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A semi-Lagrangian time splitting method
for the Schrodinger equation with vector potentials®

SHI JIN AND ZHENNAN ZHOU

In this paper, we present a time splitting scheme for the Schrodinger
equation in the presence of electromagnetic field in the semi-classi-
cal regime, where the wave function propagates O(e) oscillations
in space and time. With the operator splitting technique, the time
evolution of the Schrodinger equation is divided into three parts:
the kinetic step, the convection step and the potential step. The
kinetic and the potential steps can be handled by the classical time-
splitting spectral method. For the convection step, we propose a
semi-Lagrangian method in order to allow large time steps. We
prove the unconditional stability conditions with spatially variant
external vector potentials, and the error estimate in the [? approxi-
mation of the wave function. By comparing with the semi-classical
limit, the classical Liouville equation in the Wigner framework,
we show that this method is able to capture the correct physical
observables with time step At > . We implement this method
numerically for both one dimensional and two dimensional cases
to verify that e—independent time steps can indeed be taken in
computing physical observables.

1. Introduction

Many problems in solid state physics and quantum chemistry require the
solution to the Schrédinger equation in the presence of electromagnetic field
with a small (scaled) Planck constant e,

1
(1.1) iedyu® = 5 (—ieVe — AP +Vus, teRT, zeR%
(1.2) uf (z,0) = ug(z), = €R?

where d = 3, u®(x,t) is the complex-valued wave function, V' (x) is the scalar
potential and A(x) is the vector potential.
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Mathematically, the electromagnetic field, or respectively, electric field
E(z) € R? and magnetic field B(z) € R? are described by the scalar poten-
tial V(z) € R and the vector potential A(z) € R? as

(1.3) E=-VV(z), B=VxA.

In the dynamic picture, one defines canonical momentum P = —iV,
and the kinetic momentum is 4 = P — A (see [9]). The Schrodinger equation
(1.1) can be derived from the one in the absence of the vector potential by
local gauge transformation (see [26]).

In fact, one can simplify the potential description by imposing one more
condition, namely, specifying the gauge. Due to the fact that the potential
fields are not what are observed, while the electric and magnetic fields are,
there is freedom to impose conditions on the potentials so long as what-
ever condition is chosen to impose does not affect the resultant electric and
magnetic fields. This freedom is called the gauge freedom. For any choice
of a scalar function of position A\(z) € R, the potentials can be changed as
follows:

(1.4) A=A +V,) V=V

One can easily show that electric field E(z) € R? and magnetic field
B(r) € R? do not change at all under this transformation. One natural
choice is, choosing A, so that V, - A’ = 0. This is the so-called Coulomb
gauge. In this gauge, the vector potential and the canonical momentum
operator commute, [A, —ieV,] = 0, so that the modified “kinetic” part of
the Schrodinger equation (1.1) can be simplified to:

1 . 2,¢€ 82 € ie € 1 2, €
5(—Z€Vx—A) u :—EAxu +5(A'Vx+vx'A)u +§|A| u

2
= —%Axue +icA - Vyu® + %|A|2u€.

Previously, many numerical methods have been designed for the semi-
classical Schrodinger equation with only scalar potentials. As far as we
know, little research has been done for the semi-classical Schrodinger equa-
tion with vector potentials in the aspect of numerical simulations. However,
dynamics for particles exposed to external electromagnetic field result in
many far-reaching consequences in quantum mechanics, such as the Landau
level, the Zeeman effect and superconductivity. In the aspect of analysis, the
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Schrodinger operator with the vector potential has different features in spec-
tral and scattering properties (see [2]). Numerically, it gives new challenges
as well, especially in the semi-classical regime.

In the Schrodinger equation, the wave function acts as an auxiliary quan-
tity used to compute primary physical quantities such as the position density,

(1.5) n(tz) = uf(t @),
the current density,

- g -
(1.6) I(t,z) = elm (uf(t, x) Vyu (t,x)) = 5 (ueVzu® — u"Vuf),
where f denotes the complex conjugate of f. As a matter of fact, in the
presence of the vector potential, one needs to introduce the modified current
density as

1 _
(1.7) J(t,x) = 3 (uf (—ieVy — A)u® —u® (—ieVy — A)u®),
so that mass conservation equation is satisfied,

(1.8) %n—kvx‘.} =0.
We remark that n and J are gauge invariant quantities. Numerically, com-
puting I(¢,z) and J(¢,x) face the same challenge.

It is well known that, the semi-classical Schrédinger equation propa-
gates oscillation of wavelength of order O(e) in space and time, so that the
wave function u® does not converge in the strong sense as ¢ — 0. In addi-
tion, since the macroscopic physical quantities are non-linear transforms of
uf, the classical limit for those physical observables are not guaranteed by
the weak convergence. Mathematically, some micro-local analysis method-
ologies were introduced to explore the so-called semi-classical limit of the
Schrodinger equation. The celebrated Wigner transform (see [11, 10, 23]) has
been shown to be a very powerful tool to reveal the macroscopic properties
of the Schrodinger equation in the semi-classical regime. In this framework,
the semi-classical limit of the Schrodinger equation can be derived, which
is the classical Liouville equation. This provides an insightful viewpoint to
understand the transition from quantum mechanics to classical mechanics.

Numerically, the oscillatory nature of the wave function for the semi-
classical Schrodinger equation, in general, gives rise to significant computa-
tional burden. As a matter of fact, even for unconditionally stable methods,
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the numerical results may lead to completely wrong physical observables if
the mesh grids fail to completely resolve the O(e) oscillations in space and
time. In [20], by utilizing the Wigner transform to study finite difference ap-
proximation of the Schrodinger equation, Markowich, Pietra and Pohl have
shown for prevailing finite difference method, to obtain correct physical ob-
servables, one has to enforce the following meshing strategy

(1.9) Az =o(g), At=o(e).

In the meanwhile, in order to guarantee accurate L? approximation of the
wave function, even more restrictive conditions have to be satisfied.

In [5], Bao, Jin and Markowich have shown that the time splitting spec-
tral method gives much less restrictive conditions in approximating not only
the wave function but also physical observables. By comparing with the
semi-classical limit using the Wigner Transform, and presenting extensive
numerical experiments, they have shown that the following meshing strategy
is sufficient in computing correct physical observables,

(1.10) Az =0(e), At=o(1).

In other words, one is allowed to take e—independent time steps in comput-
ing physical observables. The readers can refer to the recent review [15] on
the computation of semi-classical Schrodinger equations by Jin, Markowich
and Sparber.

In the presence of the vector potential, in general, the stability constraint
in solving the convection part

(1.11) O = A-Vyut

requires At = O(e) by an explicit scheme since one needs to take Az = O(e)
in order to resolve spatial oscillations. The primary goal of this paper is to
develop a numerical method with meshing strategy (1.10), so that large
time steps satisfying At > ¢ are allowed to take in computing the physical
observables.

We propose a semi-Lagrangian method to handle the convection step
with the goal to allow time steps which are as large as the case without the
vector potential term. In this method, one follows the characteristics of the
convection equation (1.11) backwards in time from the original grid points
to the previous time step, and then use polynomial interpolation to compute
the corresponding value of the numerical solution.
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The semi-Lagrangian methodology has been extensively studied in at-
mospheric models. See [28] for a review by Staniforth and Co6té. This tech-
nique has been extended to general transport equations, for example, by Lin
and Rood in [18], and in particular, a lot of research has been done for its
applications in Vlasov equation and other kinetic models (see [27, 24]). Pre-
viously, the stability study for the semi-Lagrangian method was carried out
only for constant coefficient problems (except the case of using the spectral
interpolation, see [29]). In this paper, we give rigorous /2 stability analysis of
this method for variable coefficient problems with the polynomial interpo-
lation, and prove the unconditional stability if suitable interpolation points
are used.

By analyzing the correspondence between solving the Schrodinger equa-
tion and the semi-classical limit, namely the Liouville equation in the Wigner
framework, we show that the semi-Lagrangian time splitting method is able
to compute correct physical observables even with time step At > ¢, which
is further verified numerically.

The rest of this paper is organized as follows. In Section 2, we present the
numerical methods to solve the one dimensional Schrodinger equation with
vector potentials based on the time splitting technique and carry out the I?
stability analysis for arbitrary Courant numbers. In Section 3, we prove the
error estimate and corresponding meshing strategy for the semi-Lagrangian
time splitting method in the {? approximation of the wave function. In Sec-
tion 4, by comparing with the semi-classical limit, namely the Liouville equa-
tion in the Wigner framework, we prove that the meshing strategy can be
much relaxed so that e—independent time step is allowed if one only aims to
obtain correct physical observables. We discuss how to extend the method
to multidimensional cases in Section 5. Extensive numerical examples are
shown in Section 6 to verify the proposed meshing strategy. We give some
final remarks and future directions in the last section.

