nT)lls < ™" fluols

for any n > 0. We infer by the semigroup property that there exists some positive
constant C' > 0 such that

lu(®)lls < Ce™ " |luo]s

if ||uglls < d. The proof is complete. O
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