2. The description of numerical methods
2.1. The time splitting and the spectral approximation

In this section, we present the numerical method to solve the Schrédinger
equation (1.1), (1.2) in one dimension with periodic boundary condition. The
extension to multidimensional cases is straightforward, and will be discussed
in Section 5.

We assume, on computation domain [a, b], a uniform spatial grid z; =
a4+ jAx, j =0,---N — 1, where N = 2™ ng is an positive integer and
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Ax = IFT“. We also assume uniform time steps tp = kAt, k=0, --- , K. The
construction of numerical methods is based on the following (first order)
operator splitting technique.

With the Coulomb gauge, the Schrédinger equation (1.1) can be formu-
lated as

(2.1)

62

1
iedu® = —EAu6 +icA - Vu® + §|A|2uE +Vus, a<z<b, teRT;
u®(0,x) = ug(z), u(t,a) =u(t,b), wul(t,a)=ru(tb).

By the operator splitting technique, for every time step ¢t € [t,,tn41], One
solves the kinetic step

2
(2.2) ieOuF = —%Aue, t € [t tosa;

followed by the potential step
(2.3) Ot — %|A|2u€ FVAE, L€ [ty b,
and followed by the convection step
(2.4) ou® = A -Vu®, tE€ [ty tnt1]-
For clarity, we rewrite the equation (2.1) as
(2.5) o = (A+B+C)u°
where
A:i—eA, Bt <1|A|2+V>, C=A-V.
2 e \2

Let uf(t,) be the exact solution at t = t,,, 50 uS(t, 1) = eATBHOA (¢ ).
Let U;" be the numerical approximation of u®(z;,t,) and u®"™ be the nu-
merical approximation of u¢(t,), which means u®™ has U ;' as components.
Define the solution obtained by the (first order) operator splitting (without

spatial discretization) as
(26) wn+1 _ GCAtQBAtC'AAt'LLE(tn).

Note that w"*! differs from u(¢,,1) due to the operator splitting error.
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After operator splitting, the kinetic step can be solved analytically in
time in the Fourier space, and the potential step can be solved exactly by
direct integration in time:

1 N/2-1
(27) U; = N Z e*ieAtuf/Qﬁlneim(m].,a);
I=—N/2
*k 7ilA2xj+ij At .
(2.8) U =e (RIAP(2)+V (x5)) eus

where Ul” are Fourier Coefficients of U}, defined by

N-1

Ui = Z Utei@i=a) -y =
i=0

— 1.

yr

2wl - M M

b—a 2 2
But for the convection step, there is no obvious way to solve it analyti-

cally based on discrete data for a variable A (z). We propose in the next sub-

section a semi-Lagrangian method to solve the convection equation (2.9).
We need to give two remarks here:

Remark 1. Even if one doesn’t specify the Coulomb gauge, the commutator
[Vz,A] = V, - A appears, and one only needs to add this contribution to
operator C, namely one modifies C = —i(3|A[2+V)/e+ 1V, - A. But, since
Vs - A is only a slowly varying scalar function, this modification will not
introduce any new challenges numerically.

Remark 2. The first order operator splitting implies first order convergence
in time. One can make use of Strang’s splitting to obtain second order time
discretization method. If one wants to apply the second order Strang’s split-
ting to three operators, one can firstly group A + B together as a single
operator, and apply Strang’s splitting to A + B and C, while in the steps
corresponding to A + B, one also uses Strang’s splitting.

2.2. A semi-Lagrangian method for the convection step

In this part, we present a semi-Lagrangian method (abbreviated by SL)
to solve the following scalar convection equation with periodic boundary
conditions

(29) Otua —A- qua = O, te [tn, tn+1].

Such an approach has been used to solve atmospheric models, Vlasov
equation and other transport equations with improved stability condition,
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Figure 2.1: Backward Tracing: z; are grid points; x? are the shifted grid
points, which are the solutions to problem (2.10) backwards in time at ¢ = ¢";
dot line “---” indicates characteristics.

see [28, 18, 27, 24]. This method consists of two parts: backward character-
istic tracing and interpolation. We compute the data an+1 by firstly tracing
backwards along the characteristic line:

(2.10) =-A (@), z(tas1) =1j,

for time interval [t,,, t,+1]. Denote x(t,,) = a:?, obtained by numerically solv-
ing the ODE (2.10) backwards in time as shown in the graph (Figure 2.1).

We call the point set {x?} the shifted point set. By the method of char-

acteristics, U;LH =U ”(:c?) But, U ”(9:?) in general are not known, since :z:?

are not necessarily grid points. Therefore, interpolation is needed to approx-
imate U;‘H =U ”(mg) based on u®™. We compare the following two choices:

the spectral interpolation and the M order polynomial interpolation.

For the spectral approximation, the interpolant IINU™(z) =
N/2-1 ik
k=—N/2 Ck€
O(NlogN) operations to get the Fourier coefficients ¢, via the FFT method.
But, one needs O(N) operations to evaluate the interpolant at each point
a:?, since the shifted points :1;9» are not necessarily the grid points, which
means the inverse FFT does not apply. Hence, the total cost is O(N?) in
each time step. This will make the whole scheme very costly.
But, for the M order Lagrange polynomial interpolation, one needs
to establish a polynomial interpolant for each shifted point x? with the
discrete data on the closest M grid points xj,,--- ,x;, . For each shifted

point ac?, one uses M grid points near x? to form a Lagrange polynomial

T is a global approximation to U™(x) based on u*"™. One needs

interpolant to approximate U (x?) with error of order O(Az™). But, certain
stability constraints need to be satisfied for different interpolation methods.
We discuss this issue in the next sections. In practice, the fourth order
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interpolation, namely the cubic polynomial interpolation is widely used (see
[28]). The total cost of the semi-Lagrangian method with the polynomial
interpolation is O(N) for each time step. Therefore, we choose to take the
polynomial interpolation rather than a spectral interpolation.

We remark that, in [29], a local Chebyshev polynomial approach was
proposed to improve the efficiency of the semi-Lagrangian method with the
spectral interpolation, which is essentially using a local polynomial interpo-
lation with interpolation points at Chebyshev extrema to approximate the
Fourier basis function e**¢. The cost could be reduced to O(N (logN)?), and
the accuracy is restricted by the regularity of the solutions and the order
of local Chebyshev polynomials used. Thus, the semi-Lagrangian method
proposed in [29] could also apply to this problem.

Recall that, the kinetic step requires O(NlogN) operations with the
spectral approximation. Hence, the overall cost of the semi-Lagrangian time
splitting method (abbreviated by SL-TS) for the whole Schrédinger equa-
tion is O(NlogN) for each time step. We prove in the next sections that
the SL-TS method is unconditionally stable if suitable interpolation points
are used. Therefore, the time step can be taken much larger than Az,
and the constraint At = O(e) is removed, if only physical observables are
needed.

In summary, the semi-Lagrangian method for the convection step is im-
plemented by the following procedures:

1. For each grid point z;, j = 1,--- N, solve equation (2.10) backward
for At time to obtain the shifted grid points a:?, j=1,---N.

2. For each shifted grid point a:?, find the closest M grids points z;,,- - -,
x;,, subject to certain stability requirements and obtain the approximate
value U]’-”‘Jr1 = U”(m?) by polynomial interpolation.

Here are some remarks for the semi-Lagrangian method:

Remark 3. When the vector potential A is time independent, the backward
characteristic tracing step is also independent of time. In other words, one
just needs to solve (2.10) for the set of shifted point {x?} once with suffi-

ciently small time step &, and can make use of them for all future time
steps. This step can be done in a preprocessed step with great precision.
When the vector potential is time dependent, the backward characteris-
tic tracing step needs to be done for every time step with O(N) opera-
tions.

Consider the one dimensional convection equation with periodic bound-
ary conditions:

(2.11) Ou—A(z)-0,u=0, a<z<b.
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Assume A(x) € C?([a,b]), A(x) and its first two derivatives are bounded.
With the M order Lagrange polynomial interpolation, the numerical
scheme for the convection equation (2.11) can be written as

M
(2'12) U;'H_l = Z lm-f—Pj (x?)U:lerjv
m=1

where p; is determined by At, Az and the velocity A(z), and l,,p, are the
Lagrange basis functions.

If A(z) is spatially constant, in [6], it has been shown that, when linear
interpolation (M = 2) is applied, the scheme (2.12) is unconditionally sta-
ble when m? is between x), 11 and xp, 12, and when quadratic interpolation
(M = 3) is applied, the scheme (2.12) is unconditionally stable when 1:? is
between x,,, 11 and z, ;3. Similar analysis has been presented in [8]. How-
ever, little research has been done in the rigorous stability analysis for the
semi-Lagrangian method with spatially variant A(x).

We study the stability requirements of the semi-Lagrangian method in
the following three subsections. In Section 2.3, we deal with the case when
At = O (Ax), and the semi-Lagrangian difference operator is treated as a
one-parameter family of operators depending on Az. This was done in [17],
where At is treated as Az, but for our purpose, we need to keep track of
both Az and At in the analysis. In Section 2.4, we study the case when
Ce = ||A]| o At/Az > 1, which together with results in Section 2.3 covers
all Courant number cases, in particular when At > Az, so an uncondi-
tional stability is established. In Section 2.5, we derive the specific stability
requirement for the semi-Lagrangian method with the fourth order polyno-
mial interpolation.

For numerical comparison, we also introduce a pseudo-spectral method
for the convection equation (2.9). We discretize the spatial derivative by the
spectral approximation,

(2.13) ath — AIJC:% . Derfx:xj =0,
where
) N/2-1
D:st|ac:wj _ N Z Z-IullUlneWz(:Ej*a)’
I=—N/2

and use some explicit ODE solver in time discretization. With the spec-
tral approximation, the eigenvalues of the spatial discretization operator are
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purely imaginary (see [32]). This indicates, the absolute stability region of
the time-discretization method used has to cover part of the imaginary axis
near origin. Namely, one needs the so-called I-stability studied in [4]. For
example, one can use the fourth order Runge-Kutta method or the leap frog
method. We name this method time-explicit spectral approximation method
(abbreviated by TESP).

Note that the FFT method can be used to compute spatial derivative
with the spectral approximation, so the total cost in this step is O (Nlog (N)),
which is comparable to the cost of the kinetic step. This method has spec-
tral convergence in space. However, because some explicit time-discretization
method is applied, one needs to enforce At/Az = O(1) to guarantee stabil-
ity, which means the overall meshing strategy is Az = O(e), At = O(e). We
remark that, the drawback of the TESP method is, it requires ¢ dependent
time step even if only physical observables are desired.

2.3. Stability of the semi-Lagrangian method when At = O(Ax)

Define the difference operator Py depending on a positive parameter ¢ in the
following way

(2.14) Ps=> pa(z)Ta,

where « is an integer, and Ty, is the shift operator, (Tou) (z) = u (z + @9).
The natural domain for the difference operator is the space of functions
defined on a lattice. It is easy to show that boundedness and positivity of
the difference operator over lattice functions of the Iy space are equivalent
to these properties of the difference operator over the L? space (see [17]).
Next, define the symbol p(z,£) of the one-parameter family Ps as

(2'15) p(x,f) - Zpa(x)eiaga

which is 2m—periodic in &. For functions f(x), denote by |f|, the maximum
of the L? norm of f and the L? norms of its first k partial derivatives,
namely,

|fl, = max ’

8l
1€{0,+ k} =S
Then, define the (k,!) norm of the symbol p as

L2’

(2.16) Plig =D Ipaly (1+al)".
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Denote by Cj; the class of symbols with finite (%, 1) norm.
We quote the following lemma from [17], which plays a crucial role in
proving stability.

Lemma 1. Let Ps be a one-parameter family of difference operators, whose
symbol p(x, &) is in Ca9 N Coa. Suppose p(x,§) is bounded by 1:
(2.17) Ip(z,8)| <1, Va,&eR

Then for all §, there exists a constant K, such that the operator Py is bounded
in the following way:

(2.18) I1Ps]l 2 < 1+ K.

To prove this Lemma, we need to quote two theorems from [17]. The
first one is a standard result for pseudo-differential operators:

Theorem 1. Let As, Bs be one-parameter families of difference operators
of the form (2.14) with symbols a(x,&) and b(x,§), respectively. Denote the
product ab by ¢, and the one-parameter family of operators with symbol ¢ by
Cs. Then

[AsBs — Csll 12 < dlalgq [bl1 -
The following theorem is the main result of paper [17]:

Theorem 2. Let Q5 be a one-parameter family of difference operators whose
symbol q(x,&) is in Co0 N Cpo. Suppose q is Hermitian and non-negative
definite for every x and £. Then there exists a constant K related to |q[2’0
and \q[og, such that the operator Qs satisfies the inequality

Re (u, Qsu) > — K6 (u,u),

for all 6, and arbitrary v € L?.

Now we sketch the proof of Lemmal from [17], and later modify the
proof to show that the stability constraint in time steps At can be relaxed.

Proof. For all u € L?,
(2.19)  ul2: — | Psull3. = (u,u) — (Psu, Psu) = (u, (I — PEPs)u),

where P§ is the adjoint of Pj.
Define the symbol ¢ = 1 — p*p, and denote the difference operator with
symbol ¢ by Qs. By Theorem 1, Q5 differs from (I — P§Ps) only by O(6).
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In other words, there exits a —independent constant K1 = [plq ; [pl; o, such
that

(2.20) 1Qs — (I — P5 Ps)| > < K1d.
From (2.19) and (2.20), one gets
= lfulze + [ Poullz < = (u, Qo) + Kad|fullz -

Obviously, ¢ is Hermitian, and according to the assumption (2.17), ¢ is
also non-negative definite. Therefore, according to Theorem 2, there is some
constant Ko such that

(2.21) Re (u, Qsu) = —K20 (u,u) .

If |ul|2. — || Psul|2. <0, then by (2.20) and (2.21), there is some positive
constant K (for example, K = Kj + K3), such that

2 2 2 2
— [l + 1 Psull = Re (= ull2: + | Psull?.) < K6 ulls

which implies
2 2
[Psullzz < (1+ K0) [lullz. .
If ||lul|2. — || Psul|2, > 0, the estimate above is also satisfied. This com-
pletes the proof. O

Therefore, for the semi-Lagrangian method, if one takes 6 = Az, and
At = O (Az), then Az and At can be treated as a single parameter. We take
M = At/Ax, which characterizes the ratio of temporal and spatial mesh.
Thus, the numerical scheme can be written as

u(z + At) = Pyu(x).
As long as one can show |p(x,£)| <1 for all z and &, then by Lemma,

(2.22)
lu (@, to + nA)|| 2 < || Psll72 lu(z,to) 2 < (1+ K6)" [Ju(z,to)ll 2

KnAt

KT
<M fu (@, to) || 2 = €3 Jlu (@, o)l 2 < e Jlu (@, o)l e

This implies, for fixed M = O(1), in other words when At = O (Ax), the
semi-Lagrangian method is stable as long as |p (z,§)| < 1 for all z and £. The
reason is with fixed M = At/Axz, the constant K in (2.18) is §—independent.
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Another implication is in the limit M = At/Axz — 0, the above stability
proof fails. However, we would like to allow At = o(1) despite Az = O(g), so
the Courant number can be as large as O(%) We further show in the next
subsection the stability conditions for the semi-Lagrangian method with
arbitrary Courant number C. = ||A]| ;. At/Ax > ¢y, where ¢o > 0.

2.4. Stability of the semi-Lagrangian method for arbitrary
Courant numbers

The proof above for the stability of the semi-Lagrangian method does not
apply directly, for arbitrary Courant numbers. Instead, in this subsection
we explore the dependence of Ps on both At and Ax. Especially, we aim to
derive the estimates of Py which are valid even when At > Ax.

For arbitrary Courant number cases, one expects to derive the require-
ments such that Ps is bounded in the following way,

(2.23) IPs]| - < 1+ K (Az + At),

for some constant K independent of Ax and At. However, when At > Ax,
one can no longer treat the constants K in (2.20) and K3 in (2.21) simply
as bounded quantities. Hence, one needs to derive the dependence of those
constants on both At and Azx.

When A(z) has zeros, even for bounded A(x), there is no obvious way
to find desired bounds for certain (k,!) norms of the symbol of Ps such that
(2.23) is satisfied. To simplify the analysis, we firstly introduce a method to
decompose the semi-Lagrangian difference operator Ps into a product of a
shift operator and another semi-Lagrangian difference operator Ps, which
corresponds to a different characteristic velocity —A(xz), where A is positive.
We will derive estimates for certain (k,1) norms of the symbol of Pgs, which
help to prove the stability of the semi-Lagrangian method with arbitrary
Courant numbers.

We now introduce the decomposition of the semi-Lagrangian difference
operator. Since A(z) is bounded, assume ayin < A(2) < amax. We naturally
assume ||A| - > 0, because otherwise only the trivial case A = 0 is allowed.
Suppose for each point zi, at time level ¢t = t"*1, the backward characteristic
passing through it hits the point x° at time level ¢t = t". Notice, Ym € Z,
one can rewrite the difference operator as

Ps = Zpa (win) T, = Zﬁﬁ (l'in) TB ITm = f)(ng,
o B
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where 8 = o —m and pg(Zin) = Pg4+m(®in). Actually, Ym € Z, the shift
operator T;, can be seen as the semi-Lagrangian difference operator corre-
sponding to the exact method of characteristic with the characteristic speed

—mAAtm. Thus, the operator Py is the semi-Lagrangian difference operator

with velocity —A(x) + mAAt“”. This observation allows one to rewrite the orig-
inal semi-Lagrangian difference operator Ps as a product of a shift operator
and another semi-Lagrangian difference operator Ps with different velocity
field, though the difference in corresponding velocities is only a constant.

Since in Section 2.3, the cases when the Courant number C, = O(1)
were treated, to complete the analysis for arbitrary Courant number cases,
without the loss of generality, we assume C, > 1. Next, we choose a spe-
cial integer m, so that the characteristic velocity that the semi-Lagrangian
difference operator Pjs corresponds to is negative and bounded away from
0. Since C;. = ||Al|;« At/Az > 1, we claim that there exists a constant
b € [1,2], such that (amin — b||Al|; ) At/Az = mgy € Z. Actually, consider
the linear function,

y(s) = — (J|Al| L At/AZ) s + amin At/ Az

with the slope — (||A]|;~ At/Az) < —1 and the domain D = [1, 2], so the
length of the range is larger than 1. Thus, there exists a point b € [1, 2], such
that y(b) equals an integer, and we denote this integer by my.

Therefore, the operator 7},, can be seen as the semi-Lagrangian differ-
ence operator that corresponds to the constant characteristic speed —amin +
b||A|l;~, and Ps = PsT_p,, corresponds to the semi-Lagrangian difference
operator with the same Az and At, but the velocity —A(z) is replaced by
—A(z) = — (A(z) — amin + b||A4]|,~). We denote the symbol of Ps by p,
then obviously, p = pe~ o8 For different pairs of Az and At, one may have
different Py, but the corresponding A(z) has a uniform lower bound and a
uniform upper bound:

(2.24) A(z)
(2.25) A(z)

A(z) = amin +0[[Al| g~ = b[[ Al = [[All L= ;
A(z) = amin + 0 [[All e < 2| Al + b1 All L~ <4 Al -

Also, observe that A(x) and A(z) have the same derivatives, so we denote
10z A~ = [0z All L= = L1 and |07 A| = = |03 Al| L~ = Lo.

Since the polynomial interpolation is applied, the coefficients pg (xin) of
Pjs are Lagrange basis functions, which are polynomials of r(zi,), with

I‘O — X
2.2 in) = )
(2.26) rlam) =
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where z; is the first point on the left hand side of z° such that for some
integer ng, (x; — xin) /Ax = ng. To give estimates of certain (k,[) norms of
p, we study the derivative of r with respect to xiy.

Consider the characteristic equation

(2.27) = —A(x(t)),

with x(At) = xi,. Denote the solution to this initial value problem by
x(t; zin). Integrate the equation from At to 0, one gets

At
(2.28) 2 =z + A (x(s; min)) ds.
0

Since A(z) € C!, x(t; xin) is continuously differentiable with respect to zi,.
Therefore, there exists a constant 7, such that ]M] <.

Because A(z) > |All o > 0, there exists ¢’ € [0, At], such that

t

(2.29) v =z + [ A(x(s; Tin))ds.
0

In other words, one gets

— Tiy "A(x S; Tin)) ds
(2.30) np = Tl — Tin _ fo (x( ) .
Az Az
Rewrite r = ft,At A (x (s; #1n)) ds/Az. Then one gets the following estimate
for its derivative with respect to xiy,

‘f,At Op A (x (55 Zin)) %ds
- Ax
n (At —t') Ly
- Az

dxin
n (At —t) ‘
Ax

<

By the definition of x;, one has 0 < 2° —2; < Az, so (2.28) and (2.29) imply

At
0 < A(x(s; zin)) ds < Az,

t
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then the estimate (2.24) implies,

At _
(2.31) (At —t) |A]| = < / A (x(s; xin)) ds < Az,
t/

and thus one concludes

d At —t) L L
drin Ax | Al
This means, d‘irm is uniformly bounded with respect to Az and At. Simi-
d?r

larly, one can show 7 is also uniformly bounded. We remark that, without

introducing A, one cannot get the estimate (2.31).

We’re ready to prove the following lemma, which gives the estimate of
the L? norm of the semi-Lagrangian difference operator P; when the Courant
number exceeds 1.

Lemma 2. Let Ps be the semi-Lagrangian difference operator with § = Ax
and C. = ||Al|  At/Ax > 1, as is defined above. Suppose its symbol p(x, &)
1 bounded by 1:

(2.33) p(z.Ol <1, VaEcR

Then for all 8, there exists a constant K, such that the operator Py is bounded
in the following way:

Proof. For the semi-Lagrangian difference operators Ps when C. =
|All - At/Axz > 1, we introduce the decomposition Ps = PsTy,, as is de-
fined above. Observe, for all L? functions u,

(u, (I = P5Ps)u)

(s (7= (PsTms) " PsTin ) w)

(u. (T_mo T (135)*1351;%) u)
- (Tmou, (I _ (135)* 135) Tm0u> .

Next, we define the symbol ¢ (z,£) = 1 — p*p, and denote the difference
operator with symbol ¢ by Q5.

2 2
[ullze = 1 Psullz. =
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To make use of Theorem 1 and Theorem 2, we estimate some (k, [) norms
of the symbols p and ¢ to be used in the proof. Recall that p =
> pbs(r (zin)) €P¢, since pg (r (zin)) are polynomials of r, and the first
derivative of r is bounded uniformly with respect to Az and At, so |pg|,
and |pg|, are bounded on any bounded interval of r. In practice, the interval
of r is determined so that the condition |p (x,&)| < 1 is satisfied. In the next
subsection, we derive the interval of » when the fourth order interpolation
is applied, so that [p(x,&)| < 1.

If the M order polynomial interpolation is applied, one then has |3| <
ng + M, where M is fixed and

At

Jo Alx(s, aw))ds _ [ A(x(s, zin)d At
Az’

S

ng =

Therefore, 1 + || < Kq(1 + ﬁ—;) for some constant Kj. In conclusion, on
some bounded interval of 7 and with M fixed, [p]; , = >4 |Pgl, is bounded

and [Plo, = 35 [Pslo (14 |8]) = O(1 + £%).
Next, with

G=1-pD=3 a(r)e s,
¢

we now prove that, if || > 2M, gc = 0. Actually

G=1- (Zﬁm <r>e”15> (Zﬁ% <r>e”2f)
gt Y2

— 08 _ Z ]ﬁwﬁ%ei(vlf'yz)&‘
Yi,72

For any specific z, if the M —point interpolation is applied, the set {p,(z)}
has at most M nonzero elements, we denote the corresponding indices by
A D(x), - ,vM)(z), which are M consecutive integers. Therefore, in the
summation » . Py, P, e =208 one has ., ()P, () = 0 unless v1,72 €
{fy(l)(x), e ,’y(M)(x)}. This implies, in this summation, the nonzero contri-
butions occur only when |y; — 72| < 2M. Due to the arbitrariness of x, one
concludes, in the summation, ¢ (z,§) = >_; de(w)e'es, one has |¢| < 2M.

So when M is fixed, 1 + || < 2M + 1. Since the coefficients g¢(r) are
also polynomials of r, whose first and second derivatives with respect to xjy
are bounded on bounded intervals of r, so |gs|,, |¢s|, and |gg|, are bounded
on bounded intervals of r. In conclusion, on bounded intervals of r and with
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M fixed, |qly g = >_5 s, is bounded, and [qlg o = > [dclq (1 + 1¢])? is also
bounded. Therefore, the symbol ¢ is in Ca9 N Cp 2.

By Theorem 1, the operator 62\:; differs from I — (1,55)*]3; in the L? norm
at most by 0 [p[; o [Plg, so there exists a constant K3, such that

|@s= (1= (P5) Py)| |, < s <1+%> 5 = Ky (Az+ At).

x

Then one gets,

(2.35) = |[ull}s + |1Psull}s = = (Tmgu, (1 = (Ps) Ps) Tony)
< - (Tmou, @5Tm0u> + H@a — <I - (156> 155) HL? HTmUUH%?
< = (Tt QsTinu) + Ks (A + A ] 7
Recall that, we have shown that the symbol ¢ € Cy 0N Cp 2. Besides, one
can easily verify that ¢ is Hermitian, non-negative, which implies ¢ is also
Hermitian and non-negative. Actually, by definition, ¢ = 1—p*p is obviously
Hermitian. And § =1—p*p =1 —|p|*> = 1 — [p|*> > 0, because |p| < 1 by

assumption. Therefore, ¢ satisfies all the hypotheses in Theorem 2, so there
exists a constant K4 such that

(236)  Re (Toyu, QsTonyut) > —Kad [ Tonyul}: = —Kida [ul 7.

If ||u]|%2 - ||P5u||%2 < 0, by (2.35) and (2.36), there exists some constant
K (for example, one can take K = K3 + K4), such that

— lull3s + I Psullzs = Re (= lullf: + [1Psull7: ) < K (Az + At) [ul 32
which implies

1PsullZe < (1+ K (Az+ Ab) ull7. -

If ||ul|3. — || Psul/3. > 0, the estimate above is also satisfied. Hence, we
have shown when C. = ||A||; . At/Az > 1, the condition that |p(x,&)| <1
for all x and & implies that there is some constant K, such that

IPs]|» < 14 K(Ax + At). O
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According to Lemma 2, when the Courant number C. = ||A||; . At/Ax
exceeds 1, which means Az < ||A||; . At, one gets
[u (2, t0 + nA)| 12 < [IF5]I72 u (2, to) ] 2
(14 C(Az + A1) [Ju (2, to)l| 12
e

CrBEEED u (2, to) | 2

eC’n(H—HAHLw)At Hu (

<
<
<
< ,t0)|| 2
<

COHAL<)T |y (2, 40)]| o »

with nAt < T and C is independent of Az and At.

Therefore, by Lemmal and Lemma2, we have shown that when the
Courant number C. = ||Al|;« At/Az > ¢y for some ¢y > 0, the semi-
Lagrangian method is stable if |p(z,&)| < 1 for all z and &. The stability
requirement for the semi-Lagrangian method is basically the norm of the
symbol p(z,§) is bounded by 1 with the exception that the proof fails in
the limit At/Az — 0 with Az fixed. In other words, as long as the Courant
number C. = [|A||;« At/Ax > ¢y for some ¢y > 0, the condition that the
norm of the symbol p(x, £) is no greater than 1 is sufficient to prove stability.

We summarize the result in the following theorem.

Theorem 3. Consider the semi-Lagrangian scheme
(2.37) u(t + At,x) = Psu(t,z),

where Py is the difference operator in the form (2.14), and § = Az. Sup-
pose, there is negligible error in tracing the characteristics, and suppose there
exists a positive constant cy such that

(2.38) | Al At/Az > co > 0.

Then if for all x and &, the norm of the symbol p(z,&) is no greater than 1,
Ip (x,&)| < 1, the semi-Lagrangian scheme is stable in the sense that

lu ()2 < Cr lu(0)]] e

for all solutions to the scheme (2.37), where Cp depends on T and cgy, but
is independent of Ax, At.
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2.5. Semi-Lagrangian method with the fourth order polynomial
interpolation

According to Theorem 3, as long as the Courant number is bounded away
from 0, the semi-Lagrangian method is stable when the norm of the symbol
p(x,€) is no greater than 1. Therefore, for specific orders of interpolation,
one just needs to work out the requirement on the choice of interpolation
points such that this condition is satisfied. Since in Section 6 we choose to
use cubic polynomial interpolation (M = 4) in numerical examples, we carry
out the detailed calculation for this choice.

Define r = (ar? — p,42)/Ax, and the scheme can be written as

4
(2.39) UM = " g, (DU
m=1
where
lp,4+1(r) = —W, Ly 2 = (1+n( ; (2 — 7")’
(1+7“)?"(2—r) w

lpj+3(7") = 9 lp,+a=— 6

To be more specific, one needs to work out the interval of r for this choice
of interpolation, so that the norm of the symbol of this semi-Lagrangian
difference operator is no greater than 1.

For simplicity, we drop p; in the sub-indices, and instead write [y, la, 3,
l4. By direct calculation,

(2.40) I1(r) 4+ 14(r) = —g, la(r) +13(r) =

ll(’l”) + ZQ(’I”) + l3(T) + l4(T) =1.

(14+7r)(2—r)
2
So the symbol of the difference operator is
p(z,€) = (ll(r)efi?’é/Q +la(r)e /2 15 (r)e’/? + l4(r)ei3€/2> el Pi—i+2+3),
Multiply by p on both sides, one gets,

p(x,6)> =124+ 12 4+ 12 + 12 + 21114 cos (3€) + 2 (1113 + Iply) cos (2€)
+ 2 (lhla + lols + I3ly) cos (€) .
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Note, the identity (2.40) implies (I; + Iy + I3 + 14)* = 1. So one gets,

|p(az,§)|2 =14 20114 (cos (38) — 1) + 2 (I1l3 + l2ly) (cos (28) — 1)
+ 2 (lllg + Isl3 + l3l4) (COS (5) — 1) .

With trigonometric identities cos (2¢) = 2cos? (£) — 1 and cos (3¢) =
4cos? (&) — 3cos (£), one gets

p(, 2 =1 = 2r(1 = r)(1 4+ 7)(2 — ) (1~ cos (€))°

_ 37«2(1 — )2 (1 +7)(2 1) (1 — cos (€))*

=1+7r1—=r)A+7)2—7)(1—cos (&) S(r¢),
where,
S(r, &) = % (2(1 — cos (€))r* — 2(1 — cos (£))r — 3) ..

S(r,€) is a quadratic function in r with parameter £ in the coefficients,
we denote its roots by 71 and rg, where r1 < ro. When cos (§) = 1, one gets
Ip(x,€)[* = 1. When L <cos(€) <1,m <—1,7r > 2, and p(z, 6> <1
means 7 € [r1, —1] U [0,1] U [2,75]. When cos (§) = 1, r1 = —1, rp = 2, and
Ip(z,€)]* < 1 means 7 € {~1} U[0,1] U {2}. When —1 < cos (§) < 1, —1 <
r < 0,1<ry <2 and |p(z,€)> < 1means r € [—1,r]U[0,1]U[ry, 2]. Based
on the analysis above, one sees the condition |p(z, 5)\2 < 1 is equivalent to
r € {—1} U [0,1] U {2}. So in practice, we take the stability interval [0, 1]
for r.

Therefore, the semi-Lagrangian method with the fourth order polyno-
mial interpolation is stable when the Courant number is bounded away
from 0, and x? is between z, 12 and x,, 13, namely, when the shifted grid
points are between the second points and the third points in interpolation.
Similarly, one can derive stability requirements for other polynomial inter-
polations, for example, see calculations in [6].

We give the following two remarks for stability constraints.

Remark 4. For the semi-Lagrangian method with polynomial interpolation,
the stability constraint comes from two parts: solving the characteristic ODE
(2.10) and the polynomial interpolation. The latter aspect has been studied
in depth so far. On the other hand, solving the characteristic equation (2.10)
with time step At requires

(2.41) 10, All . At < C,
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for some constant C' to guarantee stability. Actually, one can take sufficiently
small At in solving the ODE (2.10) to get a very accurate approximation
for the characteristics. This can be done in a preprocessed step, and thus
does not affect the computational cost in time evolution.

Remark 5. Another widely used necessary stability criterion for the semi-
Lagrangian method is the deformation constraint proposed in [18, 27], which
means characteristics initiated from adjacent grid points do not intersect in
At time. This criterion actually leads to the same constraint (2.41).

So one concludes, for stability, At in the semi-Lagrangian method is
Ax—independent, and thus e—independent in the sense that it requires that
the interpolation points are chosen properly, as is stated in Theorem 3. Es-
pecially, one is allowed to take At > Az. In comparison, the stability con-
straint for TESP method is [|A||;« At/Az < C for some constant C', which
indicates At = O(Az) = O(e).

Note that, since the numerical schemes in the kinetic step and the poten-
tial step are realized by exact time integration, the numerical methods are
unconditionally stable. As is analyzed above, the stability constraint for the
semi-Lagrangian method in solving the convection part is Ax—independent,
and thus e—independent. Therefore, one concludes the SL-TS method allows
At to be independent of Az and e. We will show in later sections, the SL-TS
method possesses great advantages in relaxing the time step restriction over
TESP time splitting method in computing physical observables.

3. Error estimates in the presence of vector potential

In this section, we study the error in approximating the wave function and
the meshing strategy of the SL-TS method. We use || - ||;2 to denote the
discrete [2 norm

2

b—a N-1
(3.1) Uil = | 2% 3 1,2
§=0

We further assume that, the wave functions are e—oscillatory in space and
time but the potentials are not oscillatory. So there are t, £, x independent
positive constants B,,, Cy,, Dy, so that

1

(32) u(ta l‘) C([0,177;L2(a,b)) < mcml—&—my

om +ma
‘ ’ Oz Ot
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8m

am
H A(x) 5 U (@)|| 22(a) < B

ox™

L2(ab) S Dm, '

Note that the differentiation operator is unbounded for general smooth
functions, but it is bounded in the subspace of smooth L? function which are
at most e—oscillatory. We use f; to denote the spectral approximation based
on the discrete data f; or f(x;). Now we are ready to prove the following
error estimate for the first order SL-T'S method. The proof basically follows
Theorem 4.1 in [5], though the situation here is more complicated due to the
convection step.

Theorem 4. Let u®(t,x) be the exact solution of equation (2.1), u®™ be
the discrete approximation by the first order SL-TS method. We assume the
characteristic equations (2.10) are numerically solved with minimal error in
the preprocessed step, the M™ order polynomial interpolation is taken in
the semi-Lagrangian method for the convection step and the corresponding
stability condition is satisfied. Under assumption (3.2), we further assume
Ax/e = O(1) and At/e = O(1); then for all positive integers m > 1 and
te€0,7],

£ o g,n s < JE— _— m - M
(33)  lu(tn) = 7”22 < Cmar 5 K 5> +< e) ]+ e

where C' is a positive constant independent of At, Ax, €, m and M, and
Gm, M are positive constants independent of At, Ax and ¢.

Proof. Recall that, we have defined operator splitting solution (without spa-
tial discretization) (2.6) w"! = eAABALLAL (1 ) We firstly show, by
studying the commutators between three operators in (2.5), when poten-
tials are spatially variant, the local splitting error in equations (2.2), (2.3),
(2.4) for equation (2.1) is:

At?
(3.4) J4(ti2) — = 0 (55).

Clearly, the exact solution to (2.1) at ¢ = t,41 with initial data u®(¢,) is
given by

Ug(tn—o—l) _ €(A+B+C)Atua(tn).
The operator splitting error results from the non-commutativity of the op-
erators A, B and C. In [5], it was shown that

2
[AAt, BAtju® = O (A%) :
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where [+, -] denotes the commutator. Similarly, by a direct computation:

. 2
[AAL, CAtwE = (At)? % (Oaw ADpt + Oy Adypti€) = O (%) :

[BAt, CAt]u = (At)? (—é) (Aax (%|A[2 + V)) uf =0 (%2) :

A2

Therefore, we have shown the local operator splitting error is O ( -

(3.4).
By triangle inequality,

>as n

(35) lu(tns1) = w7 lpe < luf(Bngr) — 0™ |ze + [ = wp |2
= o

where w}”rl denotes the spectral interpolation approximation of w”*!. On

the right hand side of (3.5), the first term gives the operator splitting error

(3.4), and the second term gives the spectral approximation error which is

bounded by C’m(%)m, where m can be any positive integer, which depends

on the regularity of the solution (see [22]).

Now we focus on the last term on the right hand side of (3.5). With
the spectral approximation, we have for any periodic function f € L?(a,b),
| frllzz = || f]l;z- In the SL-TS method, the potential step governed by op-
erator B is solved analytically, while the kinetic step and convection step
governed by operators A and C are evolved by numerical approximations,
denoted by Agp and Cgy, respectively. So once again, by triangle inequality:

(3.6)
Hw?—H _ u?n—HHL2 — Hwn+1 o us,n+1Hl2

— ’ ‘eCAteBAteAAtus (tn) _ eCSLAteBAte.ASpAtua,n

[E

< ’ ’€CAteBAt6.AAtua (tn) _ eCAteBAte.AspAtua (tn) ‘ ’12

+ |[eCAtBAt A ALy 2 (1 ) — CsAtBAL A ALy 2 (4 Y] |1o

+ | |eCsLAteBAt€AspAtus (tn) _ eCSLAteBAteASPAtua,n‘ |l2 ]

Note that, the first term on the right hand side of (3.6) measures the spectral
approximation of u®(t,), so by Theorem 3 from [22], this term is of order
O((%)m) for any positive integer m. According to Remark 3, the error in
computing the shifted grid points is much smaller than the interpolation
error, so the second term on the right hand side is bounded by the M order
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polynomial interpolation error, which is O((%)M ). It can easily be shown
that the operators e”A2t, eBA% and et (in the Coulomb gauge) are unitary
operators with respect to periodic smooth functions in the L? norm, which
implies ||eA2||z = ||eB2Y|: = ||e“At||z2 = 1. Bao, Jin and Markowich
in [5] have proved that Agp is also unitary with respect to u3, the spectral
approximation of smooth L? function. Note, e“s22* is not a unitary operator,
but with stability constraint as in Section 2.3, we have ||e®st2¢||7, < C' for
some constant C’ and nAt < T. So, the last term on the right hand side
of (3.6)
||6C5LAteBAteAspAtue (tn) o 6CSLAteBAt€AspAtus,nHl2

HGCSLAtHLz HeBAteAspAtus(tn) o eBAte.AspAtus,nle

o2 o [l (8n) = w7 " 2 -

This leads to

A m
o™= e < ) =+ o ()

where C), and C}; are some constants, which are ¢, =, ¢ independent. So

now, we have derived a recursive relation

[l (bns1) = a7 ™ Hlze < [ L Il () — u7"|Ize

Az\™ Az\M At
€ € €
where C7, C9 and C5 are some constants, which are ¢, x, ¢ independent.

Based on the recursive relation for |[u®(t,) — u7"||z2, by induction, one
concludes that,

B ()~ "l < G | () o (55) 1]+ 2

M
AL 15 € €

This completes the proof. O

We remark that, in practice, if the solution is sufficiently regular, the
error introduced by polynomial interpolation is dominant in spatial dis-
cretization since m can be chosen to be fairly large. Then in practice, it
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suffices to consider the following error bound

~ T (A TA
(3.8) [|[u(tn) —ui™||2 < G <—m>M ¢ t.

MAt £

This implies that, if one wants to control the error of the wave function
in the L?norm so that ||u®(t,) — u7"||2 < &, the corresponding meshing
strategy is

(3.9) —=00), ==0 (5 At ) .

For higher order operator splitting technique, similar analysis can be
done, which is omitted in this paper.

4. Computing the physical observables

In general, if one only cares about the physical observables, weaker con-
ditions in the meshing strategy may be sufficient (see [20, 5]). The Wigner
transform can be used to illustrate this point. For f, g € L*(R%), the Wigner
transform is defined as a phase-space function

(4.1) w(f,g) (t,z,§) = ﬁ /Rd eV f (x + %y) g (x - §y> dy.

Recall that u®(t, z) is the exact solution of equation (2.1). Denote w® =
w® (uf, u®), which satisfies the Wigner equation

(4.2) Bpws + € - Vou© + OV + |A2/2Juf + T[AJuf = 0,

in which two pseudo-differential operators are defined by

(4.3) .
o = e [ (0o 52) -0 o ) e
(4.4)
A = gt [ A 50) 52 50) o ) o5
o (e 5 Al 5e) S fa)enian
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By Weyl's Calculus, as ¢ — 0, the Wigner measure w? =

lim._,o w® (u®, u®) satisfies the classical Liouville equation
(45)  w)+(E—A) Vo' + (- A) VA -V, U)- Ve’ =0,
with
(4.6) Wt = 0,,€) = w(, €) = lim w (15, u5).
E—r

All the limits above are defined in an appropriate weak sense (see [31, 11]).

Now let a(x, &) be a smooth real-valued phase space function with suffi-
cient decay at infinity, called a semi-classical symbol. Then the self-adjoint
pseudo-differential operator A° := a(x,eD)W is called an observable, where
D =iV,, and “W” stands for the Weyl quantization (see [11]). If one speci-

fies a quantum state u®(t, z), then the average of this observable in this state
is defined as

(4.7) E:(t) = /Rd a(t,x) (a(a:,eD)WuE(t,x)) dzx.

One significant property of the Wigner transform is that it establishes the
duality identity in the following sense

(4.8) /Rd u(t,z) (a(z, 6D)Wu€(t,$)) de = / w(t, x,&)a(x, &)drde.

Rix R4

As a consequence, Ff(t) can be taken to the semi-classical limit via

e—0

(4.9) lim E; (t) = / wO(t, z, &)a(z, &) drde.
Rix R4

These semi-classical limits have been mathematically justified in [30, 23].
Let @w° be the Wigner transform of the numerical approximation solution.
One can easily prove the following inequality (see [5])

(4.10)  |EZ - EZ| < lalle - |lw® —@*|le- < Cllalle - [|u® — @l 2 (a,p),
where £ is the Banach space
£ = {¢> € Co (Rg X Rg) : (Feoyut) € Lt (Rg;co (Rg))} .

F denotes the Fourier transform and £* is the dual space of & (see [19]).
This inequality is not sharp, but it shows that, the L? approximation of
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the wave function at least implies approximation of mean value of physical
observables in the same order.

In each time step ¢ € [t,, tn11] after operator splitting, the error in the
wave function is introduced due to spectral approximation and polynomial
approximation. By Theorem 4 and the estimate (4.10), the error in the cor-
responding Wigner transform can be estimated. Although it might not be
optimal, the spatial meshing strategy % = O(8YMAtY/M) is sufficient to
guarantee an O(d) error in all physical observables caused by spectral and
polynomial approximations on the time interval [0, T].

The splitting error in computing the physical observables can be under-
stood in the following way. The time splitting in solving the Schrodinger
equation corresponds to the time splitting of the Wigner equations: one
firstly solves

wi +&-Vew =0, tE [ty,tny1],

followed by solving
w; + T[AJw® =0, tE€ [tn,tnt1],

and then followed by solving
1
wi + OV + §\A\Q]wf =0, t€Itn,tnr1]-

For fixed At, one can take the limit € — 0, and obtain the time splitting
of the classical Liouville equation: one firstly solves

w) + &V =0, t€ [ty tni],
followed by solving
w) — A Vauwf + €V A Ve =0, t € [ty, tnii),
and then followed by solving
w) — (A-V,A+V,V) - Vew? =0, t€ [ty tni1)
Consider the SL-TS method introduced in Section 2. As is summarized
at the end of Section 2, if the interpolation points are chosen properly ac-

cording to Theorem 3, the whole SL-TS method is stable even when At > €.
Next, note that no e—dependent error is introduced by the splitting. In the
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kinetic step and the potential step, the time integrations are performed ex-
actly. In the convection part, the backward characteristic tracing is done
in a preprocessed step with sufficiently fine yet € independent time steps.
Therefore, there is no e—dependent error at all in time discretizations.
After all these considerations, we conclude that with the SL-TS method,
large time steps satisfying At > e can be taken to capture correct physical
observables. In other words, with time step At = O(d) and spatial meshing
strategy (3.9), one gets numerical solutions with O(9) error in the Wigner
functions as € — 0, and as a result, O(6) error in all the physical observables.

Remark 6. When the vector potential A is time dependent, the above anal-
ysis still holds, because A is e—independent, and thus in the backward char-
acteristic tracing step, At is also e—independent.

5. Extension to multidimensional cases

In this section, we discuss how to extend the SL-T'S method to the multidi-
mensional cases. The Schrodinger equation (1.1) can be written as

(5.1)
2
1
iedpu® = —%Aue +ieA - Vu® + §|A|2u€ +Vu®, zellim,.. 4lai, bil,
te R, wf(0,2) = ug(z), € Ilj=1,... dlai,b;]

with periodic boundary condition. By operator splitting technique, for every
time step t € [tn, tnt1], we solve the kinetic step

&2
(5.2) iedu® = ——Au =—— Z , tE [tn, tnyil;

followed by the potential step
1
(5.3) e’ = §]A|2u€ + Vs, tE [ty thi1),

and then followed the convection step

d
(5.4) Ot = A -Vuf = Ay(m1,-,30)00u%,  tE [ty tnsa]-
=1

We remark that the kinetic step and the potential step are exactly the
original TSSP method as in [5] without vector potential, while the convection



A semi-Lagrangian time splitting method 277

step can be done by dimensional splitting. In fact the dimensional splitting
will not introduce € dependent error in time because the classical Liouville
equation is also well separated in the same dimensional splitting for the
convection step. Note that, the convection step of the Liouville equation can
be reformulated as

d d
(55) O’ = A0nu’ + > EVLA Veu’ =0, tE [tn, tn).
=1 =1

After dimensional splitting one still observes the one-to-one correspondence
between the equations (5.4) and (5.5). In addition, the semi-classical limit of
the Schrodinger equation in each dimension is exactly the counterpart of the
classical Liouville equation. Therefore, all numerical methods can be carried
out by the same means and the meshing strategy would stay unchanged.

We remark that, the dimension splitting is only one of possible tech-
niques to use. Multidimensional semi-Lagrangian method is also applicable,
see [28, 18, 6].

In Section 6, we implement this method to a particular three dimensional
model from physics, which can be reduced to a two dimensional one, to verify
the numerical properties of the SL-TS method in higher dimensions.

6. Numerical examples

In the series of numerical tests, the reference solution is computed by time
splitting method with sufficiently fine mesh grids, but the convection part
is numerically evolved by the time-explicit spectral method (TESP), which
means we apply the spectral approximation for spatial derivative and an
explicit ODE solver (here we use the fourth order Runge-Kutta method)
is used in time discretization. The SL-TS method is implemented with the
fourth order (four-point) Lagrange polynomial interpolation. In the following
sets of examples, we want to test improved stability, convergence in space
and time and the ability of capturing correct physical observables with large
time step when the vector potential is time dependent, or when caustics
are formed. We also test an essentially 2-D problem to verify the SL-TS in
higher dimensions.

The error in wave functions is measured in the L? norm, but the error
in physical observables is measured in the weak sense. We define cumulative
distribution function of physical observable b(x,t) as

B(a,t) = / " b(s. £)ds.

—00
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We compute the [? norm of the error in these cumulative distribution func-
tions instead since the physical observables may converge only in the weak
sense (see [7, 12]).

Example 1. In the construction of the SL-TS scheme, we assume the
vector potential is time independent. But, this method can handle time
dependent vector potentials with little modification. In this example, we
test the following one dimensional problem with a time dependent vector
potential. We choose the computation domain C' = [0,27] and compute
from to = 0 till T = 0.5. The scalar potential is chosen as V(z) = (z — 7)?
and the vector potential is A(xz,t) = sin(x — 2t). The initial condition is
chosen as ¢g = e~ 5(@—m)* gicos(z) /e

We firstly test the improved stability condition of the scheme and conver-
gence in time. We choose € = ﬁ, the reference solution is computed by the
TESP method with Az = 5?—750 and At = ﬁ. We test the scheme with the
same spatial mesh grids but different time steps: At = 5%, Wlw Wltw ﬁ, %.
As can be seen from Figure 6.1, even with At > Ax, the scheme is still sta-
ble and gives correct first order of convergence in time for wave functions
and physical observables.

Next, we test whether one can compute physical observables with the
meshing strategy At = O(o) and roughly Az = O(e). We test our scheme for
€= 1—58, %6, 5%, lezp ﬁ with At = 0.01 and sufficiently fine spatial grids.
We plot numerical approximation of mass density n and current density I (in
circles) together with the reference solution (in solid lines) for € = 33z, 505
in Figure 6.2.



A semi-Lagrangian time splitting method 279

position density, e=1/128 03 current density, e=1/128 ; position density, e=1/2048 03 current density, e=1/2048
1 . .
0.9 0.9
0.25 0.25
0.8 0.8
0.7 0.2 0.7 0.2
0.6 0.15 0.6 0.15
0.5 0.5
0.4 0.1 04 0.1
0.3 0.05 0.3 0.05
0.2 0.2
0 ¢ ('K
0.1 0.1
0 -0.05 0 -0.05
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
; . o= 1 ;
Figure 6.2: Left € = 135, reference solutl(in Ax = 2560, At = 1280, SL2TS
- _ T
mthod Am = 2560, At = 0.01. nght 5 = 5515 reference solution Axr = 45555,
At = 20480, SL-T'S method Ax = 40960, At = 0.01.
100 | O Wave function u® |
*  Position density n
o o = Current density |
o
o
10! o ]
s
i
1072 4
% * * * *
10° 107
€
Figure 6.3: SL-TS method: fixed At = 0.01 for €= o

1%8’ 2567 5127 10247 2048°
27 21 21
25607 5120’ 10240° 20480’ 40960 *

and correspondingly Az =

With fixed large time step and Az = O(e), we expect that error in the
wave function increases as € decreases, but the error in physical observables
would stay the same order. This set of numerical tests have confirmed the
expectation as shown in Figure 6.3.

To show that meshing strategy with At = O(J) gives correct physical
observables but not the correct wave function, we Can examine the error in
wave functions and in physical observables when e = 55 48 with the At = 0.01
and Az = 40960 Since At > &, one sees in Figure 6.4 O(1) error in wave
function but O(At) error in physical observables.
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We remark that, one can get similar numerical results for the problem
with time-independent vector potentials.

Example 2. In this test, we check the solution after caustics forma-
tion. As shown in previous research, most prevailing schemes for Schrédinger
equation, for example the Crank—Nicolson spectral method (CNSP) and the
Crank—Nicolson finite difference method (CNFD), may fail to capture the
correct physical observable when wave functions are not resolved either in
space or in time (see [5]). In addition, these methods even require finer mesh
both in spatial grids and time steps to compute accurate wave functions. The
failure in obtaining accurate physical observables with unresolved mesh is
most obvious after caustics formation.

In this example, the scalar potential is chosen as V(z) = 1 and the
vector potential is A(x) = sin(z/27)/5 + 1/5. Note that, the constant part
in vector potential gives purely spatial translation while the varying part
affects the profile of the wave functions and therefore modify the profile of
physical observables. The initial condition is chosen as in the WKB form,
where

0o = NQ(x)eiSO(x)/E, ’rlo(l’) _ 6725(:1370.5)2

_ 1505, —5(—05)
So = 5 In <e +e ) .

)

Due to the compressive initial velocity %So(x), caustics will form. We
now test whether one obtains accurate physical observables with At = O(o)
and roughly Az = O(e) meshing strategy. Note that, in order not to affect
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the caustics too much, we choose scalar and vector potential to be less
spatially varying.

We choose the computation domain C' = [0, 1] and compute from ¢ty = 0
till T = 0.54. We test the SL-TS scheme for ¢ = ﬁ, 2_é6’ 5%, ﬁ, ﬁ
with At = 0.01 and O(e) spatial grids. We plot numerical approximation
of mass density and current density (in dots) together with the reference
solution (in solid lines) for ¢ = 1—§8, ﬁ in Figure 6.5, which shows good
agreements.

With fixed large time step and Az = O(g), we expect that error in the
wave function increases as € decreases, but the error in physical observables
would stay almost the same order. This set of numerical tests have confirmed
the expectation as shown in Figure 6.6.

At last, we test spatial convergence. We fix ¢ = @, and compute this

test problem with fine time steps and Ax/e = %, %, 30 %. The reference

solution is computed with sufficiently fine mesh, Ax = Wuo and At = m.
We plot the reference wave function (both real and imaginary parts) and
physical observables in Figure 6.7.

Since we use the four-point Lagrangian interpolation approximation for
the convection step, according to meshing strategy (3.9), the convergence
order in spatial grids should be slightly worse than O(Az*). Figure 6.8
shows the convergence order in spatial grids is between 3 and 4.

Example 3. In this example, we test our method for an essentially 2-D
model. This is a commonly-used physics model (see [25]). A charged particle
is moving in the three dimensional space when the magnetic field is pointing
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along z axis and the scalar potential vanishes, namely V' = 0. We write wave
function as uf(t,X), where X = (x,y,2) € R3. For simplicity, we assume
the components of the vector potential are

Ax:Al(xay)a 7Ay:A2(xay)a Azzo

Note that, when A, = —%By, A, = %Bm, A, =0, the vector potential
corresponds to uniform magnetic field with magnitude B along z direction.
Obviously, the Coulomb gauge is satisfied, Vx-A = 0. The magnitude of the
magnetic field in this simplified model is 8, A2 —dy, A1. Then the Hamiltonian
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can be written as

2 2
€ . . 1 €
(6.1) H = _E (AZ» + Ay) +1eA10,; + ZEAQay + 5 (‘A1|2 + ’AQ‘Z) — EAZ
This means that, the particles have only free motion in the z direction. So
it makes perfect sense to consider the motion of the particle on the z — y
plane only by introducing the reduced Hamiltonian,

2 s , | )
_% (A:E + Ay) + iEAlam + 7;€A26y —+ w

(6.2) H=

We remark that, this simple model can help to derive the Larmor fre-
quency, which plays an essential role in magnetic or spin resonance.

For numerical simulation, the computation domain is chosen as [—, 7] X
[—m, 7). The vector potential is chosen as A = (A, A2,0) = (—1 cos(y),
3 cos(z),0) and scalar potential vanishes V' = 0. The initial wave function
is well localized at the point (0.05, 0.1) with O(e) oscillation

uo (.’E, y) _ 6—20(32—0.05)2—20(3,(—0.1)2ei sin(x) sin(y)/s'
We choose ¢ = 6%1, Ar = Ay = %78;07 and compare numerical solutions
by fine time step At = ﬁ and by coarse time step At = 2—10 at T'= 0.2 and

T = 0.4, respectively. We plot level curves of mass density in each case in
Figure 6.9.



284 Shi Jin and Zhennan Zhou

. At=1/640, e=1/64, T=0.2 . . A1=0.05, e=1/64, T=0.2 .
0.8 0.9 0.8 0.9
0.6 08 0.6 08
0.4 07 0.4 07
0.2 0.2

0.6 0.6

-~ 0 > 0

0.5 0.5
-0.2 -0.2
04 0.4 04 0.4
-0.6 03 -0.6 03
—0.8 0.2 -0.8 0.2
-1 0.1 -1 0.1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
1 At=1/640, e=1/64, T=0.4 1 1 A1=0.05, e=1/64, T=0.4 1
0.8 0.9 0.8 0.9
0.6 08 0.6 058
0.4 0.7 0.4 0.7
0.2 0.2
0.6 0.6
> 0 5 > 0
@ 05 05
-0.2 = -0.2
~0.4 0.4 04 04
~06 0.3 ~06 0.3
—0.8 0.2 -0.8 0.2
-1 1 -1 A
-1 -0.5 0 0.5 1 0 -1 0.5 0 0.5 1 0
X X

Figure 6.9: Level curves of mass density for € = 6%1 at T = 0.2, 0.4. Left:

_ _ 2 _ 1 s o _ _ 2 _ 1
Az = Ay = 1555, At = gpp- Right: Az = Ay = 555, At = o5.

We choose € = 1—;8 and repeat this test. We choose Az = Ay = %,

and compare numerical solutions by fine time step At = % and by coarse
time step At = % at T'= 0.2 and T' = 0.4, respectively. The level curves of
mass density in each case are plotted in Figure 6.10.

In Figures 6.9 and 6.10, the pictures on the left column show particle
density when e—dependent, fully resolved time step is taken. The pictures
on the right side are plots of particle density when e—independent time step
is taken. One can see the good agreements in results from the two sets of
tests. This numerical example shows that the SL-TS method can successfully
capture correct physical observables when e—independent time step is taken

in the multidimensional cases.
7. Conclusion

In this paper, we introduced and studied a semi-Lagrangian time splitting
scheme for the Schrédinger equation in the presence of electromagnetic field
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when the semi-classical parameter ¢ < 1. Numerically, the burden from
O(e) oscillations both in space and time have been reduced by the spec-
tral approximation and the semi-Lagrangian method with polynomial inter-
polation. This method is easy to implement, can be extended to multidi-
mensional cases and has better stability constraints. We proved the uncon-
ditional stability properties when the vector potential is spatially variant,
which allows one to take At > ¢. We established the error estimate for the
SL-TS method in the L? approximation of the wave function, and derived
the corresponding meshing strategy. It was also shown that the meshing
strategy can be much relaxed, namely At = o(1), Az = O(g), if only phys-
ical observables are needed, with the help of the Wigner transform and its
classical limit. Many numerical tests have confirmed our numerical analysis
results.

In the future, we will explore the extension of this method to the Schro-
dinger equation with fast varying periodic potentials.
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